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Heisenberg group

The Heisenberg group H is the unique analytic, nilpotent Lie group of
dimension 3 whose background manifold is R and whose Lie algebra
satisfies the following properties:

e h = Vi @ Vo where V; has dimension 2 andV, has dimension 1.
o [V1,Vi] = Vo, [V1, Vo] =0 and [V2, V2] = 0.
Explicitly, let z = (z1,22) € R?, and the mapping J : RZ2 — R? be given
by
J(x1,22) = (—x2,21).

The group law on H 22 R3 is defined by

xxy = (z+yt+s+2z, Jy)), (1)

for all x = (z,t), y = (y,s) € H, where 2,y € R?, t,s € R and (-,-) is the
standard inner product in R?.
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Let dyg be the Heisenberg metric given by
du(x,y) =[x xyllu, for x,yeH,

where x denotes the group law defined in (1), and || - ||z denotes the
Heisenberg norm given by

G, Ol = (J2f* +£3) /4.

Note that the Heisenberg group (H, dg) equipped with the non-Euclidean
metric is a complete metric space. Note that the Heisenberg metric d is
left-invariant on H.
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horizontal lift
Given a mapping s : R? — R2. Let 7 : H — R? be given by 7(x) = =,
where x = (z,t) € H.
We call S : H — H a horizontal lift of s if
mToS=som.
Let s : RZ — R? be an affine transformation, ie.

s(z) =Tx + a,

where T is a real 2 x 2 matrix and a is a vector in R
Let S : R? — R? be an affine mapping of the form

wo(1)(1)+() @

where a,b,d € R? and ¢,n € R.
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The horizontal lift S is Lipschitz with respect to the metric dg if and only
if we have that

b=0, d=-2T"Jaand c=detT.
Thus, we write a Lipschitz affine map S : H — H as
S(x) = Tox + 4, (3)

where for some real constant 7,

T.= ( —2(§a)’T de(t)T ) = ( 16; ) (#)
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lterated function system in Heisenberg group

Given a self-affine IFS {s;(z) = Tz + a;}},. We write F(a) for the
attractor of {s;(z)}, , that is,

Fla) = USi(f(a))' (5)

Applying the horizontal lift onto {s;(x)}},, we obtain a class of
contractions {S1,- -+, S}, called a self-affine IFS on Heisenberg group,
where the mappings S; are given by

Si(x) = Tiax+a;,  i=1,...,M, (6)
and f}al and @; are as in (4). We write a = (ay,--- ,ap) € R3M.

Similarly, We call Fy(a) the Heisenberg self-affine set for {S;(x)}M,,

M
U Si(Fu(@)). (7)
=1
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Sequence space

For each £k =0,1,2,---, let J;, = {(41,- - , i) : 1 < ij < M} be the set
of sequences of length k.

Let J = (U, Ji be the set of all finite sequences.

Let Joo = {(i1,42,---) : 1 <i; < N} be the corresponding set of infinite
sequences.

We abbreviate members of J or Jo, as i = (i1, -+ ,ix), etc., and denote
the number of terms in each word i € J by [i|.

Ifi,jeJorifie Jandje€ Jy, we denote by ij the sequence obtained by
concatenation of the words i and j.

We write j|;, € Jj for the initial k-term sequence of j € Jo, and define the
cylinders C; = {j € J @ jlx = i}.

Let I be a finite subset of J, we say I is a cut set of J if for every i € J
there is a unique integer k such that i|k € I. For such a cut-set I we write
kE(I) = min{]i| : i € I}.
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singular-value functions

Let T be a nonsingular real 2 x 2 matrix. The singular values a1, s are
the positive square roots of the eigenvalues of T'T", where T” is the
transpose of T

We adopt the convention that 1 > a3 > ag > 0.

The Heisenberg singular value function 1)*(T) in the Heisenberg group is

defined to be

o if 0<s<1,
P(T) =< TP e 1< s <3, (8)
aday? if 3<s<4,

with the convention that ¢s(T) = o/%a3/? if s > 4.
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Generalized g-dimension in Heisenberg group

Given 0 < r < 1, let
M, ={Cu(y,r):veT,}, I = {(2ru,v) ceH:ue Z2’21r2 € Z}.

Let 7 be a finite Borel measure with bounded support denoted by
sptT < oo. Then, for ¢ € R, the moment sum M, (q) is defined to be

ceM,

where the sum is over all r—mesh cubes C such that C' () sptT # (.

For g # 1, we define the lower and upper generalized g-dimensions of 7 by
setting

log M, —
DI (7) = liminf _log M(g) o)

. log M, (q)
7) = limsup —>—~+/_
r—0 (¢—1)logr’ q( ) = lims

r—0 (¢—1)logr’
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.\ —H . . o
If the quantities Qf and D, are identical, we write it as Df

. —H : . .
the quantities QqH and D, can also be defined in terms of integrals when

q# 1.

DH(T) = lim inf M — liminf log [ 7(Bu(x,7))?" ldr(x)

==q r—0 (q - 1) IOgT r—0 (q _ 1) IOgT 5

BH(T):hmsupM:hmsu lo gf BHXT' q 1d7.( )
q r—0 (q_ 1) logr r—0 (q_ 1) logr
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Self-affine measure on Heisenberg group

We may define a Borel measure p on J, by setting
p(Ci) = PiyPiy * * * Pigs

with probability vector (p1,--- ,par) on the cylinders Cj.
Let u® on H be a self-affine measure, ie.

M ~
= piP(F7(B)).
=1

For all ¢ > 0, ¢ # 1 there exists a unique positive number
lg=14(Th, -+ ,Tar; ) such that

Jim (X v =1

iedy
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Generalised g-dimension of Self-affine measure on
Heisenberg group

Theorem (with Wu)
Let (S1,---,Sn) be an affine Heisenberg IFS, let (p1,--- ,pm) be
probabilities with 11 the measure on J, defined by (9) and let ~
ly =1,(S1,- -+ ,Swm; ) be given by (10). For each a € R¥M we define p@
to be a self-affine measure.

(a) Ifg>0, g # 1, then Dy (1) < min{l, 4} for all @ € R3M.

(b) Ifl<qg<2and|S;| <3 forallj=1,---,M, then

DI (%) = min{ly,4} for £3M -almost all & € R3M.
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