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Warm-up

A number represented by digits a,b, c in the decimal system
is:

abc = 100 ∗ a + 10b + c.

Interestingly, we read it from right to left!
This has cool consequences:

abc − (a + b + c) = 99a + 9b,

so we can detect remainder of a number mod 9 by the
sum of its digits.



1001 = 7× 11× 13

...and less elegant consequences: to decide whether a
really big number is divisible by 7 or 13, can break it into
3-digit blocks and take the alternating sum:

abcdefghiklmnopqr−
(pqr −mno + ikl − fgh + cde − ab)

= 1001(mno + 999ikl

+ 999001fgh + 999999999cde

+ 999000999001ab)



The starting point

"God created the integers, all else is work of Man"
Leopold Kronecker, 1823-1891 (Germany)



Then . . .

Man made the rational numbers: a
b ; a,b ∈ Z,

and decimal expansions:

1
3
= 0.333 . . .

5
26

= 0.19230769230769 . . .

Why does this work:
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This leads to minor problems:

0.9999999 · · · = 1 :
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This leads to minor problems:

0.9999999 · · · = 1 :
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= 1.



Axiomatically . . .

The reals are defined by the axioms:
• Algebraic axioms (R is a field).
• Ordering axioms (R is an ordered field).
• The completeness axiom (The least upper bound

axiom):
If a set of real numbers has an upper bound, it has the
least upper bound.

Using the least upper bound axiom, we can establish a
bijection between the axiomatically-defined reals, and the
set of decimal expansions (have to deal with minor problem
of non-uniqueness).
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But do we know any real
numbers?

π = 3.141592653589793238462643383279502884197169399
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37510582097494459230781640628620899862803482534211
70679821480865132823066470938446095505822317253594
081284811174502841027019385211055596446229489549303
819644288109756659334461284756482337867831652712019
091456485669234603486104543266482133936072602491412
737245870066063155881748815209209628292540917153643
678925903600113305305488204665213841469519415116094
330572703657595919530921861173819326117931051185480
744623799627495673518857527248912279381830119491298
336733624406566430860213949463952247371907021798609
437027705392171762931767523846748184676694051320005
542019956112129021960864034418159813629774771309960
518707211349999998372978049951059731732816096318595
024459455346908302642522308253344685035261931188171
010003137838752886587533208381420617177669147303598
253490428755468731159562863882065485863278865936153
381827968230301952035301852968995773622599413891249
721775283479131515574857242454150695950829533116861
727855889075098381754637464939319255060400927701671
139009848824012858361603563707660104710181942955596
198946767837449448255379774726847104047534646208046684259069491293313677028989152104752



We have:

• approximations
• algebraic equations:

√
2 is defined by x2 = 2.

• special properties: π, e, and a handful of others.
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