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on graphs and fractals
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Back to quantum physics 
on fractals
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A large variety of problems are conveniently 
described in terms of spectral classes                                                                                                    

( absolutely continuous / singular-continuous / point spectrum):

  Anderson localization
  Quantum and classical wave diffusion
  Random magnetism
  …
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A large variety of problems are conveniently 
described in terms of spectral classes                                                                                                    

 absolutely continuous 

 singular-continuous 

 point spectrumWhat about a fractal spectrum ? 
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An  interesting problem
in that context
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Spontaneous emission from a fractal QED 
cavity/spectrum

E.A. G. Dunne, A. Teplyaev, EPL, 2009
E.A. and G. Dunne, PRL 2010
E.A and E. Gurevich, EPL,2013
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Spontaneous emission for different QED vacua

atom
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smooth continuum           Wigner-Weisskopf decay

Spontaneous emission for different QED vacua

atom
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Spontaneous emission for different QED vacua

atom

quasi-discrete mode           vacuum Rabi oscillations
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smooth continuum           Wigner-Weisskopf decay

Spontaneous emission for different QED vacua

atom

quasi-discrete mode           vacuum Rabi oscillations

structured continuum          non-exp./incomplete decay        
(photonic crystals, Yablonovitch ’87, Kofman et.al., John et.al. ‘94)
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smooth continuum           Wigner-Weisskopf decay

Spontaneous emission for different QED vacua

atom

quasi-discrete mode           vacuum Rabi oscillations

structured continuum          non-exp./incomplete decay        
(photonic crystals, Yablonovitch ’87, Kofman et.al., John et.al. ‘94)
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Fractal spectrum  ?
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Fractal    ↔    Self-similar
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Fractal    ↔    Self-similar
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Fractal    ↔    Self-similar

Discrete scaling symmetry
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Fractal spectrum - an example

A quasi-periodic stack of dielectric layers of two types (nA,nB) 

(Kohmoto et. al., ’87)
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The density of modes ρ(ω) : 
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The density of modes ρ(ω) : 

Fractal spectrum - an example

A quasi-periodic stack of dielectric layers of two types (nA,nB) 

Fibonacci sequence:

  A→AB→ABA→ABAAB→ABAABABA→…

Discrete scaling symmetry

(Kohmoto et. al., ’87)
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Discrete scaling symmetry: formal description
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Counting function: =  (# of states in [ω, ω+Δω])
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Discrete scaling symmetry: formal description

Counting function: =  (# of states in [ω, ω+Δω])

Δω

Discrete scaling 
symmetry
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Testing the discrete scaling symmetry
Scaling equation
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Testing the discrete scaling symmetry
Scaling equation

has the following general solution (dimensionless ω): 

-  fractal exponent (absolutely continuous :    , pure-point :           ) 
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Testing the discrete scaling symmetry
Scaling equation

(Ghez and Vaienti, ’89: the wavelet  transform of fractal measures) 

has the following general solution (dimensionless ω): 

Similarly for the convolution of ρ(ω)  with a window function

-  fractal exponent (absolutely continuous :    , pure-point :           ) 
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Testing the discrete scaling symmetry - an example

A quasi-periodic dielectric stack
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Testing the discrete scaling symmetry - an example

A quasi-periodic dielectric stack

numerics
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Testing the discrete scaling symmetry - an example

A quasi-periodic dielectric stack

numerics

(Kohmoto et. al., ’87)

Friday, July 4, 14



Experimental study of a fractal energy spectrum :

Cavity polaritons in a Fibonacci quasi-periodic potential

D. Tanese, J. Bloch, E. Gurevich, E.A. PRL, 2014.
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The Fibonacci problem has a long and rich 
(theoretical and experimental) history.

(Kohmoto,Luck, Gellerman, Damanik, Bellissard,Simon,...)
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The Fibonacci problem has a long and rich 
(theoretical and experimental) history.

(Kohmoto,Luck, Gellerman, Damanik, Bellissard,Simon,...)

But still much to be done...
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(233 letters) 

Number of letters of a sequence      is the Fibonacci 
number       so that   

A A A AB A B B.... ....

x

V

10 �m

a=1.35 �m

(a)

(b)

(c)
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Fibonacci sequence:

  A→AB→ABA→ABAAB→ABAABABA→…

(233 letters) 

Number of letters of a sequence      is the Fibonacci 
number       so that   

A A A AB A B B.... ....

x

V

10 �m

a=1.35 �m

(a)

(b)

(c)
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Measure of spectral function           intensity maps
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Measure of spectral function           intensity maps

Quantitative description !
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where          

V (x) = χ σ −1n( )ub x − an( )
n
∑

Effective 1D model 

A A A AB A B B.... ....

x

V

10 �m

a=1.35 �m

(a)

(b)

(c)
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where          

is the inverse golden mean

V (x) = χ σ −1n( )ub x − an( )
n
∑

Effective 1D model 
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where          

Shape of each letter

is the inverse golden mean

V (x) = χ σ −1n( )ub x − an( )
n
∑

Effective 1D model 
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[-1,2]

[1,-1]

[2,-3]

[-3,5]
[-4,7]

[3,-4]

[-2,4]
[6,-9]

(a) (b)

THEORYEXPERIMENT

[4,-6]
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Labeling the gaps...
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Labeling the gaps...
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Calculating the integrated density of states (IDOS) 
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[1,-1]
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(a) (b)
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[4,-6]

THEORYEXPERIMENT[3,-5][2,-3]
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[2,-3]
[-1,2]

[1,-1]

[-4,7]

say scy

sby sdy

N
or

m
al

iz
ed

 In
te

gr
at

ed
 

In
te

ns
ity

EXPERIMENT

ln
sID

O
S

y

THEORY

sey

[3,-5]

[2,-3]

[-1,2]
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[7,-6][-4,7]

[-4,7]
[7,-6]

[2,-3]
[-1,2]

[1,-1]

Friday, July 4, 14



where          

Shape of each letter

is the inverse golden mean

Integrated density of states (IDOS)-Gap labeling

V (x) = χ σ −1n( )ub x − an( )
n
∑
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Each pair         of integers defines a unique Bragg 
peak (    is irrational).  

Bragg peaks are dense (Cantor set)          Must use 
periodic approximants, i.e.replacing irrational    by

Periodic crystal of length           and potential    

Bragg peaks at values 
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Perturbation theory 

small
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Perturbation theory 

small

Experimentally, it is not the case !
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Perturbation theory (small V)

For the (quasi) crystal, a series of gaps open at each 
value of the (independent) Bragg peaks (Bloch thm.).

To first order in V, each Bragg peak hybridizes 
degenerate Bloch waves         and a gap opens at  
energies 

               
 The (normalized) IDOS inside a gap labeled by          is           
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Perturbation theory (small V)

For the (quasi) crystal, a series of gaps open at each 
value of the (independent) Bragg peaks (Bloch thm.).

To first order in V, each Bragg peak hybridizes 
degenerate Bloch waves         and a gap opens at  
energies 

               
 The (normalized) IDOS inside a gap labeled by          is           

N ε = EQp ,q 2( ) = p + qσ
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Integrated Density of States-Gap Labeling
THEORYEXPERIMENT[3,-5][2,-3]

[-1,2] [1,-1]
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[3,-5]
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[-1,2]

[1,-1]
[7,-6][-4,7]

[-4,7]
[7,-6]

[2,-3]
[-1,2]

[1,-1]

N ε = EQp ,q 2( ) = p + qσ
Topological invariants - independent of potential 

strength, inhomogeneity, ...

within a          gap
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Integrated Density of States-Log-periodic 
oscillations

outside          gaps

[-1,2]

[1,-1]

[2,-3]

[-3,5]
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[3,-4]

[-2,4]
[6,-9]

(a) (b)

THEORYEXPERIMENT

[4,-6]
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Imaging the modes in real space : spatially and 
spectrally resolved emission

(a)

(b)THEORY

EXPERIMENT

S13=...AABAABABAABABAABAABABAABAABABAABABAABAABABAABABAABAAB...
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Summary-Further directions

• Coupling of a quantum emitter to a fractal quasi-continuum 
leads to an unusual decay dynamics.

• The decay exhibits scaling properties related to the discrete 
scaling symmetry of the quasi-continuum.

• The experimental study of a macroscopic coherent polariton 
gas in a Fibonacci cavity allows for a quantitative study of a 
fractal singular continuous energy spectrum : spectral 
function, wave functions and gap labeling. 
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Further directions

• Long time dynamics of wave packets with a quasi-
continuum fractal spectrum. Log-periodic oscillations.

• Study of the emission lineshape.

• Different experimental realizations : tunnel junction 
and/or squbit in a microwave fractal resonator (J. 
Gabelli, Orsay) : Notion of photons- statistics-zero point 
motion with fractal spectra.

• Generalization to other quantum field theory : BEC and 
superfluidity (massive bosons) - Quantum gravity 
(barycentric fractals). 
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Further directions

• Long time dynamics of wave packets with a quasi-
continuum fractal spectrum. Log-periodic oscillations.

• Different experimental realizations : tunnel junction 
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zero point motion with fractal spectra.

Friday, July 4, 14



A preliminary experiment at room 
temperature
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Further directions - 
Quantum gravity 

• A hard problem ! Several approaches on the market. 

• We consider quantum fluctuations around the classical 
(Einstein) solution (semi-classical approach)

• At short scales, the resulting space-time seems to have a 
fractal structure. 

• A  good guess which reproduces the numerics seems to 
be barycentric fractals. A quantum simulator for 
quantum gravity . Englert 1982 
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• Several approaches on the market. 

• Consider here quantum fluctuations around the classical 
(Einstein) solution : semi-classical approach

• At short scales, the resulting space-time seems to have a 
fractal structure (Numerics & RG       Martin Reuter). 

• A  good guess which reproduces the numerics seems to 
be barycentric fractals. A quantum simulator for quantum 
gravity . Englert 1982 

Further directions - 
Quantum gravity 
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• At short scales, the resulting space-time seems to have a 
fractal structure. 

• A  good guess (See Sasha Teplyaev) seems to be a scalar 
quantum field  on barycentric fractals. 

• A quantum simulator for quantum gravity. 

• Scooped (15 years !) by Englert 1982 

Further directions - 
Quantum gravity 
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Apparently not that weird...
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Apparently not that weird...

F. Englert proposed a very similar idea back 
in 1986.
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