MATH 304 Notes and Problems Due April 22, 2008
Recall from Solow that N¢(zo) = {z € R | |z — z0| < €} is called an e-neighborhood of z¢ € R.
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Figure 1: An example of a neighborhood of z in R.

A set U C R is called an open set if for every xy € U, there is a neighborhood of xg, N(xg) C U.
Ifaset X CR, an A C X, we say that A is relatively open in X if there is an open set U C R such
that A = U N X. For example, the interval A = [0,1/2) is relatively open in the interval X = [0, 1]
because A =[0,1/2) = (—1/2,1/2)N[0,1) = U N X, where U = (—1/2,1/2) is open in R.
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Figure 2: Intervals showing a relatively open set.

For any function f : X — Y, A C X, and B C Y, we define f(4) = {f(a) | a € A}, and
f7(B) ={x € X | f(x) € B}.

In class we showed:

Theorem 0.1 A function f : [a,b] — R is continuous if and only if for every open set U C R,
f7HU) is relatively open in the interval [a,b].

Problem 1. Prove or find a counterexample to the statement: For any function f : X — Y, A C X, and
BCY, f(A) = Bifand only f~}(B) = A.

Problem 2. Let f:[0,1] — R be defined by

rsin(w/xz) if x
f(x):{os o ifxfg.

Calculate f~1(R — {0}).

Problem 3. Prove that the set [0,1]N(R—{x € R|x =1/n,n > 1,n € Z} U {0}) is relatively open in
in the interval [0, 1]. (Hint: You can use that the function in Problem 2 is continuous, if you
like.)

Problem for the Quiz on Tuesday, April 22 (To be written in class): Describe all the
relatively open subsets of the set {x e R |x =1/n,n>1,n € Z} U{0}.



