Reinforcement Learning in Buchberger’s Algorithm
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SUMMARY

1. Buchberger’s algorithm is the standard method for computing a Grobner basis, and
highly-tuned and optimized versions are a critical part of many computer algebra systems.

2. The efficiency of Buchberger’'s algorithm strongly depends on a choice of selection strategy

REINFORCEMENT LEARNING

Reinforcement learning problems can be phrased as the interaction of an agent and an environment.

ExPERIMENT 1: 5 HoMmoGENEOUS BiNomiAL QUADRICS

Let R = Z./32003\x, y, z] with grevlex ordering. Consider ideals | generated by 5 random
binomial quadrics. Perform Buchberger with no pair elimination.

that determines the order in which S-polynomials are processed. G = {xy + 3y2 X2 1 6y2 Xy + 8x2 y2 _ 22 / N P
3. By phrasing Buchberger’s algorithm as a reinforcement learning problem and applying P—{1.2),(1 '4) (2, 4) '(3 4)) | Cﬂ‘?ﬁﬂ cono
standard reinforcement learning techniques we can learn new selection strategies that can reward AR ! o . R
match or beat the existing state-of-the-art. 110200
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Let R = K[xq, ..., Xn] be a polynomial ring over some field K and I = (fy, ..., iy C Rbea - -
nonzero ideal generated by polynomials f4, .. ., f .

Given a monomial order, a Grobner basis G of a | is a set of generators {g1, go, . . ., gs) of |
such that any of the following equivalent conditions hold:

Convert the state S; = (G, P) to a matrix with rows the exponent vectors of the lead terms of

The agent chooses actions and the environment processes actions and gives back the updated state and a each pair. Each step input this matrix to a neural network that learns the policy function.

reward. The agent wants to maximize its return, which is the amount of reward it gets in the long run.
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(i) (LT(g1),LT(g2), ... LT(gs)) = (LT(]))

where LT(g) is the lead term of g with respect to the monomial order and fG — ris the
remainder under polynomial long division of f by the polynomials in G.

BUCHBERGER’S ALGORITHM

Theorem (Buchberger’s Criterion): Let G ={g1, 0o, ..., Js} generate some ideal /. If
S(g;, gj)G — 0 for all pairs g;, gj, where

cm(LT(g)), LT(g))  lem(LT(g;), LT(gj))
Tg) Y [T(gj)

is the S-polynomial of g; and g;, then G is a Grobner basis of /.
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G ={x?—y3, xy? + x,—y° — y3}
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In each epoch we perform 10 rollouts, compute future rewards for each state on each
trajectory, baseline by the size of the current pair set in each state, and normalize these
scores before performing the policy gradient step. Total training time was 45 minutes.

S; = cart/pole position/velocity
A; = push the cart left or right
R; = 1 while pole is upright

Sy = positions of all pieces
A; = a valid move
R; =1 if you win at t, otherwise 0

S; = current basis and pair set
A; = a pair from the pair set
R; = -1 until the pair set is empty

S(9i. 9)) = 9i
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Algorithm 1 Buchberger’'s Algorithm ' . . T
input a set of polynomials {fy, ..., fy} PoLicies AND TRAJECTORIES Lo . L 2
output a Grobner basis G of [ = (f4, ..., i) 3 os] 5 0
procedure BucHBERGER({f1, ..., fic}) A policy tis a function t: A x 8§ — IR given by e I E . I
' AL 0 &L
G+ {fy,..., fikt >the current basis n(als) = Pr(A; = a|S; = s) il . . v
P—{lfi )1 <i<j<Kk} > the remaining pairs | | | gy | | o | £ 02 . £ . o
while |P| > 0 do which maps state-action pairs to the probability of choosing the given action in the given state. < c . <, :
(fi, fj) « select(P) Policies are often viewed as functions that take in a state and return a probability distribution on actions. An e . ’ .

P« P\1(fi )} agent follows a policy by applying the policy to its current state and sampling from the returned probability
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r < S(f;, )4 distribution to choose the next action. Degres of LCM Degree of LCM
if r = 0 then A trajectory or rollout T of a policy 7 is a series of states, actions, and rewards By examining the agent's preferences for picking different pairs we see that it has learned an
approximation to degree selection, the best strategy in this case.
g: ICD;LLJJ{{(? r:feG) T = (S0, Ao, R1, S1, A1, R2, 53, Ag, ..., R, S7) PP J 9y
end if o obtained by following the polilcy 7t one time through the environment, and the return of a trajectory is the ExPeRIMENT 2: 10 NonHOMOGENEOUS BinomiALs oF DEGREE < 20
end while sum of rewards along the trajectory.
return G Let R = Z/32003[x, y, z] with grevlex ordering. Consider ideals | generated by 10 random

Given an environment, the goal of reinforcement learning is to find a policy = that maximizes

- i,
T]EW t:;Rt

end procedure binomials of degree < 20. Perform Buchberger with Gebauer-Moller pair elimination.

G={xy+ 3y2, X2 + 6y2, Xy + 8xz, y2 —z4

SELECTION STRATEGIES IN BUCHBERGER’S ALGORITHM _ P=11.2).(1,4).(2.4),(3,4)) A / / .
. . . - which is the expected return along trajectories t obtained by following . ¥ coimax
The implementation of select does not affect correctness of Buchberger's algorithm, but it is P gt ' y a7 , 1100202000 20] - - -
critical for efficiency. In general, good selection strategies pick “small” pairs first.
. Y. T OETBTE, 9595 57 Se9ee P P PoLicy GRADIENT 110020020002 B b
» First: among the pairs with minimal j, pick the pair with smallest i 200020020002 _ _
> Degree: pick the pair with smallest degree of lem(LT(f;), LT(f;)) Suppose 7y is a parametrized policy that is differentiable with respect to its parameters 6. Then the 110101020002 (L#pas - (R (1. #5.48) (.42

» Normal: pick the pair with smallest lem(LT(f;), LT(fj)) In the monomial order
> Sugar: pick the pair with smallest sugar degree of lem(LT(f;), LT(f;))

expected return

Convert the state S; = (G, P) to a matrix with rows the exponent vectors of both terms of

J(0) = E each pair. Each step input this matrix to a neural network that learns the policy function.

Pair Reductions in Buchberger’s Algorithm per Strategy T~Tlg

example | First Normal Sugar Random Last Strange Spice
cyclic4| 11 11 11 14 21 23 23
reimer3 25 23 25 25 25 28 28

katsura5 28 28 28 44 76 86 86

S
2_FRe
_t:1 -

Policy Gradient Agent on Experiment 2

has gradient

—35

. -
> Ry,

t'=t+1

VoJ(0) =

T~7[9

(T—1
| A
;) Vg log 7t (A¢|St) After 12 hours of training the agent

. L . - . . . . . £ _as ] h | li h
eco6 67 61 64 97 143 295 295 This expectation is a quantity we can sample by interacting with the environment. By starting with any set of 2855/0 ?:v:/r;erdp:irproelicgctﬁoig at\r:z:]a%ﬁz
noon4 71 71 /1 10001103 375 375 parameters 041 and updating by gradient ascent steps Dost K et .
cyclic6| 366 620 343 793 _ _ _ est Known selection strategies.
katsura7? 164 164 164 @ 285 Ok = Bk—1+ - V(6]

katsurad-lex| 25 46 19 29 44 30 99
ecod-lex| 30 22 26 28 91 32 97
cyclico-lex| 104 1602 108 - - - -

for some small learning rate «, we can incrementally improve the policy. Intuitively, we should increase the
probability of taking the action we chose proportional to the future reward we received and the derivative of : e
the log probability of choosing that action again. e m——




