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Heisenberg group

The Heisenberg group H is the unique analytic, nilpotent Lie group of
dimension 3 whose background manifold is R3 and whose Lie algebra h
satisfies the following properties:

h = V1 ⊕ V2 where V1 has dimension 2 andV2 has dimension 1.

[V1, V1] = V2, [V1, V2] = 0 and [V2, V2] = 0.

Explicitly, let x = (x1, x2) ∈ R2, and the mapping J : R2 → R2 be given
by

J(x1, x2) = (−x2, x1).

The group law on H ∼= R3 is defined by

x ∗ y = (x+ y, t+ s+ 2〈x, Jy〉), (1)

for all x = (x, t), y = (y, s) ∈ H, where x, y ∈ R2, t, s ∈ R and 〈·, ·〉 is the
standard inner product in R2.
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Let dH be the Heisenberg metric given by

dH(x,y) = ‖x−1 ∗ y‖H , for x,y ∈ H,

where ∗ denotes the group law defined in (1), and ‖ · ‖H denotes the
Heisenberg norm given by

‖(x, t)‖H = (|x|4 + t2)1/4.

Note that the Heisenberg group (H, dH) equipped with the non-Euclidean
metric is a complete metric space. Note that the Heisenberg metric dH is
left-invariant on H.
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horizontal lift

Given a mapping s : R2 → R2. Let π : H→ R2 be given by π(x) = x,
where x = (x, t) ∈ H.
We call S : H→ H a horizontal lift of s if

π ◦ S = s ◦ π.

Let s : R2 → R2 be an affine transformation, ie.

s(x) = Tx+ a,

where T is a real 2× 2 matrix and a is a vector in R2.
Let S : R3 → R3 be an affine mapping of the form

S(x, t) =

(
T b
d c

)(
x
t

)
+

(
a
η

)
, (2)

where a, b, d ∈ R2 and c, η ∈ R.
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The horizontal lift S is Lipschitz with respect to the metric dH if and only
if we have that

b = 0, d = −2T ′Ja and c = detT.

Thus, we write a Lipschitz affine map S : H→ H as

S(x) = T̃ax + ã, (3)

where for some real constant η,

T̃a =

(
T 0

−2(Ja)′T detT

)
, ã =

(
a
η

)
. (4)
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Iterated function system in Heisenberg group
Given a self-affine IFS {si(x) = Tix+ ai}Mi=1. We write F(a) for the
attractor of {si(x)}Mi=1 , that is,

F(a) =

M⋃
i=1

Si(F(a)). (5)

Applying the horizontal lift onto {si(x)}Mi=1, we obtain a class of
contractions {S1, · · · , SM}, called a self-affine IFS on Heisenberg group,
where the mappings Si are given by

Si(x) = T̃i,aix + ãi, i = 1, . . . ,M, (6)

and T̃i,ai and ãi are as in (4). We write ã = (ã1, · · · , ãM ) ∈ R3M .
Similarly, We call FH(ã) the Heisenberg self-affine set for {Si(x)}Mi=1,

FH(ã) =

M⋃
i=1

Si(FH(ã)). (7)
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Sequence space

For each k = 0, 1, 2, · · · , let Jk = {(i1, · · · , ik) : 1 ≤ ij ≤M} be the set
of sequences of length k.
Let J =

⋃∞
k=0 Jk be the set of all finite sequences.

Let J∞ = {(i1, i2, · · · ) : 1 ≤ ij ≤ N} be the corresponding set of infinite
sequences.
We abbreviate members of J or J∞ as i = (i1, · · · , ik), etc., and denote
the number of terms in each word i ∈ J by |i|.
If i, j ∈ J or if i ∈ J and j ∈ J∞, we denote by ij the sequence obtained by
concatenation of the words i and j.
We write j|k ∈ Jk for the initial k-term sequence of j ∈ J∞ and define the
cylinders Ci = {j ∈ J∞ : j|k = i}.
Let I be a finite subset of J, we say I is a cut set of J if for every i ∈ J∞
there is a unique integer k such that i|k ∈ I. For such a cut-set I we write
k(I) = min{|i| : i ∈ I}.
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singular-value functions

Let T be a nonsingular real 2× 2 matrix. The singular values α1, α2 are
the positive square roots of the eigenvalues of TT ′, where T ′ is the
transpose of T .
We adopt the convention that 1 > α1 ≥ α2 > 0.
The Heisenberg singular value function ψs(T ) in the Heisenberg group is
defined to be

ψs(T ) =


αs
1 if 0 ≤ s ≤ 1,

α
(s+1)/2
1 α

(s−1)/2
2 if 1 < s ≤ 3,

α2
1α

s−2
2 if 3 < s ≤ 4,

(8)

with the convention that ψs(T ) = α
s/2
1 α

s/2
2 if s ≥ 4.
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Generalized q-dimension in Heisenberg group

Given 0 < r < 1, let

Mr =
{
CH(γ, r) : γ ∈ Γr

}
, Γr =

{
(2ru, v) ∈ H : u ∈ Z2,

v

2r2
∈ Z

}
.

Let τ be a finite Borel measure with bounded support denoted by
sptτ <∞. Then, for q ∈ R, the moment sum Mr(q) is defined to be

Mr(q) =
∑

C∈Mr

τ
(
C
)q
,

where the sum is over all r−mesh cubes C such that C
⋂
sptτ 6= ∅.

For q 6= 1, we define the lower and upper generalized q-dimensions of τ by
setting

DH
q (τ) = lim inf

r→0

logMr(q)

(q − 1) log r
, D

H
q (τ) = lim sup

r→0

logMr(q)

(q − 1) log r
.
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If the quantities DH
q and D

H
q are identical, we write it as DH

q

the quantities DH
q and D

H
q can also be defined in terms of integrals when

q 6= 1.

DH
q (τ) = lim inf

r→0

logMr(q)

(q − 1) log r
= lim inf

r→0

log
∫
τ(BH(x, r))q−1dτ(x)

(q − 1) log r
,

D
H
q (τ) = lim sup

r→0

logMr(q)

(q − 1) log r
= lim sup

r→0

log
∫
τ(BH(x, r))q−1dτ(x)

(q − 1) log r
.
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Self-affine measure on Heisenberg group

We may define a Borel measure µ on J∞ by setting

µ(Ci) = pi1pi2 · · · pik , (9)

with probability vector (p1, · · · , pM ) on the cylinders Ci.
Let µã on H be a self-affine measure, ie.

µã(B) =

M∑
i=1

piµ
ã(F−1i (B)).

For all q ≥ 0, q 6= 1 there exists a unique positive number
lq ≡ lq(T1, · · · , TM ;µ) such that

lim
k→∞

(∑
i∈Jk

ψlq(Ti)
1−qµ(Ci)q

) 1
k

= 1. (10)
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Generalised q-dimension of Self-affine measure on
Heisenberg group

Theorem (with Wu)

Let (S1, · · · , SM ) be an affine Heisenberg IFS, let (p1, · · · , pM ) be
probabilities with µ the measure on J∞ defined by (9) and let
lq = lq(S1, · · · , SM ;µ) be given by (10). For each ã ∈ R3M we define µã

to be a self-affine measure.

(a) If q ≥ 0, q 6= 1, then D
H
q (µã) ≤ min{lq, 4} for all ã ∈ R3M .

(b) If 1 < q ≤ 2 and ‖Sj‖ < 1
2 for all j = 1, · · · ,M , then

DH
q (µã) = min{lq, 4} for L3M -almost all ã ∈ R3M .
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