The cd-index of zonotopes and arrangements

Louis J. Billera^�, Richard Ehrenborg and Margaret Readdy

To Gian-Carlo Rota, for years of inspiration.

Abstract We investigate a special class of polytopes, the zonotopes, and show that their flag f-vectors satisfy only the affine relations fulfilled by flag f-vectors of all polytopes. In addition, we determine the lattice spanned by flag f-vectors of zonotopes. By duality, these results apply as well to the flag f-vectors of central arrangements of hyperplanes.

1 Introduction

The flag f-vector of a convex polytope is an enumerative invariant of its lattice of faces, containing more information than the usual f-vector. While the latter counts the numbers of faces in each dimension, the former counts the numbers of chains (flags) having any possible set of dimensions.

The Euler relation is the only affine relation satisfied by f-vectors of all polytopes. For simplicial (or simple) d-polytopes, there are ⌊^{d−1}_2 ⌋ additional relations, called the Dehn-Sommerville equations, which provide a complete description of the affine space generated by all such f-vectors [10]. The information contained in the f-vector of a simplicial polytope is nicely summarized in the form of the h-vector [18].

In the case of the flag f-vector, there is a large set of equations that are satisfied for all polytopes. The corresponding affine space has dimension given by the Fibonacci sequence [1]. The cd-index provides an efficient way to summarize this information [2].

In the case of simplicial, simple and cubical polytopes, the flag f-vector reduces directly to the f-vector. In this paper we investigate another special class of polytopes, the zonotopes, and show for these that there is no reduction whatsoever; that is, we show that the flag f-vectors of zonotopes satisfy only the affine relations satisfied by flag f-vectors of all polytopes. This strengthens a result of Liu [14, Theorem 4.7.1]. Zonotopes are of particular interest in the study of hyperplane arrangements (see [20]), to which they are dual. A direct consequence of our result is that the cd-index of a central hyperplane arrangement is the most efficient encoding of the affine information of its flag f-vector.

We define the basic terminology used throughout this paper. For a convex ddimensional polytope Q, and for a subset S ⊆ {0, . . . , d − 1}, we denote by f_S the number of chains of faces (flags) in Q, F_1 ⊂ · · · ⊂ F_k, with S = {dim F_1, . . . , dim F_k }. The vector consisting of all the numbers f_S , S ⊆ {0, . . . , d − 1}, is called the flag f-vector of Q. The affine span of the flag f-vectors of all polytopes (more generally, of all Eulerian posets) is described by a system of linear equations, known as the generalized Dehn-Sommerville equations [1].

�Supported in part by NSF grant DMS-9500581.

1

For any S ⊆ {0, . . . , d − 1}, we set h_S = ∑ T ⊆S (−1) |SrT |_{fT . Define a polynomial}

in the non-commuting variables a and b, called the ab-index, by

Ψ(Q) = ∑ S h_S · u_S , where u_S = z_0 · · · z_{d−1}, z_i = b if i ∈ S and z_i = a if i /∈ S. An implicit encoding of the generalized Dehn-Sommerville equations is given by the fact that Ψ(Q) is always a polynomial in the variables c = a + b and d = a · b + b · a. We call the polynomial the cd-index of Q.

As an example, the cd-index of a polygon Q is given by

Ψ(Q) = c^2 + (f_0 − 2) · d (1.1)

and the cd-index of a 3-dimensional polytope Q is given by

Ψ(Q) = c^3 + (f_0 − 2) · dc + (f_2 − 2) · cd. (1.2)

In Section 2, we discuss the operations of taking pyramids and prisms, and we use them to give a direct proof that the flag f-vectors of all polytopes span the linear space determined by the generalized Dehn-Sommerville equations. We next discuss zonotopes and three operations on them – projection, Minkowski sum with a line segment and prism. We use the coalgebra techniques of [7] to determine their effect on the cd-index. In Section 4, we show the cd-index of an n-fold iterated Minkowski sum is a polynomial function of n, and we use this in Section 5 to show that the flag f-vectors of zonotopes also span the space of all flag f-vectors. This result is extended in Section 6 by determining the lattice spanned by the cd-indices of all zonotopes. It is the ring of all integral polynomials in c and 2d. In terms of flag f-vectors, this is equivalent to saying that f_S is divisible by 2^{|S|}. Some observations and concluding remarks are indicated in the final section.

The authors thank Gábor Hetyei and two referees for making useful comments on an earlier version of this paper.

2 Polytopes span

For a field k of characteristic 0, let F be the polynomial algebra in non-commuting variables c and d over the field k, that is, F = k⟨c, d⟩. (In fact, everything we do here works in any characteristic other than 2.) If we set the degree of c to 1 and the degree of d to 2, we define F_d to be all polynomials in F that are homogeneous of degree d.

Recall that a derivation f on an algebra A is a linear map satisfying the product rule f(x · y) = f(x) · y + x · f(y), and that f(1) = 0. Observe that it is enough to determine how the derivation acts on a set of generators, and hence we may describe a derivation on F by giving its value on the elements c and d. Define two derivations D and G on F by D(c) = 2 · d, D(d) = c · d + d · c, G(c) = d, and G(d) = c · d. Observe that both these derivations increase the degree by 1, that is, they are maps from F_d to F_{d+1}.

For a polytope Q we denote the pyramid over Q by Pyr(Q). Likewise, denote the prism over Q by Pri(Q). We similarly denote two linear maps Pyr, Pri : F → F, by

Pyr(w) = w · c + G(w) and Pri(w) = w · c + D(w).

The following results are proved by in [7] using coalgebra techniques (see [7, Theorems 4.4 and 5.2]).

Proposition 2.1 For a polytope Q we have that

Ψ(Pyr(Q)) = Pyr(Ψ(Q)), Ψ(Pri(Q)) = Pri(Ψ(Q)).

Lemma 2.2 The linear span of the two sets Pyr(F_d) and Pri(F_d) is the linear space F_{d+1}.

Proof: Define a third derivation G^′ on the algebra F by G^′(c) = d and G^′(d) = d · c. It follows that w · c + G(w) = c · w + G^′(w) for all w ∈ F (see [7, Lemma 5.1]).

Observe that Pri(w) − Pyr(w) = D(w) − G(w) = G^′(w). Thus the statement of the lemma is equivalent to that Pyr(F_d) and G^′(F_d) span the space F_{d+1}. Let V = Pyr(F_d) + G^′(F_d).

Let w be an element in F_d. Then we have that c · w = w · c + G(w) − G^′(w) = Pyr(w) − G^′(w). Hence c · w belongs to V .

Let v be in F_{d−1}. Then we have that G^′(c · v) = d · v + c · G^′(v). Since c · G^′(v) belongs to V by the previous paragraph and G^′(c · v) also belongs to V , we have d · v ∈ V . Since a monomial in F_{d+1} begins either with a c or a d, we conclude V = F_{d+1}. � From Lemma 2.2, we conclude directly the basic result that the linear span of all flag f-vectors has dimension given by the Fibonacci numbers [1].

Theorem 2.3 Beginning with a point one can produce, by repeated use of the operations Pyr and Pri, a set of polytopes whose cd-indices span F.

We note that this approach does not identify a specific basis, as was done in [1] and [12]. We end this section with a few useful facts.

Lemma 2.4 The two linear maps Pri and Pyr are injective. The linear map G has kernel generated by 1, and the linear map D has kernel generated by the elements of the form (c^2 − 2 · d)^j , j ≥ 1.

Proof: Let F^{(i)}_d be the linear span of all monomials of degree d containing i d’s. Define two derivations D_0 and D_1 by: D_0(c) = 0, D_0(d) = cd + dc, D_1(c) = 2 · d, and D_1(d) = 0. Define two linear maps Pri_0 and Pri_1 by: Pri_0(v) = D_0(v) + v · c and Pri_1(v) = D_1(v). We have that Pri = Pri_0 + Pri_1, and Pri_j is a linear map from F^{(i)}_d to F^{(i+j)}_{d+1} .

Define a linear map ϕ : F^{(i)}_d → k[x_0, . . . , x_i] by

ϕ(c^{n0} dc^{n1} d · · · dc^{ni} ) = x^{n0}_0 x^{n1}_1 · · · x^{ni}_i .

This map takes the linear space F^{(i)}_d isomorphically onto the linear space of homogeneous polynomials of degree d − 2 · i in the variables x_0, . . . , x_i. Moreover, we have

ϕ(Pri_0(w)) = (x_0 + 2 · x_1 + · · · + 2 · x_i) · ϕ(w).

Since the ring of polynomials is an integral domain, we have (x_0 + 2 · x_1 + · · · + 2 · x_i) is not a zero divisor. Hence Pri_0 : F^{(i)}_d −→ F^{(i)}_{d+1} is an injective map. The linear map Pri corresponds to a block matrix B, where the row labels of the block B_{i,j} correspond to monomials having i d’s and the column labels correspond to monomials having j d’s. The blocks on the diagonal of B are described by Pri_0 and the blocks below the diagonal are equal to zero. We thus conclude Pri is also injective.

The proof is similar for the linear map Pyr. The only difference is that we obtain another polynomial of degree 1, namely the polynomial x_0 + · · · + x_i.

For the two linear maps D and G we need to modify the argument. For D we get the polynomial x_0 + 2x_1 + · · · + 2x_{i−1} + x_i and for G we get x_0 + · · · + x_{i−1}. We can now obtain that the two linear maps D_0, G_0 : F^{(i)}_d −→ F^{(i)}_{d+1} are injective when i ≥ 1, while when i = 0 they are the zero maps. Since dim(F^{(0)}_d ) = 1, the dimensions of the kernels of the linear maps D, G : F_d −→ F_{d+1} are each at most 1.

For d ≥ 1 it is easy to see that G restricted to F^{(0)}_d ⊕ F^{(1)}_d is an injective map. Thus G can still be divided into blocks so that the blocks on the main diagonal are injective. Hence we conclude that for d ≥ 1 the map G : F_d −→ F_{d+1} is injective, that is, the kernel of G is generated by the polynomial 1.

When d is odd one can similarly obtain that D restricted to F^{(0)}_d ⊕ F^{(1)}_d is an injective map. Hence D : F_d −→ F_{d+1} is an injective map for d odd. Finally, when d is even it is easy to see that D ( (c^2 − 2 · d)^{d/2} ) = 0. Hence the kernel of D is generated by elements of the form (c^2 − 2 · d)^j . �

Corollary 2.5 For all non-negative integers k we have that D^k(c) is non-zero.

Proof: The proof is by induction on k. It follows directly for k = 0 and k = 1. Assume for k ≥ 1 that D^k(c) is non-zero. Observe that the coefficient of c^{k+1} in D^k(c) is zero. Hence D^k(c) is not a scalar multiple of (c^2 − 2 · d)^j and so D^k(c) does not belong to the kernel of D. We conclude that D^{k+1}(c) is non-zero. �

3 Zonotopes

The Minkowski sum of two subsets X and Y of R^d is defined as

X + Y = {x + y ∈ R^d : x ∈ X, y ∈ Y }.

Notably, the Minkowski sum of two convex polytopes is another convex polytope. For a vector x we denote the set {λ · x : 0 ≤ λ ≤ 1} by [0, x]. We denote by aff(X) the affine span of X, that is, the intersection of all affine subspaces containing the set X.

We say that the nonzero vector x ∈ aff(Q) lies in general position with respect to the convex polytope Q if the line {λ · x + u ∈ R^d : λ ∈ R} intersects the boundary of the polytope Q in at most two points for all u ∈ R^d. Alternatively, x ∈ aff(Q) is in general position if x is parallel to no proper face of Q.

From [7, Prop. 6.3] we have the following result. Let Q be a d-dimensional convex polytope and x a nonzero vector that lies in general position with respect to the polytope Q. Let H be a hyperplane orthogonal to the vector x, and let Proj(Q) be the orthogonal projection of Q onto the hyperplane H. Observe that Proj(Q) is a (d − 1)-dimensional convex polytope.

Proposition 3.1 The cd-index of the Minkowski sum of Q and [0, x] is given by

Ψ(Q + [0, x]) = Ψ(Q) + D(Ψ(Proj(Q))).

A zonotope is the Minkowski sum of line segments. That is, if x_1, . . . , x_n ∈ R^d, then the zonotope they generate is the Minkowski sum

Z = [0, x_1] + · · · + [0, x_n].

A (central) hyperplane arrangement is a finite collection H of linear hyperplanes in

R^d. An arrangement is called essential if the intersection of all its hyperplanes is the

origin. An arrangement H induces a subdivision of R^d into relatively open cells whose closures are ordered by inclusion. The resulting poset is a lattice, called the face lattice of H. An arrangement H ⊂ R^d has a natural flag f-vector with components f_S (H), where S ⊆ {1, . . . , d}. The face lattice of Z is anti-isomorphic to that of the central arrangement H of the n hyperplanes with normals x_1, . . . , x_n [5, Prop. 2.2.2]. If Z is d-dimensional, then its flag f-vector and that of its dual hyperplane arrangement are related by f_S (Z) = f_{d−S} (H), where S = {i_1, . . . , i_k} ⊆ {0, . . . , d − 1} and d − S = {d − i_k, . . . , d − i_1}. Two important and useful facts about the combinatorial behavior of zonotopes are the following:

1. The face lattice of Z is determined by the oriented matroid of the point configuration {x_1, . . . , x_n} [5, Prop. 2.2.2], and

2. The flag f-vector of Z is determined by the matroid of the configuration {x_1, . . . , x_n} [5, Cor. 4.6.3].

Since we are only interested here in invariants derivable from the flag f-vector, we will consider two zonotopes to be equal if they have the same underlying matroid. In this case it will be important, when defining operations on zonotopes, to show that they only depend on their matroids.

For a zonotope Z we note that the combinatorial type of the prism over Z can be realized as the zonotope Pri(Z) = Z + [0, x] for any x /∈ aff(Z). At the level of matroids, this involves adding a new element independent of all the original ones, that is, forming a free extension of one higher rank.

We define a zonotope M(Z) by

M(Z) = Z + [0, x],

where x lies in general position with respect to Z. While the combinatorial type of M(Z) depends on the choice of x, its matroid is well-defined. This follows since the underlying matroid of M(Z) is always a free extension (of the same rank) of the matroid of Z, that is, an extension such that x lies on no proper subspace spanned by the generators x_1, . . . , x_n.

Finally, we define the zonotope π(Z) to be the projection of M(Z) along the direction x, that is, onto the hyperplane orthogonal to x. Observe that π(Z) is the projection Proj(Z) in a general direction. The matroid of the zonotope π(Z) is welldefined, since it is obtained by contracting x in the matroid of M(Z).

Directly as a corollary of Proposition 3.1 we have

Corollary 3.2 For a zonotope Z we have

Ψ(M(Z)) − Ψ(Z) = D(Ψ(π(Z))).

The operations Pri, M, and π were used by Liu [14] to give a lower bound on the dimension of the span of the flag f-vectors of zonotopes. The relationship between these operations is given by the following lemma. The second relation was first observed by Liu in [14, Theorem 4.2.7].

Lemma 3.3 For a zonotope Z we have, up to matroid, π(M(Z)) = M(π(Z)) and π(Pri(Z)) = M(Z).

Proof: In each pair we check that the underlying matroids are the same.

For π(M(Z)) one makes a free extension of Z by x and again by y (both in aff(Z)), then contracting y. The image of x under this contraction is still free with respect to the images of x_1, . . . , x_n, so the resulting matroid is the same as that of M(π(Z)).

For π(Pri(Z)) the description is the same, except now neither x nor y is in aff(Z). In this case, the images of x_1, . . . , x_n will have the same matroid as M(Z). �

4 Polynomial functions

In this section we define polynomial functions and derive some of their properties. These functions play a role in the proof of our main theorem. Let V and W be vector spaces over the field k.

Definition 4.1 A function f : N −→ V is called a polynomial function of degree d if it can be written in the form

f(n) = v_d · ( n d ) + v_{d−1} · ( n d − 1 ) + · · · + v_0 · ( n 0 ) , where v_0, . . . , v_d ∈ V and v_d ≠ 0. We call v_d the leading coefficient.

Observe that (_n d ) is defined by the Pascal relations in any characteristic. We define the difference operator Δ by Δf(n) = f(n + 1) − f(n). The following proposition contains the essential results we will need about polynomial functions.

Proposition 4.2 Let f : N −→ V be a polynomial function of degree d.

(i) If ϕ : V −→ W is a linear map then the composition ϕ ∘ f : N −→ W is a polynomial function of degree at most d. If ϕ applied to the leading coefficient is non-zero then the degree is d.

(ii) The function Δf(n) is a polynomial function of degree d − 1.

(iii) If g is a function from N to V such that Δg(n) = f(n) then g is a polynomial function of degree d + 1 with the same leading coefficient as f.

(iv) The vector f(0) is in the linear span of f(1), . . . , f(d + 1).

Proof: Let f(n) be the polynomial function of degree d

f(n) = v_d · ( n d ) + v_{d−1} · ( n d − 1 ) + · · · + v_0 · ( n 0 ) . (i) Observe that

(ϕ ∘ f)(n) = ϕ(v_d) · ( n d ) + ϕ(v_{d−1}) · ( n d − 1 ) + · · · + ϕ(v_0) · ( n 0 ) , which is a polynomial function of degree at most d. When ϕ(v_d) ≠ 0 we have that ϕ ∘ f is of degree d.

(ii) It is straightforward to obtain

Δf(n) = v_d · ( n d − 1 ) + v_{d−1} · ( n d − 2 ) + · · · + v_1 · ( n 0 ) , which proves (ii).

(iii) By induction on n we have

g(n) = v_d · ( n d + 1 ) + v_{d−1} · ( n d ) + · · · + v_0 · ( n 1 ) + g(0),

which is a polynomial function of degree d + 1. The leading coefficient is v_d, which is the leading coefficient of f.

(iv) By property (ii) we know that Δ^df(n) is a polynomial function of degree 0, hence it is a constant. Thus Δ^df(0) = Δ^df(1). But Δ^df(0) is a linear combination of f(0), . . . , f(d) and Δ^df(1) is a linear combination of f(1), . . . , f(d+1). The coefficient of f(0) in Δ^df(0) is (−1)^d, which is nonzero, and hence the relation Δ^df(0) = Δ^df(1) gives the desired result. �

Observe that Proposition 4.2 and its proof are valid in any characteristic for the field k since (−1)^d is never zero. Moreover, it applies to Abelian groups (Z-modules) as well. This last fact will be used in Section 6.

The main result of this section shows that the cd-index of iterates of the operation M is a polynomial function.

Theorem 4.3 Let Z be a d-dimensional zonotope. Then the mapping n → Ψ(M^n(Z)) is a polynomial function of degree d − 1 into F_d with leading coefficient D^{d−1}(c). Proof: The proof is by induction on d. The base case is d = 2. Assume that Z is a 2-dimensional zonotope, that is, Z is a 2k-gon. Then M(Z) is a (2k + 2)-gon, and M^n(Z) is a (2k + 2n)-gon. By equation (1.1) we have the cd-index of M^n(Z) is given by Ψ(M^n(Z)) = c^2 + (2k + 2n − 2) · d = 2 · n · d + c^2 + (2k − 2) · d. This is a polynomial function of degree 1 in n with leading coefficient 2 · d = D(c).

Assume that d ≥ 3 and let W = π(Z). Observe that W is a (d − 1)-dimensional zonotope. Now by Corollary 3.2 and Lemma 3.3 we have Δ(Ψ(M^n(Z))) = Ψ(M^{n+1}(Z)) − Ψ(M^n(Z)) = D(Ψ(M^n(π(Z)))) = D(Ψ(M^n(W ))).

By the induction hypothesis we know that n → Ψ(M^n(W )) is a polynomial function of degree d − 2 with leading coefficient D^{d−2}(c). By Corollary 2.5 and by property (i) in Proposition 4.2, we have n → D(Ψ(M^n(W ))) is polynomial function of degree d − 2 with non-zero leading term D^{d−1}(c). Finally, by property (iii) in the same proposition we complete the induction. �

5 Zonotopes span

Let G_d be the linear span of the cd-indices of zonotopes of dimension d. Liu proved that dim G_d ≥ dim G_{d−1} + dim G_{d−3} [14, Theorem 4.7.1]. In this section we prove that dim G_d = dim G_{d−1} + dim G_{d−2}, that is, G_d equals F_d.

Since zonotopes are polytopes, we know that G_d ⊆ F_d. We first prove a variation of Lemma 2.2 that substitutes D for Pyr in order to be able to operate solely with zonotopes.

Lemma 5.1 The linear span of the two sets D(F_d) and Pri(F_d) is the whole space F_{d+1}.

Proof: Let V be the subspace of F_d which is spanned by D(F_d) and Pri(F_d), that is, V = D(F_d) + Pri(F_d).

Let w ∈ F_d. Since w · c = Pri(w) − D(w) ∈ V , we know that every cd-monomial which ends with a c belongs to Pri(F_d) + D(F_d).

Consider v ∈ F_{d−1}. We have that D(v · c) = D(v) · c + 2 · v · d, and hence v · d =^1_2 · (D(v · c) − D(v) · c). We have D(v · c) ∈ V . Moreover D(v) · c ∈ V by the previous paragraph. Hence v · d ∈ V , and we conclude that every cd-monomial belongs to V . �

The following result shows that the flag f-vectors of zonotopes made by the successive application of the operators Pri and M, beginning with Z = 0, span the space of all flag f-vectors of polytopes.

Theorem 5.2 The cd-indices of d-dimensional zonotopes linearly span the space of cd-polynomials of degree d, that is, G_d = F_d.

Proof: The proof is by induction on the dimension d; the case d ≤ 2 is clear. We assume that the theorem holds for d ≥ 2, hence G_d = F_d, and prove it for d + 1. Assume that {Z_1, . . . , Z_N } form a spanning set of zonotopes of dimension d. Since Ψ(Pri(Z_i)) = Pri(Ψ(Z_i)) we have that Pri(F_d) ⊆ G_{d+1}.

By combining Theorem 4.3 and property (iv) in Proposition 4.2, we know that Ψ(Z_i) lies in the linear span of Ψ(M(Z_i)), . . . , Ψ(M^d(Z_i)). Hence, we know that { M^j (Z_i) | 1 ≤ i ≤ N, 1 ≤ j ≤ d } is a spanning set of zonotopes. Observe that every zonotope in this spanning set is the Minkowski sum of a line segment with a d-dimensional zonotope. Hence we can describe this spanning set as {M(W_1), . . . , M(W_{N·d})}. By Lemma 3.3 and Corollary 3.2 we have

Ψ(M(Pri(W_i))) − Ψ(Pri(W_i)) = D(Ψ(π(Pri(W_i)))) = D(Ψ(M(W_i))).

Since both M(Pri(W_i)) and Pri(W_i) are (d + 1)-dimensional zonotopes, we have D(Ψ(M(W_i))) ∈ G_{d+1}. But since {M(W_i)} forms a spanning set for F_d, we obtain that D(F_d) ⊆ G_{d+1}. By Lemma 5.1 we obtain that G_{d+1} = F_{d+1}, which completes the induction. �

Since the face lattice of a central hyperplane arrangement is an Eulerian poset, it has a cd-index, obtainable from that of its dual zonotope by reversing each cdmonomial.

Corollary 5.3 The cd-indices of essential hyperplane arrangements in R^d linearly span the space of cd-polynomials of degree d.

6 The integral span

We turn now to the problem of finding the integral span of flag f-vectors of zonotopes. This leads to an integral c-2d–index for zonotopes and central arrangements.

Let R be the ring in the non-commuting variables c and d over the integers Z, that is, R = Z⟨c, d⟩. As before let the degree of c be 1 and the degree of d be 2. Let R_d be all polynomials in R that are homogeneous of degree d. We view R_d as an Abelian group. Similarly, let T = Z⟨c, 2d⟩ and let T_d = T ∩ R_d. For a cd-monomial w, let p(w) be the number of d’s that occur in w. A generating set of T_d is 2^{p(w)} · w, where w ranges over all cd-monomials of degree d.

Observe that Lemma 2.2 and Theorem 2.3 have the following integer analogues.

Lemma 6.1 The Abelian group R_{d+1} is generated by Pyr(R_d) and Pri(R_d).

Theorem 6.2 The Abelian group R_d is generated by the cd-index of d-dimensional polytopes.

The goal of this section is to prove the analogous result of Theorem 6.2 for zonotopes. Let S_d be the subgroup of R_d generated by the elements Ψ(Z), where Z ranges over all d-dimensional zonotopes. We begin by showing that T_d ⊆ S_d. This proof is essentially the same as the proof of Theorem 5.2. We need the following lemma.

Lemma 6.3 The Abelian group T_{d+1} is generated by Pri(T_d) and D(T_d).

The proof differs from the proof of Lemma 5.1 in only one point. We do not divide by 2; we instead use the relation 2 · v · d = D(v · c) − D(v) · c and the fact that the monomial v · d contains one more d than v, that is, p(v · d) = p(v) + 1. We thus have that the generating set of T_{d+1} lies in the integral span of Pri(T_d) and D(T_d).

The results in Section 4 also apply to Abelian groups as well as vector spaces. Hence the proof of Theorem 5.2 generalizes to a proof of the following result.

Proposition 6.4 The Abelian group T_d is contained in the group S_d.

It remains to show the inclusion in the other direction, that is, S_d ⊆ T_d. For S a subset of {0, 1, . . . , d − 1}, we call S sparse if for all i, {i, i + 1} ⊈ S and d − 1 ∉ S. Suppose that S has cardinality p. Let w be a cd-monomial of degree d containing p d’s. We say that w covers the sparse set S if u_S appear in the expansion of w = w(c, d) as an ab-polynomial w = w(a + b, ab + ba). More explicitly, we can write w = c^{i0} · d · c^{i1} · d · · · · d · c^{ip} , where i_k ≥ 0. Define j_0, . . . , j_{p−1} by j_0 = i_0 and j_{h+1} = j_h + 2 + i_{h+1}. Observe that the hth d in w covers the positions j_h and j_{h+1}. Then w covers the sparse set S if and only if S is contained in the set {j_0, j_0 + 1, j_1, j_1 + 1, . . . , j_{p−1}, j_{p−1} + 1}. (Compare this notion with Stanley’s definition of W_S [16].)

For a cd-monomial w and a cd-polynomial F (c, d), we denote the coefficient of w in F (c, d) by [w]F (c, d).

Definition 6.5 For a d-dimensional polytope Q and a sparse subset S of {0, 1, . . . , d− 1}, define k_S by

k_S = ∑ w [w]Ψ(Q), where the sum ranges over all cd-monomials w of degree d that cover S and contain exactly |S| d’s.

We call the vector (k_S ), where S ranges over all sparse subsets, the flag k-vector. As an example, let d = 8 and S = {0, 3, 5}. Then we have

k_{{0,3,5}} = [d^3c^2]Ψ(Q) + [d^2cdc]Ψ(Q) + [dcd^2c]Ψ(Q).

As a refinement of Proposition 1.3 in [16] we obtain the following relation.

Proposition 6.6 The coefficients of the cd-monomials containing p d’s can be expressed as an integer linear combination of k_S ’s where S has cardinality p. That is, for w containing p d’s we have

[w]Ψ(Q) = ∑ |S|=p q_{w,S} · k_S , where the sum ranges over sparse sets S and q_{w,S} are integers.

The proof follows by ordering the sets and the monomials by lexicographic order. It is then easy to see that the defining relation of k_S corresponds to a lower triangular matrix with 1’s on the main diagonal. Thus this linear relation is invertible over the integers.

Lemma 6.7 For T a sparse subset of {0, 1, . . . , d − 1} we have that

h_T = ∑ U⊆T k_U .

The proof is by expanding the cd-index in terms of a’s and b’s and collecting terms.

Combining Lemma 6.7 with the relation f_S = ∑ T ⊆S hT , we obtain

f_S = ∑ U⊆S 2^{|S}r^{U|} · k_U . (6.1)

By the Principle of Inclusion-Exclusion the inverse of this relation is

k_S = ∑ U⊆S (−1)^{|S}r^{U|} · 2^{|S}r^{U|} · f_U . (6.2)

Lemma 6.8 For a zonotope Z we have that 2^{|S|} divides f_S .

Proof: Observe that a zonotope is centrally symmetric and every face of a zonotope is a zonotope. Hence, every face of the zonotope Z is centrally symmetric. (Zonotopes are characterized by the central symmetry of all their faces, in fact, of their 2-dimensional faces. See [5, Proposition 2.2.14].)

We may count f_S , where S = {i_1 < · · · < i_k}, by first choosing a face F_{ik} of dimension i_k, then choosing an i_{k−1}-dimensional face of F_{ik} , and so on. But since at each selection the face F_{ij} is centrally symmetric (including Z), we know that there is an even number of choices of F_{ij}�_1 . By multiplying together all these factors of 2, we obtain 2^{|S|}. �

Lemma 6.9 For a zonotope Z we have that k_S ≡ 0 mod 2^{|S|}.

Proof: It is enough to observe that 2^{|S|} divides 2^{|S}r^{U|} · f_U . �

By combining Proposition 6.6 and Lemma 6.9 we obtain

Proposition 6.10 The cd-index of a zonotope Z of dimension d belongs to T_d. That is, S_d ⊆ T_d.

Proof: It is enough to prove for a zonotope Z and a cd-monomial w that the coefficient of w in Ψ(Z) is divisible by 2^{p(w)} where p(w) = p is the number of d’s occurring in w. That is, [w]Ψ(Z) ≡ 0 mod 2^p.

Indeed, by Proposition 6.6 and Lemma 6.9 we have

[w]Ψ(Z) = ∑ |S|=p q_{w,S} · k_S ≡ 0 mod 2^p,

where S ranges over all sparse subsets of {0, 1, . . . , d − 1} having cardinality p. �

Combining Propositions 6.4 and 6.10 gives us the main result of this section.

Theorem 6.11 The Abelian group generated by the cd-indices of zonotopes of dimension d is precisely T_d, that is, all integral polynomials of degree d in the variables c and 2d.

As a direct consequence of this theorem, Proposition 6.6 and equation (6.2), we get the following.

Corollary 6.12 The lattice spanned by flag f-vectors of all d-zonotopes is the set of all integral vectors f = {f_S} where f_S is divisible by 2^{|S|}.

Since in the relation f_S (Z) = f_{d−S}(H) between a d-zonotope Z and its dual (essential) hyperplane arrangement H the sets S and d − S have the same cardinality, we obtain the following.

Corollary 6.13 The lattice spanned by flag f-vectors of all essential hyperplane arrangements in R^d is the set of all integral vectors f = {f_S } where f_S is divisible by 2^{|S|}.

7 Concluding remarks

Our method proves that zonotopes span, but is there a nice basis? We describe one possible basis, suggested in [14]. To do so, we define two operations P and B on a zonotope Z, where P Z := Pri(Z) and BZ := M(Pri(Z)). Note that both result in a zonotope of one higher dimension. Now if we write a BP -word of length d, that is, a word of length d made with the letters B and P , we may view this as a sequence of d operations performed on the 0-dimensional zonotope 0, and so as a d-dimensional zonotope. Liu [14] conjectured that a basis for the flag f-vectors (and hence, the cdindices) of all d-dimensional zonotopes could be constructed by forming all BP -words of length d ending in P and having no two consecutive B’s. This should be compared to the basis for all polytopes given in [1] which was made up of similar combinations of pyramid and bipyramid operations.

We have described the lattice spanned by all cd-indices of zonotopes. The next natural problem is to determine all linear inequalities they must satisfy. It is known that the cd-index of any polytope must be nonnegative [16]. What more can be said about zonotopes? There is a family of linear inequalities known to be satisfied by flag f-vectors of zonotopes.

Theorem 7.1 (Varchenko/Liu) If Z is a d-dimensional zonotope and S = {i_1, . . . , i_k}, then f_S(Z) f_{i1} (Z) < ( d − i_1 i_2 − i_1, . . . , i_k − i_{k−1}, d − i_k ) · 2^{ik −i1} .

For the case k = 2 this was proved in [19] (see also [5, §4.6]) and stated in [9]. For this generality a proof is given in [14]. Theorem 7.1 bounds the average number of S r {i_1} chains in links of i_1-faces of a d-dimensional zonotope by the number of

S r{i1} chains in a (d−i1)-dimensional crosspolytope (all with the dimensions shifted

appropriately). It is easy to find polytopes for which the inequalities in Theorem 7.1 fail. For example the cyclic polytope C_d(n) does not satisfy the inequality for S = {0, 1} when n ≥ 2d + 1.

For 3-zonotopes it is enough to consider the pairs (f_0, f_2). In this case the convex hull taken over all 3-zonotopes can be completely described as the cone with apex (8, 6) (corresponding to the 3-cube), and extreme rays (1, 1) and (2, 1). Along the ray (1, 1) can be found all zonotopes of the form M^n(Pri(square)), while on the other ray one finds all those of the form Pri(M^n(square)) (prisms over even polygons). Other than the fact that only even points appear, the problem of determining which lattice points in this cone are actually realized by zonotopes (or by oriented matroids) appears to be a difficult one. See, for example, [10, Chap. 18].

The cd-index of a zonotope does depend only on the underlying matroid, and not on the oriented matroid. This suggests that there is a cd–index for matroids, in fact, a c-2d–index, independent of whether they are orientable or not. The authors are currently investigating the cd-index without reference to orientation.

For polytopes and certain classes of Eulerian posets the flag h-vector has been given a combinatorial interpretation. We wonder if the flag k-vector can be also given a combinatorial interpretation. Observe that we only define k_S for sparse sets S. We may extend the flag k-vector to all sets by inverting the relation given in Lemma 6.7. It is known that the flag h-vector of a polytope, being the “fine” h-vector of a balanced Cohen-Macaulay complex, must be the fine f-vector of another balanced simplicial complex Δ [18, Thm 4.6]. Thus, in this case, the flag k-vector can be interpreted as the fine h-vector of this Δ.

By the definition of the flag k-vector, k_S ≥ 0 for all sparse S whenever the cdindex is nonnegative. Is there a larger interesting class of posets for which the sparse flag k-vector is always nonnegative? For example, in the case just described this will occur if the complex Δ is itself Cohen-Macaulay; here the full flag k-vector will be nonnegative. That the full flag k-vector is not always nonnegative can be seen by examining the flag k-vector of a tetrahedron, for which k_{{0,1}} = −4.

References

[1] M. Bayer and L. Billera, Generalized Dehn-Sommerville relations for polytopes, spheres and Eulerian partially ordered sets, Invent. Math. 79 (1985), 143- 157.

[2] M. Bayer and A. Klapper, A new index for polytopes, Discrete Comput.

Geom. 6 (1991), 33-47.

[3] M. Bayer and B. Sturmfels, Lawrence polytopes, Canad. J. Math. 42 (1990), 62-79.

[4] L. Billera and N. Liu, Noncommutative enumeration in ranked posets, in preparation.

[5] A. Björner, M. Las Vergnas, B. Sturmfels, N. White, G. Ziegler, “Oriented matroids,” Cambridge University Press, Cambridge, 1993.

[6] R. Ehrenborg, On posets and Hopf algebras, Adv. Math. 119 (1996), 1-25. [7] R. Ehrenborg and M. Readdy, Coproducts and the cd-index, preprint 1996. [8] K. Fukuda, S. Saito, and A. Tamura, Combinatorial face enumeration in arrangements of hyperplanes and oriented matroids, Discrete Appl. Math. 31 (1991), 141-149.

[9] K. Fukuda, S. Saito, A. Tamura, and T. Tokuyama, Bounding the number of k-faces in arrangements of hyperplanes, Discrete Appl. Math. 31 (1991), 151- 165.

[10] B. Grünbaum, “Convex Polytopes,” John Wiley and Sons, London, 1967. [11] S. A. Joni and G.-C. Rota, Coalgebras and Bialgebras in Combinatorics, Stud.

Appl. Math. 61 (1979), 93-139.

[12] G. Kalai, A new basis of polytopes, J. Combin. Theory Ser. A 49 (1988), 191- 209.

[13] J. P. S. Kung editor, Gian-Carlo Rota on Combinatorics, Introductory Papers and Commentaries, Birkhäuser, Boston, 1995.

[14] N. Liu, “Algebraic and combinatorial methods for face enumeration in polytopes,” Doctoral dissertation, Cornell University, Ithaca, New York, 1995.

[15] R. P. Stanley, “Enumerative Combinatorics, Vol. I,” Wadsworth and Brooks/Cole, Pacific Grove, 1986.

[16] R. P. Stanley, Flag f-vectors and the cd-index, Math. Z. 216 (1994), 483-499. [17] R. P. Stanley, A survey of Eulerian posets, in: “Polytopes: Abstract, Convex, and Computational,” T. Bisztriczky, P. McMullen, R. Schneider, A. I. Weiss, eds., NATO ASI Series C, vol. 440, Kluwer Academic Publishers, 1994.

[18] R. P. Stanley, “Combinatorics and Commutative Algebra,” 2nd Edition, Birkhäuser, Boston, 1996.

[19] A. Varchenko, On the numbers of faces of a configuration of hyperplanes, Soviet Math. Dokl. 38 (1989), 291-295.

[20] G. M. Ziegler, “Lectures on Polytopes,” Graduate Texts in Mathematics 152, Springer-Verlag, New York, 1995.

Department of Mathematics, Cornell University, White Hall, Ithaca, NY 14853-7901.