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8.1: INTEGRATION BY PARTS NAME: SOLUTIONS
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_ cosh(x) R o
coth(x) = Snh(x) sech(x) = oshee csch(x) = e

(2) Derivatives of hyperbolic trigonometric functions

4 sinh(x) = cosh(x) 4 cosh(x) = sinh(x)
dx dx
d 2 d 2
— tanh(x) = sech”(x) — coth(x) = —csch”(x)
dx dx
d d
—sech(x) = —sech(x)tanh(x) ——csch(x) = —csch(x)coth(x)
dx dx
(8) Integrals of hyperbolic trigonometric functions
Jsinh(x) dx =cosh(x)+C Jcosh(x) dx =sinh(x)+C
Jsechz(x) dx =tanh(x)+C J'cschz(x) dx = —coth(x)+C
Jsech(x) tanh(x) dx = —sech(x)+C Jcsch(x) coth(x) dx = —csch(x)+ C

(4) Integration by parts

Judv: vu—Jvdu

(5) (Repeat from last Thursday) Derivatives and integrals involving inverse trigonometric functions.
1

d -1
Lgin~ ' (x) =
dx /1*7(2
—1
d -1
axcos (x) = > :
‘1]_X J'\/izdx —sin~'(x)+C
ditanq(x) = - T—x
x x2 +1 1 o
1 mdx = tan (X)‘l‘C
froo 00 = 1
———dx =sec '(x)+C
isecfwx) . 1 J|X|\/X2+1
dx Ix|vVxZ +1
—1
d -1
Lesc ' (x) = ———
dx Ix|vx2 +1



PROBLEMS
(1) Simplify sinh(Inx) and tanh(% In(x)).
SOLUTION: sinh(Inx) = ! <x— 1) and tanh(1 Inx) = x—1 for x > 0.
2 X 2 x+1
(2) Find the derivative.

(a) y =In(cosh(x)).
SOLUTION: y’ = tanh(x)
(b) y = sech(x) coth(x).
SOLUTION: y’ = sech(x)(—csch?(x) — 1)

(3) Evaluate the integral.
(a) | cosh(2x) dx

1
SOLUTION: 3 sinh(2x) 4+ C

(b) htanh(3t)sech(3t) dt

SOLUTION: —]gsech(3t) +C

© [ cosh(x) dx

J 3sinh(x)+4
1
SOLUTION: 3 In|3sinh(x) + 4|+ C

(d) |xe > dx

SOLUTION: Letu=xand dv=e"*. Thenu=x, du=dx,andv =—e *. So

Jxe"‘ dx = x(—e %) — J(U(—e‘") dx =—e *(x+1)+C.

(e) Jx3 e’ dx.

SOLUTION: Letw = x2. Then dw = 2x dx and
Jx3e"2 dx = % Jwew dw.
Now use integration by parts with u =w and dv = e". We have du = 1and v = e", so
ngexz dx = % JweW dw =we" — J(] )e™ dw = we" — e?.
Finally, substitute back w = x? to get

(xzeXz — e"z) + C.

N =

2
Jx3e" dx =



(f) f Inx dx.

SOLUTION: Letu =Inxand dv=1. Thenv = x and du = 1/x. So using integration by parts,

3
J Inxdx =xInx

3 3
—J 1dx =3In3—-2.
1 1

1

(4) Find the volume of the solid obtained by revolving y = cos x for 0 < x < /2 around the y-axis.
SOLUTION: Using the cylindrical shells method, the volume V is given by

b /2
V= J (2r)hdx = ZWJ X cos x dx.
a 0

and the radius r = x varies from 0 to /2, the height is h =y = cos x. Then using integration by parts,
with u = x and dv = cos x, we get

/2

VZZTEJ' x cosx dx = 27t (x sin x + cos x)
0

/2
=7m(m—2).

0

(5) (Repeat from last Thursday) Evaluate the integral.

A
@) L o %
SOLUTION: Letx = (3/2)u. Then dx = (3/2)du, and 4x% +9 = 9u? + 9 = 9(u? + 1), and

4 1 1 8/3 1 ] 8/3 1 : 8
— dx=-| ——du=-tan" L
JO 29" 6L TR T O (3)

1/5 1
b J L
®) 1/5 V4 — 25x2
SOLUTION: Letx = 2u/5. Then dx = %du, and 4 — 25x2 = 4(1 —u?). So
1/5 1 2 1/2 1 1 ] 1/2 T
7dx:fl[ ——————du=—-sin" 'u =
J_1/5 V4 — 25x2 S5 172 /41 —u?) 5 12 12
1/2 1
C —dx
© Jﬁ/4 xV16x2 —1
SOLUTION: Letx = u/4. Then dx = du/4, 16x> —1 =u? —1,and
1/2 1 2 1 : 2 -
7dx:J ——————du=sec 'u = —
J'ﬂ/4 xV16x2 —1 V2 uvu? —1 vz 12
(d) J*dx
xVx4 —1
SOLUTION: Letu = x2. Then du = 2x dx, and
1 1 T T 1.2
= =-sec u+C==-sec 'x“+C.
Jxvx“—] JZu\/u2—1 2 2



(e) J \(/% dx

SOLUTION: Observe that

In the first integral on the right hand side, we letu =1 — xz, du = —2x dx. Then

(x+1) 1J 1 1 .
dx = —= | — du+ dx =—vV1—x2+sin" ' x+C.
J\/1x2 2)Vu V1—x2

-1
) J 7ta]n+ X(ZXJ dx

SOLUTION: Letu = tan~'(x). Then du = ]izz, and
tan~'(x) . 1, ~ (tan"Tx)?
(g) J _ dx
8 V/52x —1

SOLUTION: First, rewrite

1 1 5%
J- V52x —1 5%y/1 —5—2% V1—5-2x
Now letu = 5%, Then du = -5~ *In5 dx, and

1T dw 1 R
J'iﬁbcf]_ RJ71—LL2_ s Sin u+C= s Sin 57 +C



