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Bott-Samelson varieties associated to reductive algebraic groups are much studied in rep-
resentation theory and algebraic geometry. They not only provide resolutions of singularities
for Schubert varieties but also have interesting geometric properties of their own. A distin-
guished feature of Bott-Samelson varieties is that they admit natural affine coordinate charts,
which allow explicit computations of geometric quantities in coordinates.

Poisson geometry dates back to 19th century mechanics, and the more recent theory of
quantum groups provides a large class of Poisson structures associated to reductive algebraic
groups. A holomorphic Poisson structure IT on Bott-Samelson varieties associated to com-
plex semisimple Lie groups, referred to as the standard Poisson structure on Bott-Samelson
varieties in this thesis, was introduced and studied by J. H. Lu. In particular, it was shown
by Lu that the Poisson structure Il was algebraic and gave rise to an iterated Poisson poly-
nomial algebra associated to each affine chart of the Bott-Samelson variety. The formula by
Lu, however, was in terms of certain holomorphic vector fields on the Bott-Samelson variety,
and it is much desirable to have explicit formulas for these vector fields in coordinates.

In this thesis, the holomorphic vector fields in Lu’s formula for the Poisson structure II
were computed explicitly in coordinates in every affine chart of the Bott-Samelson variety,
resulting in an explicit formula for the Poisson structure II in coordinates. The formula
revealed the explicit relations between the Poisson structure and the root system and the

structure constants of the underlying Lie algebra in any basis. Using a Chevalley basis, it was



shown that the Poisson structure restricted to every affine chart of the Bott-Samelson variety
was defined over the integers. Consequently, one obtained a large class of iterated Poisson
polynomial algebras over any field, and in particular, over fields of positive characteristic.

Concrete examples were given at the end of the thesis.
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1 Introduction

Let G be a connected complex semisimple Lie group with a fixed Borel subgroup B and a
maximal torus T contained in B. Let g, b, and h be the Lie algebras of G and T, respectively.
The choice of (B, T) determines a root system A C h* and a set of simple roots I' C A. Let
W = N¢(T)/T be the Weyl group of G, where Ng(T') is the normalizer of T in G. It is a
Coxeter group generated by the simple reflections {s,|a € T'}.

Let w = (s1, 82, -+, Sp) be any sequence of simple reflections in W, and for 1 < k < n,
let P, = B U BsiB be the parabolic subgroup associated si. Consider P; X P, X ... X P,
with the right action of B™ (the n-fold product of B) by

(p17p2 .. pn)(bla ey bn) = (plbla b1_1]02b2’ ey b;ilpnbn)

The quotient space Zy, = Py X P2 Xp ... Xp P,/B is the Bott-Samelson variety associated
to w. For (p1,...,pn) € Py X ... X Py, let [p1,...,pn] € Zw denote the equivalence class of
(p1, .- -pn) under the B™-action. Multiplication in the group G gives a well-defined map

E:Zw —G/B: E([p1,-.-s0n]) =D1Dn/B.
When w is a reduced word, = is a resolution of singularities of the Schubert variety
Bsy---s,B/BCG/B

in the weak sense.

Bott-Samelson varieties have been studied extensively in the literature and play an im-
portant role in geometric representation theory. See, for example, [2, 3] and the references
therein.

It is well known (see Section 1.5 of [6], for example) that the choice of the pair (B,T)
gives rise to a multiplicative holomorphic Poisson structure on G (see Section 3.2 for details)
with respect to which each parabolic subgroup of G containing B is a Poisson submanifold.
The Poisson-Lie group (G, 7¢) is the semi-classical limit of the much studied quantum groups
associated to G (see [6]). It is shown in [12] that the restriction of the n-fold product Poisson
structure g X ... X wg to Py x ... x P, projects to a well-defined Poisson structure IT on
Zw. We refer to Il as the standard Poisson structure on Z,.

The geometry of II, such as the T-orbits of its symplectic leaves and Poisson divisors, is
studied in [12]. Tt is also shown in [12] that II gives rise to an iterated Poisson polynomial
algebra for each of the 2™ affine charts on Zy, (see Section 4.1 for details). Iterated Pois-
son polynomial algebras have been studied in the context of Dixmier-Moeglin equivalences
of Poisson algebras and the theory of quantum groups (see [4], [8], [9], [14] for example).
The standard Poisson structure II on Bott-Samelson varieties thus provides a rich source of
examples for such algebras.

The Borel subgroup B acts on the Bott-Samelson variety Zy, by

b'[p17p27"'7pn] = [bpl’p%"'apn}a be Ba (p17p27"'apn) € Pl X PZ X X Pn

For € b, let e, be the holomorphic vector field on Z,, generating the action of B in the
direction of z. In [12], the Poisson structure II in each affine chart on Z, is expressed in
terms of the vector fields e, for certain root vectors in b (see Lemma 4.1 for detail). While for
low dimensional examples such vector fields can be computed directly using the definition, it
is clearly desirable to have a general formula for them in each affine coordinate chart of Z,.

The main result in this thesis, which we think is of interest irrespective of the Poisson
structure, is an explicit formula for the vector field e,, where = € b is any root vector, in
every affine coordinate chart on Zy,. The formula, as stated in Theorem 4.5, is in terms



of the combinatorics of the root system and the structure constants of g in any given basis
consisting of root vectors. Applying Theorem 4.5 to the Poisson structure II, one sees the
explicit relations between the Poisson structure II and the root system and the structure
constants of the Lie algebra g. In particular, using a Chevalley basis of g, the Poisson
structure II is shown to be defined over Z in every affine chart (see Corollary 4.7). As a
result, associated to each affine chart, one obtains an iterated Poisson polynomial algebra
klz1,..., 2] for any field k.

The thesis is organized as follows: In Section 3.2, we recall from [12] the definition of
the Poisson structure II on Z,. Section 4.3 contains the main result on the explicit formula
for the vector fields e, in every coordinate chart on Z,,, where x € b is any root vector.
Examples are presented in Section 5.

2 Notation and some facts on root strings

2.1 Notation

Let G be a connected complex semisimple Lie group as in Section 1, and let g = b+ c A a
be the root decomposition of g. For v € A, let H,, be the unique element in [g,, g—a] such
that a(H,) = 2. Recall that I' C A determines a decomposition of A = ATUA™ into positive
and negative roots. For o € AT let E, € g4 and E_,, € g_,, be such that [E,, F_,] = Hy,.
Let (-,-) be a fixed multiple of the Killing form of g such that the induced bilinear form on

b*, still denoted by (-, -), satisfies me € Z~q for any root §.
Let 8 € AT. Let 63 : s[(2,C) — g be the Lie algebra homomorphism defined by

1 0 0 1 0 0

The induced Lie group homomorphism is denoted by og : SL(2,C) — G. For t € C*, let

B () Uﬁ((o %
For z € C, let

ug(z) = o (((1) i)) =exp(zEp), u_p(z) =op ((i ?)) =exp(zE_p).

Let sg = u5(—1)u_5 (1) ug (—1) € Ng(T).

Lemma 2.1. For a €T, one has

U (D) e (2) 80 = ua(t + 2)8a, t,z € C, (1)
Ua(D)u—_a(2) = u_q <1 —itz) e (t(1 +t2))aV (1 +t2), t,z€ C,1+tz#0, (2)
(W) = g (i}) st (w)a (w), weC. (3)

For a, 8 €T and a # 3, one has .
ug(w)BY (W)u_n(2) = u_q (w 58y z) ug(w)BY (w), weC*, zeC. (4)

Proof. Identities (2) and (3) follow from computations in SL(2,C), and (4) follows from the
fact that the two root subgroups corresponding to —a and 8 commute.

Q.E.D.



2.2 A lemma on root strings

Let the basis {H,, Eg | a € T', 3 € A} for g be chosen as in Section 2.1. For «, § € A such
that o+ 0 € A, let Ny g # 0 be such that [E, Eg| = Ny gEg+q.
Let « and (3 be two linearly independent roots and let {8 + ja : —p < j < ¢}, where p
and ¢ are non-negative integers, be the a-string through 8. For 0 <i<p+4q—1, let
g = L (5)
Na,ﬁ*(p*i)a

Then subspace L = Z‘?pr 98+ja of g becomes an SL(2,C)-module via the group homomor-
phism o, : SL(2,C) — G, and the adjoint representation of G on g. On the other hand, let
VP+4 he the vector space of homogeneous polynomials in (z,y) of degree p+ g with the (left)
action of SL(2,C) by

<<Z Z) .f) (x,y)=f <(as,y) <Z Z)) = f ((az + cy) (b + dy)P+97) .

Consider the basis {ug, ..., up4q} for VP77 given by

p+q

i )xiy’”qi, i=0,1,...,p+q,

Ui = €o€1 " '€i1<
where €;, for 0 < j < p+ ¢ —1, is defined in (5), and it is understood that epe1 ---&;-1 =1
when i = 0.

Lemma 2.2. With the notation as above, the linear map
x: L— |48 X(E/3+ja) =Uptj, —DP<J<yq, (6)
is an SL(2, C)-equivariant isomorphism.

Proof. The two irreducible representations of SL(2,C) on L and on VP%¢ being of the same
dimension, must be isomorphic, and by Schur’s lemma, there is a unique SL(2, C)-equivariant
isomorphism y : L — VP%9 such that x(Eg_pa) = uo. Straightforward calculations show
that x must be given as in (6). See also Lemma 6.2.2 of [5].

Q.E.D.

The following Lemma 2.3 will be used in Section 4.3 to prove the main results of the
thesis.

Lemma 2.3. Let o, 8 be two linearly independent roots and let {3+ ja : —p < j < ¢} be the
a-string through 3. Then for any t € C, one has

q .
€0 "Ep—1 (PF+ T\,
Ad(u, ()51 (Ep) = Z(—l)pie = ( : )“qu—p—j)m (7)
= 0"'5q—]—1 ,]
Ad(u_, )~ (Bp) = D (-1 ep-16p2- --Epj( ; )t”Eﬁja- (8)

Jj=0



Proof. By Lemma 2.2, one has

p
Pty (4N,
=g sp_l( >(_y)z7 Z < > tIyd 13
p o N
g En-- € p-’-j .
_ Z(_l)ivOpl( ] )qut],
o 50 P 5q—j—1 j

from which (7) follows. One proves (8) similarly (see also Lemma 6.2.1 in [5]).

Q.E.D.

Let «, 8 be as in Lemma 2.3. For notational simplicity, denote the constants appearing
in (7) and (8) by

J p €0 Ep1 (PF] ;
Th= e (1) j=0..qand o = s,

CZJB = (_1)j5p715p72-.-5p,j (q—;j), j=0,...,pand o =e. (9)

‘N Q e,j —
We also set cg7, = 1.

Remark 2.4. Recall that {H,,Eg | o € ', € A} is said to be a Chevalley basis if for all
a,3 € A such that o« + 3 € A, one has Nog = —N_q, 5. f {Hy,Eg | a €T, € A} is
a Chevalley basis of g, then, by Theorem 4.1.2 of [5], Ny 3 = £(p + 1) for any roots o and
0 such that o + 3 € A, where p is the largest non-negative integer such that g — pa € A.
Thus, for o and § as in Lemma 2.3 and for every 0 < i < p+ ¢ — 1, one has ¢; = £1, and
consequently all the coefficients c7;’s appearing in (7) and (8) are integers.

3 The Poisson structure Il on the Bott-Samelson variety

3.1 Poisson-Lie groups and Poisson actions

In this section, we review from [12] the definition of the Poisson structure IT on Zy,. Recall
that a Poisson structure 7p on a manifold P is a bivector field 7p € T'(A?T P) such that the
induced bracket

{-}: C=(P) x C%(P) = C=(P) : {f, g} = (df Adg)(mp),  f,geCF(P),
satisfies the Jacobi identity

{Fidg,h}r +{h{f, 93} +{9,{h. f}} =0, f,9,h e C=(P).

A differentiable map F' : (P,mp) — (Q, 7q) between Poisson manifolds is said to be Poisson
if Fi(mp)(q) = mg(q) for all ¢ € Q, where F denotes the pushforward of tangent vectors by
F.

Recall from [6] that if G is a Lie group, a Poisson bivector field ¢ on G is said to be
multiplicative if the map (G x G, g x 7¢) — (G, 7¢) : (91,92) — g1g2 is Poisson. A Poisson



Lie group is a pair (G, 7¢), where G is a Lie group and 7 is a multiplicative Poisson bivector
field on G. A Lie subgroup G of a Poisson Lie group (G, 7g) is called a Poisson Lie subgroup
if Gy is a Poisson submanifold with respect to mg. In this case, (G1,7¢|g,) is a Poisson Lie
group. Let (G, mg) be a Poisson-Lie group, and (P, 7p) a Poisson manifold. A smooth (right)
action of G on P is said to be a Poisson action if the action map

O:(PxG,mpxng)— (P,7p)

is a Poisson map. Left Poisson actions are defined similarly.

Let (B, 7) be a Poisson-Lie group and assume that (P, 7p) and (Q,mg) are two Poisson
manifolds with a right Poisson action of (B, n) on (P, 7p) and a left Poisson action of (B, )
on (Q,mg). Assume that the quotient space P/B is a smooth manifold and let p: P — P/B
be the natural projection. Let B act on P x Q by

(p,q)-b=(pb,b"'q), pEPqeQ,beB,

let PxpQ = (PxQ)/B,and let w: P x Q — P Xp Q be the natural projection. For
(p,q) € P xQ, let [p,q] =w(p,q) € P xp Q. The proof of the following Lemma 3.1 can be
found in [12].

Lemma 3.1. 1) The projection p(mp) is a well-defined Poisson structure on P/B;
2) The projection w(mp X mq) is a well-defined Poisson structure on P X g Q.

3.2 The definition of the Poisson structure II on Z,,

Let G be a complex connected semisimple Lie group as in Section 1 and let the notation be
as in Section 2.1. Let ( >
o, a
A == Z TEO( N E_a S /\29,

aeAt

and let m¢ be the bivector field on G given by
g =A — A",

where Al and A" are respectively the left-invariant and right-invariant bivector fields on G
with value A at the identity. By [6], (G, 7¢) is a Poisson-Lie group. Every parabolic subgroup
P containing B, being a union of Bruhat cells BwB, is a Poisson-Lie subgroup (see [10]).

Let w = (s1,..., s,) be any sequence of simple reflections and consider the Bott-Samelson
variety Zw = Py Xp Py Xp --- xp P,/B. By repeatedly using Lemma 3.1, one obtains a
holomorphic Poisson structure II on the Bott-Samelson variety Z,, such that the natural
projection

(PLX PoX...x Py,mglp X ... x7wglp) = (Zyw, 1)

is a Poisson map. The Poisson structure II on Zy, was first introduced in [12] and we will
refer to I as the standard Poisson structure on Z,.

4 The Poisson structure Il in coordinate charts

4.1 Coordinate charts on Z,,

Let G be as in Section 1 and let the notation be as in Section 2.1. Let w = (s1,...,5,) be
any sequence of simple reflections in W, and let Zy, be the Bott-Samelson variety associated
tow. For 1 <14 <mn,let a; € I' be such that s; = s,,. Let

Tw ={e,s1} x {e,s2} x ---{e, sn},



where e denotes the identity element of W. Elements in Y, will be called subezpressions of
w. For Y= (713727"')771) € TW7 let ’Y] =172 75 €W for 1 SJ <n.
The maximal torus T' of G acts on Zy, by

t-[plau'vpn}:[tplwuvpn]a tETv (plv'”apn)eplx"'xpn-

The fixed points of this T-action are the points of the form [1,...,%,], where (y1,...,7,) €
Yw, and é = e. Around each T-fixed point [¥1,...,%], one has a natural affine chart O7,
defined as the image of the map

Q) C" — Zw: Oy(21,-- 05 2n) = [y, (a1) (21) V15 Uy (a0) (22) V25 -+ Uy, () (Z0) T

Note that the parametrization of @7 by C" depends on the choice of the root vectors for
the simple roots «; for 1 < ¢ < n, but different choices of such root vectors only result
in re-scalings of the coordinate functions. In particular, the affine chart O7 is canonically
defined. Tt is also easy to see that each 07 is T-invariant with

£D (21, 22, 2n) = Dy (E77 (@) g g7 (02D 5y ) 5 ] (10)

where ¢t € T and (21, 29,...,2,) € C™. Note also that UveTw O = Zy, i.e., Zy is covered
by the 2™ T-invariant affine charts O7, v € T,.

4.2 A formula for IT from [12]

Let the notation be as in Section 4.1. We recall from [12] a formula for the Poisson structure
IT in each the coordinate charts O7 on Zy,.

For 1 < ¢ < n—1, let e; be the holomorphic vector field on the Bott-Samelson variety
Zissir..n) Biven by

(O)p) = iz (XD tEa)p). ()

where p € Z( .sn) and ¢ is any local holomorphic function on Z,, , .

Sitlse. »an)'

Lemma 4.1. ([12]) Let v € Ty. In the coordinates (z1,...z,) on the affine chart OV, the
Poisson structure 11 is given by,

1<i<j<n,

{2i,2i} = Wi(%)’ ’yj(%»zizj’ if vi = e,
v — (v (), ¥ () zizs — (i a)ei(zy) i v = si,

where for 1 < i < j < mn, e;(z;) denotes the action of the vector field e; on the coordinate
function z;.

Remark 4.2. Recall that a Poisson algebra is a commutative C-algebra A equipped with
a Lie bracket {-,-} satisfying the Leibniz rule {f, gh} = {f,g}h + {f, h}g for all f,g,h € A.
Recall from [9] that an iterated Poisson polynomial algebra over C is the polynomial algebra
Clz1, .., 2] with a Poisson bracket {-, -} satisfying

{2:,Clzig1, .-, 2zal} € 2iClzig1, -, 2n] + Clzigr, .oy 20), V1<i<n—1

By Lemma 4.1, for each v € T, the Poisson structure IT makes C[zy, ..., z,] into an iterated
Poisson polynomial algebra via the identification O7 = C”.



To derive an explicit formula for the Poisson structure IT in the coordinates (z1, 22, . . ., 2n)
on the affine chart OV, one thus needs to compute the vector fields e; in Lemma 4.1 for each
1 <7 <n—1. To this end, for any positive root (3, let eg be the vector field on Z, given by

es(P)p) = Llmop (exP1ERD), P E Zu, (12)

where ¢ is any local holomorphic function on Z,. In the following Section 4.3, which contains
the main result of the thesis, we give an explicit formula for the vector field eg in the
coordinates (z1,22,...,2,) in the affine chart O7 for every v € T,,. We believe that our
formula for eg, as will be stated in Theorem 4.5, is of independent interest in the study of
Bott-Samelson varieties.

4.3 An explicit formula for the vector field eg

Let 3 € A*. In this section, we compute the vector field eg on Zy, given in (12) in the affine
chart O7 for every v € Ty,. We will first give a recursive formula for eg in Lemma 4.3 and
then a closed formula for eg in Theorem 4.5.

To derive the recursive formula for eg, we need to consider vector fields on different Bott-
Samelson varieties. To this end, introduce, for a positive root 3 and any sequence w’ of
simple roots in W, two vector fields on the Bott-Samelson variety Zy, by:

hY (0)(p) = %Itzw((exp tHg)p) ,

el (¢)(p) = %Itzw ((exptEg)p) ,

where p € Zyw and ¢ is any local holomorphic function on Zy. Note that eg = e for eg
defined in (12).

Fix v € T and keep the notation from the previous sections. In particular, recall from
Section 4.1 the coordinates (z1,...,2,) on the affine chart O7. Assume that n > 2 and

for 2 < k < n, let e(ﬁk) denote the restriction of the vector field e(;’“"”’s") on the Bott-

Samelson variety Z,, .. s, to the affine chart OOk 7n) of Z(sp,...,sn)> and we regard egk) as

a derivation on the polynomial algebra C[zy, ..., z,]. Similarly, one has the derivation h(ﬁk)
on Clzg,. .., zn).

Lemma 4.3. Let 3 € A", Let v € YTy and let (21,29,...,2,) be the coordinates on the
affine chart O7.

Case 1.1. (=g andy1 = s1. In this case, eg(z1) = 1 and eg(z) = 0 for all k > 2;
Case 1.2. 3=y and v, = e. In this case, eg(z1) = —2% and for k > 2,
eg(zx) = eg)(zk) + zlhg)(zk).

Case 2. 3 # aq. In this case, eg(z1) =0 and for k > 2,

;i
eplzr) = Z Cllhjﬁzie’(h)(ﬂ)—ja1(zk)
i >0
71 (8) o€

Proof. Cases 1.1., 1.2., and 2. follow from (1), (2), and Lemma 2.3, respectively.
Q.E.D.



To obtain a closed formula for the vector field eg, we introduce more notation. Let N
denote the set of non-negative integers.

Notation 4.4. For 1 <[ <n and (ji,...,5;) € N, let

Brsegt) = NYi—1 Y21 (B) — iviyi—1 - y2(oa) — oo = ficami(ou—1) — jicg € b (13)
For 2 < k < n, define

Ni={(01 - de=1) EN"YBins e o) = W B,y EAT VIS I <k -2}, (14)

and for (jla oo 7jk71) € Nka let

Ctrvmninar = Con'B " CaprBorn oo (15)
(see notation in Section 2.1). To each 1 < k < n, introduce two functions ¢g(z1,..., 2k-1)
and Yg(z1,...,26-1) € Clz1, ..., zk_1] as follows: for k =1, let
1 iff=«

p(21,. s 26-1) = { and ¢ﬁ(21,~~,2k71) =0,

0 lfﬁ#ala

and for 2 < k < n, let

¢5(zlv-'~7zk—1) = Z [ 12{12%2 . Zik 11’ (16)
(J1,--5dk—1)EN
2 ,yj aj afyk g
¢,8(Zl7~-~72k71): Z < ( J) - ( )>ZJ¢,@(21,ZJ,1)’ (17)

(Vi (), ¥ ()

vj=e

1<j<k-1

where recall that 7/ = 792 ---7; for 1 < j < n. Note that the functions ¢g(21,...,25-1)
and ¥g(z1,...,2,—1) depend on 7.

The following Theorem 4.5, which is the first main result of the thesis, gives a purely
combinatorial formula for the vector field eg.

Theorem 4.5. Let 5 € A" and let v € Y. The vector field eg acts on the coordinate
function {z : 1 < k < n} on affine chart O as follows

eﬁ(zk) _ ¢ﬁ(zl7 .. '721671) +w,@(zla .. '7Zk:71)zka Zf Y& = Sk,
—0p(21,- - zem1)zp sz, 2em1) 2k, i =€

Proof. If k = 1, Theorem 4.5 holds by definition in this case. Assume that 2 < k < n. Let
N, =A{G1,--de—1) €NV By s € ATV 1 < i <k—1}, and for (ju,...,jk—1) €
Ny, let the (nonzero) constants c;, .. be as in Notation 15. For k = 2, one has

Jk—1
0 if 6=qa; and y; = s,
N =< {0} if 6=a; and 1 = e,
{7171 e Nn(B) —jiar € AT} if B # ay,

where, by definition, ¢£°

cases in Lemma 4.3 to get

=1 when 8 = a7 and y; = e. Therefore, one can combine the

h(2)(zk) iff=a;andy; =¢
Cvldlzhe 20) + 211y s y 18
g\/' 1,871 " )( 2 {O, otherwise. (18)



By repeatedly using (18), one has

_ J Jr—1 (k) i+1
ep(2k) = Yo i AT e @) Y dslane -0 zhE ().
(J1se-2Jk—1)EN,, 1<}j<:]§_1

Let z}, = 1 if v, = sy and 2z, = —2} if 7, = e. By Lemma 4.3, for (j1,...,Jjk—1) € N}, one
(k)

k . .
has eEjl) 7777 jk—l)(zk) = 0 unless 3(;,,...j,_,) = ax, in which case e ;” jk—l)(zk) = z;.. Thus
eplzr) = D Chegead A st Y dp(z 2oz R (2)
(J1se-dk—1)ENg 1%]';:1?1
= dg(21,. .y 20-1)2% + Z bz, zj,l)zjh(a]jl)(zk).
12'{-@51
=

On the other hand, for each 1 < j <k —1 with v; = e,

RO () = _ 2y vy w(ak)) 2<7j(04j>77k(04k>>zk

(v, oj) (Vi (), ¥ ()

It follows that
eg(zk) = ¢5(21, ey zk_l)z,’v + wg(zl, ey Zh—1) 2k

Remark 4.6. Recall from Section 4.1 that the while the affine chart O7 is canonically
defined, its parametrization by C™ depends on the choice of the basis {H,, Eg |a €', € A}
of g. Assume that {H,, Eg | o € I',3 € A} is a Chevalley basis of g. Then by Remark
2.4, for each positive root § and for every 1 < k < n, the polynomials ¢g(z1,...,2x-1)
and ¢g(z1,...,2K—1) have integral coefficients. Consequently, the polynomials eg(zy) for
1 < k <n all have integral coefficients.

4.4 The Poisson structure Il is defined over Z in any chart

We now return to the holomorphic Poisson structure II on the Bott-Samelson variety Z,
associated to a sequence w = (s1, sa, ..., s,) of simple reflections. The following Corollary
4.7, which is the second main result of the thesis, says that the Poisson structure II is defined
over Z in every affine chart O7.

Corollary 4.7. . Let v € Ty and let the coordinates (z1, 22, . ..,2,) on the affine chart OV
be defined by a Chevalley basis of g. Then for every 1 < i < j < n, the Poisson bracket
{7, 2;} is a polynomial in the variables (z;, ziy1, ..., 2;) with integral coefficients.

Proof. Recall from Section 2.1 that the bilinear form (-,-) on g that is used to define the
Poisson structure mg on G is such that («, o) /2 is an integer for every root a. It follows that
for any pair of roots « and 3, {a, 3) = 2aB) | {aa) jg ap integer. Corollary 4.7 now follows

[ 2
from Lemma 4.1 and Remark 4.6.

Q.E.D.



5 Examples

5.1 The vector field e3 in the affine chart Olees-e)

Let the notation be as in Section 4.3 and assume that 3 is a simple root. In this section, we
compute the vector field eg defined in (12) on the affine chart O7 for v = (e, e, ..., e€).
Recall from Section 4.1 that one has the coordinates (21, 22, . . ., z,) on Q&€ via

(21, 225+ s Zn) — [U_ay (21), Uy (22), -+ s U—gy, (20)] € OLEE€),
Lemma 5.1. In the affine chart O(©¢€) the vector field eg for a simple root 3 is given by
eﬁ(zk):_m DO zk+{0’ o By op <
(B,08) < i<hT ay=p —22, if i =P,
Proof. Let 1 < k < n. By Theorem 4.5, one has,
eg(zk) = —pplz1, ..., Zp_1)28 + Va(z1, -y 2k—1) %k
Using the assumption that § is a simple root, one sees easily from the definition of ¢g that

op(z1,.. ., 25-1) = 1if o = 0 and ¢g(z1,...,2k-1) = 0 if ap # (. It follows from the
definition of 15 that

wﬁ(zla-~-,Zk_1):_M Z 2

(8.5) 1<j<k—1,0;=03
This proves Lemma 5.1.
Q.E.D.
Consider now the subexpression v = (sy,e,...,e) of w and the affine chart O(51:¢:€)
with the parametrization
C" 3 (21,22, -+ 2n) — [ta, (21)81, U—ay(22), .+ s U_q, (20)] € OB1E€),

Corollary 5.2. In the affine chart O©1:¢€)  the Poisson structure II is given by
{zi, 2} = (au, ) zizj,  if 2<i<j<m,
—(an, ) (21 =22 h<ici1, aimas Zl) Zj, if2<j<nanda; # o,

{z1,2} = ‘ ,
_<061>Oz1> 21 — 22295]-717%:&1 Zi — Zj) Zj, Zf2 <7<n andaj = .

Proof. Corollary 5.2 follows directly from Corollary 4.7 and Lemma 5.1.
Q.E.D.

Remark 5.3. The coordinates on O(1:¢€) used in Lemma 5.2 are defined by any basis
of g as specified in Section 2.1 which is not necessarily a Chevalley basis. Indeed, since the
Poisson structure II is quadratic, it is invariant under re-scalings of the coordinates.
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5.2 An example for G = G,

Let G be the connected complex semisimple Lie group with Lie algebra of type Ga. Let «
and 0 be the two simple roots, where BB — 3 We fix a Chevalley basis of go with the

(a,a)
following system of structure constants N, «, for roots a; and axs:

a | B la+f|2a+08|3a+p8|3a+20
Q@ 0 |—-1] =2 -3 0 0
16} 1 0 0 0 -1 0
a+p 2 0 0 3 0 0
200+ 3 0 -3 0 0 0
3a+ 0 1 0 0 0 0
3o+ 203 010 0 0 0 0
- 010 -3 -2 -1 0
—p 010 1 0 0 -1
—a—pf -3 1 0 2 0 1
—2a-0 | -2]| 0 2 0 1 -1
—-3a—-0 |-1] 0 0 1 0 1
—3a—-261| 0 | -1 1 -1 1 0
Using Na,,as = —N_a,,—a,, We can easily find the remaining structure constants.

Consider the Bott-Samelson variety associated to the word wo = (s1, s2, $1, S2, $1, S2),
where s; = s, and so = sg. Let v = (s1, 2, s1, S2, 51, S2). The Poisson structure in the chart
O7 in the coordinates (z1,...25) was computed using a computer programme developed by
the author in the GAP [7] language.

{#z1,22} = —3z129
{Zl, 23} = —Z2123 — 222
{z1,24} = 7623

{2’1,25} = 2125 — 423

{2’1, 26} = 32126 — 625

{29, 23} = —32a23

{z2,24} = —6z§ — 32224

{29, 25} = —627

{29, 26} = 32226 — 182325 + 624
{23,24} = —32324

{z3,25} = —2325 — 224

{z3,26} = —6z§

{24, 25} = —32425

{24,26} = —625 — 32426
{z5,26} = —3252¢

11



A Another proof of Corollary 5.2 by change of coordi-
nates

Lemma 4.1 expresses the Poisson structure II on the Bott-Samelson variety Z, in different
affine coordinate charts. In particular, in the affine chart ©(©¢¢) with coordinates

(51)627 e 7€n> = [ufocl (51)7”7&2 (52)7 e U—q, (ETL)L

the Poisson structure is especially simple, namely, {&;,§;} = (a;, ;)& foralll <i < j < n.
In Corollary 5.2, we have also given the explicit formulas for the Poisson structure II in the
affine chart @(51:¢€) with coordinates

(21,22 2n) 7 [Uay (21)S1,U—ay (22), .« oy U—q,, (20)]-

In this appendix, we first write down the transition functions between the coordinates
(€1,&,...,&,) and the coordinates (z1, 22, . . ., 2,) on the intersection O(€:¢¢) | Os1:€:-€)
We then use the change of coordinates and the simple formulas for the Poisson structure in
O(ee€) to give another proof of Corollary 5.2.

Lemma A.1. On the intersection O(€¢€) N OG1e€) one has z; = 1/&, and for 2 <
j <n, one has

—2(aj,a2)
S e &) iy
aimar & if o # o
1<i<j—1 " J ’
Zj =
& : _
J if oy = 0.
> aj=a; &i )| laj=ag &
1<i<j—1 1<i<j

Proof. By (3), and the fact that ug(w)sY(w) € B for any w € C*, one has

o (62), ey (2)s U, (60)] = [u (;) 1.ty (60 (€ tny (€)1, (E0)]

and the result follows from (4).

Q.E.D.

We introduce some notation to simplify the formulas in Lemma A.1. For 2 < j < mn, let

;1 nj,1
—(aj,a1)
nj1 = $a 21<j = Z gk B 21<] = Z fk
(o, ) et 7 o
1<k<j-1 1<k<j

Then z; = XL 3L & for all j > 2.
First let 2 < ¢ < j < n. We now prove that {z;,z;} = (a;,q;)ziz;. Using {&,&} =
(a;, aj)&&; and the Leinbiz rule, one has

{212} = TLXLILRL {6, 6 + DL N6{6, 24,5}
+ &35, 3L {3 &+ 66 {EL L, 5L, B0 )

It is clear that XL, XL, 3L 5L {&, &} = (o, aj)ziz;. Tt thus remains to prove that

SLEL6{6, LB+ 68L L {BLEL G+ gL st EL L =00 (19)
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Since {Eiizlgivgj} = Eii{zlgmfj} + Elgi{zlqvfj} = 2”:’,1<0‘11aj>21<i21§15j7 one has

5121@4219{21@21@,{]4} = 2ni71<0¢1,04j>251‘2j. (20)
On the other hand,
{6, 54,51} = 3L {&, 5L} + 34 {&, 5L} = —2n51 (a1, i) DL, 5L 6+ O
b H<GH< <j 160 =<5 <GS < 5N B H g =560 J
where, if a; # ag,
’I’Ljyl—l
0= 2nj,1<0‘1a04i>21<j Z €k Z Er&i
1£K<) i<k<)
nj1—1
+2n; (0S| Y & > oG],
1£5<) k<)
and if o; = g,
’nj,l*l
O =2nj1(an, )L, | D & > G
1£5<) i<k<)
njylfl
+2n;1 (e, a)Sh | D & > G
1K< <K<y
nj,171 n]‘,lfl
—nj1{o,a) El<_j Z &k 5?—nj,1<a1,04i>21§j Z &k &.
1£5<) 1£k<j
Therefore,
&I {6, 150 = =200 (on, i) (2i25) + O 21,5, (21)

Observe that n; (a1, ;) = n;1{a1, ), so we need to show that

§6{5L55, B2} + 065,85, = 0.

Now,

+3L3L sl 5L+ L 3L (L, B

<)

For the first term, one has

njylfl
{24, 55} = (a,an)nnin St | D & > &
ey i<y

13



Hence

njyl—l
SLELASLL R Y = (e BLELEL [ Y &4 dYoalo (22
<K<y i<1<)
Similarly, we have
nj,lfl
LLEL{EL, 5L = (o, e)ngin BLEL DL, Z Ek Z G, (23)
ey i<1<)
nj,l—l
21§i21<j{21<m21§j} = <a1;0<1>”j71”i1121<¢21<j21§i Z &k Z SE R (24)
1<k<) i<I1<)
nj1—1
Elgizlgj{zlﬁ'azlq} = <0¢1a041>”j,1”i,121<i21§j21§i Z &k Z & |- (25)
14k <1<
Noting that (o1, 1)nj1n:1 = —(a1,a;)n; 1, the sum of all the terms from (20) to (25), is
equal to 0. Hence {z;,2;} = (o, o) z;2;.
We now compute {z1,z;} for 2 < j < n. One has
L w1 g1
{21, 2} = a7z<j2§j€j
1
- a (424 {60 &+ 256{6 29+ 25,6 {6, 25)
n_7>7171
1
= —gxijxéﬂahag‘)&ﬁj +EL gm0 | D G &, Y &
1£k<) 1<h<j
njylfl
1
- ?Zlgjgjnj,l Z &k &1, Z &k
1 oo ap=c
1<k<) 1<k<)

-1

1
= —(a,a5)n17 — o | SLEmaSh | Y & > (o, a1)&ié

! Fp=1 =g
1<k<j 15%<)
-1
_i i 3y sl ( )
g2 | F=isliss Z &k Z ar, a1)&iék
1 ap=ay ap=aj

1<k<j 1<k<j

2o Sk D &

+

o (Zpms) o (Spme)

= —(a1, a;j)z125 + (a1, ;)2

14



Recall that for 2 < m <n and «,, = a1,
Em _ 1 _ 1
Z Qap=oq fk Z ap=o fk '
<21a§kk=2n £k> (ngk:gn §k> 1<k<m 1<k<m

Zm =

Therefore
> an=a1 &

Z 1 1 . 1<k<j

2 = g - - :
1

ap=oaq apL=« ap=o g

1<k<j <21§;€§j g’“) & <21§k<1j gk)

Substituting this to the last line of the equation for {21, z;}, one has

‘ ) —(a1, a;) 21—222<i<j_17m:a1 zz) Zj, if2<j<nanda; # o,
21,255 = o : .
—(ar,a1) (21 —2229@_17%:&1 Zi_Zj> zj, if2<j<mnando; = oy,

as desired.
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