Math 205C - Topology Homework 2 ERIN PEARSE

1.

a) Define a tangent vector on a manifold M.
A tangent vector on M at p is a mapping X, : C°(p) — R satisfying
i) Xy (af +B9) = a(Xpf) + (Xpg), and
i) Xy, (f-9)=(X,1)g(p)+ f(p)(Xp9),

for all a, 3 € R and for all f,g € C*™(p), where C*®(p) is the algebra of C'*
functions whose domain of definition includes some open neighbourhood of p.

b) Define a vector field on M.

A C" vector field on M is a function assigning to every point p € M a vector
X, € T,(M) whose components in the frames of any local coordinates {(U,, ¢,)}
are functions of class C" on U,

c¢) Define the tangent space of M at p.

The tangent space T),(M) of M at p is the collection of all tangent vectors X, (as
defined above) with vector space operations defined by (X, +VY,) f = X, f+Y, f
and (aX,) f = a (X,f).

i) What is dimT,,(M)?

dim7,(M) = m = dim M.

ii) Find a basis for T,(M).

{8%1, ey %} is a basis for the tangent space at any point of R", so we
use the pullback of this basis (under the coordinate map) to define a ba-

sis for T,(M). Therefore, the collection of parametrized tangent vectors
{ort o5, ..., loz2:} forms a basis for T,(M), where ¢! is the inverse
of the isomorphism ¢, : T,,(M) — T, (R™) of the tangent spaces, induced

by the coordinate map .

d) X(M) = {all vector fields on M}.

i) Does X(M) form a vector space?

Yes. For vector fields X, Y € X(M) and Va,b € R, Z = aX +bY € X(M).

ii) What is dim X(M)? (Provide proof)

dim X(M) = co. Suppose that dim X(M) = n < oo. Then X(M) has some
basis {Xi,..., X,}, and any vector field on M can be written as a linear
combination of these basis elements, i.e.,

X =a X1 +...+a,X,, VX € X(M)

Now choose one vector from T, (M) at each of n points {p;}! ;. Then we
have

Xpi = ale(p,-) + ...+ CLan(pi) = CLlepi + ...+ CLanpi
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at each p;. Hence, we have n equations and n unknowns, so we can solve
for the a; and get
X:Oéle—F...—i—Oéan (‘k)

for some oy, ...,a, € R. We have completely determined the vector field
on M, by specifying it at these n points. Now choose some point ¢ € M
and determine X, based on (x). Let Y, # X, be any other vector in
T,(M). Consider the vectors {X,,,.. Xpn, Y,}. Since we have specified
only finitely many vectors, there must be some X’ € X(M) which takes
these values at each of the respective points {pi,...,pn,q}. But clearly,
this X’ cannot be a linear combination of the “basis” {X1,...,X,}. N

2. a) Let X,Y € X(M) and show that [X,Y] = XY =YX € X(M).
For f € C*, define Z € X(M) by
Zyf = (XY =YX), f=X,Y[) =Y, (X[f).
This is a well-defined linear map C'*(p) — R because X(M) is a C*° (M )-module.
To see that Z, satisfies the Leibniz rule, note that
Zyfg= (XY =YX), fg
=X, (Yfg) =Y, (Xfg)
Xp (fYg+9Y ) =Y, (fXg+9X[)
= (X)) Yg), + [ (p) X, (Yg) + (Xp9) (YS),
+9() X, Y[) = (Yf) (Xg), = [ (p) Y, (Xg)
— (Yp9) (Xf), — g (p) (Y, Xf)
f) (XY =YX),9+9(p) (XY -YX),f
f () Zpg+9(p) Zpf

b) Is XY a vector field in general? If not, provide a counterexample.
No, XY is not a vector field in general. Counterexample: define the vector fields
X = d JY==%4 and check the product rule:

XY (f9) = 4 (f9)
= (o8 + 1)
_ (dgdf df df dg
= <E@ +gdxdy> + <%dy + fdxdy)
(XY[) g+ (XYg) [ = dokg+ it f
Since XY (fg) — (XY f)g+ (XYyg) f) = Zzlj;gz 33:3{/ 70,

we know that XY is not a vector field in this case.




3.
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a) Define a Lie Algebra.

A Lie Algebra L is a vector space over R that is endowed with the additional
structure of an operation (X,Y) — [X,Y] € L satisfying

i) it is bilinear over R:
(1 X7 + X0, Y] = a1 [X1,Y] + a2 [X2, Y]
(X, 1Y) + aoYs] = aq [X, V1] + o [ X, Y7
ii) it is skew commutative:
X, Y] =—[¥, X]
iii) it satisfies the Jacobi identity:
X Y 2]+ IV, 2, X))+ 2, [ X, Y] =0

b) Prove that X(M) with the Lie bracket operation forms a Lie Algebra.
Let a, 8 € R and suppose X1, X5,Y are vector fields. Then
[aX1 4+ X0, Y] f=(aX1+8Xo) Y[ —Y (aX; 4+ 6X5) f
=aXiYf+BXoYf—aVYXif —BYXof
=aX Y[ —aVXif+ XY [ — Y Xof
=a(XY —YX)) f+8(XoY =Y Xy) f
= a[Xy, Y] f+B[Xe, Y] f

shows that [X,Y] is linear in the first variable. Then [V, X] = Y X — XY =
—XY4+YX = — (XY - YX) = —[X, Y] shows that [X, Y] is skew-commutative.
Then

XV 2N f =X (Y (2)) =X (Z(Y[) =Y (Z(X]))+ 2 (X]))

Y2 X[ f =Y (Z(X[) =Y (X (2]) - 2(X ¥ [)+ X (Z(V]))

Z XY f=2(X(Y[) -2V (X)) =X (Z2))+Y (X(Z]))
= [Xv [Y,Z]]f—l—[Y, [Z?X]]f+[Z7 [XaYHf:O

¢) Give two examples of a Lie Algebra; one finite-dimensional and one infinite-
dimensional.

i) (R3, x) is a 3-dimensional Lie algebra.

ii) X(M) with the commutator product [X,Y] is a infinite-dimensional Lie
algebra. (see 1(d) for proof of dim X(M) = o0). O
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a) X,Y e X(M) and f,g € C*(M).
Prove the identity. [fX,gY]= fg[X, Y]+ f(X9)Y —g(Y /)X
[f X, gY] = (fX)(9Y) — (9Y) (fX)
= f(XgY +gXY) —g((Yf) X + fYX)
= fXgY + fgXY —gY fX —gfYX
=fg(XY =YX)+ fXgY —gY fX
= f9X Y]+ F(Xg)Y —g(V) X

b) X =yZ -2l V=22 -yl Z=L2+ 2+ L inR
i) Compute [X,Y].
_ 0 022 0%z 0%z 0%z 0?
[X Y] z <8yayz 8r6y> +y (W B m) +z (8183; - 8_xg>
ii) Compute Y, Z].

Y,
32
[ ] zy 8m8z + 8y8z  dzdy + 8m82 T 02
iii) Compute [ X,
Z] =

4],
X,

0%z 2z 0%z 0%y 0%y 9%y

Oydz 8y2 + dzdy ~ Oxdz  Ozdy  0x2



d.
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a)

St is the 1-dimensional sphere. Show that S* admits a nonvanishing vector field.

Define S by S' = {(cos#,sinf) € R? : § € R} and let X be a vector field defined

on S' by 2. Then for any 6, & = (—sin6,cos6) # (0,0).
Equivalently, let X = —ya% + xa%. This is easily seen to be a nonvanishing

vector field on S, as it only vanishes at (0,0), and (0,0) ¢ S*. To see that it is
tangent to S* everywhere, note that (z,y) - (—y,z) = —zy + 2y = 0.

T? = St x St is the torus. Show that T? also admits a nowhere vanishing vector
field.
Parametrize a torus as ® : R? — R3 by

® (u,v) = ((2+ cosu) cosv, (24 cosu) sin v, sin )
Then, taking partial derivatives with respect to v and v, we get

®, (u,v) = (—sinwucosv, —sinusin v, cos u)

P, (u,v) = (— (24 cosu)sinv, (2 + cosu) cos v, 0)

The vector field X = (®,,®,) is thus everywhere tangential to T? by construc-
tion. To see that it is nowhere vanishing, compute

||| = V/sin2 u cos? v + sin? usin? v + cos? u
= V/sin?u + cos? u
VI
=1

and

||| = V4 + 4 cosu + cos?u

= /(2 + cosu)’
=2+ cosu
>1

Since each component always has magnitude at least 1, || X|| # 0.

How about the same question for S?, the 2-dimensional sphere?
It’s darn tricky, this one is ...
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a)

Define a cotangent vector field.

A C® cotangent vector field (or covector field) is a function o which assigns
to each point p € M a covector o, € T;(M) in a smooth manner. ILe., for
any coordinate neighbourhood (U, ¢) with coordinate frames {E1, ..., E,}, the
functions o(F;) are C* on U.

Let F': M — N be a C* map between two differentiable manifolds M and N.
Describe the induced map F* : TY(N) — TH(M) where TY(M) and T*(N) are the
collections of cofields on M and N respectively.

F, determines a linear map I : T; (N) — T (M), given by the formula
F* (0r(p) (Xp) = 0r@) (F (X))

The pullback map F is of special significance, because it is always a well-defined
homomorphism of algebras.
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7. Show that the restriction of o = x'dx? = x?dz* + 23dx* — 2*dx® of R* to the sphere
S3 is never zero on S3.

Parametrize S* by solving for x4 as x4 = \/1 — 2} — 2% — 22 and defining

2 2 2\ _
(1, T, T3) (xl,xg,xg, \/1 —x] — x5 —ZL‘3) = .

Now taking the partial derivatives of v, we get

— o]
v = (1,00, —8_ ) =2

— —T 0

1—a?2—a3—a2 \/1-a?—z3—x2 Ox4

— 0 —x2 2]

vo=1010 —==2____ | =9 -2z 0
2 < T 1—a?—a2—a2 Oy /122 —22—x2 Ox4
— i) —3 0

va=1(001 —==2 | =2Y 23 9
8 ( R 1-22—22—a2 Oz3 1-22—22—a? Ox4

We evaluate o on these vectors, using the rule dz; <i> = 0;; to get

oz,
o (v) = —72 - B
o(v2) = 71— 1353«5715
o(v3) = —x4 — %

l—x%—wQ—xB
Now to show that these are not all zero at the same time, we set them all equal to
zero and derive a contradiction.

2.2

_ 123 2 _ 1T
Ty = — — Ty = 32 3
1-z2—z2—x2 2 l-zi—z3—23

2.2

_ rox3 2 __ LT3
T = —F—=228 — Ty = 222
1-z2—a%—=3 1 I—zy—a5—x3

2 4

x 2 x

Ty ==ty = =T
1-zf—x3—x3 TTIT T3

2 2 2 _ 3
= 12— = g

2 2 2 2,2 2,2 _ 4 2 2.2 2,2 4
= 1 —a] — a5 — 15 — 2505 — T]T3 = T3 + T3 — T3T] — ToX5 — T
2 2 2 _ 2
= 1—-x] — 25 — o5 =23

2 9
= Ty =13
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8. Let F: M — N be a C*™ map between two differentiable manifolds.
a) Explain why F, : X(M) — X(N) is in general not well-defined.

case i) F may not be surjective.
In this case, 3¢ € N such that fp € M for which F(p) = q. Then if X is
a vector field on M, F,(X) is not defined at ¢ € N.

case ii) F' may not be injective.
In this case, suppose p; # po are such that F(p;) = F(ps) = q. It could
easily be the case that for some vector field X, Fi(X,,) # Fi(X,,). Since
F,(X) cannot assign both X, and X, to ¢, F, : X(M) — X(NN) is not
well-defined. O

What about when F, is a diffeomorphism?

When F, is a diffeomorphism, we know that F, is both injective and surjective,
and neither of the above cases can occur. F' will have a well-defined inverse
G : N — M, and at each point p, we also have the isomorphism F, : T,,(M) —
Tre)(N) and its well-defined inverse G..

Now given a C* vector field X on M, the vector Y, = F.(Xg(g) is uniquely
determined, for each ¢ € N. Finally, Y is of class C'* by direct application of
[Boothby IV.1.5, p.110]. O
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9. Determine a subset of R? on which o1 = x1dx1 + xodxs and oy = xodxy + x1dxs are
linearly independent and find a frame field dual to o1, 09 over this set.
Suppose we have a linear combination ao; 4+ oy = 0, so that

0 = aoy + Posy
= a(x1dry + xodrs) + [ (xedry + x1dXs)
= (axq + Bxg) dxy + (g + fay) dxs.
Since dx1, dxy are linearly independent, we have a system of equations
ary + fre =0
axs + Br1 =0

where we consider xq,xy as coefficients, because we are solving for «, (3. Consider
that

T T2
T2 T3

2 2

So if 22 — 22 # 0, then a = 8 = 0, so 01,0 are linearly independent. Hence, o1, 09
are linearly independent on

U= {(x1,22) € R* } |11] # |2of}.

Now, to find a frame field dual to o1, 09 over U, we need to locate

Tl:aaim+baia:2 . . 0'1(7'1):1 0'2(7'1):0
5 5 which satisfy
T2:Ca_m+da_m 01(7_2):() 0_2(7—2): 1

This gives us the systems of equations
o1(m) =106+ 20 =1
01(72) = x1¢+ x2d =0
o9 (1) =220+ 26 =0
09 (T9) = x9c+x1d =1
from which we get
—

a=—1  b=—"2_ c=—2_ 4=

2 23
Ty — I Ty — 29 Iy — 75 Ty — T3

by elementary algebra. Thus, our frame field is

—I1 9 T2 9 . —XT2

- 9 4 = I —
2 ,.201 2 _ .2 0x2? _ —_
Ty — 7 Ly — I Iy — T3 Iy — T3

T =



