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1. Compute the following indefinite integrals:

2) chosx#—\/i—i—]

X

dx

We divide each term by x and then integrate them separately.

chosx—i—ﬁ—i—]

X

1
dx:J<cosx+x1/2+) dx
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= sinx 4+ 2x'/%2 +In(x) + C.

t+2
by [t a
) V244t

We make a substitution u = t*44t. Observe that du = (2t+4)dt = 2(t+2)dt. Therefore,

t42 J 1 J Ry ]J 12
—— dx=| ——(t+2)dt=|u c—du=- |u "/ du.
J\/t2+4t t2+4t( ) 2 2

So our integral is u'/? + C = (t? + 4t)"/2 + C.

eX
c.) J] e dx

We make a substitution u = 1 + e*. We have du = e*dx, so

X 1
J ¢ dx:Jduzln(u)+C:1n(1+eX)+C.
14 e u
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2. Compute the following definite integrals:

7T
a.) J | cos x| dx
0

For a number x in the interval [0, 7t], we have | cos x| = cosx if 0 < x < 7t/2 and | cos(x)| =
—cos(x) if t/2 < x < 7. Therefore,

s /2 T
J |cosx|dx:J cosxdx—i—J —cosx dx.
0 0 /2

So our integral is equal to

/2
—(—sinx)

Tt

= (sin(7t/2) —sin(0)) 4 (—sin(7) +sin(7t/2)) = (1—0)+ (0+1) = 2.

/2

sinx

0 J, (5 &

x 4 x2
The function
x4+ 1

d (x—I—xz

is obviously an antiderivative of —
tHT

. h
x5 ) So we have

1 2 2 2 2
d /x+x x + x- (1 14+1 0+0
J ( ) X —2/2—-0=1.

o dx \x% +1 R N L

dx

/4 ginx
C.

/4 COS%X

Let us first compute fcs;;lz"x dx. We make a substitution u = cosx. We have du =
—sinx dx, so

i —1
J szx dx = JZ du = Ju_z du=u""+C=(cosx)'+C.
cos? x u

Therefore,

Jﬂ/“ sin x 4 1 ‘n/4 1 1

/4 COSZX b COS X |—m/4 - cos(7t/4) - cos(—m/4)"

We have cos(m/4) = cos(—m/4) since cosine is even (or since both values are equal to
V2/2). Therefore, [, SN dx = 0.

—7/4 cos? x

[One could have also proved this with no computations by noting that sin x/cos? x is an
odd function!]
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3. Consider the “curved triangle” bounded above by the curves y = x+2 and y = x?, and from
below by the part of the x-axis that varies from x = —2 to 0. Draw the region and compute
its area.

A picture of the “curved triangle” is given below. The curve y = 0 (i.e., the x-axis) intersects
the curvesy = x + 2 and y = x? at (—2,0) and (0,0), respectively.

To find where y = x + 2 and y = x? cross, we first solvex + 2 =y =x%*. S0 0 =x? —x —2 =

(x —2)(x+ 1) and hence x is 2 or —1. Therefore, the two curves intersect at (2,4) and (—1,1).
Only the point (—1, 1) is relevant to our region.

The area of the region is then

- ° 2 -1 3 9]0
A=L(x+2)dx+Lx dx = (x /2+2x)’72—|—(x /3)‘71

=(1/2-2)—2—-4)+0—-(-1/3)=1/2+1/3=3/6+2/6 =5/6.
Note that we broke up the area into two pieces (one from —2 to —1 where the line is on top

and from —1 to 0 when the parabola is on top).

An alternate way to do the computation with a single integral is to see that as y varies from
0 to 1, the region is the one bounded above by x = —,/y (note the choice of sign!) and below
by x =y — 2. The area is thus

1
A=| —vi-ty-2ay= (23 v -2+ )|
—(—=2/3—1/2+2)—0=—4/6—3/6+12/6 = 5/6.
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4. Let R be the region in the plane bounded by the curves:
y=+v%x y=0, x=4.
Let S be the solid generated by rotating the region R around the x-axis.
a.) Sketch the region R.

b.) Use the disk (or washer) method to find an integral that gives the volume of S. Note:
you do not need to compute the integral.

Using the disk method, the volume is:

r n(v/x)? dx = J

0 0

4 4
mx dx = 7x?/2 . m-4%/2 = 8m.
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c.) Use the shell method to find an integral that gives the volume of S. Note: you do not
need to compute the integral.

For a value 0 < y < 2, the corresponding shell has radius y and length 4 —y%. Using the
shell method, the volume is:

2

2 2
J 27t~y-(4—y2)dy=87tj ydy—ZTtJ y3dy
0

0 0
2 2
_ 2194
=4y ‘o ny/Z‘o
=472 —m-2')2
= 16— 81 = 8.

d.) Using one of the integrals from the previous parts, find the volume of S.

Both integrals are computed above; they both give the value 8.
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5. a.) Compute the derivative of the function

Define the function F(x) = J e’ dt. The Fundamental Theorem of Calculus says that

F'(x) =e*.

We have

x? 2 0 2 x? 2 x 2
g(x)—J et dt+J et dt—J et dt—J et dt = F(x?) — F(x).
0 X 0 0
Taking derivatives (and using the chain rule), we have
g'(x) =F'(x*) - 2x — F/(x) = el ox o = 2xeX! e"z,

where in the last equality we have used F/(x) = e’

b.) Find the equation for the tangent line of the graph y = g(x) atx = 0.

We have g(0) = 8 et dt = 0. Using the expression for g’(x) in the previous question,
we have \ ,
g'(0)=2-0-e" —e¥ =—1.

Since g(0) = 0 and g’(0) = —1, the equation for the tangent line is
Y=-x

it is the line of slope —1 that passes through (0, 0).
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6. a.) Verify that the following indefinite integral is correct:
X o2 1 X o0 1 X
e*sin(x) dx = =e*sin(x) — =e* cos(x) + C.

2 2

We take the derivative of the proposed antiderivative and show that it equals e* sin(x).

d /1 X : 1 X o 1 X : 1 x X X s
dx(Ze sin(x) 5€ cos(x)) = (ze sm(x)—l—ze cos(x)) (Ze cos(x) 5€ sin(x))
Tt e e Neveontel + Lo
= 5e sm(x)—i—ze cos(x) 5¢ Cos(x)+2e sin(x)
= e*sin(x).

b.) For each integer N > 1, define the number

N
RN :Zel/N . N
i=1

Compute the limit Nlim RN by recognizing Ry as a Riemann sum. Explain your answer.
—00

First observe that the numbers 1/N,2/N,...,N/N = 1 are the right endpoints of the
subintervals obtained by cutting the interval [0, 1] into N subintervals with common
width Ax = 1/N. We can then recognize Ry as the N-th right endpoint approximation to

the integral
1
J e* dx.
0

1 1
lim Ry = | e¥dx=¢*| =e' —e’=e—1.
N—oo 0

Therefore,
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