[. INTRODUCTION & MOTIVATION

[.1. Physical motivation.

What can you really measure? (Realistically)

T(x)vs. [T(x)p(x)dz.

[.2. Mathematical motivation.

How to “differentiate” nondifferentiable functions?

IBP:
/ T (@)p(a) de = - / ' Ta)/(x) e,

(*) provided ¢ is nice, and the boundary terms vanish.

— Heaviside’s operational calculus (c. 1900)

— Sobolev (1930s):  continuous linear functionals over
some space of test functions

— Schwartz (1950s): duality of certain topological vector
spaces



Consider the DE

w = H,
where H (x) is the Heaviside function:
I, >0

H@) =90 2 <o

H(x)

-€

FIGURE 1. The Heaviside function H(x).

We would like to say that the soln is
x, x>0
0, x <0,

but this function is not a classical soln: it is not differential
at 0.

Ty =

-€

FIGURE 2. The piecewise continuous function z+.



II. BASICS OF THE THEORY

Let us not require 1" to have a specific value at x. T is
no longer a function— call it a generalized function.

Think of T" as acting on a “weighted open set” instead
of on a point x.

T(z) = T(p)
Formalize: T" acts on “test functions” ¢.

Denote: (T, p) = /T(az)gp(az) dx.

Pp(x)
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FIGURE 3. A test function ¢.

Reqgs for “nice” test functions ¢ :

(1) p € C*°, and

(2) boundary terms must vanish (p(—o00) = ¢(00) = 0).
(a) ¢ € C,, i.e., © has compact support, or

|| =00

(b) p(x) ———— 0 quickly(with derivs)
Choosing (2a) leads to the theory of distributions a la
Laurent Schwartz.
Choosing (2b) leads to the theory of tempered distribu-
tions.



Definition 1. The space of test functions is

D(QY) = CX(Q)

Note: (2a) allows more distributions than (2b).
(larger class of test functions = fewer distributions.

Reqgs for a distribution :

(1) (T, ) must exist for p € D.
(2) Linearity: (T, a101 + agpa) = ar(T, p1) + az(T, p2).

Taking a cue from Riesz':

Definition 2. The space of distributions is the (topo-
logical) dual space

D'(Q2) = {continuous linear functionals on D(Q)}.

1Actually, D'(Q) is a larger class than the class of Borel measures on €.



Examples

1. Any f € LZOC(Q)

(T, @) /f

“The distribution f” really means 7.

2. Any regular Borel measure p on €2

Ub@z/@@ﬂu

T is reqular it T =Ty for f € Lj (Q). Otherwise, T
is singular.

The most famous singular distribution, Dirac-9:

(6, 0) = (0) = / 5(2)p(z) d = / o) di

00, x =020
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Some distributions do not even come from a measure.

Example.
(0, ) == —¢(0).

Note: require smooth test functions = allow rough dis-
tributions; differentiability of a distribution relies on dif-
ferentiability of test functions.

To define (4, ¢), @ must be CV.
To define (&', o), © must be C*.



[II. DIFFERENTIATION OF DISTRIBUTIONS.

Key point: how do we understand 77 Only by (T, ©).
So what does T" mean? Must understand (1", ¢).

Working in {2 = R:

7o) - [ " Pla)o() da

o0

Definition 3. For any T' € D'({),
(DiT, ) = —(T', Drp), ¢ € D.
More generally (induct):
(DT, @) == (=1)""(T, D), @€ D.

Note: this formula shows every distribution is (infin-
itely) differentiable.

Note: DT = DY(DAT).



Recall that x_ is not differentiable in the classical sense.

x, x>0
Ty =
0, x <0,
But x, can be differentiated as a distribution:

<ZC/_|_, 90> - —<.CC+, 90/>

= —/ ro'(x) d

0
- op@l + | ple)de
=0+ H(x)p(x)dx
= (H, )
So 2!, = H, as hoped. Similarly,

(@, o) = (H', )
— _<H7 90/>

= — /OOO ©'(x) dw

= ¢(0)
So 2’ = H' = ¢, as hoped.

(Motivation for ¢ € C*.)



IV. A ToOLBOX FOR DISTRIBUTION THEORY

Definition 4. For {¢;}7°, € D, ¢ — 0 ift
(i) K C §2 compact s.t. spt pr C K, VEk, and
(ii) D%pp — 0 uniformly on K, Va.

Definition 5. For {7}, C D',
T, — 0 = (Ty,p) — 0€ C,Vp € D.

This is weak or distributional (or “pointwise”) conver-
gence.

Theorem 6. Differentiation is linear & continuous.
Proof.  a)
((aTy + bT3), ) = —(aT| + bT5, ')
= —a(Th,¢') — 0I5, ¢')
= a(T1, ) + (T3, ¢)
b) Let {T,,} C D’ converge to T in D",
(Tn, o) = = (Th, ¢')

—— —(T\¢)



Theorem 7. D’ is complete.

Theorem 8. D is dense in D",
(Given T € D', Hpr}t € D such that o — T as
distributions.)

Proposition 9. If f has classical derivative f’ and f is
integrable on (), then

Th =Ty

Theorem 10. {fk} CL ., fo — f,and |fi| < g€
L . Then fk 2, f.
(1.e., Tfk —> Tf)

Definition 11. A sequence of functions { fi} such that

D/
fi. —— o0 is a delta-convergent sequence , or 0-sequence.

Theorem 12. Let f > 0 be integrable on R"” with [ f =
1. Define

Pa) = AT (§) =AM (B 3)
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for A > 0. TheanLéas)\eO.

Example.
/ d — define f(x) :
=TT — .
r 1+ 2? (1 + x?)
Then obtain the delta-sequence
_ 1 1 D)
f/\ X 71+ (=/N?2) T w(22+A2)
Example.
—z2 _ _1/2 _ e_x2
e’ =7 — define f(z) = &~.
/ 7

e—x2/)\

Then obtain the d-sequence f) = NS Further,

n
12 9
/ eI dxz/ He Tkdx
n
_ —z?
— e “kdxp
k=17 R"

_ 7Tn/2
gives the n-dimensional 0-sequence
ol /A
Mx) = - (1)

()2

11



IV.1. Extension from test functions to distribu-
tions.

Approximation and adjoint identities

Approximation: For T' € D’. and an operator S defined
on D, find arbitrary ¢,, — T" and define ST = lim S¢p,,.

Example. (Translation)
Define S = 75, on D by 7,(¢) = {13, ) = @(x — h).
To define 7,7 find an arb sequence {p,} C D, with

Then ( Tgp [ T(x)p(x)dr =lim [ @,(z)e(z)dz, so

12



Example. (Differentiation)
Define S = - on D(R).
h—0

Let [ denote the identity, use 7, — 1.

Then £ = limy,_g +(7, — I), so

<dd T7 90> — ilIl’%) 7 (<7_th 90> - <T7 90>>

= lim ¢ (T, 7_p) — (T, )

B0
= lim (T F(Tohp — @)
= <T7}Lii%%<7'—h —1I)p)
= (T, — %)

Adjoint Identities: Let T' € D’ and let R be an operator
such that Ry € D. Define S as the operator which
satisfies

(ST, ) = (T, Ry),i.e.
/ST r)dr = /T(:U)Rgp(:v) dzx.

Definition 13. S is the adjoint of R.
If S =R, wesay R is self-adjoint.
Example: The Laplacian A. (AT, @) = (T, Ay).

13



Example.
(Translation) — Define S = 13, by (S, @) = (¥, T_rp).

[ notaete) da = [ wia)rpla) da

Example.
(Differentiation)  Define S = <L by (St), @) :== — (b, Lp).

[ o) otz = - [6(o) (Eota) da

Example.
(Multiplication) — Define S by (S, ) = (¥, f - ).

[ ) et de = [ o) (F@)ew) da

Note: this only works when f - ¢ € D! So require f €
C.
Example of trouble: let f(z) = sgn(x) so f is discon-
tinuous at 0. Then f - cannot be defined:
(f-0,0) = (6, f - ) = f(0)p(0)
but f(0) is undefined. Thus, the product of two arbitrary
distributions is undefined.

14



IV.2. Multiplication. There is no way of defining the
product of two distributions as a natural extension of the
product of two functions. ()

Definition 14. For T' € D', f € O, can define their
product f1' as the linear functional

(fT, ) =(T, fe), VeeD.

When T is regular,
<ng> p) = <Tgv fo)

= / gfe
= (fg9.¢)
since fg is also in L; . Thus fT, = T}, in this case.

loc

Example. (Leibniz Rule)

(De(fT), ) = —([T, Dyyp)

_<T7 ka90>

—(T, Di.(fe) — (Drf)w)
—(T, Di(f)) + (T, (Dr.f))
= (S DT, ) + (Dif)T, )

Thus,
Dy(fT) = fDyT + (Dif)T.

15



V. THINGS FROM LAST TIME

A distribution is a continuous linear functional on C%(£)
(L. =T(9) = [ Tw)gla)do.
(T, @) = —(T,¢),  (0°T, ) = (=1)""UT, 0%).
(0, 0) = »(0)

(&', 0) = =#'(0).
For x; = max{0, x} and the Heaviside function H(x),

= H' =0.
The translation operator
(Th, ) = () = p(x — h)

(s ) = (T, T-1p).-
The multiplication-by-a-smooth-function operator
Adjoint Identities: Let T' € D’ and let R be an operator

such that Ry € D. Define S as the operator which
satisfies

(ST, p) = (T, Ry).

16



VI. CONVOLUTIONS

Convolution is a smoothing process: convolve anything
with a C" tunction and the result is C"™, even if m = oc.

Strategy: T may be nasty, but T * ¢ is lovely (C*°), so
work with it instead.

Even better, find {¢.} such that T * ¢, — T and use
it to extend the usual rules of calculus & DEs.

Need p(x —y) to discuss convolutions, so consider func-
tions of 2 variables for a moment:

o(x,y) € D x Qo).

Let T} be a distribution on Q; (T; € D(€))).
For fixed y € (9, the function (-, y) is in D(€2), and T}
maps (-, y) to the number

(T1, (-, 9)) = Ti(p)(y).

Theorem 15. For ¢, T; as above, T1(¢) € D()s) and
AT () =T1 (0)p).

So T; - ¢ +— T;(p) preserves the smoothness of p € D.

17



Corollary 16. If o € C'°(£2; x{2) has compact support
as a function of x and y separately, then T1(¢) € C*°(§2y)
for every Ty € D'(£24).

y
\Q
\spt p(x+y) \

(-1’0)\ (m\c
(0,-1)
RZ

FIGURE 4. For ¢ € D(R) with support spt(y) = [—1, 1], the function ¢(z +y) is defined on
R? and does not have compact support.

Definition 17. Convolution of a C2° function ¢ with

1 . .
an L; . function f is

e D)@)i= [ e-iwdy= [ e)fa -y
Now extend convolution to distributions:

(T1x1s)(p) = (T1xTy, ) = Ti(Ta(p(r+y)), ¢ € D(R").

18



Suppose T; are regular, and defined by f; € Li (R"),
where at least one of the f; has compact support. Then

(Th +T2)(p) = <T1 T, )
T17 T27 a’:—i_y >

=/f1 ) [ Rlyeta + ) dy o

://flaz— Vfoly)p(x)dyder x+— x —vy
fl*f?a

with f1 % fy as above.
Note: fl*f2:f2*f1 — Tl*TQZTQ*Tl.

VI.1. Properties of the convolution.

Let T € D'(R") and ¢ € D(R"). Then
(0% T, ) = (T %9, p)
— <T7 <57 @(37 + y>>>

— <T7 @(y»

shows dxT =T xd="1T.
Additionally,

(D6) « T, p) = (T, {(D"6), oz + y)))

= (T, (1) D¢ (y))
— <DaT7 90>

19



The Magic Property:
(D)« T =DT =D0*xT) =06 DT.

Further properties of *:°
L. spt(Ty x Ty) C spt Ty + spt Tb.
2.1 % (To xT3) = (11 x 1) T3 =Ty = Ty * T,
3. DTy % Ty) = (D*6) T} % T
= (DY) x Ty, = T1 * (DT5).
4. mp(Ty % Ty) = 6p x T1 % T
= (1[17) * Ty, = T1 * (1,15).

To see the last, note that 7,0 = d;, by

(110, ) = (0, T_np)
o(x+h))

= (d,
o(h)
= (0n, ),

2Assuming one of the T; has compact support.

20



so 0y * T = 13,1 by

(Onx T, ) = < (On, £U+y)>>

= (T, p(x + h))
= (T, 7_1np)
= (1, ).

Conclusion:
(D', +, %) is a commutative algebra with unit d.

Example. Let S« H = ¢. Then
§=(S+«H)=S+«H =S*§=20,
shows H ' = §'. Similarly, (6')"! = H.

Definition 18. For f on R, its reflection in 0 is f(x) =
f(—x). For distributions, we extend the defn by

(T, ) = (T, ).

Theorem 19. The convolution (T * ) (z) = T(7,4) is
in C*(R").

Proof. For any ¢ € D(R), we have
(T 1, 0) = (T, (¥(y), oz +y)).

21



Thus

shows

Finally, note that

(T *)(x) = T(mu2p) = T(h(z — y))
is smooth by Cor. 16.

Corollary 20.T(p) = (T * ¢)(0).



VI.2. Applications of the convolution.

The C'*° function
__1
afz) =" ( 1—\9[;\2) - el <l
0, x| > 1
has support in the closed unit ball B = B(0,1) .

3(z) = a(z) [ [ o dy] -

is another €' function with support in the closed unit
ball B which satisfies [ G = 1. Then take the d-sequence

B = 5.8 ().

Theorem 21. The O™ function T*/3) converges strongly”
toT as A — 0.

Definition 22. The convolution of f (or T') with 3, is
called a reqularization of f (or T).

T* By =1T %
is a reqularizing sequence for the distribution 7" € D’.

unif

3<T * Oy, ) ——— (T, ¢) on every bounded subset of D.

23



Proposition 23. Suppose 7" = 0. Then T' = c € R.

Proof. Let ;. be a regularizing sequence for . Then
(T % 3,) =T * =0

for every k, so T x v, = cy.

cr =T %y 2T . but still must show {cj} converges
in C.

Pick ¢ € D with [ ¢ = 1. Then ¢ = (¢4, ) converges
in C; hence its limit ¢ = lim ¢, coincides with 7. []

Note: in general, f. 2, f does not imply f —— f
(it doesn’t even imply f is a function!). fr = constant is
a special case.

Proposition 24. Suppose T” = 0. Then T is linear a.e.
Proof. For o € D, T x o € C*, and
(T * )" =T"*%p=0.

Thus T * ¢ is a linear function of the form (T ¢)(z) =
ax + b.

24



Let h(x) = ax + b. Then
(hx B)(w) = [ hlo— )5) dy
— /[a(ﬂf —y) + b]B(y) dy

=axr +b
since [ yB(y)dy = 0. Thus h* 8 = h, so
(T 8) sy = (T i) ¢ =T 5 .
As k — oo, this gives T'x 3 =T ]

Note: this generalizes immediately to
T =0 — T=P(x)=a)+ax+--+a,z",

form <n.

Definition 25. For T' € D’, a distribution S satisfying
DiS(p) = T(p) for all o € D is called a primitive
(antiderivative) of T.

Theorem 26. Any distribution in D’(R) has a primitive
which is unique up to an additive constant.

25



Another notion of regularization.

Definition 27. If f has a pole at xg, the Cauchy prin-
cipal value of the divergent integral [ f(x)dx is

pv/f(:z:) d:zzziiir(l)/x:UO>8 f(x)dx.

Definition 28. Obtaining the distributional derivative
of f € Lj . from a divergent integral by taking the prin-
1

cipal value is called regularizing the integral. If f € L;
but D*f ¢ L; . then DT} is a reqularization of Tpay.

loc?

Example. The function
1)z, x>0,

does not define a distribution on R However, f|r+ € L
and so defines a regular distribution.

1
loc

As classical derivatives,
d
Zloglz| =2, x#0
so what is the relation of the distributional derivative of
log |z| to 1/x7

26



(Llog|zl], ) = —(log|z], ')
__ / log |zl (x)dz (log|z| € LL,)
R

= — hm/ log |z|¢'(x) dx
|z[>e

e—0

— [uog 2lp(a))" - /| @@dw]

= lim [25 log e222222) / @dx]
- EEL

= lim/ —SO(x) dx
e—0 ‘ﬂZE €T

x
since ¢ is differentiable at x = 0. Hence, we say that

(log |z])" = pv1/z.
is the distributional derivative of log |x|, and is not a func-
tion.

27



VII. SOLVING DIFFERENTIAL EQUATIONS WITH
DISTRIBUTIONS

Consider a DE
Lu = f, (2)

where L is some linear* differential operator of order m.

Definition 29. A classical solution to (2) is an m-times
differentiable u defined on €2 which satisfies the equation
in the sense of equality between functions. If u € C™(Q)
(so Lu is continuous) then wu is a strong solution .

Definition 30. A weak solution to (2) is u € D'(Q)
which satisfies the equation in the sense of distributions:

(Lu, ) = (f,0), Ve D).

Note: every strong soln is a weak soln, but converse is
false.

4Restr to linear is nec because we cannot define mult in D’ as a natural extn of mult of functions.

28



Example. For ) = R, consider
zu’ = 0.

Strong soln: u = ¢;.
Weak soln: consider u = coH.

u = cy0

<£Uu/, 90> — 62<x57 90>

— CQ<57 I‘Q0>

=0 Vo e D.
So u = coH is also a weak soln, and
u=c + cH.

is the (weak) general solution (but not a strong solution).

What else is odd about this example?

Example. Solve v’ = § on R.
We found the solution

vy =xH(x).
Any other solution will satisfy the homogeneous equation
D3 [u—zH(x)] =0,
so will have the form
((x)=xH(x)+ azx +b.

29



Boundary conditions will determine the constants, e.g..
¢0)=0,d(1) =1 = (¢lz) =zH().

— We use ( to denote the general solution of u” = 4.

Now use this to solve more general equations.

Example. For €2 = (0, 1), solve

u' = f. (3)
Consider f = 0 outside (0,1) so f € L'(R). Then

(f Q)" =[xl
= %0

= f.

So one solution to (3) is

u(e) = (/)
- / (r— &) H(x — €)f(¢) de

0
- [[a-oree V<r<l,
and the general solution is thus
u(z) = / (x — &) f(&)dE + ax + b.
0

If we have initial conditions

u'(0) =a, u(0)=0>,

30



this becomes
ua) = [ (o= 1€ -+ u/(0)a + )

Alternatively, boundary conditions at = 0 and x = 1
can be expressed

u(0) =b
u(l) = /O (1 - €)f(€)dE +a+b.

Definition 31. ( is the fundamental solution of the
operator D?.

E € D' is the fundamental solution of the differential
operator

L= Z Co(x) D"

la|<m

iff LE = 0. Reason:

L(fxFE)=f*LE
=[x
=1

shows f % E is a solution to Lu = f.
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Example. On R, is log |z| a weak solution to

Au = 07
For x £ 0,
1 1
Alog x| = Dy (—Dﬂﬂ?’) + Dy (—D2|CI3|) (4)

z |z
X1 %

=D | — Dy | —

1 () ' 2<m2)
=0,

so one might think so . ..

log|z| € L; (RF), so compute the (dist) Laplacian A log |z|.

(Alog [z], ) = (log [z], Ap)
:/ log |z|Ap(x) dx
R2

= lim / log |z|Ap(x) dx
x| >e

e—0

Now choose 2 to contain spt ¢ and B(0, ), for € > 0.
Use Green’s formula® on the open set

Q. =N\B(0,e) ={z € Q:|z| > ¢}

5fQ(UAU —vAu) = [ wDyv — vDyu).
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to get

/log]aj|Ago(a:)da::/ e(x)Alog |x| dx
Qe Qe

o [ BoslelDupte) - o), o o] do

where D, is outward normal on 0f)..

.

FIGURE 5. The domains 2 and Q..

But ¢ and D, ¢ vanish on (and outside) 02, so

/ log |[x|Ap(z) dx = / o(x)Alog |x| dx
|z[>¢

|| >e

+ /| | log || Dyp(z) — ¢(x)D, log |z|] do

By (4), the first integral on the right drops out.
With |z| = (2% + :E%)UQ = r, we have D, = — D, on the

33



circle |z| = €; and so

/ log |z|Ap(x) dx
x| =e

:/ [— logeD,p(x) +@ do
|z|=¢
Since ¢ € D(R?), |D,p| < M on R?. Thus

|/ logeD,p(x)do| <|loge|- M - 2me
|z|=¢

e—0
— 0.

The other integral is

%/x:ggp(:z:) do
= (ol o0 [ w0

|z|=¢
=0 0+ 2mp(0),
since ¢ is continuous at 0. Conclusion:
<A log ‘33‘, 90> — 27‘-90(0)7 Vo € D,
hence
Alog |z| = 2m9.

Thus, 5-log |z| is a fundamental solution of A in R

34



VIII. THINGS FROM LAST TIME

Convolution

(0% f)() = / oz — ) f(y) dy = / o) f(z — ) dy.

(T1xT5)(p) = (11T, ) = Tai(Ta(p(z+y)), ¢ € DR").
Key properties:
OxT =Tx%x)=
Ty« To =1T5 % T1
Ty (Ty % T3) = (T = T3) * Tj.
DTy % Ty) = (DY) « Ty = Ty % (D).
TeDR) = IS € D'st. DpS(p) =T(p), Vo

pv/f )dx = hm/ f(z)dx.
eV S —ag|>e

Definition 32. £ € D'is the fundamental solution of
the differential operator L iff LE = ¢. Reason:

LifxE)=f«xLE=fxd=f

shows f % E is a solution to Lu = f.

% log |z| is a fundamental solution of A in R,
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Example. On R’ is |z|™! a weak solution to Au = 07

Alz| ™t = (D? 4+ D2 4+ D2)(2? + 22 + 22)71/2
3

-3 Db, f
Z (2% + 25 + 23)3/?

IIMOJI

1
<x1+x2+x 2)5/2 (:c%+a:§+x§)3/2>
(5)

3

1
_32_: :1:1+:1:2+$ 2)5/2 ; (22 + 22 + 22)3/2
=0, forx #0
so one might think so ..
Since ||~ € L] (R?),
(Alz]™ ) = ([z] 7, Ap)

= lim/ 2|t Ap(x) da
|z|>e

e—0

~ti | [ Alel (e} do
" / - (12 Dyspl) — Dyla] " p(a)) d(,]
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by Green’s formula. Again, the first integral vanishes by
(5). With D, = —D,,

/| o Bt

1 / 1
= —— D,p(x)do — — o(x)do.
€ |z|=¢ g? |z|=¢
Since |D,p| < M on R,
1 M e—
= D,p(z)do| < — do = dreM ——25 0.
€ J|x|=¢ € Jlx|=e
Finally,
1
= o p(x)do
1 1
=/ (¢@) = 0(0) do+ PO
1
=5/ (¢@ = 00) do+ame(0

e—0

——— 0+ 4mwp(0)

Thus (Alz|™1, ) = —47p(0) shows At = —47§, and

]
1

hence — Tl is a fundamental solution of A on R3.
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By the preceding results, the Poisson equation
Au=f

has a solution given by

1
o=1+ (1)

when the conv is well-defined. Recall, this is because for

such a u,
Au=A !
"= (f * (‘Ama:w))
1
=75 ()

= %0
=/

The solution may be interpreted physically as the po-
tential generated by f, e.g., gravitational potential due
to a mass density distribution f.

When f € L1,

1 /(&)

dn R3 |5U—f|

u(x) =

d¢.
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Example. Temperature distribution on a slender, infi-
nite conducting bar is described by

where () is the initial heat distribution at t = 0.

To get the general solution u = f % E/, we must find the
fundamental solution E satistying

(Dy — D3)E(x,t) =0 (6)
on the upper half plane R x R, and
E(x,0) = b0 (7)

on the boundary t =0,z € R.

Such an E is given by Fourier theory:

1
E(x,t) = e

At

This satisfies (6) by direct computation.
In order to satisfy (7), it suffices to show FE(x,t) is a
d-sequence as t — 07, but we did this in (1).
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Example. The motion of an infinite vibrating string
solves

D?u = D*u, where x € R,t > 0.

Suppose the string is released with initial shape uy and
initial velocity u;.
Let

Ey=5[H(z+1t)— H(zx — 1)

E,=D,E) = % O(x+t)+d(x—1)].
Then

(D} — D})Ey =0
(D} — D})E1 =0

clearly hold in the upper half plane. When ¢t = 0,
Ey=0,FE=9,D:E; = 0.
Consequently;,
u = ug * BEq 4+ u; x By
satisfies the initial conditions:

u(z,0) =ug* 0 +up x0=ug
ut(CC,())ZUO*DtEl—I—Ul*DtEQIUQ*O+U1*5ZU1
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When ug € C? and u; € C' N L,
u =3 up(x — t) + u(x + t)]

+3 [ +t-6 - Ha -t - g

[

H(x+1) H(x—1) H(x+t)—H(x—t)

1[UO(£U—t)—|—U1£U—|—t —|—

N —

Ot e O OO

A

< <
< <

—t t t

Y

FIGURE 6. Construction of H(x +t) — H(xz — t), which is convolved against u;.

The more general wave equation
Diu = c*D?u
is solved from this one via change of coordinates:

x+ct
u:%[uo(x—ct)Jrul(a:Jrct)]Jri/ uy (&) d€.

—ct

[f the string is released from rest (u; = 0), the solution is
the average of two travelling waves ug(x — ct), ui(x — ct),
both having the same shape uy but travelling in opposite
directions with velocity +c.
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[X. THE DESCENT METHOD

The “Descent Method” was so coined in [La-vF| and
is reminiscent of the method used by Schwartz to estab-
lish the convergence of the Fourier series associated to a
periodic distribution.

General idea of the Descent Method:

(1) Begin with a formula you would like to manipulate,
but cannot due to some issue of convergence.

(2) Prove that the pointwise manipulations hold under
some sufficiently restrictive conditions.

(3) Integrate multiple times (say ¢ times), until these
conditions are met, so everything is sufficiently smooth
and converges nicely.

(4) Perform the desired manipulations.

(5) Differentiate distributionally (¢ times) until you ob-
tain the formula you need.

Resulting identity will hold distributionally, but may
not make sense pointwise.
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We will be using periodic distributions:
D'(R")per ={T € D'(R"): 7,T =T,k € Z'} = D'(T"),

where T" = R"/Z". Properties true for R" will remain
true on T" when of a local nature; convolution product
has all the familiar properties.

Theorem 33.1f T" € D’ has compact support, then
there is a continuous function f and a multi-index o € N”
such that

(T,p) =(D"f,¢), VpeD.

Theorem 34. (Dirichlet) If a periodic function f has a
point x( for which both

flo—=)=lim f(z) and  f(zo+)= lim f(z)

x—>x0_ J)—>$S_

exist and are finite, then its Fourier series converges at x
to the value

sLf (xo—=) + f(zot)].
In particular, if f is continuous on |a, b], then the Fourier
series converges pointwise to the value of the function on

a, bl.
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Theorem 35. The Fourier series associated to a peri-
odic distribution converges if and only if the Fourier co-
efficients are of slow growth®

Combining these results, we know that we will be able
to integrate any periodic distribution until it becomes a
continuous fn, whence we can integrate it until it is C"™.
This is the key that allows the descent method.

Example. Suppose you have the Fourier series of two
periodic distributions:

> P Qs

aEZ BeZ
What is the product

) ze)

a€”Z BEZ

The product will contain a coefficients R, 3 for each point
(v, B) € Z2.
We'd like to say

P Q| =D | Y Rug
(=)

acl BeL NeN \ |a|+|8|=N

6

“Slow growth” means that they do not grow faster than polynomially, i.e., D%p(x)| < Co (1 + \x\)N(“),Va.
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FIGURE 7. Writing the Cauchy product of doubly infinite series.

If the series do not converge absolutely, this rearrange-
ment is not justified: need the Descent Method!

(1) Start with

(xn)(xe)- >

acZ BEZ B)EZ?

(2) We know that such rearrangements are valid when
the series is absolutely convergent.

(3) Integrate the series term-by-term, ¢ times. For large
enough ¢, the series will converge absolutely, and even
normally.

(4) Rearrange the terms of the integrated series so that
they are indexed /ordered in the concentric form men-
tioned above.

(5) Differentiate the reordered series, term-by-term, g
times.
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We have just shown that as distributions,

(zr)(zo]-2( ¥ w)

a€Z BeZ NeN \ |a|+|f|=N
even though the sum on the right may not converge point-
wise.

Example. Suppose for x € |0, y] you have an expression

of the form
Z (am Z<_1>f1(nm nmx sz f2 nm) nmxn>
m=0 neN neN

and you would like to factor out the powers of x.

Pointwise, such a manipulation would have no justifica-
tion unless we had some strong convergence conditions,
positivity of the terms, etc. However, we interpret the
series as a distribution and apply the descent method.
Then we get the series

Z [i (am<_1>fl(n7m)bn,m — Cm<1>f2(n7m)dn7m)] "

neN Lm=0

which is equal, as a distribution, to the original expres-
sion, and shows the coefficients of the ™ much more
clearly.
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