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Categories with Different Cell Shapes

dots, arrows

o Categories

o 2-Categories dots, arrows, globular 2-cells

@ Double-Categories dots, red/blue arrows, squares

dots, n-to-1 arrows, n >0

o Multi-Categories
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Familial Monads on Cell Diagrams

S
e Gjisthecategory 0 — 1
t
G = Set®" is the category of graphs
Categories are algebras for a monad T on G
TXO = Xo = Homa(-,X)

TX1 = {paths in X} = ] Homz (- — oLo 5 o 57
n>0 L

Oe
X
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Familial Monads on Cell Diagrams

S S
@ Gy is the category 0 1 2
t t

@; is the category of 2-graphs
o 2-Categories are algebras for a monad T on Gy
> o TXo=Homg (,X) TXi=II Hom~ (- — "+ = -, X)
n>0
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X =11 Hom@(w, X)
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Familial Monads on Cell Diagrams

@ The data of a familial functor F : D — C consists of:
o A functor S : C% — Set (operations outputting a c-cell)
o A functor E : [ S — D (arities of the operations)

@ ForcinC, XinD, FX. = [1 Homg(Et, X)
teSc

[ ]
o
Example: Free category monad on a
e S0={0},S1=N, En= -—-"-—.

o TXo = Homg (-, X), TX1 = I Homz (- — -+ — -, X)
1 n>0 1
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Familial Monads on Cell Diagrams

@ The data of a familial functor F : D — C consists of:

o A functor S : C°? — Set (operations outputting a c-cell)
o A functor E : [ S — D (arities of the operations)

o ForcinC, X inD, FXc = [] Homp(Et, X)
teSc

e A monad (T,n, ) on C is familial if T is familial and 7, 1 are
cartesian

@ For 0 the empty category, a familial functor 0—-Dis just a
presheaf S over D

Example: Free category monad on 51
e S0={0},S1=N, En= R
o TXo = Homgz (-, X), TX; = [ Homg (- — " — -, X)
1 n>0 1

@ Unit and multiplication on edges given by length 1 paths and
path concatenation

Brandon Shapiro Familial Monads for Higher and Lower Category Theory



Familial Monads in Poly

@ The category Poly of polynomial endofunctors on Set is a rich
environment, including a monoidal structure (<, y) given by
composition and identity

o Categories are < -comonoids in Poly (Ahman-Uustalu)

@ Bicomodules in Poly from D to C°P are familial functors
(aka prafunctors) F : D — C (Garner)

@ Bicomodules from 0 to D°P are presheaves X over D, and the
composition F o X of bicomodules is the presheaf FX over C

@ In the bicategory of categories and polynomial bicomodules,
bimodules from the identity monad on 0 to a familial monad
T on C are T-algebras

@ In this sense, algebraic higher categories “live in” Poly
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Commutativity Problems

@ Familial endofunctors on Set are polynomial functors, of the
form
FX = H Homset (Et, X)
teS
for some set S and functor E : S — Set
@ Monoids are algebras for a familial monad:
TX = ] Homse:(n, X)
neN
@ The category of commutative monoids is not one of algebras
for a familial monad:
TX = [ Homset(n, X) /%,
neN
e Familial monads can’t model strict commutativity conditions
@ They can model commutativity up to a higher cell, like in
symmetric monoidal categories
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Free (Symmetric) Monoidal Categories on Graphs

S
@ Gj is the category 0 ’ 1, whose presheaves are graphs
t

n<—‘(m17"'7m")

o Define S: G — Set as N [T N7
n«(my,...mp) neN
e E:[S— 6\1 sends n to n and (my, ..., m,) to (M,
with the source and target inclusions as below
@ The monad T on Gj has strict monoidal cats as algebras:

ey i)

X = [ Homg (n,X)  Txa= [  Homg ((fn. ..., M), X)
neN n,my,...,mpeN
N = 4 ’ s
51 e :
Y S ‘L
<M‘) "’M“)‘ ™ 4 "\,‘- A MI\‘)
gt
Q = L] [} J\ .'}.
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Free (Symmetric) Monoidal Categories on Graphs

S
@ Gj is the category 0 ’ 1, whose presheaves are graphs
t

n«(my,...,mp,0)
o Define S: G — Set as N II N x ¥,
n«(my,...mp,0)  neEN
e E:[S— 6\1 sends n to n and (my, ..., m,, o) to (M, ..., Mp)
with the source and target inclusions as below
» o T-algebras are now symmetric strict monoidal cats

TXo = [ Homg (n,X)  TXi = 11 Homg ((, ..., iy), X)
neN n,my,...,mpeN,c€Y,
e e
c
5 i :
L T
(M\,-~u""h)‘ M‘f' mh - mﬁ‘,
e
e 0
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Free (Symmetric) Monoidal Categories on Graphs

@ T-algebras are now symmetric strict monoidal cats

TXo = [ Homg (n,X)  TX = 11 Homg ((f, ..., i), X)
neN n,mi,....mpeN,c€Y,
o Write vi ® - - - ® v, for the n-ary product of vertices vy, ..., v
(aka v:n— X)
@ When my =---=m, =0, T provides for 0 € ¥, an edge
Vi@ @ Vp = Vp(1) @ - @ V()
@ The case m;y = --- = m, = 1 encodes naturality of the
symmetries, and the monad structure ensures invertibility etc.
Q = [ ] (] ‘{\- L]
5] e
S e v
@it
b n
B Sl e
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Commutativity Solution?

@ A discrete symmetric monoidal category is the same as a
commutative monoid

@ The category of commutative monoids is then the pullback of
the diagram below

SymMonCat

|

Z;} 1= Set

discrete
@ This diagram may be more easily described in Poly than the
category of commutative monoids
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