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G Algebraover a amonad
Motivation i adjunction

Eilenberg MooreCat CT
Simplicial Objects augmentation Moorecomplex

Bar construction Groupcathomology Hochschild homology

Two sided Bar construction

1 Monad Comonad

Def A monad on cat C consists Def
endofunctor T C endofuncto K D D
unit y I T connie E K I
multiplication µ T2 T comultiplication 8 K K2
13 TM T2 T 72
UH a Hum EYE
Rink Fiona's are monoids in themonoidal at EadCc

Motivation example adjunction
F

C D n I UF E FU
u C

monad T UF C comonad KE FU D D
wait y counit E

multiplication µ UEF UFUF UF comult FyUi FUFU FU



Eg Set Non freemonoid 1forgetful adjunction
list Gc any I UF aus ex

f UEF UFUF UF concatenationof list

2 a algebra even G monad

Def Give CT 4 u Def K E S
A E Oba B C ObCD

augmentation a TA A bi B TB sit

PA TA A TA 143 TB BEBTB
that Iya ta T T ftp.bTA A TB B
Eg adjunction C D y 1c UF E Fu IpU
TUFI Mit UF µ UEF uFuF uF

fA X XEObCD a UEA UFUA UA

K FU
B FY Y C Obe

3 Eilenberg Moore Cat CT
Def Given a monad CT y or on cat C then consistsof

Objects Ai a TA 7A Tf
Morphisms A B SE TA TB

ad a tub
A f B



Prop There is an adjunction C CT
IIP G finite seFICA TA a u 72A TA

gut forgetful functor set
unit y I UTFIT A TA

a
co unit Ei FTW 1 7 I LTAMa CA a

Adjunction PA TA
NA I I da

B TB TA A
a Speck

N C N Hopf
sea ai

Gas s

4 Simplicial Objects
Augmented simplicial objects X Aia C

The augmented simplicial at A a

obj Obla U ED In
Mon ED In

Explicitly di di
X X i Xo x Xz

Moore complex if C is abelian X Moorecomplex
n

Xm Xn with 2 ZED di 22 0
is



Homology H X

Example singular homology

sing Top she sAb
X to six HomafanxDn oh ElsexD

H Siya HCX

5 Bar construction

C CT M I UTFET E FTUT 11

comonad FTUT E S FTyUT HUT CT CT

Bart IEP End CT
In 1 7 FTI

UBaryCA AEP C
n 1 3 THIA

Explicitly

UBariat AFEITA.EE 2A ThAE Tnt'A
Ta

di TIM ni.la TNA T A

Si TiSqniza i THA TMA
T

T EgT2



Example 1 Group Cathomology

F EEG t Ab thoDCG U
Il

T UF EEG Ey ModZIG

y I UF Ma A 1 7 ZE A a I a

En FU Ip Ma REGI ZED A ZEA A
x y a 1 7 ay a

take A 2x as trivial module a ZIG Z
I 0 Xz
2x Eat EG 2

zEd ETna
XX I Ka i owith dicxqc.li

Xn
ixnD fx x.l laixial Ka Kien 1Kecil IanD in

SickExit IXD REX I Xia111 Xii Dcu Kish

Rmk This is thefree resolutionof Zx in ModG
Homology w aeff IU

cohomology w coff A

HomtggdiAD sthmcq.at



Example 2 Hochschild homology
A k algebra Ad _A Aop

T AfEH ModCAe thodCAe is a monad

unit y I 7T MT A M Mb 10M

multiplication M 1277 A A M 7 A M
x y m 1 7 xy m

Barrett f Iqa A IA
w disco anti Xoxo Kiki a duel

Sj ai diet

H BAILA HH.CA

6 Resolution

Deformation retract E X X I

if I S X i X section of E s t SEE Idx
simplicial

Sufficient condition A T yaA TA

Sna Xn Xna St
A TUA TA

So_S H H

dish Sudi Xo
s
Xi Xu

S2dntisnuldsisnsntisi.X.ie htpy equivalene

InicacxDterx



Decaye shift functor PX XI
Def o AaxAa Aa d 1

Em In EmentD 1 1 X
a LoD se asc

X 1 3 Deco Et.to X PX
Explicity

I i
maps of X

prop DecocX 9 Xo W h e deformation metraot

Two sided bar fmsIItimefemodn.kzB biat A B Ln.MX X
A BC d
o cell C yB If YmT

rightmobile

Bankim n YWXBarCT.T.AM
Ihop th

1Bar G BG ftwistoochain

Barca G EG



Remaining question
1 Difference between algebraand coalgebra
2 Dredge shift funtor as path object
3 Bar constructionand classifying space

Fact 1 Dual of a coassociative coalgebra is an algebra
C R aalgebra A R algebra
B Homme A is R algebra
tf g c A define fgcu If gun2C

if we useSweedler notation 1124 2244 Ke

Cfghby I f ou guy hers

I foul gov hues 8464

Fact 2 Dual of an algebra is not always a coalgebra
A R algebra B HomeCA R A

A A A A't E CA A m A

find smaller AoCA't s't m CAO C A At
Hopf AO fEA I kerfo I dimAfs cosdual

IoCf Ifi fa iff Ifi G fab fab KabEA
EoCf fCIA

Fact 3 Hopf dual of Hopf dualism identity A H

Eg 1 H KEG Acg g g Ecg L
G binategroup no nontrivial finitedimmepsfk field



f H k Te kerf codim Is as dim412 cos

Hfs trivial a f c e s Ho k Eek ELEK
Eg2kcQ subfield

Higmangroup G ca.b.c.de ab ba3bc ob3cddc3da ad2
G has no nontrivialfinitedimmegs

Eg3 H DID 164 10 2 01 ECM
dim H No countable

dimCHOY uncountable

2 Decaloge shiftfunctor andpath object
I Decalge
Aa 0 1 o ED initial ED o

Gi A ax Ia 7 A a terminal to I

Git t city'tD nmonoid 1 40 2 23 71 67 0 1171 10
t

comonoid I C IIP
cotronad Do Of LoD C It 67 Iota ALP
Cotmonad Deco DE Ok 63 asset asset

dmcommit dn Deco Id DecolXn Xm Xn
II path object P Top Top Deco asset asset

PX XI
f den I I set Top Sing
1 1 I X Decoosing Singopdiscrete



Ill Config titjtDG A x A A ordinal sum
G i Set asset w leftadjoint G asset Iet
Ii Set Set ssset

X Y is xkxyejca.ee lXYI join
i bet x asset Is asset 9 Set
CX Y 1 7 XI'S 1 7 G XD'D X Y

CXAY1n
XnUYnUifj.nXixYjldiCxj.yiysYntJo

ixj.yk iej.jo
Xj di j iyk i j k 0 If
dnt k o

AEn Aco GET

AID 06 AEntD In A AM
Ci Gi Heated asset Esset Deco
cone X 1 3 X AIo CCX shifelDetalge
Deco n Hom Ain DecoCX

Aop Set
HomCAEN AAH X cone in X

X 5SetaentD No HomXML



3 Classifying spaceof simplicialgroups
Tissset asset Deo Deco OF Eos

total simplicial setfunctor Artin Mazurcodigonal
n n 1X.io n effTlXi n iITXi n i iG AxA AEo in

EIXi.ni xi.n i djxi.n.is
ED g In kijtD

TIXi ni Xian in Xin i I
j 4,2

Prop Tp X X pie projection onthe ith factor

dxETx Illp
diagonal hotel XXX

oh a at G5

Def NG Nan Essay G aI ai tasV d

G constant
simple

claim WG TNG TG BG

y
group

cgne igo 1 3 diilgnD.dio4gn.at docgniD.gnDECVGn

i.isi



Def Twist function G E San X Esset
DefIA twisting'Ffunction T X G is a collectionofmaps

Tn Xn Any s t algebra analogue

dote T doe 4dm dgaagebrac

ditecxD TCdi.ua iz dyalgebra A

Sj Tau T Stix j o I twBtedaiT
IC Sox IGN ocean I C A 1

Cartan
Tw asset xsGr set ld.catX G 1 7 Twi G

Def A wistied ianp w1fibnea.ibase.X is
asset E G EX
In
GnxXnJdicg.x1

fCTb4dogidoxJig.dix

sjcg.ae Ggg Sga
E G EX
a

Prop principalfibration bundle

E

yawl



simplicial
Def pi E X G E principal bundles

degreewise principal pcx.gl x g 1a

effExa E E1a X

Twc.x G Principalx

Prop Anyprincipal bundle E X.no myhtG action

1 focalsection X ESE L E G EX X

top principal bundle F X
S'll 6

GXXJTwa.ssetseT wxisar ss.ee
Xl Twcx.ia G Twixt

both representable'd I
fcqiyspe.tl kan Eoopgroup eonstruaion

FM f
no

GnixGnLx Go M D

docgrit go gn2 Igo
diacgm i go digne dignisgn iz.d.o.gnigi.gr
Soc 7 I



SjuC 7 Sjgna Sognj iz I gn i s go

tinea WTCa Gm
Cgm go 1 3 girl
T

X a
GI

play

Goal i Bar construction

Katyn Cay1 up examplek

ftp.yysai Ii an9nyI
zgsImandEifs

V simplicial
levelT C C monad

Bart A Ende
BarqCAI A PT resolutionI n TNA

acyclicDeco SC SC UBaria A

t.To UBan.CAoDecT 7UBar CAresolutiuuBar
fAl



Tot
ssSetEsSetiDecJsGrsSetMangCn.sSet asset Deco Nd of

an
ssSe e

N d ar fasset

t o
µsafEg

i it


