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Compositions and partitions

A composition ay...ar Of n is a list of positive integers whose
sum is n: 2213 F 8.

A composition is a partition if a1 > a> > ... > ap > 0: 3221 - 8.
Any composition determines a partition: A\(2213) = 3221.

a = «...q iS a coarsening of B =01 ...06; (B is a refinement of
«) if
St A BPit1t-+6 Gt +0
aq a 93
Is true: 53 > 2213.




Macdonald polynomials ...

1988: (Macdonald) Introduced {P\(X; q,t)}

E’Y(Xv q_17t_1)
[1(1 — gt(w)+1a(w))

P(X;qt)= [[ @Q-gWtley $°
uedg’(\°) A(p)=A

letting g, t — O

sx(X) =) Ey(X;00,00).
A(p)=A

(Lascoux-Schiitzenberger (90); Reiner-Shimozono (95); Haglund,
Haiman, Loehr (05); Mason (06))



Composition diagrams and tableaux

The composition diagram a = a3 ...a, > 0 is the array of boxes
with «a; boxes in row 7 from the top.
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A (standard) composition tableau of shape « is a filling of o with
(each first n) 1,2,3,... such that



Rules for composition tableaux I

e First column entries strictly increase top to bottom.

e Rows weakly decrease left to right.
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Rules for composition tableaux II

e When the filling is extended for 1 <:1<3,2<k
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Rules for composition tableaux II
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Weights and weakness

Given a composition tableau 7" we have

! = x?&lsx#%x?% e
Example
T =5/4|3]1 ! = T1XO2T3LYT5LELTLS
6
3|72

A weak composition vy ...v, of nis a list of non-negative integers

whose sum is n: 2021003 F 8.
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Demazure atoms

The collapse of a weak composition ~, a(vy), is v with 0’s re-
moved: «(2021003) = 2213.

The foundation of a weak composition ~, Fo(~), is all i so v; > O:
Fo(2021003) = {1,3,4,7}.

Then

NS’Y(X) — E’m,...,’yl(wm .o, X1, OO, OO) — ZxT
~

over composition tableaux shape a(v), entries 1,2,3,...,n, first
column Fo(v).
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NSfy fOI’ Y = 102

=
=
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2 2
NSy = z123 + T12023 + T1T3.
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NSf)/ fOI’ Y = 102
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NSy = z123 + T12023 + T1T3.
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NSf)/ for Y = 102
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2 2
NSy = z123 + T12023 + 2773,
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NSf)/ fOI’ Y = 102

=
=

NSy = CU]_SC% + x1x073 +
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Why quasisymmetric functions?

. P-partitions (Stanley 74; Gessel 83).

. Combinatorial Hopf algebras (Ehrenborg 96; Aguiar/Begeron/
Sottile 06). Dual to the cd-index (Billera/Hsaio/vW 03).

. Equality of ribbon Schur functions (Billera/Thomas/v\W 06).

. Coloured, type B (Hsaio/Petersen 06; Ehrenborg/Readdy
06).

. KL-polynomials (Billera/Brenti 07).
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Quasisymmetric functions 1

Let O C Q[[x1,xo,...]] be the algebra of all quasisymmetric func-
tions

Q=00 91D
where

On :=spang{Ma | a =ay...ap Fn}

o o1 oo O
My = | Z | Ti T T
11 <1 <<

— 1.2 — 2
Example Mio1 = > <is<is T; Ti T, = T1T573 + ...
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Quasisymmetric functions 1I

For a E n define

Fo= ) Mg
fa

The F, are the fundamental quasisymmetric functions.

Example

Fi21 = Mi21 + M1111

18



Symmetric functions I

Let A C Q[[x1,xzo,...]] be the algebra of all symmetric functions

/\::/\0@/\1@...

where
Ap i=spang{my | A n}
AMa)=\
Example

mo11 = Mo11 + Mi21 + M1
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Contretableaux

The diagram A= X1 > ... > A > 0 is the array of boxes with ),
boxes in row ¢ from the bottom.

431

A (standard) contretableau 7' of shape X is a filling of A with
(each first n) 1,2,3,... so rows weakly decrease and columns
strictly increase.
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Contretableaux

The diagram A= X1 > ... > A > 0 is the array of boxes with ),
boxes in row ¢ from the bottom.

5
6|42
3731

431

A (standard) contretableau 7' of shape X is a filling of A with
(each first n) 1,2,3,... so rows weakly decrease and columns
strictly increase.
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Descents and subsets

D(T) is i where i 4 1 is not strictly west:

composition aq ...qa, F n « subset {iq,..

5]

5
6014]|2
37|31

2312 F 8 « {2,5,6} C [7]

. 7i/€—1} C [n_ 1]

S(5)
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Symmetric functions II

For A\ Fn define

sy = dgFp
5

where dyg = number of standard contretableaux 7' of shape A
and D(T) = S(B3).

The s, are the Schur functions.

Example
sp1 = Fo1 + Fio
from

N
=

W
W
N
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Quasisymmetric Schur functions

If my = Z)\(a):)\ M then Sy = Z)\(a):)\ Sa
but what is Sq7

The quasisymmetric Schur function is given by ...
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Quasisymmetric Schur functions

If my = Z)\(a):)\ M then Sy = Z)\(a):)\ Sa
but what is Sq7

The quasisymmetric Schur function is given by

a(y)=a
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and

Sy fora =12

e
—_t
—t
N

S12 = NS120+ NS102 + NSo12
:r;lac% + x1x073 + atlac% —+ CEQQZ‘%
Mio + Mi11

so1 = Fpo1 4+ Fio = Mo1 + M1 +2M111 = So1 + Sio.
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What properties should S, have?

e /-basis for O.

e EXpression in FB'

e Quasisymmetric Kostka numbers.

e Quasisymmetric Pieri rules.

e Quasisymmetric LR rule.
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What properties should S, have?

e /-basis for O. [J

e EXpression in Fﬁ. []

e Quasisymmetric Kostka numbers. [

e Quasisymmetric Pieri rules. [

e Quasisymmetric LR rule...
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EXxpression in Fﬁ

D(T) is © where 1+ 1 is not strictly west:

4132
51
For AFn
S\ — Zd)\ﬁFﬁ
g
where dyg = number of standard tableaux T' of shape A and

D(T) = 5(8).
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EXxpression in Fﬁ

D(T) is © where 14+ 1 is not strictly west:

4132
51

For akEn

Sa — ZdaﬁF,@
G

where d,g = number of standard tableaux T of shape « and

D(T) = 5(8).
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and

Sy for aa = 32
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S30 = F3o + Fop1 + Fi31.
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Skew diagrams and strips

For A\, u the skew diagram X\ /u of size |A\/u| is the array of boxes
contained in A but not in wu.

A skew diagram \/u is a row (column) strip if

no 2 boxes in same column (row).

row strip col strip
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Pieri rules for partitions A, u

SnS)\ — ZSIU’ Sins) — ZS#
T m

e 0 = u/A row strip, |§| = n.

e ¢« = i /A column strip,

el =n.

34



Removal from compositions

Let o = a1 ...a have largest part m, and s € [m]
rems(a) = ay...0-1(5 — L)ayyq ... 0

for largest «.

If S={s1 <---<sj} then
rowg(a) = rems, (... (rems;_;(rems;())) .. .).
IfM:{ml < .- §mj} then

colpr(a) = remm;(. .. (remmy(remm,(a)))...).

35



remsg iNn action

rems removes rightmost box from lowest row length s.

Example

remi1(113) = = =13
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Quasisymmetric Pieri rules for compositions «, 3

6

0 = X(B)/A(a) row strip, |d] = n.

rowg() (B) = «a.

e = A(B)/A(a) column strip, |g| = n.

colpr(ey (B) = «.

5]
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81813 in action

41/31, 32/31, 311/31, 311/31

with row strips containing a box in column 4,2,1,1 respectively.

7“0’11]{4}(14) = ’row{Q}(23) =

row{l}(131) = row{l}(ll?)) =

and
518513 = S14 + S23 + 5131 + S113-
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