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Poincaré inequalities give control of the vari-
ance of a function on a ball in terms of its

energy on that ball:
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Weakest of all;
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Setting:
e (X,d,n) complete metric measure space.
e 1 Borel regular, supported on X.
o (B(x,2r)) < Cu(B(xz,r)) all z € X, r > 0.

e X complete.

Upper gradient g of f : X — R is a Borel
measurable non-negative function on X with

) — f(2)] < Lgds

when ~ rectifiable curve in X; here z,y denote
end points of ~.



Given f: B — R,
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X supports p-Poincaré inequality if V balls B
and f . 7B — R,
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Consequences of p-Poincaré inequality:

e Spaces that have p-Poincaré ineq., p > 1,
support (p — e)-Poincaré for some € > 0.

e Functions with an upper gradient in LI(X)
for some sufficiently large q are Holder con-
tinuous.

e [ here is a weak link between Hausdorff
measures and sets of capacity zero.

e X IS quasiconvex.

e p-Poincaré inequality persists under Haus-
dorff limits.

A is quasiconvex if for all z,y € A can find vy



Geometric characterizations when u is Ahlfors
(Q-regular:

e p = 1: equivalent to a relative isoperimet-
ric inequality:

min{u(E N B), u(B\ E)} < Crad(B) Per(E, rB).

e p = (@, with @ a natural dimension of X:
equivalent to Loewner condition: the Q-
modulus of the collection of curves joining two con-
tinua has a lower bound expressed in terms of the

relative separation of the two continua.

e p>Q: dC > 1 s.t. Va,y € X,

1

Modp(I (z,y,C)) = iz y)l—Q/p'

Here, ' (z,y, C') collection of all rectifiable curves
in X connecting x to y with length < Cd(x,vy).
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Mod,(IM) = inf gP dpu.
c

Here A(IM): collection of all non-negative Borel
g satisfying f,ygds > 1 forall vyer.

measures the smallest possible p-dimensional " volume”
obtainable by perturbing the distance function using

densities g that see each v € as of length > 1.



Weakest of all the Poincaré inequalities is the
oo-Poincaré inequality:

[ 1f = f5ldn < Crad(B) inf |lg] 1= (7B).

What can we infer about the geometry of X if
it has oco-Poincaré inequality?



Modeo (M) =

inf
geA(l")

191l Loo(x) die.
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[Durand-Cartagena, Jaramillo, Sh.—2008/2014]:
TFAE:

e Every f: 2B — R with an upper gradient
in L°°(27B) is Lipschitz continuous on B.

e oo-Poincaré inequality holds.

e 4C > 1 s.t. Vz,y € X,

Modeo (M (C, @, y)) > 0.

e 3C > 1 s.t. Va,y € X,
1

Modoo(IM(C, z,y)) =~ d(z,v)

e X is oco-thickly quasiconvex.
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Thick quasiconvexity means: for 1/2 > € > 0,
x,y € X, the curves connecting ENB(x,r) and
F N B(y,r) with length< Cd(z,y) has positive co-
modulus, when 0 < r < ed(x,y),

w(ENB(x,r))u(FNB(y,r)) > 0.



However,

[Durand-Cartagena, Williams, Sh.—2009]:

e oco-Poincaré does not imply p-Poincaré for
p < oQ.

e T here are doubling weights on R™ with no
p-Poincaré for p < oo.

e oo-Poincaré inequality may not persist un-
der Hausdorff limits.
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