
SPECTRAL
(Unstable) Algebraic ftp.t.ggyy has lots of rough edges :
-
fiber

sequences are not cofrber
sequences , and

cofiber
sequences are not fiber sequences

- homotopy { int- I}nzo is almost
,
but not quite ,

9
a homology theory

on

"t " TM '
"d " " "t """"

"

am

axioms for a homology theory :
-homotopy : f -' g ⇒ f*=g*

waxed,
- additivity : Enl#Xx) = Of Enka)
I
-
exactness : for a cofiber

seq
A - X- Y

,WHY'T get LES in homology
doit

Vor Ld - excision : if X -- AUB , then

automate" E-
*
( AlanB) E E* (NB)



theorem : let X - AUB . Suppose that Alan B is m- connected

and NB is n -
connected

.

Then
ti (MB)← Ii (Alan B)

induced by inclusion is an i so far itmen and surjection for
it Mtn .

Corollary (Freudenthal suspension) : let A bear n - connected

space . Then
ti (A)→ Tie , ( EX) is on iso

fer

i < 2n .

Two important consequences ;

⇒ If * is m- connected
,

then EX is (meh - connected .

⇒ The
sequence

of
groups

Till → Fit , EX→ Diez -2211 → - - -
-

is eventually constant .

Proofi If X is k - connected
,
then I* is lktj) - connected

for j sufficiently large , 21kt 's) > iej and
we apply Freudenthal to see that

tie; I X) E riege , I
" K)) E - -

-

Exercise: In Isn) Ek .



This eventual constant is called the ith stable homotopy
group

of A .

Fisk) = colin tie ; tix)

Fact: stable homotopy groups
form a homology theory .

So instead of studying in
,

use tins .

Spectra is one step further .

Det: A spectrum Xis a sequence
of
spaces

Xo
,
Xi
,
Xa
,
-

together with maps on : Exn → Anti .

A morphism of spectra is a sequence
of

maps
fi :Xi→Yi

commuting with the on for all n .

The homotopy groups
of X are the direct limit of the

system
in ( Xo) → in.at/ol-*itnaCxD-itnezkx.C5'¥

Note that this makes sense for neo too !

It is always on abelian group .



Examples :
-

Sphere spectrum $

Suspension spectrum 2-
"

A

Thom spectrum MO H nth
space

Th ( yn)

tin MO are cobordism
groups

of manifolds

Complex K-theory KU is sequence
2x BU

,
U
, 2×134 U

.
- --

Ti U - tie ,
( Ix BU)

tied = till ( Bott periodicity)

Eilenberg - MacLane spectrum HA

w/ nth
space

HAN - Klan)
x. theory ,

Where do these examples come
from?

cobordism '
etc

ThewnRepbiiy) : Suppose that a
sequence

of

functors ti : Spaces → Ab is a generalized
"Kim .

he.

-

)
there is a spectrum E

such that HIM = [X. En]
. Tspectrum



Conversely , every
Sh- spectrum EE defines a generalized

cohomology theory EYX) : = [X ,
En]

.

Example . HYX 's At = Ex ,
KIA int ]

The E-iihlenbrg- Maclane spectrum represents ordinary
cohomology .

Next time :
-the stable homotopy category

- algebra using spectra : rings , modules , smqnshah.at



SPECTRA
-

Unstable Algebraic topology has a loft of rough edges :
- To is not a group , it , is

not abelian

① fiber sequences are not cofiber sequences
caliber

seq , are
not fiber seq s

Aged : SES o→ A → B- c →o(tfoamglopy is almost
,

but not quite a homology
axioms :

Tomotopy : f - g ⇒ fix - g. *
nos

- additivity : En ( Iab) E Ota En Ha )homotopy
LEG
for
fiber

Hfs

\
- exactness :

for
a coffer

seq
A- → X - C

get LES in homology
homotopy

almost
→
ion
-7 - excision :

if A- AUB
,

then

etc
'

E-* ( Alan B) = E*(NB)
has



theorem Let A- AUB
.

I Assume . AIANB is m - connected IIIAIANB) - O

Excision ism

for hhtpy
° NB is n - connected Ii 37--0

Then
ti ( Alanis) til XIB)

'
'⇐

is an isomorphism for it m th
a surjection for i - men

Corollary (Freudenthal suspension) : let X be an n - connected

space . Then
it,
→ tie ,IEX) X - EX

" s 115 A -- Ctx

[six]→ [sit '
, -2×3 B -

- C. X

f 1-7 Esf

is an isomorphism for ien
a surjection for i=2n

Two important consequences
:

• If X is n - connected
,
EX is Inti) - connected

• The
sequence

of
groups



Till → Titi EX → Tie, [2X → - - -
-

is eventually constant
.

Proof: X K - connected
,
then Xi. kktj) - connected

the connectivityrows with j
the bound

grows
with 2J

for j DO , Teej X ) → itoeje ,
"

X is iso
.

1B

DEI the ith stable homotopy group of
X is

this eventual constant .

tis (X) : = qglim tie; I:X
Note that this makes sense for ico too

Fast: stable homotopy groups
form

a homology theory(
TIX is colin ( to EX → it

,
EH→
* Eye .?

use the convention that it
.

:X -O four is o .



Instead of studying In
, study ins

Effectively
,
instead of studying a

space
X
, study {EX},

Def : A sequential spectrum X is a
sequence

Xo
,
Xi

,
Xi

.
-

of based
space, together with

maps
Elli Xia

.

The homotopy groups
of a spectrum are

at:X = colin ( Tn Xo E) In# Exo
'

Ine ,
X
,

⇐
ntzEX ,

" stable' tapetum Egham
, Xz Es - -

- - )

Note that this makes sense for ico as well

Till is alway an abelian
group



Examples:

Sphere spectrum IS

so
,
s:S,

s?-

o
,
: Esi → sit ' is identity

Suspension spectrum E X←
some

space X

X
,
EX

,
Ex

,
Ex

. -

Oi -
- id

K
"

Complex topological K - theory Kd
U is infinite unitary group

IXBU
,

U
,
ZXBU

,

Ut
,←

Bott periodicity : tied - till

always : till = Tie ,
XBU)

cobordismThan Spectrum MO w/ nth
space

Th H "

-Granted,
nth

in MO is the cobordism
group

of real✓
manifold



Eilenberg - Maclane spectra :HA Hnl - JA)

if A- is on abelian group,
then HA is spectrum

w/ nth space HAI

trains
-
- { I IIe

2- KIA ,
n) e. KIA

,
na)

Oi
- id

II. HAI = { A i -0

0 else (exercise)

Exercise : prove
that ios -7L

In5=2

Where do the examples come
from?

theorem:(Brown Representability)
If a

sequence
of factors h

"

: Spaces → Ab is

a generalized cohomology theory , then there exists a

speeder E such that
hnlx) = [X , En]

d - spectrum
= Map# En)



DEI A spectrum is an R - spectrum if the
adjoint ( under Et D) to

oi are

htpy equivalences
Exits Xie , my Xi DX it ,

Esi gin sif-srsi.li
htpy equivalence

Any R - spectrum E yields a generalized cohomology
theory Enx = [* En)

(exercise)

Nexttime :
- stable htpy category
- algebra w/ spectra : rings , modules , smash product , etc

- equivariant spectral?D
IT;
DSi" = + ,

Sitt - itjsi
T
only equal

in
the

stable range



2- H
→ e-

Spaces t Spectra Ab
-

soo HMX) =[EH
, HA]*

Hnlx) E Hntltzx)
lls lls

[X. KLAMM TEX
,
KCA-in.ci ))

lls

[Tix ETTA ]


