UNITARY SPHERICAL DUAL FOR SPLIT CLASSICAL GROUPS

DAN BARBASCH

1. Introduction

The spherical unitary dual of a split groups plays a special role. For one thing, local factors of automorphic forms are unitary spherical for almost all places. They are also full principal series which maybe makes them a little less interesting. However if one just considers the local places by them selves,

Complex Case. The annihilator of a spherical irreducible representation in the enveloping algebra is the unique maximal primitive ideal at the given infinitesimal character.

P-adic Case. IM of a spherical irreducible representation is the largest representation at this infinitesimal character (with Iwahori fixed vectors).

Real Case. Almost like the complex case if the group is split there is a parity condition (or block) when this is true. Otherwise not quite as nice. For U(p, q), there are a lot of unitary spherical representations which are derived functor induced from unitary non-spherical modules.

Lefschetz Principle. Results should be true independent of the local field.

This is of course false in such generality. Still it is intriguing to what extent this might be true for the unitary dual. David Vogan asked me about a year ago if it might not be true at some level. He had of course serious reasons to expect it.

Example. Let G = Sp(2, F) of rank 2. A parameter for a spherical irreducible module with real infinitesimal character is a pair ν = (ν_1, ν_2) with ν_1 ≥ ν_2 ≥ 0. This gives a character of the split maximal Cartan subgroup, the representation is the spherical quotient X(ν) of the principal series X(ν). Consider the case when X(ν) is a subquotient of the induced from a spherical 1–dimensional module on the maximal parabolic subgroup P_1 with Levi component M_1 = GL(2). The parameter is (1/2 + ν, −1/2 + ν). The induced module is

Date: August 26, 2000. 1

1. irreducible for all ν except 1/2, 3/2, 5/2, . . . and unitary in the interval [−3/2, 3/2] if F = C , 2. irreducible for all ν except 3/2, 5/2, . . . and unitary in the interval [−1/2, 1/2] if F = R, or p-adic.

For the case when X(ν) is contained in the induced module from a 1– dimensional spherical module from the parabolic subgroup P_2 with Levi component M_2 = GL(1)×Sp(2), the parameter is (ν, 1). The induced module is 1. irreducible for all ν except 0, 1, . . . and unitary in only for ν = 0 if F = C , 2. irreducible for all ν except 0, 2, . . . and unitary only for ν = 0 if F = R, or p-adic.

So this example suggests that split groups should have a spherical dual independent of F. We will make some comments about C later, complex groups are quasi-split not split.

For p-adic classical groups, the spherical dual is known [BM2]. For real groups the results are new. But it was more or less clear that one could write down the answer using the same ideas plus [B1] and [B2]. What got me interested was the possibility that the proofs and parameters of a lot of other unitary representatons are the same. Also the proofs in the p-adic case involve using IM and going over to representations that are very closed to tempered. To make any headway with the general unitary dual for Iwahorispherical modules one needs to deal with representations whose parameters are far from tempered, e.g. spherical.

The main theorem is the following:

Theorem 1.0.1. A spherical irreducible representation is unitary if and only if it is unitarily induced from (unipotent) ⊗ (gl − complementary series) or a complementary series from such a module.

The actual parameters are hard to describe in detail, I can’t draw pictures like for rank 1, 2 and 3. The existence of these complementary series from complementary series were observed by many people long time ago, e.g. Duflo, Cowling ... .

Of course one immediately makes a conjecture that theorem (1.0.1) holds in general.

Here are some examples to illustrate the difficulties in giving a combinatorial description or picture for the unitary dual.

Example 1. Consider G = Sp(12) and X(1+ν, 0+ν, −1+ν, 1−ν, 0−ν, −1− ν). This is a subquotient of Ind^G_P (π_ν ) where P is a parabolic subgroup with Levi component M = GL(6), and for 0 ≤ ν < 1/2, π_ν is a complementary series from an induced from a parabolic subgroup with Levi component

GL(3) × GL(3). So X is unitary, but the induced module is reducible at ν = 0. Example 2. Consider G = SO(7) and the parabolic subgroup P with Levi component M = So(3) × GL(2). The representation X(ν) with ν = (1/2, 1/2 + ν, −1/2 + ν) is a complemntary series for 0 ≤ ν < 1.

Example 3. Consider G = SO(5) and the parabolic subgroup P with Levi component M = So(3) × GL(1). The representation X(ν) with ν = (1/2, ν) is a complementary series for 0 ≤ ν < 1/2.

2. Uniform Proofs

Here are some of the ingredients that make the proofs uniform (within reason!)

Intertwining operators. This is the same for all fields. One checks separately for rank one groups. Other than that, if B = AN ⊂ G is a Borel subgroup and ν represents a character, there is an operator

A_w : X(ν) −→ X(wν) for each w ∈ W

normalized to be the identity on the trivial K-type. If w = s_1 · · · · · s_k is a reduced decomposition, then A_w = A_1 · · · · · A_k, where the A_i are induced from the same kind of operators on rank 1 Levi components. For rank one groups, everything is known about the situation.

The definition of X(ν) and its unitarity can be expressed in terms of these operators. There is a serious difference. In the p-adic case, A_i are isomorphisms whenever (ν, α̌) ≠ 1, in the real case whenever (ν, α̌) /∈ N^+ . To remedy this, in the real case one should consider only certain K-types which I will call spherical. The condition is roughly that twice a root is not a weight. But in fact a much smaller set is needed for the unitarity questions. Let M := Z_K (A),

the centralizer of A in K. Frobenius reciprocity says that if σ, V_σ ) is a representation of K, then [σ : X(ν)] = [σ|_M : triv] = dimV^M_σ . Then V^M_σ is a representation of W := N(A)/Z(A), and in principle we want to do the unitarity calculation on V^M_σ in fact we want to involve just the W -structure if we can. For the p-adic case this is in fact all there is if we reduce the problem to the equivalent one for the Iwahori-Hecke algebra.

To match the real case to the p-adic case, we introduce spherical K-types. This is a set of K-types such that V^M_σ is irreducible and the unitarity can be detected on them. ^W ^K (2.1) B, D (n − k) × (k) (1, . . . , 1, 0, . . . , 0) ⊗ (1, . . . , 1, 0, . . . , 0) (2.2) C (n − k) × (k) (2, . . . , 2, 0 . . . , 0) (2.3) B, D (k, n − k) × (0) (2, . . . , 2, 0 . . . , 0) ⊗ (0, . . . , 0) (2.4) C (k, n − k) × (0) (1, . . . , 1, 0, . . . , 0, −1, . . . , −1) (2.5) Theorem 2.0.2. X(ν) is unitary if and only if the form is definite on the spherical K-types.

What one might like is a stronger version that in fact the intertwining operators are “the same” in the sense described above. I think this is formal possible to do. My calculation just keeps track of the signatures which is a lot easier.

3. Unitarity

Given the result above, we need to show that spherical unipotent representations are unitary. They are parametrized by maps ψ : SL(2) −→ Ǧ where Ǧ is the dual (complex) group. These are called Arthur parameters;

the semisimple element ψ [ 1/2 0 0 −1/2 ] is the ν from before. If Imψ is

contained in a proper Levi component of Ǧ, the representation is contained in a unitarily induced module from the same kind of parameter. So it is enough to treat the distinguished case, when the image does not meet any proper Levi component.

Real Case. Argument is in [B1] and [B2].

P-adic case. Argument is in [BM1]. The main point is that IM preserves unitarity and IM(spherical) is tempered therefore unitary.

There is not much chance to duplicate the p-adic argument in the real case.

But one can do it the other way around. In both cases a representation π has an asymptotic support which is a combination AS(π) = ∑ m(π, O)^μ_O where the O are nilpotent orbits in the Lie algebra (with the same dimension called Gelfand-Kirillov dimension) and the m(π, O) are integers. In the real case these are results of [BV1] and [SV1], in the p-adic case [MW]. The unitarity is a formal proof, provided we know that there is only one m(π, O) and it is 1.

Another example. Yesterday J.-S. Li talked about the nontrivial spherical module which is furthest from the temperd spectrum. For split classical groups this would correspond to the Arthur parameter given by the subregular nilpotent orbit. Ǧ Ǒ P arameter in G So(2n + 1) (1, 1, 2n − 1) (n − 1, . . . , 1, 0) Sp(2n) (2, 2n − 2) (n − 3/2, . . . , 1/2, 1/2) So(2n) (3, 2n − 3) (n − 2, . . . , 1, 0, 1) GL(n) (1, n − 1) ( n − 2 2 , . . . , − n − 2 2 , 0)

The case of So(2n + 1) looks like it should give rise to a complementary series, because the nilpotent is contained in GL(1) × So(2n − 1); it doesn’t.

References

[B1] D. Barbasch The unitary dual for complex classical Lie groups Invent. Math., vol 96, 1989, pp 103-176 [B2] Unipotent representations for real reductive groups Proceedings of ICM 1990, Springer Verlag, Tokyo, 1991, pp. 769-777 [B3] Orbital integrals of nilpotent orbits article in volume in honor of Harish-Chandra, to appear [BM1] A reduction theorem for the unitary dual of a p-adic group Inv. Math, 1989 [BM2] the unitary spherical dual for split p-adic groups Acta Applicandae Math 5 no. 1 (1996), 3–37.

[BV1] D. Barbasch, D. Vogan The local structure of characters J. Funct. Analysis, vol. 34 no. 1, 1980, pp. 27-55 [BV2] D. Barbasch, D. Vogan Unipotent representations of complex semisimple Lie groups Ann. of Math., 1985, vol 121, pp. 41-110 [BV3] D. Barbasch, D. Vogan Weyl group representations and nilpotent orbits Representation theory of reductive groups, Birkhäuser-Boston, Progress in mathematics vol 40, 1983, pp. 21-35 [KV] A. Knapp, D. Vogan Cohomological induction and unitary representations Princeton University Press, Princeton NJ, 1995 [L] G. Lusztig, Characters of reductive groups over a finite field Annals of Math. Studies, vol. 107, 1984, Princeton University Press [MW] C. Moeglin, J.-L. Waldspurger Modèles de Whittaker dégénéres pour les groupes p-adiques Math. Z., vol. 196, 1987, pp. 427-452 [SV1] W. Schmid, K. Vilonen Two geometric character formulas for reductive Lie groups J. Amer. math. Soc., vol. 11 no. 4, 1998, pp. 799-867 [SV2] W. Schmid, K. Vilonen The B-V conjectures preprint [V] D. Vogan Associated varieties and unipotent representations Harmonic Analysis on reductive groups, Progress in Mathematics vol. 101, Birkhäuser, Boston-Basel-Berlin, 1991, pp. 315-388

(D. Barbasch) Dept. of Mathematics, Cornell University, Ithaca, NY 14850 E-mail address: barbasch@@math.cornell.edu