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David W. Henderson 
 I think that is appropriate that I start by telling you something of my background, 
since I am going to talk with you about my views of proof as gleaned from my expe-
riences as student, teacher, mathematician, and general experiencer of the world. 

 I have always loved geometry and was thinking about geometric kinds of things 
since I was very young, as evidenced by drawings that I made when I was 6 that my 
mother saved. But I did not realize that the geometry, which I loved, was mathemat-
ics. I was not calling it geometry — I was calling it drawing or design or not calling it 
anything and just doing it. I did not like mathematics in school because it seemed 
very dead to me — just memorizing techniques for computing things— and I was 
not very good at memorizing. I especially did not like my high school geometry 
course with its formal two-column proofs. But I kept doing geometry in various 
forms in art classes, out exploring nature, or while doing photography.  

This continued on into the university where I was a joint physics and philosophy 
major and took only those mathematics courses that were required for physics ma-
jors. I became absorbed in geometry-based aspects of physics: mechanics, optics, 
electricity and magnetism, and relativity.  On the other hand, my first mathematics 
research paper (on the geometry of Venn diagrams for more than 4 classes) evolved 
from a course on the philosophy of logic. There were no geometry courses except for 
analytic geometry and linear algebra, which only lightly touched on anything geo-
metric. So, it was not until my fourth and last year at the university that I switched 
into mathematics, because then I was finally convinced that the geometry that I 
loved really was a part of mathematics. This is not an uncommon story among re-
search geometers. Since high school, I have never taken a course in geometry be-
cause there were no geometry courses offered at the two universities that I attended. 
So, in some ways I may have had the advantage of not having taken a geometry 
course!  

 But I was educated in a very formal tradition——in fact, mathematics was I think the 
most formal that it has been about the time that I was studying at the university in 
the late 1950’s and early 1960’s. One of the evidences for this was the number of ge-
ometry courses offered at colleges and universities——there were practically none 
anywhere at that time except for a few geometry courses for perspective school 
teachers, and still today at many institutions such courses are the only geometry 
courses offered.  

 I am the same generation as most of the faculty now in mathematics departments in 
North America (most of us are 55-70 years old) because we were hired to teach the 
baby boomers in the 1960’s. So now my generation is clogging up most of the tenure 
faculty positions all over North America, and in the USA we are not required to re-
tire because the Supreme Court has ruled that it is unconstitutional to have manda-
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tory retirement ages. Almost all of the mathematicians in my generation had a very 
formal training in mathematics. This has affected us, and affected mathematics, and 
will continue to affect mathematics because my generation now has the positions of 
authority in mathematics. 

 I want to mention specifically one mathematician in my generation: Ted Kaczynski, 
the convicted Unabomber. He had very much the same kind of university mathe-
matics education that I had. Both of us at the time were socially inept, and it was dif-
ficult for us to get to know people. In fact, in some ways, this was encouraged in our 
training all the way through graduate school and certainly was not a hindrance in 
any way. My thesis advisor told me and a few of the other male graduate students 
that it would be very important for us to find wives who would take care of all of 
our social responsibilities, so that we would not have to deal with social things and 
could put all of our energy into mathematics. The Unabomber talks about similar 
things that happened to him. Fortunately, one of the things that helped save me was 
that I did not take my advisor’s advice;—I got married but not to such a wife.  

 Both Ted Kaczynski and I accepted tenure track professorial positions at major re-
search mathematics departments (Berkeley and Cornell). And we were initially both 
successful with professional mathematics. Then, in the early 1970’s, both Ted Ka-
czynski and I quit mathematics. I got angry with mathematics;—I was furious about 
what mathematics had done to me. It is too complicated to go into all my feelings 
then (even if I could retrace them accurately),—but if someone came up to me at that 
time and called me a mathematician I felt strongly like punching them in the face! 
The evidence indicates that Ted Kaczynski had a different, more violent, reaction, 
but his writings express feelings very similar to the ones I had at that time. He and I 
both went into the forest and built a cabin and lived there alone and we isolated our-
selves. But there was a huge difference: —I made a constructive positive break-
through and Ted Kaczynski didn’t. 

 It was geometry, the many friends I made, and my family that brought about this 
breakthrough and in many ways saved my life. I got back into geometry. Before this, 
I had not been teaching geometry;—I had been teaching geometric topology and 
such courses, but all of my teaching up to then had been very formal. There was one 
geometry course at Cornell at the time:—the one for perspective secondary school 
mathematics teachers. It was not considered to be a real mathematics course, and I 
considered myself to be a real mathematician, so I did not have any interest in teach-
ing it. But at that time, when I thought I was quitting mathematics, I needed to teach 
a little in order to have enough money to survive in my cabin, so I took a leave with-
out pay and then occasionally came back and taught for some money. (Fortunately I 
did not burn any bridges.) So I started teaching this geometry course for perspective 
teachers. In the first three years that I taught the course, while living in the forest, 
three mathematics educators familiar to most of you were in the class, David Pimm 
(Open University), Jere Confrey (Cornell), and Fran Rosamond (National University, 
San Diego). This geometry course was essentially all that I was teaching for a few 
years. A lot of what I am going to talk about are my experiences with that course and 
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what happened since then. This course (and my new friends) pulled me out of the 
fire that trapped Ted Kaczynski.  

Formal deductive systems 

Formal deductive systems are very important and powerful in certain areas of math-
ematics. But many people hold the belief that mathematics is only the study of for-
mal systems. These beliefs are wide-spread especially, I find, among people who are 
not mathematicians or teachers of mathematics. Let me give some descriptions of 
formal mathematics. For example, in FOCUS: The Newsletter of the Mathematical Asso-
ciation of America a professor of computer science wrote: 

... one of the most remarkable gifts human civilization has inherited from 
ancient Greece is the notion of mathematical proof [and] the basic scheme 
of Euclid’s Elements ...  This scheme was formalized around the turn of the 
century and, ever since ... mathematicians have rested assured that all 
their ingenious proofs could, in principle, be transformed into a dull string 
of symbols which could then be verified mechanically.  One of the basic 
features of this paradigm is that proofs are fragile: a single, minute mis-
take (e.g. an incorrectly copied sign) invalidates the entire proof. [Babai 
1992] 

This is the kind of view of mathematics that I learned when I was in school and the 
university. 

 Here’s a more recent description that appeared in the American Mathematical Monthly 
in an article (by another professor of computer science and member of my mathe-
matical generation) about a new reform teaching technique and text for discrete 
mathematics that is based on a “computational” formal approach which uses unin-
terpreted formal manipulations that have been stripped of meaning: 

...most students are troubled by the prospect of uninterpreted manipula-
tion.  They want to think about the meanings of mathematical statements. 
Having meanings for objects is a “safety net”, which students feel, pre-
vents them from performing nonsensical manipulations. Unfortunately, 
the use of the “meaning” safety net does not scale well to complicated 
problems. Skill in performing uninterpreted syntactic manipulation does. 
[Gries 1995]  

Gries literally means to get rid of the meaning. He takes literally the formalist view 
of mathematics that the meaning is not important. He goes further to say that the 
meaning actually gets in the way. I was at one of his talks when he was explaining 
his new teaching method and he gave a proof of some result in discrete mathematics 
and I tried to follow the meaning through from the hypothesis to the conclusion, be-
cause the hypothesis and conclusion did have meaning. I tried to follow that mean-
ing through the proof in order to see the connections, but I failed to do so. I brought 
this up at the end and he said something close to: “Yes! That’s precisely the idea! We 
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have managed to get the meaning out of the way so that it doesn’t confuse the stu-
dents so they are now better able to do the mathematics.” 

 Now let me give another description of mathematics. This was written by Jean 
Dieudonné in an article which was in response to an article by René Thom in which 
Thom was talking about intuition and how it was important to bring in and foster in-
tuition in the schools.  

 I am convinced that, since 1700, 90 per cent of the new methods and con-
cepts introduced in mathematics were imagined by four or five men in the 
eighteenth century, about thirty in the nineteenth, and certainly not more 
than a hundred since the beginning of our century. These creative scien-
tists are distinguished by a vivid imagination coupled with a deep under-
standing of the material they study. This combination deserves to be 
called “intuition.” ... In most cases [the transmission of knowledge] will be 
entrusted to professors who are adequately educated and prepared to un-
derstand the proofs. As most of them will not be gifted with the excep-
tional “intuition” of the creators, the only way they can arrive at a reason-
ably good understanding of mathematics and pass it on to their students 
will be through a careful presentation of their material, in which defini-
tions, hypotheses, and arguments are precise enough to avoid any misun-
derstanding, and possible fallacies and pitfalls are pointed out whenever 
the need arises. [Dieudonné 1973]  

 Both of the first two quotes were from computer scientists who down-play the role 
of meaning and intuition in mathematics. Now, Dieudonné—who certainly is a 
mathematician and a very good one—pointed out that intuition and imagination are 
very important, but that there only a few people (apparently, men) who have that in-
tuition; for the rest of us it is necessary that mathematics be written down in a very 
precise formal way. Dieudonné has two claims to fame that are connected to this. 
One is he was the founder of the Bourbaki movement, which was an attempt (never 
finished) to formalize all of mathematics. The other, which is more significant for this 
gathering, is that about the time of this article he was chair of the ICMI (International 
Commission on Mathematics Instruction) and chair of it at the time that the “New 
Math” was being spread around the world. He has always been involved in educa-
tion. 

 Another example of descriptions of mathematics: When it first came out, the com-
puter program Mathematica© was advertised as a program that could do all of math-
ematics—. Remember those early ads? If you believe a strictly formal view of math-
ematics, then that claim was believable, and many people did believe it. 

Confining geometry within formal deductive systems is harmful 

 I see the formal-system view (which I take as starting roughly a hundred years ago) 
of mathematics as harmful for several reasons.  
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 It encourages what I think are incorrect beliefs, such as those above that mathemat-
ics is only the study of formal systems. Of course, people can disagree as to what 
mathematics is, but I think that most active mathematicians do not believe that 
mathematics is just formal systems. Let me make it clear that I believe that formal 
systems do have a place in mathematics, and that they are very useful and very pow-
erful in many ways. For example, formalism is clearly good for studying the algo-
rithms and proofs in computer science. A huge area in computer science now is how 
to prove that a program does what you want it to do—- it’s a formal proof because 
computers are formal systems. So it is not surprising that the statements that I have 
quoted above came from professors of computer science. Formal systems have also 
been very important in various parts of algebra and analysis and topology (which 
was my area of research) that flourished in the 20th century. Studying groups is a 
good place to have axioms and to build up the theory formally because there are a 
lot of different models for what a group is. So you can prove certain results that work 
for anything that satisfies these particular axioms, and you can apply them across all 
the examples. There are a lot of areas like that in mathematics where formal systems 
are powerful. I think that Euclidean geometry, however, is a particular bad place to 
apply formalism, because there is essentially only one model of Euclidean geometry, 
so it is not a question of building these things up and then applying it somewhere 
else.  

 Much interesting and useful geometry is either not taught at all or is presented in 
a way that is inaccessible to most students.  For example, spherical geometry was in 
the high school and university curriculum (or, at least in the textbooks) of 100 years 
ago. Now, of course, high schools in those days were more elite institutions than 
they are today, but spherical geometry is almost entirely absent from our courses 
and textbooks now. Why did it disappear? It is not because it is not useful: As the an-
cient Babylonians and Greeks knew, spherical geometry is very applicable—
navigation on the surface of the earth, the geometry of visual perception, the geome-
try of astronomical observations, surveying on a scale of several kilometers. Its dis-
appearance is not because it’s “non-Euclidean”; hyperbolic geometry, which has 
been around for only 160 years, has often been taught in undergraduate geometry 
courses.  —I cannot think of any reasonable explanation for why spherical geometry 
disappeared except that it does not fit into formalism. –Unlike hyperbolic geometry, 
spherical geometry is very difficult to formalize. The axiom system for spherical ge-
ometry that Borzuk created just before the Second World War–  is in a book owned 
by many mathematics libraries, but it rarely has been used—, because it is not a use-
ful axiom system. This is one of the reasons that I have it in my geometry course. 
When freed from the confines of formal systems, spherical geometry can be present-
ed in ways that are based on geometric experiences and intuitions. See [Henderson, 
1996a, 2001, 2004]. 

Important notions in mathematics are formally defined in ways that separate them 
from the students’ experiences.  For example, a new mathematics curriculum for 
American secondary schools (which has many good things in it and has been the 
fastest growing curriculum in the USA) defines a rotation as the product of two re-
flections. Now that is an interesting fact (theorem) about rotations. But, what does a 
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student think when he or she comes to that as the definition of what a rotation is? It 
is very difficult to relate the product of two reflections with our experiences of rota-
tions such as opening a door or riding a merry-go-round. One of the problems is that 
our intuition of rotations is a dynamic thing—it is actually a motion. Whereas to 
think of rotation as the product of two reflections is a static thing—it is the result of 
the rotation motion that is equal to the product of two reflections. If I were a student 
and saw this definition in the textbook I would say that this geometry is not relating 
to what I know geometry is and I would feel that the text is telling me that my expe-
riences and intuitions are not important. The text states that the reason for using this 
definition is “so that the properties of rotations can be more easily deduced” in the 
deductive system in which the geometry in the text is confined. As another example, 
differential geometry (the geometry of curves and surfaces, the geometry of the con-
figuration spaces of mechanical systems, the geometry of our physical space/time) 
has extremely difficult formalisms that make it inaccessible to most students; I sus-
pect that even most mathematicians are uncomfortable with the formalisms of dif-
ferential geometry——even more so because there are many different (seemingly in-
compatible) formalisms. Yet differential geometry is basically about very intuitive 
notions: straight lines and parallelism—. If you try to stick within one of the formal-
isms then you miss some of the geometric meanings; to acquire that meaning, you 
must go across the different formalisms. My second book, [Henderson, 1998], is an 
attempt to make differential geometry accessible by basing it on geometric experi-
ences and intuitions, as opposed to basing it on standard algebraic and analytic for-
malisms. 

Many important and useful questions are not asked. This was something that real-
ly surprised me when I started teaching this geometry and started listening to the 
perspective teachers who were taking the course. There are a lot of questions that 
student have that we never ask in mathematics classes. For instance, the reliance on a 
formal Euclidean deductive system rarely allows for questions such as “What do we 
mean when we say that something is straight?”. We normally do not ask that in any 
classes, even though we talk about straight lines all the time. We just write down 
some axiom or we just say “everyone knows what ‘straight’ is”. In differential ge-
ometry the formalism has attempted to get at what the meaning of straight is, but in 
a way that is not accessible. But one can ask the question about what it means to be 
straight; you can ask that of students. I’ve done it with first graders—they can come 
up with good discussions. One of the results of this is that when spherical geometry 
or other geometries are talked about, usually they are just presented with some 
statement like: “We will define the straight lines to be the great circles on the 
sphere”. But that is ridiculous, the great circles are the straight lines on the sphere, 
you do not have to define them. If you have a notion of what straightness is, then 
you can imagine a bug crawling around on the sphere and ask how would the bug 
go if the bug wanted to go straight—You can convince yourself that it is the great 
circles. But we cannot even ask those questions in a formal context. Also the connec-
tions between linear algebra, geometric transformations, symmetries, and Euclidean 
geometry are very difficult to talk about in a formal system; in fact (I don’t know if I 
want to say impossible or not) but it is not conveniently done and often not done at 
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in a formal system. Remember the example above of defining a rotation to be the 
product of two reflections.  

Mathematicians are being harmed.  I have already talked about how mathemati-
cians are being harmed—I was harmed by the over emphasis on formalism—so was 
Ted Kaczynski. And I’m sure that you know of examples (at your own university or 
around your own university) of mathematicians, roughly my generation, who have 
more or less dropped out of society—there are a lot of them around, people who 
have been good mathematician, who had been successful in the system back in 
1950’s and 1960’s. So it has been harmful to mathematicians.   

 Students are being harmed. When a student’s experiences lead her/him to under-
stand a piece of mathematics in a way that is not contained in the formal system, 
then the student is likely to lose confidence in her/his own thinking and under-
standing even when it is backed up by what I will call alive geometric reasoning. 
Deductive systems do not encourage alive mathematical reasoning (which in my ex-
periences with students and teachers is a natural human process) and thus they 
serve to deaden human beings whose thinking and understandings are forced to re-
side in these systems.  We now have machines that can do the computations and 
formal manipulations of deductive systems: we need more alive human reasoning. 

Here are some examples:  

 One of the things that I clearly remember from the beginning of my teaching of the 
geometry course is the following: I was teaching the Vertical Angle Theorem and its 
standard proof: 

------------------------

 



 degrees




degrees

p

 

{“degrees” need to be lined up} 

I can still remember one of the students who was very shy and wouldn’t speak up in 
class, but I was having the students do writing. She wrote on her paper something to 
the effect of:  

All you have to do is do a half-turn. Take this point here (p) and rotate everything 
about this point half of a full revolution. We have already discussed that straight line 

have half-turn symmetry and so each line goes onto itself and  goes onto . 

I don’t know what your reaction is now but my reaction then was “That’s not a 
proof” and I told her so. Fortunately, though she was shy, she was persistent and 
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stubborn, and she kept coming back and insisting that that was a proof. She worked 
on me for about two weeks and I kept listening to her and struggling with the ques-
tion, “Is that a proof?” because it did not seem like proofs that I had been accus-
tomed to and that I would accept. Finally, she convinced me, and now I think it is a 
great proof and much better than the standard proof that is in most of the textbooks. 
The standard proof has a lot of underlying assumptions that need to be cleared out 
and many formal treatments do that—they put in the “Protractor Postulates” which 
state the appropriate connections between angles and numbers and then you can do 
the standard proof. But the proof with the half-turn is just connected to a certain 
symmetry of straight lines. You can use other symmetries of straight lines to prove 
this result also, but this proof is the cleanest, the simplest. And this proof is not pos-
sible in a formal system and it is particularly not possible in a formal system if (be-
cause you want to insist on putting everything in a formal system) you define a rota-
tion as the product of two reflections. That particularly won’t work here because, if 
you take one of the lines and reflect through the line and then reflect perpendicular 
to the line that is equivalent to a half-turn, but there is no pair of reflections that will 
simultaneously do that to both of these lines, but yet a half-turn clearly preserves 
both lines. I do not see any reasonable way for that to have been included in any 
kind of formal system. So, if I had been insisting on formal systems, I would have 
missed out on the half-turn proof and not learned this bit of mathematics. I almost 
missed out anyhow, and didn’t only because she was very persistent.  

 After that experience I started listening more to students, aware, when they said 
things that I didn’t understand, that maybe they really did have something (and 
something that I could learn). I took the attitude that we are not working in a formal 
system, but that we are doing mathematics the same way that mathematicians most-
ly do mathematics. (In geometry, mathematicians do not stick inside any particular 
formal system, we use whatever tools might be appropriate: computers, linear alge-
bra, analysis, symmetries. Mathematicians use symmetries a lot!) As I listen to stu-
dents, I have been learning more and more geometry from the students. I used to be 
surprised at that and thought it was just because I had not been teaching the course 
for very long. I thought that after I had taught it for a while then I would know it all 
and I would not see anything new. Instead, even though I have been teaching the 
course for 30 years, now 30-40% of the students every semester show me some 
mathematics that I have never seen before! (These students include some mathemat-
ics majors, all the perspective secondary school teachers, most of the mathematics 
education graduate students, and a variety of other students.) I would miss out on 
most of this new geometry if things were being done inside a formal system. 

 Another example: There are many properties of parallel lines in the plane (for exam-
ple, any line that traverses two parallel lines will intersect those lines at the same an-
gle) whose proofs depend on the parallel postulate. When we get to that point in the 
course I let the students come up with their own postulate—whatever it is that they 
think is most important to assume that will distinguish the plane from the sphere. 
There is a difference between the plane and the sphere, and there is some difference 
that has to do with parallel lines. The students come up with all kinds of different 
postulates, many of which I think would be much more reasonable to assume than 
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the usual parallel postulates. {By the way, Euclid’s parallel (fifth) postulate is true on 
the sphere, so Euclid’s parallel postulate is not what distinguishes spherical geome-
try from plane geometry, contrary to what many books say. The usual parallel pos-
tulate in high school asserts the existence and uniqueness of parallel lines; whereas, 
Euclid’s Fifth Postulate asserts only the uniqueness. Existence is false on the sphere, 
while uniqueness is false in hyperbolic geometry. For more discussion on this see 
[Henderson, 2004] and [Henderson/Taimina, 2004].} It looks as if people who have 
written such mistakes about spherical geometry have never really looked at a sphere 
and what the postulates actually say; —they have just been looking at the situation 
formally and thus made a mistake because spherical geometry does not fit neatly in-
to that formalism. 

 Let me give another example to show that I can think about something that is not 
just geometric. Many American secondary school students encounter this proof that 

  0.99...9...  1: 

    

If x  0.99...9...,

then 10x  9.99...9...
 

      
Now subtract both sides to get      

    9x  9.00...0...  

and therefore                                        
x  1. 

This proof embodies a very useful technique for figuring out, when you have a re-
peating decimal, what fraction is equal to that repeating decimal. It is a very useful 
technique in that context. But I claim that it is not a proof in this context. It looks like 
a formal proof, it has steps and x’s and all that stuff; but it is a non-proof that is mas-
querading as a formal proof. I started asking my calculus students at Cornell what 
they thought, and some of the best high school students in North America come to 
Cornell. They mostly know this proof, because they learned it; but only about half of 
them believe it, because they do not believe that   0.99...9...  1. Why I think that this 
isn’t really a proof comes from trying to be a little more precise as to just what it is 
we mean by   0.99...9... . Well, to most students   0.99...9...  means 0.9, then 0.99, then 
0.999,...—the limit of a sequence. (At the time they are expressing this, they might 
not even know formally what a sequence is.)–“You keep putting on one more 9, you 
go on forever”—that is the way that they talk about it. It fits in nicely with calculus 
to do it that way and to think about   0.99...9...  as the limit of a sequence: 

  0.99...9...  lim{0.9, 0.99,0.999,...}. 

If you think of it as this limit and then follow the formal rules for subtracting se-
quences and multiplying sequences and so on, you come to an amazing conclusion: 

If x =   lim{0.9,0.99,0.999,...}, 
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then 10 x = 10  lim{0.9,0.99,0.999,...} =   lim{9,9.9,99.9,...} 

so 9x =   lim{9,9.9,99.9,...} –   lim{0.9,0.99,0.999,...} 

=   lim{8.1, 8.91,8.991,...}. 

Therefore x = 
  

lim{8.1, 8.91,8.991,...}

9
=   lim{0.9,0.99,0.999,...}. 

This is true—not very useful, but true. And it has to be that way, because there is an 
assumption being made: the Archimedean Axiom. Way back, Archimedes knew that 
in talking about numbers it was possible to talk about ones which we now call infini-
tesimal. And Archimedes made an axiom, or principle, to rule out these infinitesi-
mals. The Archimedean Axiom (or Principle) gets stated in various different ways 
but is rarely mentioned these days in the North American undergraduate curricula; 
most textbooks (if they mention it at all) relegate it to a brief mention in a footnote or 
exercise. The usual approach these days is to subsume the Archimedean Axiom un-
der Completeness in a hidden way so that you do not even notice that it is there. I 
think it is important for students to know that this is an assumption. They can un-
derstand why it is convenient to assume that   0.99...9...  1 and understand that there 
are a lot of reasons for making that assumption. But we should tell them that it is an 
assumption.  

 As another example, here is a theorem:   

For natural numbers,  n x m = m x n. 

Now, the usual formal proof that I learned for this theorem is a complicated double 
mathematical induction. I dutifully learned this proof and dutifully taught it when I 
first started teaching. But here is the prop for another proof (I do not want to say 
‘another proof’ but only ‘a prop for a proof’): 

=

 

Here we think of 3 x 4 as three 4’s or four 3’s. I find a proof based on this schema 
more convincing than the one with the double induction. And this picture can be 
visualized as having arbitrary numbers of dots, because the whole point is that you 
do not have to count the dots to know that this is true; there is symmetry. But it is 
difficult to express in words and put down in a linear fashion on a piece of paper. 

 Mathematics is being harmed.  Historically, most current-day mathematics was 
based on geometric explorations, geometric reasonings, and geometric understand-
ings.  The developers of our current deductive systems in algebra and analysis ex-
plicitly attempted to weed out all references to and reliances on geometry and the 
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geometric intuitions on which the algebra and analysis were originally based. When 
we confine mathematics to these formal systems, we teach the students to distrust 
mathematics, not to value it, and not to use their intuitions in understanding math-
ematics. Many, many students who have a natural interest in mathematics are lost to 
mathematics by this process—I almost was. 

But what about consistency and certainty? 

Formal deductive systems are useful and powerful in some circumstances. For ex-
ample, they are helpful in deciding which propositions can be logically deduced 
from other propositions and whether certain processes or algorithms will always 
produce the expected result.  But two common justifications of formal deductive sys-
tems are not compelling: those of consistency and certainty. 

 -- formal deductive systems do not gain consistency.  For example, is the function 
f(x) = 1/x continuous?  Look in several calculus books.  They give different answers!  
Differential geometry is another example where there is no consensus as to which 
formalism to use, but yet everyone thinks they are talking about the same ideas.  
Why? 

 -- formal deductive systems usually do not gain for us the certainty that we strive 
for. These deductive systems only give us certainty that certain steps (that can in 
principle be mechanized) can be carried out.  They usually do not gain us certainty 
for the human questions of “Why?” or the human desire for experiencing meanings.  

How should we describe what mathematics is? 

 David Hilbert is considered to be “the father of formalism” so I checked what he had 
to say about formal proof. In 1932, late in his career, he wrote in the Preface to Geom-
etry and the Imagination: 

 In mathematics, as in any scientific research, we find two tendencies pre-
sent. On the one hand, the tendency toward abstraction seeks to crystallize 
the logical relations inherent in the maze of material that is being studied, 
and to correlate the material in a systematic and orderly manner. On the 
other hand, the tendency toward intuitive understanding fosters a more 
immediate grasp of the objects one studies, a live rapport with them, so to 
speak, which stresses the concrete meaning of their relations. [Hilbert’s 
emphasis] 

 
 As to geometry, in particular, the abstract tendency has here led to the 
magnificent systematic theories of Algebraic Geometry, of Riemannian 
Geometry, and of Topology; these theories make extensive use of abstract 
reasoning and symbolic calculation in the sense of algebra. Notwithstand-
ing this, it is still as true today as it ever was that intuitive understanding 
plays a major role in geometry. And such concrete intuition is of great 
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value not only for the research worker, but also for anyone who wishes to 
study and appreciate the results of research in geometry. [Hilbert 1932] 

The last sentence in the first paragraph (“On the other hand ...”) is a very nice de-
scription of what a lot of us are trying to do, and he goes on to say how important 
this is in mathematics. I even went back to his crucial paper “On the Infinite”–. He 
does not say that mathematics consists of formal systems or that all of mathematics 
should be formalized. In fact, he says very explicitly there that mathematics is based 
on intuition and that intuition is an appropriate basis for what he calls “ordinary fi-
nite arithmetic”. He wanted to introduce the formalization in order to take care of 
various paradoxes that were coming up in dealing with the infinite, because there 
seemed to be some problems with intuition around infinite things. He never claimed 
that mathematics was formal—that claim came from his followers. 

 Here is a more recent view expressed by William Thurston, who at the time was di-
rector of the Mathematical Sciences Research Institute at Berkeley and one of the 
most prominent of American mathematicians. Thurston rejects the popular formal 
definition-theorem-proof model as an adequate description of mathematics and 
states that: 

 If what we are doing is constructing better ways of thinking, then psycho-
logical and social dimensions are essential to a good model for mathemat-
ical progress. ... 
 ... The measure of our success is whether what we do enables people to un-
derstand and think more clearly and effectively about mathematics. 
[Thurston 1994] 

 I will now give a description of mathematics that is what I think Hilbert and 
Thurston are talking about. I call it “alive mathematical reasoning” where I take the 
word “alive” from Hilbert’s quote: 

What is alive mathematical reasoning?  

 Alive mathematical reasoning includes both the abstraction and intuitive under-
standing to which Hilbert refers in the above quote. 

 Alive mathematical reasoning is paying attention to meanings behind the formu-
las and words—meanings based on intuition, imagination, and experiences of the 
world around us.  It is not memorizing formulas, theorems, and proofs, as comput-
ers can do. We, as human beings, can do more.  As Tenzin Gyatso, the fourteenth 
Dalai Lama has said: 

 Do not just pay attention to the words; 
 Instead pay attention to meanings behind the words. 
 But, do not just pay attention to meanings behind the words; 
 Instead pay attention to your deep experience of those meanings. 
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 Alive mathematical reasoning includes “living proofs”, that is, convincing com-
munications that answer the question —Why?  It is not formal 2-column proofs—
computers can now do formal proofs in geometry.  If something does not communi-
cate and convince and answer Why? then I do not want to consider it a proof. What 
we need are alive human proofs that 

 -- communicate:  After we prove something to ourselves, we are not finished until 
we can communicate it to others.  The nature of this communication depends on the 
community to which one is communicating and it is thus, in part, a social phenome-
na. 

 -- convince:  A proof works when it convinces others.  Proofs must convince not by 
coercion or trickery.  The best proofs give the listener a way to experience the mean-
ings involved.  Of course some persons become convinced too easily, so we are more 
confident in the proof if it convinces someone who was originally a skeptic.  Also, a 
proof that convinces me may not convince my students. 

 -- answer Why?:  The proof should explain; especially it should explain something 
that the listener wants to have explained.  As an example, my shortest research pa-
per [Henderson 1973] has a very concise simple proof that anyone who understands 
the terms involved can easily follow logically step-by-step. But, I have received more 
questions from other mathematicians about that paper than about any of my other 
research papers, mostly questions of the kind  Why is it true?,  Where did it come from?, 
How did you see it?, and What does it mean?  They accepted the proof logically but 
were not satisfied; it was not alive for them. 

 One of my colleagues at Cornell was hired directly as a full professor based primari-
ly on a series of papers that he had written, even though at the time we knew that 
most of the theorems in the papers were wrong because of an error in the reasoning. 
We hired him because these papers contained a wealth of ideas and questions that 
had opened up a thriving area of mathematical research.  Alive mathematical reason-
ing is knowing that mathematical definitions and assumptions vary with the context 
and with the point of view.  Alive reasoning does not contain definitions and as-
sumptions that are fixed in a desire for consistency.  It is an observable empirical fact 
that mathematicians and mathematics textbooks are not consistent with definitions 
and assumptions.  We find this true even when the general context is the same.  For 
example, I looked in the plane geometry textbooks in the Cornell library and found 9 
different definitions of the term angle.  And the axioms for the real numbers con-
tained in analysis textbooks have different intuitive connections and necessitate dif-
ferent proofs. 

 Alive mathematical reasoning is using a variety of mathematical contexts , such as 
2- and 3-dimensional Euclidean geometry, geometry of surfaces (such as the sphere), 
transformation geometry, symmetries, graphs, analytic geometry, vector geometry, 
and so forth.  It is not Euclidean geometry as a single formal system.  A mathemati-
cian  constructing a proof that needs a mathematical argument is free to use whatev-
er tools work best in the particular situation.  Mathematicians do not limit them-
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selves in this way.  Also, those who use geometry in applications do not feel restrict-
ed to a single formal system. 

 Alive mathematical reasoning is combining together all parts of mathematics: ge-
ometry, algebra, analysis, number systems, probability, calculus, and so forth. 

 Alive mathematical reasoning is applying mathematics to the world of experiences. 

 Alive mathematical reasoning is using physical models, drawings, images in the 
imagination. 

 Alive mathematical reasoning is making conjectures, searching for counterexam-
ples, and developing connections. 

 Alive mathematical reasoning is always asking—WHY? 

Alive mathematical reasoning brings benefits to mathematics 

 In my experiences, students with alive geometric reasoning are the most creative 
with mathematics.  These are also the students who can step back from their indi-
vidual courses and see the underlying ideas and strands that run among different 
parts of mathematics.  They are the ones who become the best mathematicians, 
teachers, and users of mathematics. 

 There is research evidence that successful learning takes place for many women and 
underrepresented students when instruction builds upon personal experiences and 
provides for a diversity of ideas and perspectives.  See, for example [Belenky et al, 
1986], [Cheek, 1984], and [Valverde, 1984].  Thus alive mathematical reasoning in 
school classes may contribute to increasing the numbers of mathematicians who are 
women and persons from racial and cultural groups that are now underrepresented. 

 In my own teaching I encourage students to use alive mathematical reasoning and 
observe how their thinking and creativity is freed and their participation is opened 
up.  See [Lo et al, 1996]. Of the 30-40% of my students whose alive mathematical rea-
sonings show me mathematics that I have not seen before, more of these students 
(percentage-wise) are women and persons of color than white men. [Henderson, 
1996b].  

Let me tell you about one of the most powerful workshop that I have ever led. It was 
in South Africa, and they had gotten together a group of about 50 people that in-
cluded elementary school teachers (many of whom had not finished secondary 
school, so had very weak mathematics backgrounds and virtually nothing in geome-
try), secondary school teachers, mathematics education people, and research math-
ematicians (including the chair of the mathematics department)—the whole span. I 
had them work on the same problems (concerning spherical geometry) in small ho-
mogeneous groups: the elementary school teachers worked with each other and the 
research mathematicians were working with each other. Of course, what they were 
doing in their small groups was very different. I then had them report back to the 
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whole group what they had found. The research mathematicians had to express it in 
a way that made sense to the elementary school teachers, and the elementary school 
teachers were able to express what they had found and see that they had found 
things that the research mathematicians hadn’t seen. It was very powerful. I try to 
have as much diversity as possible in my class, but I have never had that kind of di-
versity before or since. 

Closing example 

 I will conclude with a proof that I learned from a student in a freshman course that is 
taught in the same style and using some of the same problems as the geometry 
course. The course was for “students who did not yet feel comfortable with mathe-
matics” and who were social science and humanities majors. Taking that course was 
an English major, Mariah Magargee; she had been told all the way through high 
school that she was no good at mathematics, and she believed it. I want to share with 
you her proof that the sum of the angles of a triangle on the sphere is more than 180 de-
grees. We had previously, in class, been talking about the standard proof that on the 
plane the sum of the angles of a triangle is always 180 degrees: 

                            

 

B C 

A 

 

Standard planar proof: Given a plane triangle ABC, draw a line through A that is paral-
lel to BC. The sides AB and AC are transversals of these parallel lines, and therefore 
there are congruent angles as marked. We see now from the drawing that the sum of 
the angles is equal to 180 degrees. 

In class I stressed that the students should remember that latitude circles (except for 
the equator) are not geodesics (straight on the sphere), and I urged them not try to 
apply the notions of parallel to latitude circles. Mariah ignored my urgings and not-
ed that two latitude circles that are symmetric about the equator of the sphere are 
parallel in two senses–. First, they are equidistant from each other, Second, 
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 Note that: 

Two latitude circles which are symmetric about the equator have the property that every 
(great circle) transversal has opposite interior angles congruent. 

 This follows because the two latitudes have half-turn symmetry about any point on 
the equator. 

Now we can mimic the usual planar proof: 

 

 

 We see that the sum of the angles of the “triangle” in the figure sum to a straight an-
gle. This is not a true spherical triangle because the base is a segment of a latitude 
circle instead of a (geodesic) great circle. If we replace this latitude segment by a 
great circle segment, then the base angles will increase. Clearly then the angles of the 
resulting spherical triangle sum to more than an straight angle. 

You can check that any small spherical triangle can be derived in this manner. 

Nice proof! I like it. That is Mariah’s proof. This is a student who believed what she 
had been told—that she was no good at mathematics--but she taught me a really nice 
proof.  
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