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Introduction

There have been a number of good books aimed at mathematicians, describing the mathematical structures that arise in quantum mechanics and
quantum field theory. Here are just a few. Most have the words “Quantum”
and “Mathematicians” in the title. [21, 28, 3, 46, 57, 58, 59, 73, 74]. Some
aim to explain how these mathematical structures build on those that that
represent an earlier physical theory . Some aim to give a mathematically
precise exposition of various topics for mathematicians who want to understand the meaning of terms and ideas developed by physicists. It is no secret
that the writing styles of mathematicians and physicists are not conducive
to cross-communication.
This seminar is aimed at describing the experiments and observational
data that led physicists to make up the successful theories that explained
the observed phenomena. Of course we want to describe what these theories
are and how they solved some of the experimentally produced problems. To
this end we will make use of some of the common mathematical background of
the participants (supplemented when necessary), and thereby save time which
would otherwise have to be used in a physics course. The listed prerequisites
for this seminar were a) highschool physics and b) two years of graduate
mathematics courses. This tells you something.
There is really no substitute for going into a laboratory and doing experiments with real objects. But our room is not well equipped for this.
Instead I’m going to try to substitute some history of electricity, magnetism
and radiation, where possible, and describe the experimental facts that demanded explanation. There is, I think, some physical insight to be gained
from understanding who tried to do what, who succeeded and who failed
and how and why. As to whether or not a semi-historical exposition is really in the least bit helpful for conveying the notions of physics, even to a
mathematically sophisticated audience, remains to be seen. It would be easy
and quick just to write down Maxwell’s equations and give the definitions of
the electric and magnetic fields. We will, however, repeat in class Faraday’s
great experiment of 1831, which put the final touch on the experimental facts
that Maxwell used 30 years later to bring the theory of electricity and magnetism into its final form. Fortunately it is possible to do this experiment
with rather primitive equipment, which is all that we have.
One failed goal of this seminar was to reach a description, however prim5

itive, of the current status of elementary particle physics. A list of omitted
important topics on the straight road to this goal would very likely be longer
than the table of contents. Maybe next time.
Here is the progression of topics necessary to understand in order to get
at least a little background for current elementary particle theory.
[F = ma] → Lagrangian Mechanics → Hamiltonian Mechanics →
Quantum Mechanics → Quantum Field Theory
Parallel to this one needs to understand two other “classical” theories
and their relation.
Maxwell’s equations → Yang-Mills equations

6

2
2.1

Newtonian Mechanics
Work, energy and momentum for one particle

The objective of this section is to review the notions of linear momentum,
angular momentum, energy and the conservation laws that they satisfy.
Recall Newton’s equation:
F = ma.
We are going to elaborate on the various forms that this equation takes in
gradually more sophisticated systems. To begin, consider a single particle
moving in space, which we, perhaps understandably, will take to be R3 .
Denote the position of the particle at time t by x(t). Let m be a strictly
positive constant. We will refer to m as the mass of the particle. The
acceleration of the particle is by definition d2 x/dt2 . Newton’s equation then
reads
F = m d2 x(t)/dt2
where F is the force acting on the particle at time t.
In the preceding paragraph several mathematically undefined words have
been used, namely “particle”, “time”, “mass” and “force”. These words
acquire meaning only from experience with the physical world. I’m going to
assume that the reader has some familiarity with their physical meaning and
I’ll use them without further ado.
The force F is a vector in R3 and may depend on time, on the position,
x(t), of the particle, on the velocity dx(t)/dt and could, in principle, depend
on higher derivatives of the position. But the existence theory for solutions
of 1) is greatly affected if F depends on higher derivatives than the first. If
the particle is charged and there are electromagnetic forces then the force on
the particle can depend on t, on the position of the particle and also on its
velocity. But the fundamental notions of mechanics are best understood in
the simplest contexts first.
Definition 2.1 The work done on a particle by a constant force is
Work = force times distance.
Here “force” refers to the component of the force in the direction of motion.
7

Example 2.2 If you lift a 10 pound weight up 3 feet then you have done 30
footpounds of work. If you lower the ten pound weight 3 feet then you have
done -30 footpounds of work. ( The weight has done 30 footpounds of work
on you.) If you move the weight 3 feet horizontally you have done no work
if you didn’t have to overcome some friction.
The extension of this notion of work in case the force is not constant and
the path is not straight is given by
Definition 2.3 (Work done by a variable force) The work done by a force
in moving a particle along a trajectory x(·) from t = a to t = b is
Z b
W =
F · dx(t).
a

This clearly reduces to “force times distance” if the force in the direction of
motion is constant and the trajectory is a straight line.
Example 2.4 If one moves a ten pound weight around a vertical rectangle
then the total work done on the weight is zero.
Although the force in Definition 2.3 can depend on the position, velocity
of the particle and the time t, we will consider, for a while, only forces that
depend on the position of the particle and not on its velocity or explicitly
on time. In this case the work done in moving a particle along a curve C is
clearly given by a parametrization independent line integral
Z
W =
F (x) · dx.
C

Definition 2.5 A force field F (·) defined in an open set U ⊂ R3 is called
conservative if
Z
F (x) · dx = 0
C

for every closed curve in U.
Theorem 2.6 In a connected region U of R3 a force field F is conservative
if and only if there is a function V : U → R such that
F = −grad V in U.
8

(2.1)

Rx
Proof. Pick x0 ∈ U and define V (x) = − x0 F (x) · dx along any curve in U
joining x0 to x. V is well defined because the integral is path independent. As
you have proved many times before, the identity (2.1) holds for this function.

Terminology: V is called the potential of the force field F . V is clearly
determined by F only up to an additive constant in the connected region U .
Example 2.7 (Gravitational forcefield of the earth in the interior of this
room.) Choose coordinates x, y, z aligned with the left front corner of the
room. Since the height of the room is rather small compared with the radius
of the earth the gravitaional force is “pretty much” constant and is downward.
Take V (x, y, z) = mgz where g is a constant to be determined by experiment
and m is the mass of the particle acted upon. Then −gradV = −(0, 0, mg),
which agrees with the assertion that the gravitational force is “locally” constant and downward.
Example 2.8 (Gravitational force field of the earth at a big distance, r,
from the center of the earth.) Measurements suggest that the force on a
particle of mass m at distance r from the center is proportional to 1/r2 and
is pointed toward the center of the earth. The function V (x, y, z) = mG/r
gives such a force and is believed to be accurate in the absence of very huge
gravitating masses.
Example 2.9 (Harmonic oscillator.) A particle constrained to move on a
line is called a harmonic oscillator if it is subject to a force which, choosing
the origin properly, always acts toward the origin and is proportional to the
distance. I.e., F (x) = −kx for some constant k > 0. In this case the function
V (x) = kx2 /2 is a potential.
Definition 2.10 The energy of a particle, at a point x and having velocity
v, in a conservative force field is
E(x, v) = (1/2)m|v|2 + V (x)

(2.2)

Theorem 2.11 (Conservation of energy.) If a particle of mass m moves
under the influence of a conservative force F (x) = −grad V (x) in accordance
with Newton’s equations then its energy is constant along orbits.

9

Proof.
(d/dt)E(x(t), v(t)) = m(v(t), dv/dt) + (gradV, dx/dt)
= (v, ma − F )
=0

Definition 2.12 The momentum of a particle of mass m and velocity v is
p = mv.
Note: In terms of momentum Newton’s equations read
dp/dt = F.
Neat, huh? We’ll see better reasons for introducing the notion of momentum
later.

2.2

Work, energy and momentum for N particles

Consider N particles of masses m1 , ..., mN respectively. Let xj (t) denote the
position of the jth particle at time t. Write vj = dxj /dt for the velocity of
the jth particle.
Definition 2.13 The momentum of the jth particle is
pj = mj vj
The total momentum of the system is
P =

N
X

pj

j=1

Two body forces. A frequently arising kind of force in such a system is
that in which the total force on the jth particle is a sum
X
Fj =
Fjk
k6=j

10

where Fjk is the force exerted on the jth particle by the kth particle, e.g.,
gravitational forces. These so called “two body forces” are said to obey
“action and reaction” if the jth particle “pulls back” on the kth particle by
the same force. That is
Fjk (xj , xk ) = −Fkj (xk , xj ).
Theorem 2.14 (Conservation of momentum.) In a system with two body
forces obeying action and reaction the total momentum is conserved during
the Newtonian flow.
Proof.
dP/dt =

N
X

dpj /dt

j=1

=

X

=

X

Fj

(by Newton’s equations)

j

Fjk

k6=j

= 0.
{The following theorem is done in greater generality in the section on
Lagrangians. So change the following later.}
Theorem 2.15 (Conservation of energy.) Assume that each of the forces Fjk
is conservative and depends only on the relative position of the two particles.
That is,
Fjk = −gradj V (xj − xk )
[For simplicity we take V the same for each pair.] Then the total energy of
the system,
N
X
X
E=
(1/2)mj |vj |2 + (1/2)
V (xj − xk )
j=1

k6=j

is conserved under the Newtonian flow.

11

Proof.
dE(t)/dt =

N
X

mj v̇j · vj + (1/2)

j=1

=

N
X
j=1

X
((grad V )(xj − xk )) · (vj − vk )
k6=j

Fj · vj − (1/2)

X

Fjk · (vj − vk )

k6=j

=0
END OF DAY 1. 1/25/2011
SUMMARY. We defined momentum and energy and showed that for certain isolated systems momentum and energy are both invariant (conserved)
under the Newtonian flow.
Exercise 2.16 Suppose that a cubical piece of wood of mass 5 grams is
sitting on a table. From the center of the right side of the cube a strong
but weightless rope is attached, which extends horizontally to a frictionless
pulley at the right side of the table. The rope descends from the pulley down
to a wooden ball of mass 3 grams, to which it is attached at the top. When
the horizontal and vertical portions of the rope are taut and the system is
stationary, the ball and cube are released. Find the acceleration of the ball
as a function of time.
Hint: Although there are no point particles apparent in this problem
you may apply the ideas from the preceding section by using your physical
intuition and good judgement. (You’re welcome.)

2.3

Angular Momentum

We are going to have to review some elementary facts about the rotation
group SO(3) because it plays a central role in understanding angular momentum and spin as well as the classification of elementary particles.
Definition 2.17 The angular momentum about the origin, of a particle at x moving with momentum p is
L=x×p
The torque about the origin of a force F acting on the particle is
N =x×F
12

Lemma 2.18 (Newton’s Equations for angular momentum )
dL/dt = N

[Note the similarity to dp/dt = F.]

Proof.
dL/dt = dx/dt × mv + x × dp/dt
=0+x×F
=N
Theorem 2.19 The total angular momentum of a system of N particles is
conserved under the Newtonian flow if the forces are 2-body forces that obey
“action and reaction” and in addition act along the line joining the pair of
particles.
Proof. Case n =2:
dL/dt = (d/dt)(x1 × p1 + x2 × p2 )
= x1 × dp1 /dt + x2 × dp2 /dt (because vj × pj = 0)
= x1 × F1 + x2 × F2 .
But by assumption F2 = −F1 and also these forces act along the line joining
x1 and x2 . Hence
dL/dt = (x1 − x2 ) × F1 = 0
Case n =n.
dL/dt =

n
X
(d/dt)(xj × pj )
j=1

n
X
=
(vj × pj + xj × dpj /dt)

=
=

j=1
n
X

(xj × Fj )

j=1
n
X

(xj ×

j=1

X
k6=j

X

=

Fjk )

(n=2 case)

unordered pairs

= 0.
13

2.4

Rigid bodies and SO(3)

Definition 2.20 A rigid body is a discrete or continuous system of particles
such that the distance between any two particles can not vary with time.
[This definition is taken from Goldstein first edition, page 10.]
The discrete or continuous distribution of particles can be represented by
a finite measure µ on R3 , which we will take to have compact support, and
which should be interpreted as the mass distribution of the body. The only
motions that a rigid body can make are
a. a translation. This translates the measure µ.
b. a rotation. This rotates the measure µ.
c. a composition of these two (i.e. a proper Euclidean motion.)
d. a continuously changing family of proper Euclidean motions.
Facts about the rotation group SO(3).
1. SO(3) is homeomorphic to Bπ := {v ∈ R3 : |v| ≤ π} with opposite
points on the surface identified. “Proof:” Any rotation is a rotation around
some axis v. Use the right hand rule to determine the direction of the rotation
and choose |v| to be the amount of right-handed rotation. (If right thumb
points along v then the rotation is in the direction of one’s fingers.) Then
make the obvious identifications.
2. The Lie algebra of SO(3) is so(3) :≡ {3 × 3 skew symmetric real
matrices}.
3. so(3) is isomorphic as a Lie algebra to R3 in the cross product.
4. π1 (SO((3)) = Z2 .
5. SU (2) is the covering group of SO(3) by the covering map (spell this
out).
To be precise, let E 3 denote the proper Euclidean group of R3 . Thus a
map A : R3 → R3 is in E 3 if its of the form Ax = Lx + a where L ∈ SO(3)
and a ∈ R3 . (So E 3 = SO(3) semidirect product with R3 .)
Let g(t) be a smooth curve in the group E 3 . Then the one parameter
family of measures g(t)∗ µ is the typical allowed motion of the rigid body.
In the special case that one point in the body is fixed in space, say at the
origin, then translation of this point cannot occur. In this case g(t) lies in
the subgroup SO(3) for all t.
14

What form do Newton’s equations take for this system? For a rigid body
the analog of linear velocity is angular velocity. We need to digress for a
moment to discuss angular velocity.
END OF DAY 2 1/27/2011
2.4.1

Angular velocity

Define Aω x = ω × x for ω and x in R3 .
Recall the famous identities a × (b × c) = b(a · c) − c(a · b) and a · (b × c) =
(a × b) · c.
Theorem 2.21
A∗ω = −Aω .

(2.3)

Au×v = [Au , Av ]

(2.4)

and
Proof. (Aω x, y) = (ω × x) · y = −(x × ω) · y = −x · (ω × y) = −(x, Aw y).
To prove the second equality observe that
u × (v × x) = v(u · x) − x(u · v)
v × (u × x) = u(v · x) − x(u · v)
(u × v) × x = v(x · u) − u(x · v)
= u × (v × x) − v × (u × x)

Now choose coordinate axes such that ω = (0, 0, a) with a > 0. If x =
(x1 , x2 , x3 ) then ω × x = (−ax2 , ax1 , 0). Hence


0 −a 0
Aω = a 0 0
(2.5)
0 0 0
and therefore



cos ta − sin ta 0
exp(tAω ) =  sin ta cos ta 0
0
0
1

15

(2.6)

So exp(tAω ) is a rotation in the x, y plane by an amount θ = θ(t) = ta.
Hence dθ/dt = a. Thus the one parameter group of rotations exp(tAω )
rotates R3 around the axis ω with speed equal to |ω|. The direction of
rotation is determined from ω by the right hand rule. (If right thumb points
along ω then the rotation is in the direction of one’s fingers.) Aω is the
infinitesimal generator of this one parameter group of rotations and ω is
called the ANGULAR VELOCITY of this motion if t is time. The previous
theorem shows that the map ω → Aω is a Lie algebra homomorphism of
R3 (in the cross product) to so(3). It is clearly an isomorphism because
dimension so(3) = 3. The map ω → exp(Aω ) maps Bπ ≡ {ω : |ω| ≤ π} onto
SO(3) because every rotation of R3 is a rotation around some unique axis by
at most π radians. But if |ω| = π then exp(A±ω ) are the same rotation. So
this map is a diffeomorphism from Bπ with antipodal points identified onto
SO(3).
The rotational motion of a point x ∈ R3 under this 1-parameter rotation
group is given by x(t) = exp(tAω )x. The velocity of this motion is then
v(t) = (d/dt) exp(tAω )x = Aω x(t) = ω × x(t).
The expression
v =ω×x
is the usual form of this velocity used in the physics literature. It makes the
angular velocity ω apparent. Otherwise put, the vector field
x→ω×x
is the vector field that generates the one parameter diffeomorphism group
exp(tAω ) of R3 .
2.4.2

Moment of Inertia and Angular Momentum

Definition 2.22 Let µ be the measure representing the mass density of a
rigid body. The moment of inertia about a point, which we take to be the
origin, is the linear transformation M : R3 → R3 defined by
Z
Mω =
x × (ω × x)dµ(x)
R3

16

Exercise 2.23
a. Show that M is a nonnegative symmetric operator.
b. Show that M is invertible if and only if the body does not lie in a
plane through the origin. (I.e. µ is not supported in such a plane.)
Theorem 2.24 The kinetic energy of a body with one point fixed in space
and with angular velocity ω is
T = (1/2)(M ω, ω)R3
Proof. (Take note of the similarity to E = (1/2)m|v|2 .) The velocity of a
point x in the rigid body is v = ω × x The kinetic energy of the body is
therefore
Z
(1/2)|v|2 dµ(x)
(2.7)
T =
3
R
Z
= (1/2) |ω × x|2 dµ(x)
(2.8)
Z
= (1/2) (ω × x, ω × x)dµ(x)
(2.9)
Z
= (1/2) (x × (ω × x), ω)dµ(x)
(2.10)
= (1/2)(M ω, ω)

(2.11)

In the next to the last line I used the fact that the cross product is skewsymmetric in the R3 inner product. This is a special case of the fact that
ad Aω is skew symmetric on any Ad invariant inner product on so(3).
Definition 2.25 The angular momentum of a rigid body rotating with
angular velocity ω about a point in space (which we take to be the origin) is
L = M ω,
where M is the moment of inertia about the same point.
Definition 2.26 The torque on a rigid body about the origin is the vector
sum of the torques acting at each point of the body. (If the body has handles
this can be a complicated force to describe.) Since the body is rigid and may
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even have very light handles or rods attached to the main mass the torque
need not act at the mass points.
Z
N=
x × F (dx)
(2.12)
R3

where F is a vector valued measure on R3 , possibly unrelated to the mass
density measure µ. But if the force is entirely gravitational then they are
clearly related, as in the next Exercise.
Lemma 2.27 Newton’s equations for a rigid body with one point held fixed
at the origin are
dL/dt = N
Proof. You do this one.
Exercise 2.28 Seesaw : A narrow seesaw of length 20 feet is supported at
its center. The seesaw is made out of wood of density 3 lbs. per linear foot.
Person A sits on the far right end of the seesaw (10 feet from the fulcrum.)
Person A weighs 40 lbs. Person B sits 8 feet to the left of the fulcrum. Person
B weighs 60 lbs. The right side of the seesaw tilts upward by an angle θ.
Assume that θ = 0 at t = 0. Find d2 θ/dt2 at t = 0.
Exercise 2.29 Offset wheel on an axle. Compute torque. Write short essay
on static versus dynamical balancing.You may consult with classmates, but
not with local tire shops.
Exercise 2.30 Use the product rule for differentiation of SO(3) valued functions to explain Coriolis force. Ref. Goldstein, Chapter 5.

2.5

Configuration spaces and the Newtonian flow

So far we have discussed the form that Newton’s equations take for some
simple mechanical systems; n particles free to move in R3 under various
kinds of forces, and a rigid body. We saw that there are some “constants
of the motion” , total energy, total momentum, total angular momentum,
whose invariance under the Newtonian flow (under some circumstances on
the forces) seems “reasonable” given our developed sense of intuition - 300
years after Newton.
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We want to consider now the general structure of more complicated systems in order to force a better understanding of the general struture of
Newtonian flows. Our goal is to provide a jumping off point to quantum
mechanics.
Definition 2.31 The configuration space of a mechanical system is a C ∞
manifold whose points are in one-to-one correspondence with the possible
positions (alias configurations) of the system.
This is the kind of definition linking a precise mathematical notion to an
intuitive physical notion that can only be understood by examples. Here are
some examples.
Example 2.32 (Examples of configuration spaces.)
1. Physical system: a particle free to move in R3 under some forces. The
configuration space C is R3 .
2. Physical system: N particles, each free to move in R3 under some
forces. C = R3N . (You could remove the coincident points from this product
to avoid having two or more particles at the same point if you wish.)
3. Physical system: a particle constrained to move on a sphere of radius
five feet (also known as a spherical pendulum). C is a sphere in R3 of radius
five feet.
4. Physical system: a pendulum on an arm of length 5 feet alowed to
move in in a plane. C is a circle of radius five feet.
5. Physical system: a double pendulum (the arm of the second pendulum
is attached to the mass of the first pendulum.) C = S 1 × S 1 . (Each S 1 can
have a different radius.)
6. Physical system: a rigid body. C = E 3 .
7. Physical system: a rigid body with one point fixed in space. C =
SO(3).
END of DAY 3

2/1/2011

A curve t → q(t) in C is the mathematical object representing the trajectory of the system. Denote by T (C) the tangent bundle. Then the curve
t → q̇(t) ∈ Tq(t) (C) is a map from R to T (C). Newton’s equations, being
second order in q(t), are first order in the pair q(t), q̇(t). For example the
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equation of a particle moving in R3 in accordance with mẍ(t) = F (x) can be
equivalently described as a solution to the first order system
(d/dt)(x(t), v(t)) = (v(t), F (x(t))/m)

(2.13)

because the first component of this equation forces the identification v(t) =
ẋ(t). Define a vector field X on T (R3 ) (which can be identified with R6 , at
some small risk) by
X(x,v) = (v, F (x)/m), x ∈ R3 , v ∈ R3 = Tx (R3 ).

(2.14)

Then we may rewrite (2.13) as
(d/dt)(x(t), v(t)) = Xx(t),v(t)

(2.15)

As in this example, in general systems the forces in the system, as well as the
masses (or e.g. moments of inertia, if some rigid bodies are involved) can be
encoded into a vector field X over T (C), after determining what manifold C
represents the configuration space of the physical system. Newton’s equations
then take the form
db(t)/dt = Xb(t) ,
(2.16)
where b(t) = (q(t), q̇(t)) comprises the instantaneous position and velocity
of the system. By the “state of the system” one means the pair q ∈ C and
v ∈ Tq (C). Since the initial position and velocity of the system determines
the solution to (2.16), the initial state of the system determines the state
of the system for all time. Of course we are assuming here that Equation
(2.16) has solutions which exist for all time and are unique. In this case the
solution to (2.16) defines a 1-parameter group of diffeomorphisms φt of T (C)
given by
(d/dt)φt (a) = Xφt (a)
(2.17)
The group φt is the Newtonian flow on T (C) determined by the vector field
X.
Identifying the vector field X on T (C) tends to be a messy business if the
system (i.e. C and forces) is a little bit complicated. Our aim in the next
section is to show that the vector field X can be deduced from a knowledge
of the kinetic and potential energies, even for a quite general system. Both
of these are functions on T (C) and encode the masses and forces.
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Example 2.33 (Sphere in R3 .) Take C to be the centered sphere in R3 of
radius R. Let m > 0. Define the kinetic energy to be Tq (v) = (1/2)m|v|2
for v ∈ Tq (C). The norm on v is the Euclidean norm on R3 restricted
to the tangent space to C at q. Define V (q, v) = mg q3 , where g is the
gravitational constant in your favorite units and q = (q1 , q2 , q3 ). Both T
and V are functions on T (C), although V doesn’t depend on v. The force
specified by the potential V is then F (q) = −∇V = −mg(∂/∂q3 ), which is
the constant, downward pointing, gravitational force.
Exercise 2.34 (Harmonic oscillator) Take C = R, T (v) = (1/2)mv 2 , and
V (x) = 3x2 . Compute the force and find the solution to Newton’s equation,
given that the state of the system at time zero is (x0 , v0 ).

2.6

Lagrangian Mechanics

Our goal here is to see how the kinetic and potential energy of a mechanical
system determine the Newtonian flow. We really need to do this for a general
configuration space so that the transition to Hamiltonian mechanics will be
more understandable. But first we are going to practice with linear systems,
where we can make computations easily, including an actual integration by
parts.
2.6.1

Linear systems

Notation 2.35 Let k be a strictly positive integer, and for each integer
j ∈ {1, . . . , k} let mj be a strictly positive constant. Define a quadratic form
T : Rk → [0, ∞) by
T (v) = (1/2)

k
X

mj vj2 ,

v = (v1 , . . . , vk )

(2.18)

j=1

Let V ∈ C 2 (Rk ). We have met special cases of this two function structure
in Section 2.2. There we were concerned with the case in which k = 3N , N
being the number of particles moving in R3 , the present constants m1 , m2 , m3
being all equal to the mass of the first particle, whose velocity is given by the
first three components of the k vector v above. And so on. We want to free
the computations in this section from the unnecessary notational complexity
of that earlier case. To this end we will also write simply q = (q1 , . . . , qk ) for
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the Cartesian coordinates in Rk . If the coordinates of the system of particles
is given by the point q then V (q) is to be interpreted as the potential of
the system. The jth component of the usual force F = −grad V (for one
particle) may now be written Fj (q) = −∂V (q)/∂qj for the system. To say
that the system point q(t) moves in accordance with Newton’s equations
means
mj q̈j (t) = Fj (q(t)) = −(∂V /∂qj )(q(t))

(Newton’s equations)

(2.19)

The total energy at time t along the orbit is by definition
E(t) = T (q̇(t)) + V (q(t))

(2.20)

Here we have written q̇(t) for the velocity v(t) of the system in the kinetic
energy term.
Conservation of energy in the Newtonian flow holds in this seemingly
more general context than that of Section 2.2, but has an equally easy proof:
Theorem 2.36
dE(t)/dt = 0

(2.21)

if (2.19) holds.
Proof. In view of (2.18) we see that
k

dE(t) X
=
mj q̇j (t)q̈j (t) + (d/dt)V (q(t)
dt
j=1
=

k
X

q̇j {mj q̈j + (∂V /∂qj )(t)}

j=1

=0
Be aware, however, that conservation of momentum does not hold unless the forces have some kind of special structure, such as two body forces
obeying action and reaction, discussed in Section 2.2.
Definition 2.37 The Lagrangian of the system specified in (2.18) is
L(q, v) = T (v) − V (q).
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(2.22)

It would be well to keep in mind that L is a function of two variables, q and v,
each of which varies over Rk . In keeping with the usual conventions (namely
fx (x, y) means the partial derivative of f with respect to x, evaluated at
(x, y)) we will write (Lq )(q, v) and (Lv )(q, v) for the two partial directional
derivatives. If the q and v variable are linked then the usual chain rule
applies. For example if q(t) is a curve in Rk and v(t) = q̇(t) is its velocity
then a variation of the curve q(·) by a small variation, giving the nearby
curve q(t) + sh(t), will also vary the velocity: v(t) 7→ (d/dt)(q(t) + sh(t)) =
v(t) + sḣ(t). Consequently, by the chain rule, at s = 0,
(d/ds)L((q + sh)(t), (d/dt)(q + sh(t)))
= (Lq )(q(t), v(t))hh(t)i + (Lv )(q(t), v(t))hḣ(t)i
=−

k
X

Vj (q(t))hj (t) +

j=1

k
X

mj q̇j (t)ḣj (t)

(2.23)
(2.24)

j=1

for each t, where h(t) = (h1 (t), . . . , hk (t)).
Theorem 2.38 Let t0 < t1 and let a0 and a1 be two points in Rk . Denote
by P the set of C 2 paths in Rk over [t0 , t1 ] joining a0 to a1 . Let Y = {h ∈
C 2 ([t0 , t1 ], Rk ) : h(t0 ) = h(t1 ) = 0}. Then Y is a linear space (in fact
a Banach space in the C 2 norm) and if q(·) ∈ P and h ∈ Y then t 7→
q(t) + sh(t) is in P for all real s. Suppose that q(·) ∈ P. Then the following
are equivalent.
1) Newton’s equations:
mj q̈j (t) = −(∂V /∂qj )(q(t))

(2.25)

2) Lagrange’s equations:


(d/dt) (Lv )(q(t), q̇(t)) − Lq (q(t)) = 0 ∀ t ∈ [t0 , t1 ]

(2.26)

3) Least action principle:
The “action” functional A : P → R given by
Z t1
A(y) =
L(y(t), ẏ(t))dt

(2.27)

t0

has a critical point at y(·) = q(·)
23

(N.B. Both terms in (2.26) are linear functionals on R2k .)
Proof. Inserting y(t) = q(t) + sh(t) into f (y) and using (2.23) we find
(d/ds)|s=0 A(q(t) + sh(t))
Z t1 n
o
(Lq )(q(t), v(t))hh(t)i + (Lv )(q(t), v(t))hḣ(t)i dt
=
t0
Z t1 n

h
i
o
(Lq )(q(t), v(t))hh(t)i − (d/dt) (Lv )(q(t), v(t)) hh(t)i dt
=
t
Z 0t1 n
h
io
(Lq )(q(t), v(t)) − (d/dt) (Lv )(q(t), v(t)) hh(t)idt
(2.28)
=
t0

To derive the third line we used an integration by parts along with h(t0 ) =
h(t1 ) = 0 to get rid of the boundary terms. (If you feel queasy about dealing
with integration by parts for such linear functionals rewrite it in coordinates,
as in (2.24).)
Thus q(·) is a critical point of A(·) if and only if the integral in (2.28) is
zero for all of the allowed functions h(·). Since these constitute quite a hefty
set of functions, the integral is zero for all such h if and only if the factor
in braces in the integrand is zero, that is, if and only if Lagrange’s equation
(2.26) holds. Moreover if we put L = T − V in (2.27) and write this equation
in coordinates we find
n
o


0 = (d/dt) (Lv )(q(t), q̇(t)) + Vq (q(t)) hh(t)i
=

k n
X

o
mj q̈j (t) + Vj (q(t)) hj (t)

j=1

for all allowed functions hj (t). This is equivalent to Newton’s equations
(2.25).
2.6.2

General configuration spaces. (Nonlinear systems.)

Notation 2.39 Let L : T (C) → R be any smooth function. In addition to
the one form dL on T (C) there is another natural one form determined by L.
Let π : T (C) → C be the natural projection. Then π∗ : T (T (C)) → T (C).
For each q ∈ C let Lq : Tq → R be the restriction of L to Tq (C), which is
of course contained in T (C). Since Tq (C) is linear we may regard d(Lq ) as a
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linear functional on Tq (C) for each point v in Tq (C). If w ∈ Tq,v T (C) then
π∗ w ∈ Tq (C) and so
.
θL hwi = d(Lq )hπ∗ wi
is a well defined real number. θL is therefore a well defined one form on T (C).
{ Give its expression in local coordinates.}
Theorem 2.40 Let L : T (C) → R be a smooth function. Let π : T (C) → C
be the natural projection and define the associated 1-form θL as in Notation
2.39. Assume that for each point q ∈ C the function Lq on Tq has no critical
points. (I.e. its second derivative matrix in the linear coordinates is invertible
at each point v ∈ Tq .) (This is in the spirit of saying that all masses are
strictly positive.)
Then there exists a unique vector field X on T (C) such that
π∗ Xq,v = v

(2.29)

LX θL − dL = 0

(2.30)

and
where LX denotes the Lie derivative.
Moreover in any local coordinate system (q1 , . . . , qk ) and induced coordinates (v1 , . . . , vk ) on Tq (C) over the coordinate patch, the flow in T (C)
t 7→ q(t), q̇(t) ∈ Tq(t) , induced by the vector field X, satisfies Lagrange’s
equations


(d/dt) (∂L/∂vi )(q(t), q̇(t)) − (∂L/∂qi )(q(t), q̇(t)) = 0, i = 1, . . . , k (2.31)
Proof. This statement is based on a lecture by Roland Roeder (in Math.
712, (2003)) Very likely there is a proof in either [39] or in [43].
Note: A converse of this theorem also holds in the sense that, in the presence of (2.29), the Lagrange equations, (2.31), imply (2.30), when properly
formulated.
Significance: We saw in Theorem 2.38 that if C = Rk and if L =
T − V on T (C) then Lagrange’s equations, (2.31), are equivalent to Newton’s
equations. Therefore the vector field X in Theorem 2.40 gives the Newtonian
flow on T (C) in this (linear) case.
Example 2.41 (Spherical pendulum again.) We saw in Example 2.33 how
easy it was to write down the Lagrangian for the spherical pendulum:
L(q, v) = (1/2)m|v|2 − mg q3
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(2.32)

But just try writing down Newton’s equations, say in spherical coordinates!
See John Hubbard’s exposition of the spherical pendulum via
both the Lagrangian and Hamiltonian approaches. It is available
on the course website.

2.7

Hamiltonian mechanics

Let π : T ∗ (C) → C be the natural projection. So π∗ : T (T ∗ (C)) → T (C). Let
b be a point of T ∗ (C), We may write b = (q, p) where q ∈ C and p ∈ Tq∗ (C).
Although any point p ∈ T ∗ (C) is a point in Tq∗ (C) for some unique point
q we will nevertheless be redundant and specify q also, as is customary in
the physics literature. For any vector u ∈ Tb (T ∗ (C)) we have π∗ u ∈ Tq (C).
Hence hp, π∗ ui is well defined and is linear in u. Thus the equation
α(u) = hp, π∗ ui

(2.33)

defines a one-form on T ∗ (C). Let
ω = dα.

Lemma 2.42 If dimension C = n then ω n 6= 0.
Proof. Aside from proving the assertion of the lemma this proof is intended to give some insight into the two-form ω for future use. Choose
a local coordinate system q1 , . . . , qn in an open set UPin C. A point p in
Tq∗ (C) may then be written uniquely in the form p = nj=1 pj dqj and consequently q1 , . . . , qn , p1 , . . . , pn form a coordinate system in π −1 (U ). The vectors
∂/∂qj , ∂/∂pj |nj=1 form a basis of Tb (T ∗ (C)). Since π(q1 , . . . , qn , p1 , . . . , pn ) =
q1 , . . . , qn we find
π∗ ∂/∂pj = 0
and
π∗ ∂/∂qj = ∂/∂qj .
Be aware that ∂/∂qj has a different meaning on the two sides of the last
equation. It follows that
n
n
X
 X
αh
aj ∂/∂pj + vj ∂/∂qj =
pj vj .
j=1

j=1
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(2.34)

In other words, in terms of the local coordinates on π −1 U we have
α=

n
X

pj dqj .

(2.35)

dpj ∧ dqj

(2.36)

j=1

Hence
ω=

n
X
j=1

It now follows that
ω n = Πn1 (dpj ∧ dqj )
which is clearly nowhere zero.
The fundamental two-form ω sets up an isomorphism between Tb (T ∗ C)
and Tb∗ by means of the correspondence
Tb∗ 3 β → z ∈ Tb if βhui = ωhu, zi for all u ∈ Tb .

(2.37)

The correspondence is an isomorphism because ω is nondegenerate.
Suppose then that H : T ∗ (C) → R is a smooth function. Then the
correspondence (2.37) determines a vector field Y ≡ YH on T ∗ (C) from the
one-form dH. Thus Y is the unique vector field on T ∗ (C) given by
hdH, ui = ωhu, Y i ∀ u ∈ T (T ∗ (C))

(2.38)

If ω were an inner product then it would be customary to write Y = ∇H.
But in fact ω is a skew symmetric bilinear form. It is customary to write
Y = ∇ω H

(2.39)

The ω gradient of H is therefore defined by the identity
hdH, ui = ωhu, ∇ω Hi ∀ u ∈ T (T ∗ (C)).

(2.40)

We intend to show that if one chooses
H =T +V

(2.41)

then the flow in T ∗ (C) determined by the ω gradient ∇ω H on T ∗ (C) “is”
the Newtonian flow. However, since the kinetic energy T has not yet been
defined on T ∗ (C), and the vector field XL of the previous section, denoted
27

simply X there, is also not defined on T ∗ (C), it behooves us to explain the
meaning of the word “is”. To this end we will show that (under suitable
conditions) the Lagrangian L itself sets up an isomorphism between Tq (C)
and Tq∗ (C), which extends to a diffeomorphism of T (C) with T ∗ (C). This
diffeomorphism, in turn, interchanges XL with ∇ω H. In this sense the flow
of ∇ω H on T ∗ (C) is equivalent to the flow of XL on T (C), which in turn, is
equivalent to the Newtonian flow when this statement makes sense, namely
C = Rk (see Theorem 2.38) or C = configuration space for some constrained
system in Rk see spherical pendulum in Examples 2.33 and 2.41.
It seems well worth pointing out that, quite aside from the connections
with Lagrangian and Newtonian mechanics, the theory of flows over such
a cotangent space T ∗ (C), as well as geometrical questions and applications
to other parts of mathematics is a highly developed subject in itself. In
fact any even dimensional manifold carrying a symplectic form, analogous
to ω, already has a rich structure, that has been explored by some of your
classmates.
2.7.1

The Legendre transform

Let Y be a finite dimensional real vector space. Denote by Y ∗ its dual space.
We want to consider a class of functions on Y which will capture the typical
velocity dependence of a Lagrangian L(q, v) at a fixed point q, in the presence
of velocity dependent forces. Y should be interpreted as the tangent space
to configuration space at the point q.
For a smooth function f : Y → R its derivative f 0 (v) ∈ Y ∗ is defined as
usual, for each v ∈ Y , by the prescription
f 0 (v)hwi =

d
f (v + tw)|t=0 for w ∈ Y.
dt

(2.42)

We will use brackets hwi to emphasize that the argument is linear in w.
Definition 2.43 (Legendre transform) Suppose that f : Y → R is a smooth
function and that the map
Y 3 v 7→ f 0 (v) ∈ Y ∗

(2.43)

is one-to-one and onto. Define a function
f∗ : Y ∗ → R
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(2.44)

by the prescription
f ∗ (p) = hp, vi − f (v) p ∈ Y ∗ ,

(2.45)

where v is the unique solution to the equation
p = f 0 (v).

(2.46)

f ∗ is called the Legendre transform of f .
Example 2.44 Take Y = Rn with its standard inner product. Let
1
(2.47)
f (v) = m|v|2 .
2
Then f 0 (v)hwi = (mv, w). Upon identifying Y with Y ∗ via the inner product
we may therefore write f 0 (v) = mv. Hence the map v 7→ f 0 (v) is one-to-one
and onto. Solving the equation p = f 0 (v) for v in terms of p gives v = p/m.
Therefore
m p
1
p
|p|2
(2.48)
f ∗ (p) = (p, ) − | |2 =
m
2 m
2m
Example 2.45 Take Y = Rn with its standard inner product again. Let A
be a vector in Y ∗ . Define
1
f (v) = m|v|2 + hA, vi
(2.49)
2
Then
1
f ∗ (p) =
|p − A|2
(2.50)
2m
Proof. f 0 (v)hwi = (mv, w) + hA, wi. Hence
f 0 (v) = mv + A

(2.51)

where mv again denotes the element of Y ∗ gotten by identifying Y with Y ∗
as in the preceding example. Thus, solving the equation p = f 0 (v) = mv + A
we find v = (p − A)/m. Therefore
f ∗ (p) = hp, vi − f (v)
1
p−A
p−A 2
p−A 
i−
m|
| + hA,
i
= hp,
m
2
m
m
1
=
|p − A|2
2m
It is this example that is responsible for forcing connections on vector
bundles into quantum mechanics in the presence of velocity dependent forces.
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Example 2.46 Take Y = R and define f (v) = v 2 + v 4 . Then f 0 (v)hwi =
(2v + 4v 3 )w. That is, f 0 (v) = 2v + 4v 3 . The range of this function is clearly
all of R. Moreover f 00 (v) = 2 + 12v 2 ≥ 2. Hence f 0 is one-to one and onto.
Its Legendre transformation is therefore well defined.
Remark 2.47 As a cultural matter you should be aware that the definition
2.43, which assumes that the map Y 3 v 7→ f 0 (v) ∈ Y ∗ is one-to-one and
onto, can be replaced by a very clean and general definition of the Legendre
transform, for convex functions f which need not be differentiable, nor even
defined on all of Y , but only on some convex subset of Y . The Legendre
transform is then another such function and one has the nice theorem that
f ∗∗ = f . Such an extension of our present discussion is very useful in thermodynamics and other parts of mathematics, but is not needed by us for
mechanics. A more careful survey of this extension is outlined in Appendix
9.1. Notice by the way that the previous three examples are all convex.
2.7.2

From Lagrange to Hamilton via the Legendre transform

Suppose that L : T (C) → R is a smooth function satisfying the nondegeneracy condition of Theorem 2.40; v 7→ L(q, v) has no critical points
on Tq (C). Although this is all that’s needed for the basic theory we will assume more. Namely we assume that for each q ∈ C the function v 7→ L(q, v)
is quadratic plus linear and furthermore, for each element q ∈ C the function
Tq 3 v → L(q, v) has a nonsingular quadratic part, as in Section 9.1.1. In
all of the examples that we’ve looked at so far the operator M that appears
in Section 9.1.1 is positive definite, since it just comes from a kinetic energy.
When we introduce electromagnetic forces later we will have to add on a
linear term in v also. We are now ready to define the Hamiltonian function
on T ∗ (C). It is, for each q ∈ C, the Legendre transform of the Lagrangian
In the velocity variable. That is, if Lq = L|Tq (C) then
H(q, p) = (Lq )∗ (p).

(2.52)

H is a function on T ∗ (C). This is the function to which we want to apply
the theory of Section 2.7.
The relation between the Newtonian, Lagrangian and Hamiltonian approaches to classical mechanics is developped further in
John Hubbard’s notes. These are now available on the course website. See also Goldstein, “Classical Mechanics” [23] for the standard approach used by physicists
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2.8

SUMMARY

Newton
Forces and masses
Second order equ.
F = ma
Local versions:
Newton’s equations

Lagrange
Hamilton
L : T (C) → R
H : T ∗ (C) → R
First order system
First order system
q
LX d(L
= 0 ω(Y, ∇ω H) = (dH)(Y)
 )− dL
∂L
d ∂L
− ∂q = 0
q̇i = ∂H
, ṗi = − ∂H
dt ∂ q̇
∂qi
∂qi
Lagrange’s equations
Hamilton’s equations

Table 1: Newton to Lagrange to Hamilton.

We saw that all the Lagrangians L = T − V on T (C) in our examples
have the property that the restriction, Lq , of L to Tq is a positive quadratic
function (the kinetic energy) plus a constant (−V (q)) and is therefore smooth
and strictly convex on the finite dimensional linear space Tq (C). Later we will
add on a linear term to incorporate electromagnetic forces. The Lagrangian
therefore sets up a diffeomorphism (actually an affine map) φq between Tq
and Tq∗ for each q ∈ C, in accordance with Section 9.1.1. Putting all these
fiber maps together yields a diffeomorphism between T (C) and T ∗ (C). For
each point q ∈ C the Hamiltonian function H(q, ·) is the conjugate function
to Lq , as defined in (2.52).
See also John Hubbard’s notes on these topics. These are now
available on the course website.
We owe a debt of gratitude to Roland Roeder, who gave the initial lectures
on the Lagrangian and Hamiltonian approaches in the 2003 manifestation of
this seminar.
END of DAY 6, 2/10/2011
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2.10

Solutions to problems

Exercise 2.16 . Solution was presented by Peter Luthy.
Exercise 2.23 Solution presented by Alex Fok
1. Show that M is a nonnegative symmetric operator.
2. Show that M is invertible iff the body does not lie in a line through
the origin. (i.e. µ is not supported in such a line.)
Solution:
(a) It suffices to show that (M ω, ν) = (M ν, ω) and (M ω, ω) ≥ 0 for
any ω ∈ R3 . Note that
Z
(M ω, ν) =
(x × (ω × x), ν)dµ(x)
3
ZR
(ν × x, ω × x)dµ(x)
=
3
R
Z
=
(x × (ν × x), ω)dµ(x)
R3

= (M ν, ω)
Z
(M ω, ω) =
kω × xk2 dµ(x)
R3

≥0
Thus M is a nonnegative symmetric operator.
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(b) Since M is a symmetric operator, M is not invertible iff there
exists ω0 6= 0 such that (M ω0 , ω0 ) = 0. This is equivalent to
saying that
Z
kω0 × xk2 dµ(x) = 0,
R3

which is equivalent to saying that ω0 × x = 0 for all x ∈ supp(µ)
because of continuity in x of the integrand. But
ω0 × x = 0 for all x ∈ supp(µ)
⇐⇒x ∈ Rω0 for all x ∈ supp(µ)
⇐⇒supp(µ) ⊂ Rω0
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3

Electricity and Magnetism

3.1

Lodestones and amber from antiquity till 1600

History: Ref. Duane Roller “The de Magnete of William Gilbert” (1959)
Lodestones were known at least as far back as 900 BC (Homer mentioned
them) Aristotle, Plato, Pliny and the usual gang made reference to them
in passing, in a way that made it clear that the reader was expected to be
familiar with them. There were various theories about how they worked.
One of the early theories regarded the material attracted by the amber
as “food for amber”.
But the two most long lasting theories were the following.
Theory Number 1. A “sympathy” exists between the lodestone and
the iron that it attracts.
Theory Number 2. The lodestone emits some stuff that removes air
from around it. A piece of iron nearby will then fall into the empty space.
The first theory is anthropomorphic while the second theory in effect
rejects action at a distance.
Some highlights:
1. Lucretius [c. 60 BC] describes Theory Number 2 for lodestones thus.
It is from his poem “On the nature of things”. [35, p464]
First, from this stone there must stream a shoal of seeds in a current
Driving away with its blows all the air ’twixt itself and the iron.
Soon as this space is made void and a vacuum fashioned between them,
Instantly into that void the atoms of iron tumble headlong
All in a lump; thus the ring itself moves bodily forward.
2. Plutarch [c. 50 AD] Here is Plutarch’s version of Theory Number 2
for amber. [35, p465]
In amber there is a flammeous and spirituous nature,
and this by rubbing on the surface is emitted by hidden passages,
and does the same that lodestone does.
3. Not much progress in understanding or using lodestones till c. 1200
when compasses were invented in China and the technology gradually spread
to Europe. However there have been many medical and social applications
34

found for lodestone. One needed only to tie a piece of lodestone onto a
diseased part of the body. This was particularly advised for curing gout and
epilepsy. Here are some other known recommendations.
4. Marbode, (11th century). To determine whether a wife is chaste or
unchaste apply a lodestone to her head. If she is unchaste she will fall out of
bed. [50, p27]
5. St. Hildegard of Bingen, (12th century). To cure insanity just tie
on a lodestone and sing a suitable incantation. [50, p28]
6. Unidentified source, Ithaca, NY, (21st century).
a. To cure carpal tunnel syndrome sleep with a magnet bound to your
wrist.
b. To cure back pains sleep on a pad filled with magnets.
1600 AD. George Gilbert published the first organized hard data about
lodestone-like and amber-like objects in 1600. He emphasized that magnetic
phenomena and electric phenomena were different. He presented hard experimental data for both effects. The data was not quantitative. But he
listed many more amber-like materials than were previously known (which
he named “electrics”). He had invented a very sensitive detection device a versorium (a needle carefully balanced at its center and allowed to rotate
under the influence of weak forces) He had his own theory to explain these
phenomena the “effluvia theory”. (Effluvia means emmanations.) This was
a modification of Theory Number 2 above. Here is Gilbert’s own theory
presented in his own words.[35, p468]
The effluvia spread in all directions: they are specific
and peculiar, and, sui generis, different from the common air;
generated from humor; called forth by calorific motion and rubbing,
and attenuation; they are as it were material rods - hold and take
up straws, chaff, twiggs, till their force is spent or vanishes;
and then these small bodies, being set free again, are attracted
by the earth itself and fall to the ground.
Some other events before electricity and magnetism really got off the ground:
1632-1642: Galileo is kept under house arrest.
1687: Newton publishes “Principia”
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END of DAY 7 = 2/15/2011

3.2

Production, transfer and storage of electrostatic
charge.

In order to do experiments with electricity, whatever that is, its real handy
to have a goodly supply of the stuff under your control. That means that you
have to be able to produce it, store it, and transfer it to a useful place. You
know what transfer means - conduction of electricity. The devices invented
between 1700 and 1750 for these purposes were not suitable for quantitative
measurements. But they paved the way. The inventors of these devices were
concerned with the stuff (electrostatic charge) that pulls or pushes little
pieces of this or that.
3.2.1

Production of electrostatic charge, 1704-1713. Hauksbee

I’m afraid that the hair combing method that we used in class to produce
electrostatic charge, and which we successfully detected with our own electroscope, is not as useful for further experiments as one might hope. Francis
Haucksbee (1666-1713) constructed a very efficient rubbing device for making charge. It was a glass globe on a horizontal axis with a crank at one end
that you could turn, while holding something in contact with the glass globe,
such as some silk, or leather, or your own hand. His most advanced model
(version 1710.3) was constructed around 1710. (When you have free time you
might try to identify all the objects in Figure 1. He used this to make many
observations of how charged, and sometimes uncharged,materials attract or
repel. For example uncharged strings, held at one end, would all align themselves radially so as to point toward a charged sphere at the center. He also
showed how two such spheres, one charged, produce a mysterious green light,
first observed in mercury barometers. It was actually this mysterious light
that first turned him on to these investigations. This “electric machine”, as
he called it, was used by generations of experimenters. See [49] Chapter 3 if
you would like to know more about what he said he did and why he did it.
He himself attempted to explain his observations in his 45 published papers.
But, sadly, his extension of Gilbert’s “effluvia” theory did not stand the test
of time.
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Figure 1: Hauksbee’s electrostatic generator
3.2.2

Transfer of electrostatic charge, 1731. Grey and Dufay

Some materials conduct the “electrical fire” quite readily and some don’t,
conductors and nonconductors, as we call them nowadays. It was Grey and
Dufay who discovered this in 1731. Moreover they accumulated enough real
data to enable Dufay to propose a reasonable theory of what charge is. It
was called the two fluid theory, which captures some of our present theory
of positive and negative charge. Of course no such proposal about things
you can’t see is likely to be accepted right away by any scientific community.
Our own Ben Franklin later proposed a “one fluid” theory. This was before
he got involved with politics and revolution. Physicists took sides on the
“n-fluid” issue, of course. Coulomb, for example, after surviving the French
revolution, argued for the two fluid theory.
3.2.3

Storage of electrostatic charge, 1746.
Leyden.

Musschenbroek of

The accidental discovery by Musschenbroek of Leyden, in 1746, of a method
of storing large quantities of the “electrical fire” changed the landscape in
electrical science.
We tend to think of the development of science in the seventeenth and
eighteenth centuries as proceeding at a slow “gentlemanly” pace. The reason for this view, is that the really significant developments, the ones that
survived the test of time, were few and far between, with the lesser supporting discoveries not even brought to our attention, in spite of the fact that
their discoverers were scrambling to discover and their lesser discoveries were
influential on those who finally put the pieces together.
The events leading up to and immediately following the accidental discovery of the Leyden jar are particularly fun to read about because the
general public was getting into the swing of frontline research on electric37

ity. University lectures on electricity were attended by the general public,
even to the extent that the registered students couldn’t find seats. (Paris, I
suppose.) Theaters offered kisses from pretty (electrically charged) women
swinging from wires on stage, a shocking experience for willing members of
the audience.
In the 1750s a home without a charge generator prominently displayed
on a coffee table could not claim to be cultured. More on this may be found
in Chapter 6 of Roller’s book [49] and in [35, Section 26.7].
Within months of Musschenbroek’s discovery the news traveled across the
Atlantic Ocean to Ben Franklin. He immediately began his own experiments
with stored charge. He constructed a version of the Leyden jar which produced very big sparks. By November, 1747, just in time for a feast, he was
able to kill a turkey.
Before you read what Musschenbroek actually did you might like to read
the following extract from the popular writings of Henry Smith Williams
(1863-1943), describing other effects of the discovery of the Leiden jar on
public entertainment. This was written about 1904 in Harper’s Magazine.
For more by this author see
http://www.worldwideschool.org/library/books/sci/history/AHistoryofScienceVolumeII/chap49.html

“The advent of the Leyden jar, which made it possible to produce
strong electrical discharges from a small and comparatively simple device,
was followed by more spectacular demonstrations of various kinds all
over Europe. These exhibitions aroused the interest of the kings and noblemen,
so that electricity no longer remained a ”plaything of the philosophers” alone,
but of kings as well. A favorite demonstration was that of sending
the electrical discharge through long lines of soldiers linked together by pieces
of wire, the discharge causing them to ”spring into the air simultaneously” in
a most astonishing manner. A certain monk in Paris prepared a most
elaborate series of demonstrations for the amusement of the king, among
other things linking together an entire regiment of nine hundred men,
causing them to perform simultaneous springs and contortions in a
manner most amusing to the royal guests1 . But not all the experiments
being made were of a purely spectacular character, although most of
them accomplished little except in a negative way. The famous Abbe Nollet,
for example, combined useful experiments with spectacular demonstrations,
thus keeping up popular interest while aiding the cause of scientific electricity.”
1

Perhaps this gives the reader some insight into the origin of the French Revolution.
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1746: Musschenbroek of Leyden discovers the Leyden jar.
The accidental discovery of a method for storing (what we now call)
charge was a shocking experience for its discoverer, Peter van Musschenbroek
of Leyden. For the benefit of readers with a slightly sadistic streak I’m going
to excerpt below the relevant portion of Roller’s book on the development of
the concept of electric charge. [49][p52].
In order to understand what Musschenbroek did it would be good to
understand, at an intuitive level, how a condenser ( ≡ capacitor) works.
HOW A CAPACITOR WORKS: Envision a 3 volt battery with a wire
sticking out of the negative side. (Thats the casing.) The battery tries to
push electrons out along this wire. But they have no place to go. A little
more precisely, a few electrons do get pushed out along the wire, but since
the electrons repel each other they will push back until no more electrons can
get pushed onto the wire by the battery. (If it were a nine volt battery a few
more electrons would be pushed onto the wire.) Similarly a wire attached
to the positive end of the battery (thats the little dimple at the other end
of the battery) will try to pull electrons into the battery. But once a few
electrons are pulled out of the wire the remaining positive ions in the wire
pull back on the electrons, stopping the very little current flow. Suppose
now that one attaches these two wires to two big identical flat metal plates
(say 5 inch by 5 inch squares) and puts the two plates parallel to each other
with a thin piece of glass in between. If the glass were not there the two
plates would be in contact all along their 25 square inch surface and current
would flow. I.e. electrons would move from the negative side of the battery,
through the plates, and into the positive side of the battery. But with the
glass separating the two plates what actually happens is this: a few electrons
get pushed onto plate A from the negative side of the battery and a few
electrons get pulled off plate B into the positive end of the battery. But the
extra electrons on plate A are very close to the positive ions on plate B and
consequently each (partly) neutralizes the push or pull of the other thereby
allowing more electrons to get pushed onto plate A and more electrons to
be pulled off plate B. The result is that some significant current flows out
of the battery, but only for a very short time, until the charge built up on
plate A, even after being partly neutralized by the positive ions on plate B,
push back on new incoming electrons with a “force” of 3 volts. If you now
cut the two wires the negative charges (the elctrons) are trapped on plate A
while the positive charges (the ions) are trapped on plate B. You have now
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STORED CHARGE. Such an arrangement of plates is called a condenser, or
equivalently, a capacitor. This is what Musschenbroek discovered. If now you
separate the two plates the positive and negative charges no longer neutralize
each other. The electrons on plate A now want to get off plate A very badly
(yes this is anthropomorphism). A voltmeter attached between plate A and
plate B would have shown a push of 3 volts when the plates were near. But
after being separated there is a much higher push. The voltmeter will show
a much higher voltage between plate A and plate B than 3 volts. (Keep this
mind.) The arrangement of plates can be varied. For example if the piece of
glass is actually a jar one could replace one of the plates by water in the jar
(best to add a little salt to make it a good conductor) and one could replace
the other plate by ones own hand (which is indeed a good conductor), in
which one is holding the jar.
Here is Pieter van Musschenbroek’s letter (of January 1746) to his friend
J.A. Nollet, who included part of it in a paper of his own, published in the
Memoires of the French Academy early in 1746. (Pretty short publication
time, isn’t it?) The following is from [49], page 52.
“I am going to tell you about a new but terrible experiment which
I advise you not to try for yourself... I was making some investigations on
the force of electricity. For this purpose I had suspended by two threads of
blue silk, a gun barrel, which received by communication the electricity of a
glass globe that was turned rapidly on its axis while it was rubbed by the
hands placed against it. From the other end of the gun barrel there hung
freely a brass wire, the end of which passed into a glass flask, partly filled
with water. This flask I held in my right hand, while with my left hand I
attempted to draw sparks from the gun barrel. Suddenly my right hand was
struck so violently that all my body was affected as if it had been struck by
lightning ... The arm and all the body are affected in a terrible way that I
cannot describe; in a word, I thought that it was all up with me ... ”
Peter van Musschenbroek nevertheless didn’t give up these experiments.
He went on to describe to Nollet variations of this experiment, in which, for
example he placed the jar on a metal plate sitting on a wooden table, while
the experimenter stood on the wooden floor when drawing the spark. There
was very little effect in this case unless the experimenter touches the metal
plate at the same time. Further, if one person holds the jar while another
draws the spark (by touching the gun barrel with hand or metal rod) then
the shock is very small. Thus he writes
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“The person who tries the experiment may simply stand on the floor,
but it is important that the same man hold the flask in one hand and try to
draw the spark with the other: the effect is very slight if these actions were
performed by two different persons. If the flask is placed on a metal support
on a wooden table, then the one who touches this metal even with the end of
his finger and draws the spark with his other hand receives a great shock.”

For videos of a Leyden jar in action go to
http://www.magnet.fsu.edu/education/tutorials/java/electrostaticgenerator/index.html
http://www.magnet.fsu.edu/education/tutorials/java/leydenjar/index.html

The first shows how to charge up a Leyden jar. The second shows how
to discharge it. Both are interactive. Be careful.
SUMMARY

Figure 2: Production - Transfer - Storage of charge

These discoveries of the first half of the 18th century were qualitative: if
you do this you will get more of that. (E.g. if you rotate this faster you will
get more attraction or repulsion and bigger sparks. If you connect a wire the
attraction or repulsion will show up at the other end. If you make a capacitor
(Leyden jar) you can store lots and lots of the electrical fire (charge).
But none of this is quantitative. What can one measure anyway? What
about spark length? Daniel Gralath made many such measurements of spark
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length (about 1770) but was unable to embed his measurements into any consistent theory. Ideas on what one might usefully measure evolved. See [35,
Chapter 26] on the evolution of ideas from 1760 onward that finally culminated in the measurement of FORCE between charged particles, by Coulomb,
which, for the first time, put electrical science on a firm quantitative footing.
A small timeline of this period.
1776: The Colonies revolt against King George.
1785: Coulomb measures the force between charges.
1789: The French revolution. [Coulomb survived the French Revolution.]

3.3

Quantitative measurement begins: COULOMB

CHARLES AUGUSTIN COULOMB (1736-1806) invented the torsion balance, a very sensitive instrument for measuring small forces. He had already
used it for measuring frictional forces, when, in 1785, he adapted it to the
measurement of forces between charged particles.
3.3.1

How Coulomb did it.

There is available now on the web pictures of his instruments and explanations of how they worked. The Univrsity of Pavia website
http://ppp.unipv.it/Coulomb/
contains pictures of his actual instruments, modern versions, a biography of
Coulomb, copies of his original articles (in French), translations into English,
and finally an interactive version in which you can start his measurement
yourself in dry air, normal air or wet air and see what happens. The URL
for the latter is
http://ppp.unipv.it/Coulomb/Pages/e5StrFrm.htm
Upon arriving at this website click on the image of Coulomb’s torsion balance
on the left side of the page.
Here is the first quantitative result in the theory of electricity and magnetism, Coulomb’s discovery. The following force between two charges at
distance r was actually measured by Coulomb in case q1 = q2 . The formula
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itself can then be used to define units of charge in terms of already established
units of force.
|F | =

q 1 q2
r2

Coulomb’s law.

(3.1)

Coulomb also verified accurately that an earlier measurement by Michell was
correct: magnetic poles also attract or repel by an inverse square law.
3.3.2

Mathematical consequences

In the context of Newtonian mechanics Lagrange had shown (1777) that the
force exerted on a massive body by several other massive bodies could be
expressed in the form F = −grad V for some function V . [We called V the
potential of this force field in the earlier chapter. The name “potential” was
given to it by George Green in 1828.] Laplace then showed (1782) that the
function V satisfies the equation
∆V = 0 Laplace’s equation in empty space, [1782].

(3.2)

But after the discovery by Coulomb that the force on charges has a similar
form to the force on masses [1/r2 law ] Simeon Denis Poisson (1781-1840)
showed that the corresponding potential V satisfies, even in a charged region,
∆V = −4πρ Poisson’s Equation, [1812]
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(3.3)

To be precise:
Theorem 3.1 Let ρ be a distribution on R3 with compact support. Define
Z
ρ(y)
V (x) =
dy
(3.4)
R3 |x − y|
Then (3.3) holds in the sense of distributions.
Proof. See Appendix 9.2 for a complete proof.
Let us jump ahead in time and interpret Coulomb’s law from the point
of view that was later pushed by Faraday and Maxwell and is now generally
accepted. It is field theory. One thinks of the charge q2 at the point y as
generating an electric field E : R3 → R3 given by
E(x) = q2

x−y
|x − y|3

(3.5)

Then (3.1) says that a charged particle at x of size q1 experiences a force
F = q1 E(x). This equation clearly gives the direction of the force correctly
as well as its magnitude. If you wish to give the vector field E some further
physical meaning by thinking of it as measuring a stressed state of some
kind of “aether” you will be in the company of many great physicists of the
nineteenth century. But the implications of such a viewpoint disagree with
later experiments (e.g the Michelson -Morley experiment.)
Now it is an assumption of linearity (to be checked by experiment) that
the force on a charged particle at x produced by a number of charges is the
sum of their separate forces. That is,
E(x) =

N
X

qj

j=1

(x − yj )
.
|x − yj |3

(3.6)

For a continuously distributed charge of density ρ the analog (and indeed
Riemann limit) is
Z
(x − y)
E(x) =
ρ(y)dy
(3.7)
3
R3 |x − y|
The force exerted by this distribution of charge on a small “test” charge at
x and of charge q is then
F = qE(x)
(3.8)
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Interchanging the gradient operator with the integral in (3.4) we see that
E(x) = −grad V (x). Since ∆ = div grad, Poisson’s equation, (3.3) immediately gives the following formula.
Theorem 3.2 (Gauss, 1777-1855)
div E = 4πρ

Gauss’ law

(1837)

(3.9)

Equations (3.9) and (3.7) are equivalent in the sense that the only solution of
(3.9) (that vanishes at infinity) is given by (3.7). Thus Gauss’ law is exactly
the differential version of Coulomb’s law (3.1).
We are going to formulate all of the measured force laws as differential
equations in this way in order to reach Maxwell’s theory.
END of DAY 8 = 2/17/2011

3.4

The production of steady currents, 1780-1800

So far, all the experimental results and theories that we have discussed deal
with charges sitting still - so called electrostatics. Never mind that there
was movement of charge in sparks. These discharges couldn’t be controlled
anyway. The next stage in understanding of electrical phenomena began
by yet another accident, culminating in the discovery by Volta of a battery,
which could be used to produce a steady movement of charge - a current. As
you may have heard somewhere, the ability to produce controlled currents
was the vital ingredient in making the connection between electricity and
magnetism and between electricity and chemistry.
1780: Luigi Galvani was an anatomist with an interest in electrical phenomena. For many years before the event that made him famous he had
been studying the suseptibility of the nerves to irritation; and having been
formerly a student of Beccaria, he was also interested in electrical experiments. In the latter part of the year 1780 he had, as he tells us, ‘dissected
and prepared a frog, and laid it on a table, on which, at some distance from
the frog, was an electric machine. It happened by chance that one of my assistants touched the inner crural nerve of the frog, with the point of a scalpel;
whereupon at once the muscles of the limbs were violently convulsed.
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‘Another of those who used to help me in electrical experiments thought
he had noticed that at this instant a spark was drawn from the conductor
of the machine. I myself was at the time occupied with a totally different
matter; but when he drew my attention to this, I greatly desired to try it for
myself, and discover its hidden principle. So I, too, touched one or other of
the crural nerves with the point of the scalpel, at the same time that one of
those present drew a spark; and the same phenomenon was repeated exactly
as before.’
The preceding is taken from Whittaker [67, pp 67-68], which contains the
following footnote. { 1 According to a story which has often been repeated,
but which rests on no sufficient evidence, the frog was one of a number which
had been procured for the Signora Galvani who, being in poor health, had
been recommended to take a soup made of these animals as a restorative.}
As to whether the electrical effects discovered by Galvani were of animal
origin or not sharply divided physicists. Alexander von Humboldt supported
the animal origin viewpoint and did experiments on himself to prove it. Unfortunately they didn’t work. Here is an excerpt from Humboldt’s description
of his experiment on himself:
“ I raised two blisters on my back, each the size of a crown
piece and covering the trapezius and deltoid muscles respectively.
Meanwhile I lay flat on my stomach. When the blisters were
cut and contact was made with the zinc and silver electrodes, I
experienced a sharp pain, which was so severe that the trapezius
muscle swelled considerably, and the quivering was communicated
upwards to the base of the skull and the spinous processes of
the vertebra. Contact with silver produced thee or four single
throbbings which I could clearly separate. Frogs place upon my
back were observed to hop.”
A reader interested in gore can read the rest of his description in [8,
pages 32-33]. The next few pages in this book contain interesting gossip
about Goethe and Schiller.
1793-1800: Volta was one of the physicists who believed that the effect
discovered by Galvani had nothing to do with living matter, but depended
somehow only on the contact of two different metals. By 1800 he discovered
how to increase this effect. Whereas two discs, one copper and one zinc,
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placed in contact, was known to produce a small but detectable effect on an
electroscope, a “pile” of these could produce a shock. (Pile: a repeating sequence of discs: copper, zinc, moistened pasteboard, copper, zinc, moistened
pasteboard, etc.)
As to whether the shocks from Volta’s battery were of the same electrical
origin as had been explored so intensely in the preceding 100 years was settled
by Volta thus:
1) Water could be decomposed by currents produced the old way (rubbing
amber, store it in a Leyden jar etc.) or by Volta’s battery.
2) A Leyden jar could be charged up by Volta’s battery with similar
shocking effect.
3) Electricities produced by opposite ends of a pile attract while electricities produced by corresponding ends of different piles repel.
Conclusion (1801): The electricity produced by Volta’s piles is the
same stuff that’s produced by rubbing two materials together.

3.5

The connection between electricity and magnetism

What happened next really illustrates well how discoveries are dependent on
previous discoveries. In the years after Volta invented the pile, the availability
of a steady source of current made possible many discoveries concerning the
relation between electrical charge and chemical reactions. But of interest for
us was the accidental discovery in 1820 by Oersted that a current produces
a magnetic field. As the story goes, he was showing his class that a current
does not affect a compass. He had aligned the wire carrying the current
perpendicular to the compass. No effect. A student suggested aligning the
wire parallel to the compass. Big effect! The compass needle moved quickly
to a perpendicular position. (Interesting story if true.) Here is a timeline of
the following cross-channel communications.
3.5.1

Oersted, Ampère, Biot and Savart

1820: Oersted, Biot, Savart, Ampère. Immediately after the discovery by Oersted (July 1820), that a wire carrying current can influence
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a compass, Biot and Savart and independently Ampère made careful measurements to determine the law of force of a current on a magnetic pole and
(Ampère) on another current carrying loop. The dates and fast reaction of
Biot and Savart and Ampère to Oersted’s discovery are interesting because
they show how intense the competition was. A physicist by the name of
Arago came back from a meeting in London and described at a meeting in
Paris, on September 11, 1820, the results that Oersted had discovered. A
week later, on September 18, Ampère presented his ideas on how to quantify
Oersted’s discovery. On October 30 Biot and Savart gave their formula for
the magnetic field produced by a wire carrying current. By October 30, 1820
all the main ideas were out on the table.
Biot and Savart gave a formula for the force that an infinitely long straight
wire carrying a current would exert on one pole of a long bar magnet and
therefore also on a compass needle. Ampère gave what could be regarded as
a generalization of this. He gave the law of force by which one closed loop
of current acts on another closed loop of current. For our purposes its best
to break up their “action at a distance ” laws of force into two parts, which
reflects the later thinking of Faraday, Maxwell, and us. In the latter point
of view the first loop generates a “magnetic field”. The magnetic field then
acts on the second loop. Here is a precise definition.
Definition 3.3 The magnetic field B at a point x ∈ R3 is the force exerted
on a unit magnetic pole at x. Equivalently, it is the torque exerted on a small
magnet at x of unit magnetic moment.
Its time for a little more precision. In measuring the strength of an
electric field at a point x in space its important to place a very small test
charge at the point x because a large test charge could affect the distribution
of charges whose field we want to measure. Moreover the test charge should
be located “at x”, not just distributed in some small neighborhood of x.
Otherwise one will be measuring an average force over the neighborhood.
In other words one should use a test particle of “vanishingly small” charge
and spatial extent. Now in reality neither of these requirements can be met.
We know now that the smallest magnitude of a charge is the charge on an
electron. Moreover even a single atom has nonzero spatial extent. Thus
the concept of a “vanishingly small” point charge is an idealization. Its a
useful idealization when studying the classical theory of fields, as we are
doing. Later, when we study the quantized theory of fields it will be both
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conceptually and technically necessary to talk only about the “average” force
of the field on a smoothly distributed test charge around x.
For the present therefore we should think of a measurement of the electric
field at x as being carried out by a sequence of increasingly precise average
measurements using smaller and smaller pith balls around x of smaller and
smaller total charge. In practice this is just what one does. Measurements
are never 100% accurate anyway. Its convenient to separate the two limiting
operations conceptually: first let the pith ball shrink to a point, thereby
obtaining what is usually called a POINT CHARGE. Then imagine repeating
measurements with point charges of smaller and smaller charge.
The in-principle method of measuring a magnetic field is similar but with
an extra complication. Take a very small compass needle and suspend it
from its center by a thread so that it can rotate in any direction. Since the
magnetic field pushes one end of the needle one way and the other end the
other way the magnetic field will exert a torque on the compass needle so
as to align the needle with the direction of the field. This determines the
direction of B at the point x, where the center of the needle is located. The
needle should be very short so that the field at one pole is “substantially” the
same as at the other pole. Otherwise there will be a net force on the needle
in addition to the torque and the needle will translate as well as rotate. The
idealization of such a small compass needle (the analog of point charge) is
called a MAGNETIC DIPOLE. A magnetic dipole is prescribed by a vector
µ in R3 and should be conceptuallized as a limit of small compass needles of
length  pointing in the direction µ and of pole strength p > 0 (north pole at
the tip of µ) and pole strength −p at the other end chosen so that p = |µ|.
Thus p → ∞ as  → 0. This relation between  and p is necesary in order
for the limiting torque of the magnetic field on the tiny compass needle to
exist and not vanish identically. The vector µ is called the magnetic moment
of the magnetic dipole.
Exercise 3.4 Show that in a constant magnetic field B the torque on the
small compass needles µ about any point is independent of  and of the point
and is given by
N =µ×B
Exercise 3.5 Suppose that B(x) is a continuously differentiable vector field
on R3 . Show that the torque N on the compass needle µ described above
satisfies
lim N = N
→0
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But there is also a translational force. This underlies the Stern-Gerlach experiment. Find a formula showing that the translational force on a magnetic
dipole located (exactly) at x in the presence of a non constant magnetic field
is proportional to the magnetic moment and to the first derivative of the
magnetic field at x.
Exercise 3.6 The mathematical meaning of these limiting configurations is
most easily defined in terms of generalized functions. Let φ ∈ Cc∞ (R3 ). A
magnetic dipole µ at the origin is the linear functional
φ → µφ ≡ −µ · grad φ(0).
Prove that
µφ = lim p[φ(u/2) − φ(−u/2)]
→0

where u is a unit vector in the direction of µ.
The formulas of Biot and Savart and Ampère
Let C and C 0 be two oriented curves carrying currents i and i0 respectively
in the direction of the orientation. Then the current in curve C produces a
magnetic field B given by
Z
1
ds × (x − y)
(3.10)
B(x) = i
3
C |x − y|
and the force on an element ds (at x) of the curve C 0 is
F = (i0 × ds0 ) × B(x).

(3.11)

Just as Poisson’s equation (3.3) and Gauss’ law (3.9) follow from Coulomb’s
law, so also Ampère’s formula gives both of the following equations.
Corollary 3.7
div B = 0
4π
curl B =
j(x) Ampère’s law
c
where j(x) is the current density defined by
j(x) · ndA = total charge passing through
the element of surface dA per second.

(3.12)
(3.13)

(3.14)

and c is some constant to be determined by measurements on condensers and
coils of wire.
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3.5.2

FARADAY

As Oersted showed, a current in a loop of wire generates a magnetic field.
It stands to reason then that a magnetic field should generate a current in a
loop of wire. Does it not? Faraday carried out the experiment to test this, in
1824, but found no effect. In our class we carried out this experiment also.
In Figure 4 you can see a coil of wire in series with a meter (50 µA full scale).
The instructor (me) brought the magnet over to the coil of wire and held it
there for several seconds. No movement of the meter was observed during all
the time that I held it there. Thus we verified Faraday’s 1824 observation
that a magnetic field need not generate a current in a loop of wire.
It happened that several alert students, sitting in the first few rows of
our class, noticed that there actually was a movement of the meter as I
moved the magnet into the vicinity of the coil and as I moved it away. By
a remarkable coincidence, Faraday noticed this effect also. He repeated his
experiment in 1831. But this time he tested the hypothesis that a changing
magnetic field should produce a current in a loop of wire. His report on its
successful outcome was received by the Royal Society on November 24, 1831.
If you look back at all the experiments done up to that point in electricity
and magnetism you will see that all dealt with stationary circumstances stationary charge, stationary current, stationary magnetic field. It’s true that
there were lots of sparks, etc. generated in the previous 130 years, and these
represented sudden motion of charges. But these were not controlled enough
to do quantitative experiments. Thus Faraday’s experiment was the first one
to deal with time dependent phenomena in electricity and magnetism.
We repeated Faraday’s 1831 experiment in class and tested out two hypotheses. Along with Faraday we assumed that the current induced in the
coil of wire depends on the first derivative, Ḃ, of the magnetic field at the
location of the wire. There are two obvious ways to get a number from
combining Ḃ with the geometry of the coil and which are invariant under
Euclidean motions of the apparatus. Namely,
Z
Current = const. Ḃtangential dx
(3.15)
C

and

Z
Current = const.

Ḃnormal dA

(3.16)

S

where C denotes the closed curve which is the coil of wire and S is a surface
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with boundary C. The integral over the surface is independent of the choice
of S because div Ḃ = 0 by (3.12).
By moving the magnet perpendicular to the axis of the coil one can expect
to get a large current if (3.15) is correct and a small current if (3.16) is correct.
By moving the magnet parallel to the axis of the coil one should expect to
get a large current if (3.16) is correct and a small current if (3.15) is correct.
(Picture these two cases thoughtfully.) Three independent teams of students
and faculty made observations of meter needle motion under the two types
of magnet movement as above. All three teams concluded, independently,
and well within the limits of experimental accuracy, that (3.16) can be the
only correct one among these two formulas. By a remarkable coincidence,
Faraday reached the same conclusion.
{This discussion is repeated a little differently after Figure 3. Leave it
there for now.}
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Figure 3: Faraday’s experiment showing induction between coils of wire: The
liquid battery (right) provides a current which flows through the small coil
(A), creating a magnetic field. When the coils are stationary, no current is
induced. But when the small coil is moved in or out of the large coil (B),
the magnetic flux through the large coil changes, inducing a current which is
detected by the galvanometer (G).
Here is our version of Faraday’s experiment. We tested two hypotheses:
given the assumption that a changing magnetic field B(x, t), produces an
electric field, which in turn produces a current in a loop of wire, does the
current resulting from this electric field depend on the integral of the tangential component of the time derivative, Ḃ, around the loop C? or does it
depend on the integral of the normal component of Ḃ over some surface S
with boundary C? In the latter case, Equation (3.12), together with Gauss’s
theorem, shows that the integral is independent of which surface one chooses.
These two kinds of formulas were the only simple, translation and rotation
invariant formulas we could think of that combine a closed curve and a vector
field to produce a number. Our three expert lab assistants tested hypothesis
#1 by moving the magnet quickly, perpendicular to the coil near its center
(to cancel non tangential contributions.) They also tested hypothesis #2
by moving one pole of the magnet parallel to the axis very quickly. They
independently arrived at the same conclusion as each other: Hypothesis # 2
is correct.
See Figure 4 for a picture of our equipment.
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Figure 4: Differences from Faraday’s version, compare with Fig. 3:
1. We used a magnet instead of an electromagnet (A).
2. We used a (nearly) modern ammeter instead of a galvanometer (G).
3. We had more wires hanging out than Faraday.
R
4. We tested two hypotheses; Hyp. 1, Current = constant C Ḃ(x) · dx ;
R
Hyp. 2, Current = constant S Ḃ(x) · nd(Area) where S is a surface with
boundary C.
By choosing the current loop C small, it now follows from our experimental
verification of hypothesis #2 and from Stokes’ theorem that
1
Faraday0 s law
(3.17)
curl E = − ∂B/∂t
c
for some constant c.
To be perfectly honest, the appearance of the electric field E in (3.17),
rather than some version of current, as in (3.16), needs explaining. But
the connection between these two was just being explored by Ohm at the
time that Faraday was doing his experiment. Ohm did some experiments
suggesting that there is an “electromotive force” that pushes current through
wires. Just how much current will depend on both the nature of the wire
(resistance as we would say nowadays), and the strength of the electromotive
force. The electromotive force in the wire is in turn proportional to the
electric field produced by the changing magnetic field, as in (3.17).
STATUS
From Coulomb, Oersted, Biot, Savart, Ampère and Faraday we now have
relations between charge, electric field, current and magnetic field. The ex-
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pression of these relations by means of differential equations is
divE = 4πρ
divB = 0
4π
curlB =
j(x)
c
1
curl E = − ∂B/∂t
c

3.6

Gauss’ law
no magnetic monopoles

(3.18)
(3.19)

Ampère’s law

(3.20)

Faraday’s law

(3.21)

MAXWELL puts it all together, 1861

1861: MAXWELL (1831-1879)
In truth, Ampère derived his force law from experiments involving steady
currents. Neither the currents nor the charges were changing with time.
There was no condenser on which charge might gradually accumulate. Consider a movement of the electric fluid (“charge”, as we would say today)
whose flow is given by the vector field j(x) as defined in (3.14). But now
allow the vector field to depend on time also. Denote by ρ(x, t) the charge
density. RIn a bounded open set V (with smooth boundary) the
R total charge
inside is V ρ(x, t)dx while the rate of charge flow out of V is ∂V j(x, t) · ndA.
Under the assumption that noR electric fluid R(i.e. charge) can be created or
destroyed it follows that
R ∂/∂t V ρ(x, t)dx +
R ∂V j(x, t) · ndA = 0. By Gauss’
theorem we find that V ∂/∂tρ(x, t)dx + V div j(x, t)dx = 0. Since V is
arbitrary we find
div j(x, t) + ∂ρ(x, t)/∂t = 0 conservation of charge.

(3.22)

This equation has a different character from the equations of Gauss, Ampère
and Faraday because it just reflects the assumption that there is some “electric fluid” which can move but not increase or decrease in total.
Now Ampère’s law, (3.13), is not really consistent with the equation (3.22)
of conservation of charge when the charge density is changing. Indeed, taking
the divergence of (3.13) and using the identity div curl = 0 we find
0 = div curlB =

4π
4π
div j = − ∂ρ/∂t,
c
c

which is a contradiction unless ∂ρ/∂t = 0.
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Maxwell resolved the inconsistency by simply adding another term to
Ampère’s law, yielding the following internally consistent equations.
MAXWELL’S EQUATIONS

divE = 4πρ
divB = 0
4π
1
curlB =
j(x) + ∂E/∂t
c
c
1
curl E = − ∂B/∂t
c

Gauss’ law
no magnetic monopoles

(3.23)
(3.24)

Ampère-Maxwell

(3.25)

Faraday’s law

(3.26)

This glib description of what Maxwell did and why must be taken cum
granum salis. Maxwell in fact had some considerable physical reasons for
adding on the extra term in (3.25). Imagine a closed loop of wire broken
at two points. At one point insert a battery. At the other point insert a
condenser. A current will flow for a while until the condenser is charged
up. But is it “right” to say that a current is flowing across the gap in the
condenser when in fact no charge is moving across this gap? (Its best to consider the gap evacuated for this discussion so that one doesn’t digress onto
polarization of some intermediate insulator between the condenser plates.)
Maxwell said, yes, the term c−1 ∂/∂tE “represents” a current, the so called
“displacement current” and with it the circuit can now be considered closed.
Many of Maxwell’s contemporaries did not look kindly on this viewpoint and
continued to try to develop their own theory of forces on moving charges.
Implications of Maxwell’s equations.
1. Electromagnetic influences propagate with a finite speed, c.
Proof: For simplicity consider Maxwell’s equations in a region with no
charges or currents. I.e. ρ = 0 and
j = 0. Then Mawell’s equations yield
1
1 2
∂ E/∂t2 = ∂/∂t curl B
2
c
c
= −curl2 E
= ∆E − grad div E
= ∆E
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(3.27)

Thus E satisfies the wave equation c12 ∂ 2 E/∂t2 = ∆E. A similar computation
shows that B also satifies the same wave equation. As is well known, (just
take the Fourier transform in the x variables) this equation implies that E
is a superposition (Fourier transform) of waves that move at the speed c.
Now Faraday and some others before him suspected that light itself was
a manifestation of magnetic waves. Maxwell confidently asserted this on the
basis of his equations. Two simple (in-principle) laboratory experiments can
be used to determine the constant c. Experiment No. 1 is purely electrical:
Make a condenser of two parallel plates of measured area and measured
distance. Connect a battery of voltage V and measure how much charge, Q,
can be pushed onto one plate by the battery. Define  = αQ/V where α is
a constant that depends only on the geometric measurements made before.
Experiment No. 2 is purely magnetic: Pass a current through a long straight
wire and measure the magnetic field produced one inch away from the wire.
Insert the data into the formula of Biot and Savart to find the constant µ
needed in their formula (but omitted in (3.13)) to make the magnetic field
strength come out in agreement with this measurement. Had we written
Maxwell’s equations in terms of standard units, centimeters, Coulombs and
seconds, these measured constants would have appeared in the equations.
The constant c in (3.27) would have been replaced by c−2 = µ. In this
way one can measure c by experiments involving only stationary charge and
stationary current. Experimental results. Over the next 30 years (that is
into the 1890’s) more and more accurate measurements of , µ and the actual
speed of light showed that the constant c is indeed (to within experimental
error) the speed of light!

3.7

Maxwell’s equations ala differential forms

It is remarkable that after 170 years of electric machines, conductors, shocking jars, kites, dead turkeys, balances, accidental currents and cleverly moved
coils of wire, the entire edifice can be summarized in a couple of very simple
looking equations (thanks to Cartan’s calculus of differential forms), that one
could almost guess at (in hindsight).
Choose coordinates x1 , x2 , x3 and x4 = ct for R4 . The Minkowski metric
on R4 is defined by its values on 1-forms by the definition
hdxj , dxk i = gjk

(3.28)

where gjk = diag 1, 1, 1, −1. We are going to rewrite Maxwell’s equations,
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(3.23) - (3.26) in terms of differential forms. To this end we will define a
1-form E (1) which is a form version of the vector field E and define a 2-form
B (2) which is the correct form version of the vector field B as follows.
E(x, y, z, t)

(1)

B(x, y, z, t)

(2)

=

3
X

Ei (x, y, z, t)dxi

(3.29)

i=1

=

X

Bi (x, y, z, t)dxj ∧ dxk

(3.30)

(i,j,k)

The sum over (i, j, k) refers to a sum over the three cyclic permutations of
(1, 2, 3). Then E (1) is a time dependent 1-form on R3 , which can just as well
be interpreted as a 1-form on R4 with no dx4 component. B (2) is a time
dependent 2-form on R3 which we may and will interpret as a 2-form on
R4 . The mapping from vectors to 1-forms or 2-forms is discussed further in
Appendix 9.4 where the relations between the usual vector calculus operators
div, curl, gradient and the exterior derivative on forms is reviewed. Define
F = E (1) ∧ dx4 + B (2)
and
J=

3
X

ji dxi − ρ dx4 .

(3.31)

(3.32)

i=1

Theorem 3.8 Denote by D the exterior derivative operator on forms over
R4 and by D∗ its adjoint with respect to the Minkowski metric (3.28). Then
Maxwell’s equations
div B = 0
1 ∂B
=0
curl E +
c ∂t
div E = 4πρ
1 ∂E
4π
curl B −
=
j(x)
c ∂t
c

no magnetic monopoles

(3.33)

Faraday’s law

(3.34)

Gauss’ law

(3.35)

Ampère-Maxwell

(3.36)

hold if and only if
DF = 0, and
D∗ F = (4π/c)J
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(3.37)
(3.38)

Proof. Denote by d the exterior derivative on forms over R3 . Then Dω =
dω + dx4 ∧ (∂ω/∂x4 ) for any form ω over R4 . Hence
DF = (d E (1) ) ∧ dx4 + d B (2) + dx4 ∧ (∂B (2) /∂x4 )

(3.39)

Since dx4 ∧ commutes with the 2-form (∂B (2) /∂x4 ) it follows that DF = 0 if
and only if d B (2) = 0 and (d E (1) ) + (∂B (2) /∂x4 ) = 0. These two equations
are the form versions of (3.33) and (3.34), respectively, as shown in Appendix
9.4. Hence the equation DF = 0 is equivalent to the pair of equations (3.33)
and (3.34).
P
Now let φ = σ (1) + τ dx4 be a Cc∞ 1-form on R4 where σ (1) = 3i=1 σi dxi .
Then, mindful of (3.28), we have
Z
Z
∗
hF, Dφi
hD F, φi =
4
R
R4
Z
=
hF, dσ (1) + (dτ − (∂σ (1) /∂x4 ) ∧ dx4 i
4
Z
ZR
(2)
(1)
hE (1) ∧ dx4 , (dτ − (∂σ (1) /∂x4 ) ∧ dx4 )i
hB , d σ i +
=
4
4
ZR
ZR
∗ (2)
(1)
=
hd B , σ i −
hE (1) , (dτ − ∂σ (1) /∂x4 )i
4
4
ZR 
ZR

hd∗ B (2) , σ (1) i −
(d∗ E (1) )τ + h(∂E (1) /∂x4 ), σ (1) i
=
4
R4
ZR
Z
∗ (2)
(1)
(1)
=
hd B − (∂E /∂x4 ), σ i −
(d∗ E (1) )τ
R4

R4

On the other hand
Z

Z
hJ, φi =

R4

hj

(1)

R4

(1)

Z

,σ i +

ρτ

(3.40)

R4

Therefore D∗ F = (4π/c)J if and only if −d∗ E (1) = 4πρ and d∗ B (2) −
(∂E (1) /∂x4 ) = (4π/c)j (1) . (A c is missing from somewhere.) These two
equations are the form versions of the two remaining (inhomogeneous) equations (3.35) and (3.36), respectively, as shown in Appendix 9.4.

3.8

Electromagnetic forces ala Newton, Lagrange and
Hamilton

In order to incorporate electromagnetic forces into quantum mechanics it
will be necessary to reformulate the Newtonian mechanics for these forces
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in Hamiltonian form. The force on a charged particle of charge e in the
presence of electric and magnetic fields is given by F = eE if the particle
is standing still. This is the very definition of the electric field E. But if
the particle is moving we have not yet written down the force. In Definition
3.3 we wrote down the force of a magnetic field on a single magnetic pole
(with the other end of the magnet “far away”) or, equivalently, the torque
on a very small magnet (magnetic dipole), which we took as the definition of
the magnetic field. Four years after Hertz’ definitive experiments, showing
that an electromagnetic wave from a spark really does propagate, all the way
across a room, H.A. Lorentz proposed (1892) that the force on a moving
charge is
F = eE + (e/c)v × B,
(3.41)
where B is the magnetic field at the position of the particle and v is the
velocity of the particle. Take note of the fact that there is no magnet lurking
in this definition even though the magnetic field is producing a force. The
many consequences of Lorentz’ proposed force law are consistent with experiment and with Maxwell’s equations (provided quantum mechanics doesn’t
have to be taken into account). Lorentz’ force law is now accepted.
In order to incorporate the Lorentz force (3.41) into the quantum mechanics of a charged particle it will be necessary to carry out the following
procedure:
1) Express forces in terms of a potential.
2) Express Newton’s equations in terms of Lagrange’s equations.
3) Express Lagrange’s equations in terms of Hamilton’s equations.
4) Convert from Hamilton’s equations in classical mechanics to
Schrödinger’s equation in quantum mechanics.
Step 4) will be described in the next chapter for velocity independent
forces, in the section on the rules of quantum mechanics. But for a velocity
dependent force, such as the electromagnetic force (3.41), the transition to
quantum mechanics will be described in detail in Chapter 7. In the remainder
of this chapter we will carry out Steps 1), 2) and 3).
Since the Lorentz force is velocity dependent it does not fall among the
types of examples we considered in Chapter 2. It is not necessarily true that
every type of force law in Newtonian mechanics can be transcribed into an
equivalent Lagrangian formulation along the lines we described in Chapter
2. For example friction forces, which typically also depend on the velocity
in a linear way, require a substantial change in the Lagrangian formalism, a
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change which does not lend itself to quantization
But the very special form of the Lorentz force, in combination with
Maxwell’s equations, yields a successful Hamiltonian formulation, which, as
we will see later, leads to a resulting Schrödinger equation that begs for a
geometric interpretation in terms of connections on vector bundles. In fact
this is the classical jumping off point to the appearance of Yang-Mills fields
and to the currently most widely accepted theory of elementary particles.
Here are the details for Steps 1), 2), and 3), for a particle in the presence
of an electromagnetic field. Step 4) will be carried out in Chapter 7.
Step 1. The electromagnetic potentials.
When the force on a particle depends on the velocity of the particle
the simple equation Force = −∇V can’t hold for some function V of space
only. Our discussion of the Lagrange formalism has to be modified. Since
the 2-form F defined in the preceding section satisfies DF = 0 and R4 is
cohomologically trivial there is a 1-form A such that
F = DA

(3.42)

The 1-form A is called an electromagetic potential for the electromagnetic
field E, B. A is highly non-unique: if f is any smooth function on R4 one
may replace A by
+ Df without changing E and B because D2 f = 0. We
PA
3
may write A = j=1 Aj dxj + φdt where the components Aj and φ are real
valued functions of x and t. The 2-form F has six independent components.
The equation (3.42) may be written, as we know from Appendix 9.4,
B = curl A
E = −gradφ − (1/c)∂A/∂t

(3.43)
(3.44)

where A = (A1 , A2 , A3 ) are the three spatial components of the 1-form A.
This is the customary way to write the equation (3.42) in the physics literature. The 1-form A is going to replace our old potential V (x). Whereas
the potential V was unique up to an additive constant, the electromagnetic
potential is unique only up to an exact 1-form, df .
Step 2. Newton to Lagrange.
Here is a Lagrangian that allows the Lorentz force (3.41) to be incorporated into Lagrange’s form of Newtonian mechanics. Define
L(x, v, t) = (1/2)m|v|2 − eφ + e(v/c) · A
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(3.45)

Theorem 3.9 With the force given by (3.41) Newton’s equations are equivalent to the Lagrange equations
d ∂L
∂L
=
,
dt ∂vi
∂xi

i = 1, 2, 3

(3.46)

Proof. Referring to (3.45) we see that ∂L/∂vi = mvi + (e/c)Ai (x). Hence
3
e  ∂Ai X ∂Ai 
d ∂L
= mv̇i +
+
ẋj
dt ∂vi
c ∂t
∂xj
j=1

e  ∂Ai
= mv̇i +
+ (v · ∇)Ai
c ∂t

(3.47)
(3.48)

Also
∂L
∂φ
∂A
= −e
+ e(v/c) ·
∂xi
∂xi
∂xi
∂φ
e ∂(v · A)
= −e
+
∂xi c ∂xi

(3.49)
(3.50)

since xi and v are independent variables.
Therefore, taking into account (3.43) and (3.44), we find

∂φ
∂L
e  ∂Ai
∂(v · A)
d ∂L
+ (v · ∇)Ai + e
−
= mv̇i +
− (e/c)
dt ∂vi ∂xi
c ∂t
∂xi
∂xi
 ∂φ

∂Ai 
∂(v · A) 
= mv̇i + e
+ (1/c)
+ (e/c) (v · ∇)Ai −
∂xi
∂t
∂xi


= mv̇i − eEi + (e/c) (v · ∇)A − ∇(v · A)
i

= mv̇i − eEi − (e/c)(v × (curl A))i
= mv̇i − eEi − (e/c)(v × B)i
= mv̇i − Fi
where F is the Lorentz force, given by (3.41). We have used the identity
v × (∇ × A) = ∇(v · A) − (v · ∇)A. (((Some readers might prefer to write
this identity as −iv (dA) = d(iv A) − Lv A, where Lv is the Lie derivative, as
in [40, Proposition 3.10].))) This proves the theorem.
Ref. Goldstein pages 19-21.
Step 3. Lagrange to Hamilton.
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Next we must pass from Lagrangian mechanics to Hamiltonian mechanics. To this end we must compute the Legendre transform of the Lagrange
function (3.45). Recall that one holds x and t fixed and carries out the Legendre transform on the fiber over x. In Example 2.45 we carried out the
Legendre transform for the crucial part, (1/2)m|v|2 + e(v/c) · A, and since
the potential φ is independent of v it just goes along for the ride. Hence the
Hamiltonian is
3

e
1 X
(pj − Aj (x, t))2 + eφ(x, t),
H(x, p, t) =
2m j=1
c

(3.51)

where I have written now H instead of L∗ in accordance with the customary
respect for Hamilton.
SUMMARY: Starting with Lorentz’s force law, (3.41) for a moving charged
particle in an electromagnetic field, we carried out the transitions from Newtonian mechanics to Lagrangian mechanics to Hamiltonian mechanics for
Lorentz’s force law. After we learn what the rules of quantum mechanics
are, we will be ready to insert our Hamiltonian formulation of the electromagnetic force into quantum mechanics. This will be done in Section 7.

3.9
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4
4.1

Quantum Mechanics.
Spectroscope

The devices that were invented in the 18th century for producing, storing and
measuring electric charge were simple enough for us to understand without
much background on our part. But by the time of Galileo the development of
optical devices was well along (telescopes by Galileo, then microscopes later).
We need to understand, albeit at a superficial level, how one particular optical
device works, whose purpose was to analyze the “quality” of light. As you
know ( I assume), a beam of light hitting a surface of glass at an angle will
change direction as it enters the glass. In fact blue light will bend more than
red light, with the result that if the hunk of glass is shaped like a prism the
light emerging from the prism will be split up according to its color. As a
result a beam of white light, hitting a side of a prism made of glass will split
up, by the time it comes out, into its color components. See Figure 5

Figure 5: Spectral analysis by prism
Not shown in this simple diagram are three technical features, one of
which is really important for us to understand.
First, the beam of light from the star has to be put through some lenses
so that it will head toward the prism in a well formed beam of parallel light
rays. That’s just optics.
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Second, the star can be replaced by any other source of light you might
like to use. For example you might wish to put some hydrogen in a jar and
pass a spark through it so that it will emit light. Of course you have to
pass this light through the lenses so that the light will head in a well formed
beam toward the prism. Or instead of hydrogen, or a star, you might like to
vaporize some pure sodium in a jar, pass a spark through it, and direct the
resulting light through the lenses toward the prism.
Third, and most important for us to understand, is that between the
lenses and the prism you must place a vertical plate with a narrow horizontal
slit in it. The incoming beam of light from the lenses, which you can think of
as having a circular cross section, will be mostly stopped by this plate. What
little comes through the horizontal slit will have a cross section which is just
a horizontal line segment. Now this beam with a linear cross section will pass
through the prism and break up into a bunch of horizontal line segments of
different colors. The six horizontal dark lines in Figure 5 represent missing
colors in the incoming beam from the star. In Figure 6 you can see what
would result if the source is just hydrogen, instead of a star.

Figure 6: The four visible lines in the hydrogen spectrum
There are four lines visible on this dark background. Each one is an
image of the horizontal slit. By measuring the positions of these lines you can
figure out their wavelengths and therefore their frequencies, since (frequency)
times (wavelength) = speed of light. Because of the appearance of such line
segments in the measuring apparatus of frequencies in a light beam it is
customary to refer to them as spectral lines. Of course each such line is just an
image of the horizontal slit. In Figure 5 all colors are present in the incoming
starlight except the six colors given by the dark lines. The missing colors
(equivalently frequencies) (equivalently wavelengths) (equivalently lines) are
called absorption lines. The four lines in the hydrogen spectrum are called
emission lines. Spectroscopy is the study of spectra of light. The simple
spectroscope described above was invented by Newton in 1666 and already
used by him to study the radiation from stars (i.e. starlight). But as we
saw above, one can also use it to study the radiation from heated chemical
elements. There is yet another kind of radiation that can be analyzed in this
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way (black body radiation, see next section). In the next section we will
describe the spectroscopic effects discovered in the 100 years before quantum
mechanics finally explained them.

4.2

100 years of spectroscopy: radiation measurements
that defied Newton ∪ Maxwell

While Faraday, Maxwell and friends were discovering the laws of interaction between electric charges, electric currents, magnetic fields and light,
there was an independent line of discoveries being made concerning the interaction of matter with light. The emission and absorption of light by matter
is what we mean by radiation. We saw in the preceding section how one can
measure the ‘quality’ (spectral composition) of light emitted from various
kinds of sources (stars, heated chemical elements). There is another kind of
radiation source that we need to understand also. Namely, black body radiation, which is described in item 3 below. Here is a summary of spectroscopic
knowledge accumulated over a hundred years.
1. A vaporized chemical element emits a spectrum peculiar to that element. The spectra of two different chemical elements are distinct.
2. If white light passes through a (cool) gas made of a chemical element
then, after passing through the gas, the white light will have dark lines exactly
where the (heated) chemical element had produced light lines as in item 1.
The cool gas has absorbed radiation of the same wavelengths as the heated
chemical element can emit.
3. A blackbody, e.g a piece of soot covered iron, emits a red glow when
heated a little bit (think electric stove range). If heated hotter it will turn orange and if heated hot enough it will turn bright yellow (think lamp filament).
A spectroscope shows that, actually, at any temperature, all frequencies are
present in the emitted light. But at lower temperatures there is a preponderance of red light (i.e., low frequency light) while at higher temperatures the
preponderance of light is more blueish (i.e., higher frequencies, equivalently,
longer wavelengths). So the distribution moves toward the blue end (i.e.,
higher frequencies) as the body is heated. In Figure 7 you can see four light
intensity curves at four different temperatures. Notice that the maximum
point on a curve is more bluish at higher temperatures. Thus at 6000 K
the peak is in the yellow, which is more toward the blue end than the peak
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at 4000 K. The intensity distribution, as a function of frequency (or wavelength), depends only on the temperature and not on which “blackbody” is
used. (Yes, its one word.)

Figure 7: Blackbody radiation at different temperatures
Concerning the spectrum of individual chemical elements, it happens
that some manipulations with the chemical element can change its spectrum.
Thus:
4. (Zeeman effect, 1893.) The spectrum of chemical elements can be
shifted by placing the test element in a magnetic field while examining its
spectrum. For example take an element thats easy to deal with such as
sodium. It has a very bright line (called the D line) in the yellow portion of
its spectrum. This is why sodium vapor street lights cast a yellow light. This
line has a wavelength (in vacuum) of approximately 5891.583264 Angstroms
( 1 Angstrom = 10−8 cm.)
Now place a weak magnetic field near the vaporized sodium. The D line
splits into 3 distinct lines. Why? (The splitting increases as the magnetic
field increases).
5. (Stark effect, 1913). Same effect as in item 4, except replace the
magnetic field by an electric field.
6. Hydrogen spectrum. Most of the hydrogen spectrum is outside the
visible spectrum. One needs a more sophisticated version of our spectroscope
to measure the wavelengths of those lines that are not visible. But it can be
67

done. Here are five of the wavelengths that follow a remarkable pattern: the
wavelengths are in nanometers (nm). (1 nm = 10 Å.)
λ3
λ4
λ5
λ6
λ7

= 656
= 486
= 434
= 410
= 397

nm
nm
nm
nm
nm

The first four are in the visible spectrum. These four lines are shown in
Figure 6. The red line is very bright. This is why passing sparks through a
tube with pure hydrogen in it will produce a red light. It just so happens that
all five of these wavelengths can be described by a simple formula, namely
1
1
λ−1
n = R( − 2 ),
4 n

n = 3, 4, . . . , 7

(4.1)

Is this simple formula just a fluke? After all we could add on to the right
side any function that vanishes on the set {3, 4, 5, 6, 7} and still have a valid
formula. Well there are a lot of other spectral lines of hydrogen that fit this
pattern also. The general formula
 1
1
−
, n > n0 ≥ 1 Balmer-Rydberg formula
(4.2)
λ−1
=
R
0
n ,n
(n0 )2 n2
fits a large number of observed spectral lines of hydrogen. In Figure 8 you
can see many more of the spectral lines on hydrogen. The four lines in the
visible range are shown in black. Don’t be fooled by the colors in Figure 8.
Ultraviolet is on the far left. Infrared is on the far right. {By the way it takes
a lot of experimental effort to measure and analyze the hydrogen spectrum
to find even one of these series (i.e. fixed n0 .) We are indebted for n0 = 2
to Balmer (1885), for n0 = 1 to Lyman (1906-1914), for n0 = 3 to Paschen
(1908), for n0 = 4 to Brackett (1922) for n0 = 5 to Pfund (1924), and for
n0 = 6 to Humphreys.}
SUMMARY: In order to understand radiation one must explain an awful
lot of very different kinds of observations. We just scratched the surface in
our description of the previous six kinds of experiments. At least hundreds
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Figure 8: The four visible H lines are in black, starting from Ba -α. UV is
to the left. IR is to the right.
(if not thousands) of unsuccessful attempts to explain these experiments on
the basis of Newtonian mechanics and Maxwell’s theory of electricity and
magnetism were made between (say) 1850 and 1925. It would be well to
dwell on this for a few minutes before going on to the next section.

4.3

The rules of quantum mechanics

One’s physical intuition is based not only on experience but is also molded
considerably by the mathematical models we make to explain our experience.
For the motion of bodies that we are familiar with, under the influence of
forces that we are familiar with, the mathematical model is classical mechanics. Table 2 describes some physical notions for which we have some intuitive
ideas, based on our experience. In the second and third columns these intuitive notions are given mathematical representations in the two forms we’ve
already studied, namely Lagrange’s and Hamilton’s formulations of Newtonian mechanics. We need to get the conceptual organization of these notions
straight before passing to the corresponding mathematical representation of
these notions in quantum mechanics.
Concerning line (i), the “instantaneous state” of the system is, by definition, the information necessary to determine the instantaneous state at all
future times. Since Newton’s equations are second order in time one needs
to know, typically, the initial positions and velocities of all “particles” (e.g.
including rigid bodies) in the system. Both Lagrange and Hamilton’s formulation include such data, since the instantaneous state is a point (q, v) ∈ T (C)
or a point (q, p) ∈ T ∗ (C), respectively.
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Physical Notion
(i) Instantaneous state
(ii) Observable
(iii) Value in a state
(iv) Dynamics

Interpreted by Lagrange
Interpreted by Hamilton
A point (q, v) ∈ T (C)
A point (q, p) in T ∗ (C).
A function g : T (C) → R A function f : T ∗ (C) → R
g(q, v)
f (q, p)
Newton ala Lagrange
Newton ala Hamilton

Table 2: Classical mechanics ala Lagrange and Hamilton.

Concerning line (ii), the mathematical objects corresponding to things
we observe are (usually) given by functions on the instantaneous state space.
See Table 3 for lots of examples in case configuration space is just R3 . The
“axiom” in line (iii) is pathetically self explanatory.
Concerning line (iv), the forces, masses, moments of inertia, etc. are
needed to determine the motion of the system, given the instantaneous state.
The motion is then determined by Newton’s equations, or, equivalently, by
Lagrange’s equations or Hamilton’s equations.
The first three lines in Table 2 merely describe what system is under our
purview. This is called kinematics. Line (iv) is the only line dealing with the
motion of the system. The information governing the motion of the system
is called dynamics.
Example 4.1 Configuration space = R3 : For a particle moving in R3 under
the influence of some forces the configuration space is of course just R3 . The
tangent bundle and cotangent bundle are both R3 × R3 , upon identifying R3
with its dual space. In Table 3 we have listed a bunch of observables and
the functions on T ∗ (R3 ) that represent them in classical mechanics. Later
we will make the same table over again, but giving the mathematical objects
that represent these same observables in quantum mechanics. The following
table contains examples for the third column in Table 2, line (ii).
Quantum mechanical analog of Table 2.
This table is very non-definitive because the complex Hilbert space H
has not been specified. Nor have the physical meanings of those self-adjoint
operators A in line (ii). Of course one must specify what the mechanical
system under consideration is in order to determine H. Just as with our
definition of “configuration space” one can only learn how the Hilbert space
H is to be chosen by looking at examples.
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The observable:
The function f : T ∗ (C) → R :
1.“ the jth coordinate of position”
f ((x, p)) = xj
2.“the jth coordinate of momentum”
f ((x, p)) = pj
3.“the potential energy ”
f ((x, p)) = V (x)
P3
1
2
4.“the kinetic energy”
f ((x, p)) = T = 2m
j=1 pj
5.“the z component of angular momentum”
f ((x, p)) = Lz = x1 p2 − x2 p1
6.“total angular momentum”
f ((x, p)) = L2 = L2x + L2y + L2z
7.“Question: Is the particle in the Borel set B ⊂ R3 ?
f ((x, p)) = χB (x)
P
1
8.“the total energy”
f ((x, p)) = E = 2m 3j=1 p2j + V (x)
Table 3: Some classical observables for a single free particle in R3 .
Physical Notion
(i) Instantaneous state
(ii) Observable
(iii) Value in a state
(iv) Dynamics

Quantum Mechanics
Unit vector ψ in Hilbert space H.
Self-adjoint operator A on H
Expected value: (Aψ, ψ)
Schrödinger equation

Table 4: Quantum Mechanics.

Example 4.2 Configuration space = R3 : How to choose the entries in the
second column of Table 4 for a particle free to move in R3 under a force given
by F = −grad V .
First: Take H = L2 (R3 ).
Second: Use the following table to determine which operators on H
have what physical interpretation. Compare these operators with the functions given in Table 3. In particular note that if a function f ((x, p)) depends
only on x, say f (x, p) = g(x), then the quantum mechanical operator corresponding to that classical mechanical observable is just the operator of
multiplication by g on L2 (R3 ). Notation: (Mg ψ)(x) = g(x)ψ(x). The observables in lines 1., 3. and 7. have this form. But all the others are very far
from being multiplication operators. They are in fact differential operators.
This is the time to dwell, for a few minutes, on these operators, especially
the momentum operator Pj in line 2.
Third: In Table 4, line 3 you see “Expected value” instead of “Value”.
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The observable:
1.“ the jth coordinate of position”
2.“the jth coordinate of momentum”
3.“the potential energy ”
4.“the kinetic energy”
5.“the z component of angular momentum”
6.“total angular momentum”
7.“Question: Is it in the Borel set B ⊂ R3 ?
8.“the total energy”

The operator on H
Qj = Mxj
Pj = −i~∂/∂xj
MV
P3
1
~2
2
T = 2m j=1 Pj = 2m (−∆)
Lz = −i~(x∂/∂y − y∂/∂x)
L2 = L2x + L2y + L2z
MχB
~2
H = − 2m ∆ + MV

Table 5: Some observables for a single free particle in R3 and the corresponding operators on H ≡ L2 (R3 ).

This means that the theory does not actually predict what you will get in
a measurement of the observable whose operator is A when the system is in
the state ψ. Rather, it predicts that if you make the measurement many,
many times and take the average you will get (Aψ, ψ).
Fourth: The dynamics for the quantum mechanical system is given by
the equation
i~

dψ(t)
= Hψ(t)
dt

Schrödinger equation

(4.3)

Here t 7→ ψ(t) is a function on R into H. Since H is a partial differential
operator this ODE is really a PDE in disguise. We may write it explicitly as
i~

∂ψ(t, x)
~2
=−
∆ψ(t, x) + V (x)ψ(t, x) Schrödinger equation (4.4)
∂t
2m

Advisement on Table 4 rows (i) and (iii). Projective space. If c is a
complex number of absolute value one and ψ is a unit vector in H then cψ
is also a unit vector. Since (A(cψ), (cψ)) = (Aψ, ψ), the expected value of
“A00 in the state cψ is the same as in the state ψ. But according to Table
4, the only information about the state ψ that the theory predicts is given
by such inner products (Aψ, ψ). (You can vary A.) Therefore ψ and cψ
contain exactly the same physical information. So the set of instantaneous
states is not really {unit vectors in H} but rather this set modulo the acton
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of the circle group on H. This, of course, is exactly the infinite dimensional
projective space, P (H), based on H, i.e., the set of one dimensional subspaces
of H.
On the one hand, it would be a technical nuisance to deal with the projective space P (H) too extensively, instead of the nice Hilbert space H, while
on the other hand it is essential for the physical interpretation to realize that
ψ and cψ represent the same physical state.
Direct physical interpretation of ψ. Line (iii) in Table 4 provides the
(only) basis for interpretation of the wave function ψ when we have for our
use the choices for A given in Table 5, and their powers. For ease in reading
lets drop down to one dimension from three. Thus we will consider a particle
free to move on the line. In this case the state space is H = L2 (R3 ). We can
drop some subscripts in Table 5 and just write Q = Mx and P = −i~d/dx.
Let n be a non-negative integer. According to the rule (iii) in Table 4, a measurement of the “observable” xn should give on average the value (Qn ψ, ψ).
Writing this out explicitly we find
Z
n
(Q ψ, ψ) =
xn |ψ(x)|2 dx n ≥ 0
(4.5)
R

R

Since R |ψ(x)|2 dx = 1 the measure |ψ(x)|2 dx is a probability measure on the
line and (Qn ψ, ψ) is just its nth moment.
Interpretation: |ψ(x)|2 is the probability density for finding the particle
at the point x under repeated measurements when the particle is in the state
ψ. Neat, huh?
Generalization of this interpretation. We can easily abstract the
preceding example, replacing our special Hilbert space L2 (R) by an arbitrary
Hilbert space H and replacing Q by an arbitrary self-adjoint operator A on
H. In this case we may write, by the spectral theorem
Z ∞
A=
λdE(λ)
(4.6)
−∞

where E(·) is a projection valued measure on the Borel sets of R. Let ψ be
a unit vector in H and define
P (B) = (E(B)ψ, ψ) B = Borel set in R.
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(4.7)

Then P (R) = (Iψ, ψ) = 1, so P is a probability measure on R. Moreover
Z ∞
n
(A ψ, ψ) =
λn P (dλ).
(4.8)
−∞

Just as in the preceding example, we may interpret (4.8) to mean that a
measurement of the observable “O” represented by the operator A will be
found to lie in a Borel set B ⊂ R with probability (E(B)ψ, ψ).
For technical reasons (uniqueness of the moment problem) it is stronger
to make an axiom based on the probability measure B 7→ (E(B)ψ, ψ) then
line (iii) in Table 4. So if you really want to make some axiom system for
quantum mechanics, you might as well replace line (iii) of Table 4 by the
following.
Axiom of measurement. Given a self-adjoint operator A on the Hilbert
state space, H, and a unit vector ψ in H, let
Z ∞
λdE(λ)
(4.9)
A=
−∞

be the spectral resolution of A. Then any measurement of the observable
“O” whose corresponding operator is A will lie in the Borel set B ⊂ R with
probability
P (B) = (E(B)ψ, ψ)
(4.10)
when the system is in the state ψ. (As noted above, P (B) ≥ 0 and P (R) =
(Iψ, ψ) = 1. So P is a probability measure on the line.)
Probability density for momentum. Lets return to the simple case of
one particle moving on the line. We already have an interpretation of the
wave function: |ψ(x)|2 dx is the probability measure for finding the particle
at a point x. We got this by applying the Axiom of measurement to the
position operator Q. Now lets apply this axiom to the momentum operator
A = P . According to the Axiom of measurement the probability of of finding
the momentum of the particle in some Borel set B in R can be found from
the spectral resolution of P . But the spectral resolution is known because
the Fourier transform “diagonalizes” P .
Let
Z
−1/2
ψ̂(p) := (2π~)
ψ(x)eipx/~ dx
R
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be the Fourier transform of ψ. (The factor ~ in the exponent makes the
exponent dimensionless.) Differentiating under the integral sign we see that
[
(P
ψ)(p) = pψ̂(p)

(4.11)

In other words, under the Fourier transform, which is of course a unitary
map of L2 (R3 ) onto itself, the differential operator P goes over to the multiplication operator Mp . Explicitly, FP F −1 = Mp . We may therefore proceed
exactly as in the case of Q, which was multiplication by x, and conclude that
|ψ̂(p)|2 is the probability density of finding a measurement of momentum to
be p when the system is in the state ψ.
SUMMARY:
1. The rule (iii) in Table 4 is (informally) equivalent to the Axiom of
measurement, (4.10).
2. For a particle moving on the line, and whose wave function is ψ
a) the probability that a measurement of position lies in an interval [a, b] is
b

Z

|ψ(x)|2 dx

(4.12)

a

and
b) the probability that a measurement of momentum lies in [a, b] is
Z

b

|ψ̂(p)|2 dp.

(4.13)

a

4.4

The Heisenberg commutation relations and uncertainty principle

There to be learned from our simple case of one particle moving on the
line under some, as yet unspecified, force, even before we get to dynamics..
Suppose that the wave function is supported in a small interval [c, d] of
length at most . In that case measurements of position will find the particle
somewhere in this interval on average because
Z
c≤
x|ψ(x)|2 dx ≤ d
(4.14)
R
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How widely dispersed can these (many) measurements be? The usual quantitative measure of dispersionRof measurements is the variance of the probability distribution: Let x0 = R x|ψ(x)|2 dx. Of course x0 lies in the interval
[c, d] by (4.14). The variance of the distribution |ψ(x)|2 dx is, by definition,
Z
V ar(Q, ψ) = (x − x0 )2 |ψ(x)|2 dx.
(4.15)
R

Since (x − x0 )2 ≤ ()2 on the support of |ψ|2 it follows that
V ar(Q, ψ) ≤ 2 .

(4.16)

Undoubtedly you have been wondering whether quantum mechanics allows
the existence of states for which repeated measurements of position will come
out close to the same value every time, just as in classical mechanics. You
see that for the wave function ψ supported in the small interval [c, d] the
variance
of these measurements will be small. In fact the higher moments,
R
(x − x0 )2n dx ≤ 2n which are also small. So here is a quantum state of the
R
particle in which not only is the average value of many measurements equal to
x0 , but the deviation of these measurements from x0 is also small in the usual
statistical sense. In fact, the probability that a measurement of position will
lie outside the interval [c, d] is zero by the axiom of measurement, isn’t it.
Now the dispersion of measurements of the momentum in this same state
ψ can be computed the same way, using (4.13) instead of (4.12). The variance
of momentum measurements in the state ψ is therefore
Z
(4.17)
V ar(P, ψ) = (p − p0 )2 |ψ̂(p)|2 dp
R

where

Z
p0 =

p|ψ(p)|2 dp

(4.18)

R

is the expected value of these measurements. We were able to choose ψ so
that the variance V ar(Q, ψ) was small. But having chosen ψ, its Fourier
transform is no longer under your control. The next theorem shows that you
can’t measure both position and momentum with arbitrarily good accuracy.
Theorem 4.3 Heisenberg uncertainty principle For any unit vector
ψ ∈ L2 (R),
V ar(Q, ψ)V ar(P, ψ) ≥ ~2 /4.
(4.19)
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This theorem looks like a theorem in Fourier analysis, which it is. But it is
also a direct consequence of the following fundamental identity of Heisenberg,
which itself follows immediately from the product rule for derivatives.
The Heisenberg commutation relations
P Q − QP = −i~ (Identity operator on H).

(4.20)

Indeed, since P = −i~(d/dx) and (Qψ)(x) = xψ(x) this identity merely says
that (−i~)(xψ(x))0 − xψ 0 (x)) = (−i~)ψ(x).
All formulations of quantum mechanics build in the Heisenberg commutation relations (4.20) in one way or another. It is precisely the noncommutativity encompassed by (4.20) that distinguishes classical mechanics
from quantum mechanics, in the view of many.
We will show now that (4.20) implies (4.19). First lets get straight the
general definition of variance.
Definition 4.4 Let A be a self-adjoint operator on a Hilbert space H and
let ψ be a unit vector in the domain of A. The mean and variance of A in
the state ψ are defined by
a = (Aψ, ψ)
V ar(A, ψ) = k(A − a)ψk2

(Mean of A in the state ψ).
(Variance of A in the state ψ).

(4.21)
(4.22)

This is a good time to verify that this definition agrees with our previous
definitions of V ar(Q, ψ) and V ar(P, ψ).
Theorem 4.5 Let A and B be self-adjoint operators on a Hilbert space H.
Assume that for some complex number c and for all vectors ψ ∈ Dom(AB) ∩
Dom(BA) there holds
(AB − BA)ψ = cψ
(4.23)
Then, for all unit vectors ψ ∈ Dom(AB) ∩ Dom(BA)
kAψkkBψk ≥ |c|/2

(4.24)

V ar(A, ψ)V ar(B, ψ) ≥ |c|2 /4

(4.25)

and
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Proof. {Reference: von Neumann [60, page 234].} If ψ ∈ Dom(AB) ∩
Dom(BA) then the following computation is justified:
2kAψkkBψk ≥ 2 Im (Aψ, Bψ)
h
i
= (−i) (Aψ, Bψ) − (Bψ, Aψ)
= (i)((AB − BA)ψ, ψ)
= (i)(cψ, ψ)
= ickψk2
Take absolute values to deduce (4.24) in case kψk = 1. By the way, notice
that the last four equalities imply that c must be purely imaginary if (4.23)
holds.
Now let a = (Aψ, ψ) and b = (Bψ, ψ). Then A − aI and B − bI also
satisfy the commutation relations (4.23). Therefore (4.24) shows that
k(A − aI)ψkk(B − b)ψk ≥ c/2

(4.26)

This proves (4.39).
Taking now A = P and B = Q and c = i~ we see that (4.19) is juxt a
special case of (4.39). But while we’re at it lets formulate the Heisenberg
commutation relations for a system whose configuration space is Rn . (E.g.
n = 3, 6, . . . are interesting.) You probably don’t need me to tell you that
for a system of particles whose configuration space is Rn , the Hilbert state
space should be taken as H = L2 (Rn ). Moreover the position operator
corresponding to the the jth coordinate, xj on Rn should be taken to be
Qj = Mxj while the observable “jth component of momentum” is represented
by the operator Pj = −i~∂/∂xj . Now the product rule for derivatives gives,
just as before, (compare (4.20))
Pj Qk − Qk Pj = −i~δjk IH .

(4.27)

For any unit vector ψ we have therefore the joint uncertainty relations
V ar(Qk , ψ)V ar(Pj , ψ) ≥ (~2 /4)δjk

(4.28)

Of course if j 6= k then (4.27) says that Pj and Qk commute while (4.28)
says nothing.
END of DAY 14 = 3/10/2011
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4.5

Dynamics and stationary states

We have so far discussed only lines (i), (ii) and (iii) in Table 4. These deal
only with the description of the quantum analog of instantaneous states, i.e.,
kinematics. Now we want to discuss the rules by which quantum mechanics
asserts that states change with time. Line (iv) in Table 4 specifies that the
time evolution is guided by the Schrödinger equation.
i~

dψ(t)
= Hψ(t)
dt

ψ(0) = ψ0

Schrödinger equation

(4.29)

where H is the total energy operator on the state space H. In our example
of a particle moving in R3 under the force F = −grad V the total energy
operator is
~2
H=−
∆ + MV
(4.30)
2m
as we see from Table 5.
It is appropriate to write d/dt in (4.29) because one should think of ψ(·),
in the abstract, as a function of one variable, t, into H. But when H is itself
a function space, as in Table 2, it is appropriate to write (4.29) as a partial
differential equation:
i~∂ψ/∂t = −

~2
∆ψ(x) + V (x)ψ(x),
2m

(4.31)

which is the concrete form that the Schrödinger equation takes for our Examples 4.1 and 4.2.
The solution to (4.29) is simply given, by the spectral theorem,
−1 H

ψ(t) = e−it~

ψ0

(4.32)

The operators e−i(t/~)H are unitary operators on H for each real t, again by
the spectral theorem. Of course it is one thing to cite a powerful theorem like
the spectral theorem to ensure the existence of a solution to the Shcrd̈inger
equation and quite another to actually find the solution explicitly. But the
abstract solution (4.32) allows us to understand some of the physical meaning
of the dynamics.
Definition 4.6 An eigenfunction for the energy operator H is called a stationary state of the system.
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So why should an eigenfunction be called a stationary state? Well, if
Hψ0 = λψ0 then the solution (4.32) reads
ψ(t) = e−i(t/~)λ ψ0

(4.33)

because eitH ψ0 = eitλ ψ0 for such an eigenfunction. BUT, for each real t, eitλ ψ0
is just a multiple of ψ0 by a constant of absolute value one. Consequently
ψ(t) and ψ0 represent the same physical state, as we have already observed
above. In other words although the vector ψ(t) changes with time, the state
ψ(t) does not change with time. So we call it a stationary state. Isn’t this a
reasonable terminology? Yes.
Here is some physical interpretation of stationary states that relates to our
classical view of one particle orbiting another (earth around sun, or electron
around nucleus.) A classical particle orbiting another in an elliptical orbit is
of course not standing still. Its position is changing with time. But the orbit is
not changing. It remains the same ellipse forever. What Heisenberg realized
(or conjectured, or believed, or thought, or theorized) while he was on the
island Helgoland during hay fever season in May, 1925 was that you shouldn’t
really talk about the orbit of the electron in too much detail because you can’t
measure the electron’s position anyway, without destroying the orbit. E.g. if
you “look at” the electron, i.e. bounce even just one photon off of it, you will
change its velocity so much that it will no longer be in the same orbit. By
contrast, if you “look at” a planet, i.e reflect a few trillion trillion photons
into your telescope, it will not change the orbit of the planet perceptibly. So
you can see where the planet is at any instant. Heisenberg once complained
that his school chemistry book explained the bonding of chemical elements
by showing the atoms with hooks attached so that one atom would grab on
to the hook of another atom. In his view this was, shall we say politely,
misleading. But he viewed the classical picture of elliptic orbits for electrons
as misleading also because you could not, even in principle, measure the
position of the electron in such an orbit. Instead he took the whole orbit
itself as the physical object to study rather than the position of the electron
in the orbit. In his view the only thing that could actually be measured was
the energy of these orbits and the rate of transition from one orbit to another
(under the influence of bumping by photons).
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4.6

Hydrogen

As we know, the potential that gives the force between two charged particles
is proportional to to their inverse distance. (See (??).) We want to consider
the example which models the hydrogen atom. We are going to take the
proton fixed at the origin and allow the electron to wander around R3 subject
to the attractive Coulomb force exerted by the proton. The potential is given
by
γ
(4.34)
V (x) = − , x ∈ R3
|x|
for some positive constant γ, which will be discussed some more later. You
might like to check that this sign assures that the force, −∇V , always points
toward the origin. This artifice of fixing the proton at the origin reduces our
mechanical system to one whose Hilbert space is L2 (R3 ) and allows us to
apply the machinery of Table 4. Fixing the proton at the origin, instead of
allowing the two particles to move freely, which would entail taking configuration space to be R6 , forces a minor correction in the mass of the electron,
which will be explained later. The Hamiltonian operator for the hydrogen
atom is
γ
~2
∆−
,
(4.35)
H=−
2m
|x|
where m is the mass of the electron. (This will corrected later.) H is a selfadjoint operator on L2 (R3 ), when its domain is chosen right. The eigenvalue
equation for this operator is the partial differential equation
−

γ
~2
∆ψ −
ψ = Eψ
2m
|x|

(4.36)

where E is a real number and ψ is subject to the condition ψ ∈ Dom(H).
The solutions to this equation may be found by using spherical coordinates
(r, θ, φ). One seeks a solution, as usual, in the form ψ(r, θ, φ) = u(r) times
functions of θ and φ. This leads to an ODE for each of the three functions.
You can consult a standard quantum mechanics book, such as Schiff [51,
pages 80-87] for details on how to carry this out, if you really want to know.
Here is the result. Let
κ
En = − 2 , n = 1, 2, . . . ,
(4.37)
n
where κ = mγ 2 /(2~2 ). Then there are functions of the form
ψn,l,m (r, θ, φ) = un,` (r)Y`,m (θ, φ), ` = 0, 1, . . . , n − 1, −` ≤ m ≤ ` (4.38)
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such that

~2
γ
−
∆ψn,`,m −
ψn,`,m = En+` ψn,`,m
2m
|x|

(4.39)

(As a matter of culture you might like to know that the functions Y`,m are the
spherical harmonics on S 2 , while the functions un (r) are essentially the Laguerre functions on (0, ∞).) The set {E1 , E2 , . . . } is the entire point spectrum
of H while the functions ψn,`,m form an orthonormal basis of the subspace of
L2 (R3 ) spanned by all eigenfunctions. The remainder of the spectrum of H
is the interval [0, ∞).
What does this have to do with the line spectrum of hydrogen? The
numbers, En , that we arrived at are energies, whereas the positions of the
spectral lines are determined by frequencies (equivalently, wavelengths), as
in the Rydberg formula, (4.2). Here is the connection.
Planck’s hypothesis
a) Light comes in little packets called photons.
b) The energy of a photon of frequency ν is
E = hν,

(4.40)

for some constant h independent of ν and to be determined by experiment.
Now we know that a hydrogen atom, left to itself, and starting in a stationary state, such as ψn,`,m will remain in that state permanently, because
thats what the rules in Table 4 tell us. But just suppose that, for some reason, the orbiting electron suddenly drops into a lower energy orbit, ψn0 ,`0 ,m0 .
That is, En0 +`0 < En+` . What happens to the energy that it loses? Well,
just suppose that the energy that it loses is somehow radiated away by the
emission of a photon. By Planck’s hypothesis the frequency of the emitted
photon is given by (4.40). Therefore the frequency of the emitted photon is
ν = h−1 (E − E 0 ). In view of (4.37) and (4.39) the frequency of the emitted
photon is
1 
mγ 2  1
−
(4.41)
ν=
2h~2 (m0 )2 m2
where m0 = n0 +`0 , m = n+` and γ, which is defined in (4.34), is proportional
to the product of the electric charges (electron and proton) in suitable units.
Thus we have derived the Balmer-Rydberg formula, (4.2), including the value
of Rydberg’s constant R ! ! ! (Of course we have to know Planck’s constant.)
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SUMMARY: We have derived the line spectrum of hydrogen from the
rules of quantum mechanics (Tables 4 and 5) in conjunction with Planck’s
hypothesis, (4.40).
Let’s back up a little and admit that some things are just a little fishy
with this “derivation” of the hydrogen spectrum.
First, where did Planck’s hypothesis come from? Answer: After previous
failed attempts (by Wien (1893) and Lord Raleigh (1900)) to derive a formula
for the experimentally observed graph, Figure 7, for blackbody radiation,
Planck derived a formula that fit the data, using the hypothesis (4.40) as an
input. The value of h that makes this formula fit the data can be deduced
from the experimental data. Planck announced this in December of 1900,
which some identify as the beginning of quantum mechanics. Moreover,
in 1905, Einstein used Planck’s hypothesis to show that a beam of light,
shining on a piece of metal in an evacuated tube, will knock electrons out
of the metal if and only if the frequency of the light is high enough. This
is the photoelectric effect. Einstein’s thinking was that the energy of little
corpuscles of light, i.e. photons as we call them now, must be high enough to
overcome the forces at the surface of the metal, which are trying to prevent
electrons from escaping. But according to Planck (4.40), this means that the
frequency of the impinging light must be high enough. Einstein’s deductions
were soon confirmed experimentally (by others) and Einstein won a Nobel
Prize. Thus for this reason and other nice ways in which Planck’s hypothesis
was used successfully, the formula (4.40) was widely accepted by 1925, when
our Tables 4 and 5 originated.
Second, why should the electron suddenly drop down from a higher energy
orbit to a lower one? And if all the electrons in all the atoms keep dropping
down to lower energy orbits there won’t be any higher energy electrons left,
soon, to drop down. There must be some mechanism operating that makes
them jump up to a higher energy orbit. What is it?
Third, the mechanism for explaining why and how the atom emits a photon when jumping is entirely missing. The electromagnetic field that represents the photon mathematically must somehow enter the equations. But the
electromagnetic field is nowhere in sight in Table 5 or in the computations
at the beginning of this section. Furthermore, looking back at Chapter 3 on
electricity and magnetism, where do you see any mathematical structure that
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suggests such a discrete notion as “one photon, two photons . . ”? Answer:
You don’t.
Resolution: Not only must our notion of quantization be applied to the
electron orbiting the proton but also to the electromagnetic field that is
produced by the electron and in turn influences the electron. Whereas a
particle moving in R3 has only three (or six) degrees of freedom, any classical
field theory has infinitely many degrees of freedom (e.g. the space of initial
conditions). We can already expect, therefore that the quantum Hilbert state
space for a field theory will be something like L2 (R∞ ) instead of L2 (Rn ) for
some finite n. This is what we will start on in the next chapter.
Nevertheless the simple theory of the hydrogen atom developed above is a
vital ingredient in much of chemistry and should not be looked down on just
because we haven’t incorporated the interaction with the electromagnetic
field. In fact the sets {x ∈ R3 : |ψn,`,m (x)|2 ≥ a}, for various a > 0, are
very important to understand for chemistry and are graphed extensively in
chemistry books and on the web. Your classmate Yao Liu has suggested the
following website, which contains lots of nice pictures of these sets, called
orbitals.
http://winter.group.shef.ac.uk/orbitron/
Here is the orbital for ψ2,1,1 . The wave function is positive in the green
zone and negative in the blue zone.

Figure 9: Orbital for ψ2,1,1
END of DAY 15 = 3/15/11
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4.7

Combined systems, Bosons, Fermions

There is a loose set of rules explaining how to construct the Hilbert space
representing a system composed of two independent systems in terms of the
Hilbert spaces associated to each subsystem.
In classical mechanics the rule is simple: if C1 and C2 are the configuration spaces for two systems then the Cartesian product C1 × C2 is the
configuration space for the combined system. Moreover the total energy is,
typically, the sum of the energies of the two subsystems plus another term
that represents the energy of interaction. For example there may be forces
acting between the two subsystems in addition to the original forces acting
within each subsystem.
In quantum mechanics the rule is more or less similar: if H1 and H2
are the Hilbert state spaces for two systems then the Hilbert space for the
combined system is the tensor product
H = H1 ⊗ H 2 .

(4.42)

This is consistent with the combining rule for classical mechanics because of
the natural isomorphism
L2 (C1 × C2 ) = L2 (C1 ) ⊗ L2 (C2 ),

(4.43)

which holds for whatever measures you use on the factors, if you use the
product measure on the product. For example the Hilbert state space for
a system of two particles, each free to move in R3 is L2 (R6 ) because the
configuration space of the system composed of two particles, each moving in
R3 , is R3 × R3 = R6 . But by the natural isomorphism (4.43) this Hilbert
space can be just as well described as L2 (R3 ) ⊗ L2 (R3 ).
Here are the two exceptions to the rule (4.42). Suppose that we have two
identical particles. In classical mechanics they are still distinguishable, even
though identical: you can paint a 1 or a 2 on two identical billiard balls. (Use
a thin layer of paint so as not to alter their mechanical properties.) But you
can’t paint anything on an electron or a photon. In quantum mechanics two
identical particles are not only identical but also indistinguishable. If H is the
quantum Hilbert space for each of the two identical particles then the Hilbert
space for the pair is not H ⊗ H. Rather, denoting, the interchange operator
P : H ⊗ H → H ⊗ H, which is the unique unitary operator extending the
transposition map P (u⊗v) = v⊗u, one insists that the state space of the two
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particles is just the set of those vectors in H ⊗ H which are indistinguishable
under this transposition. There are two known types of particles which are
subject to this rule:
A Boson is a particle which, when combined with a particle identical to
itself, has for its combined state space
{ψ ∈ H ⊗ H : P ψ = ψ}.

Bosons

(4.44)

A Fermion is a particle which, when combined with a particle identical
to itself, has for its combined state space
{ψ ∈ H ⊗ H : P ψ = −ψ}.

Fermions

(4.45)

The fact that the particle interchange operator for Fermions changes ψ to
−ψ for Fermions should not cause you any worry as to whether interchanging
particles gives you a different state, because , after all ψ and −ψ define the
same state: no measurement can distinguish them. You might want to review
Table 4 and its “Advisement” following equation (4.4).
A very different example of this product rule arises when taking into
account the idea that an electron, although regarded as a point, has some
kind of “internal structure”. The Hilbert state space for an electron with
spin is
H = L2 (R3 ) ⊗ C2 .
(4.46)
The first factor reflects the fact that the classical configuration space for the
electron is R3 . The second factor, which is just two dimensional, does not
have any classical analog. What is it doing there? 2 With it, you can explain
the periodic table, the Zeeman effect, heat capacity of metals, etc. etc. ... .
Without it ... .
The physical significance of the extra factor C2 in (4.46) can be understood in a way that is predictive of things to come, concerning the classification of elementary particles, that we will address later. We will continue
this discussion later in the section on spin.
2

1924-1926, Pauli, Goudsmit, Uhlenbeck (former father-in-law of our own Karen Uhlenbeck)
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4.8

Observables from group representations

Symmetry is everywhere in physics. Symmetry usually means that there
is a group acting on some set and that two points a and b are physically
equivalent if there is a group element g such that g(a) = b. For example if
the set consists of the positions and velocities five particles moving in R3 then
the induced action of SO(3) on this 30 dimensional space converts one such
instantaneous state into another one with isomorphic physics because the
laws of physics are rotation invariant. (If you want to include a gravitational
force from the earth you must include the earth in the system.) The same
invariance of classical mechanics holds also for the Euclidean group, which is
six dimensional. You can also change the zero setting of your clock, thereby
allowing the Galilean group, which is seven dimensional. If you want to do
correct physics at very high speeds, however, you will have to replace the
Galilean group by the Poincare group, which is ten dimensional. In this case
you are into special relativity. See Section 9.6.
In quantum mechanics the isomorphisms are the unitary operators. Thus
if H is the Hilbert state space for a system and A is the operator representing an observable of interest, and if U : H → K is a unitary operator, then
the Hilbert space K can just as well be taken as the Hilbert state space of
the system, provided you now represent the previous observable by the induced operator U AU −1 . The expected value (Aψ, ψ) = (U AU −1 (U ψ), (U ψ))
doesn’t change in the corresponding state. Therefore quantum mechanical
symmetry with respect to some group G usually means that there is a unitary
representation of the group lurking nearby. Recall that a unitary representation of a group G is a homomorphism from G into the unitary group on
some Hilbert space. If G is a Lie group then one has to assume that the
homomorphism is continuous in some suitable sense.
The link between group representations and observables descends from
the following theorem.
Theorem 4.7 (Stone-von Neumann theorem) Let t 7→ U (t) be a function
from R into the group of unitary operators on a complex Hilbert space H.
Assume
a) U (t + s) = U (t)U (s), for all t, s ∈ R
b) t 7→ U (t)ψ is a continuous function on R to H for each vector ψ ∈ H.
Then there exists a unique self-adjoint operator A on H such that
U (t) = eitA for all t ∈ R.
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(4.47)

Moreover A is given by
iAψ =

d
dt

U (t)ψ

(4.48)

t=0

for all ψ in the domain of A.
Proof. Find it in any book that has “quantum” and “mathematicians” in
the title.
Many of the fundamental observables that arise in quantum mechanics
and quantum field theory are produced naturally by this theorem. We are
going to show first how the angular momentum operator arises in exactly
this way. In the next section we will do the same for spin.
4.8.1

Example: Angular momentum

The rotation group SO(3) acts naturally on L2 (R3 ) by the map
UR : ψ 7→ ψ ◦ R−1

ψ ∈ L2 (R3 ),

R ∈ SO(3)

(4.49)

Since a rotation preserves Lebesgue measure, and UR−1 = UR−1 , the map UR
is unitary. Moreover it is a simple exercise (if you pay a little attention to
the definition) to show that UR1 R2 = UR1 UR2 . Therefore the map R 7→ UR is
a unitary representation of SO(3) on L2 (R3 ).
Consider the one-parameter group of rotations given by


cos θ − sin θ 0
R(θ) =  sin θ cos θ 0
(4.50)
0
0
1
By (4.49) these rotations act naturally on L2 (R3 ) giving the following
function of θ into L2 ,
θ 7→ ψ ◦ (R(θ)−1 ),

θ∈R

(4.51)

for each function ψ ∈ L2 .
Lets see what observable we get from this one-parameter group of unitaries by the recipe (4.48). Of course we replace t by θ in (4.48). Here is the
computation.
∂
∂
ψ(R(θ)−1 (x, y, z)) =
ψ(x cos θ + y sin θ, −x sin θ + y cos θ, z)
∂θ
∂θ
= (−x sin θ + y cos θ)ψx + (−x cos θ − y sin θ)ψy
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So at θ = 0 we find
∂
∂θ

ψ(R(θ)−1 (x, y, z)) = (y
θ=0

∂
∂
− x )ψ
∂x
∂y

(4.52)

Now look all the way back at Table 5 line 5., which describes the z component
of the angular momentum operator. Back then we derived that operator from
the classical angular momentum x × p by just making the usual replacement
p → −i~∇. But now we see that we have arrived at the same operator from
the action of the rotation group on L2 (R3 ). Specifically, comparing with
(4.52) we see that
(Lz ψ)((x, y, z)) = (−i)~

∂
∂θ

ψ(R(θ)−1 (x, y, z)).

(4.53)

θ=0

Lets put these pieces together. The exponential of the derivative gives back
the one parameter group of unitaries in accordance with (4.47). We therefore
have
eiθ(Lz /~) ψ = ψ ◦ R(θ)−1 ∀ θ ∈ R
(4.54)
Furthermore, by (2.6), the one parameter group R(θ) itself is
R(θ) = eθAω ,

ω = (0, 0, 1)

(4.55)

where Aω is the element of the Lie algebra so(3) given by (2.5) with a = 1.
SUMMARY:
a) If we write Aω as the element (2.5) of the Lie algebra so(3) which
“generates” rotation around the z axis, i.e., (4.55) holds, and if Lz is the
operator on L2 (R3 ) corresponding to the observable “ z-component of angular
momentum” then
eiθ(Lz /~) ψ = ψ ◦ e−θAω ∀ θ ∈ R
(4.56)
and

∂
ψ ◦ e−θAω .
(4.57)
∂θ θ=0
b) Starting now with an arbitrary vector ω ∈ R3 the previous computations show that the procedure of differentiating the one parameter group of
unitaries θ 7→ (ψ → ψ ◦e−θAω ) at θ = 0 gives a skew adjoint operator (i/~)Lω
where Lω is the angular momentum operator in the direction ω, (times |ω|
(i/~) Lz ψ =
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of course). We thereby have a linear map from the Lie algebra of SO(3) to
the (self-adjoint) angular momentum operators:
so(3) 3 Aω 7→ Lω = angular momentum operator in direction ω,

(4.58)

where Aω x = ω × x.
c) For any unitary representation of any Lie group G, Theorem 4.7 induces
a map from g, the Lie algebra of G to operators on the representation Hilbert
space. We will see over and over that this map assigns to the elements of
certain Lie algebras, operators whose physical interpretation is central to
quantum mechanics and quantum field theory. The next section will do this
for electron spin.

4.9

Spin

We asserted in Section 4.7 that the Hilbert state space for an electron with
spin is H ≡ L2 (R3 ) ⊗ C2 . This is not a statement with content until one
knows what operators on H have what physical interpretation. Here is the
physical significance of the factor C2 . Let a ∈ SU (2). The homomorphism
ρ : SU (2) → SO(3) described in Appendix 9.3 immediately gives us a representation of SU (2) on H by the formula
W (a) = Uρ(a) ⊗ a : L2 (R3 ) ⊗ C2 → L2 (R3 ) ⊗ C 2

(4.59)

where UR is the unitary operator on L2 (R3 ) defined in (4.49). You should
verify at your leisure (like now for example) that W (ab) = W (a)W (b) and
that W (a) is actually unitary. So W is indeed a unitary representation of
SU (2). We are going
Theorem 4.7 and see what we get.
 to apply

1 0
Let sz = (i/2)
as in Appendix 9.3. Let us compute the observ0 −1
able corresponding to the one parameter group of unitaries θ 7→ W (eθsz ).
We’ve already done the hard part in Section 4.8.1. The product rule for
differentiation gives, in view of (4.57),

∂
∂
θsz
θsz
W (e ) =
U θsz ⊗ e
∂θ
∂θ ρ(e )
= (i/~)Lz ⊗ IC2 + IL2 ⊗ sz
(4.60)
at θ = 0. Therefore
− i~

∂
|θ=0 W (eθsz ) = Lz + (−i~sz ).
∂θ
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(4.61)

CAUTION: I’ve omitted the identity operator factors in (4.61), as is common
in the physics literature. But they should be there, just as in (4.60).
Define
Jz = Lz + (−i~sz ), which operates on L2 (R3 ) ⊗ C2 .

(4.62)

Terminology: Jz is called the (z component of the) total angular momentum. It is a sum of Lz , which is called the (z component of the) orbital angular
momentum, and −i~sz , which is called the (z component of the) spin angular momentum. These names are themselves suggestive and therefore useful
to know. By accepting Jz as the “(z component of) the quantum mechanical angular momentum operator”, we acknowledge that the straight-forward
quantization procedure, p 7→ −i~∇, x 7→ Mx , which led us to define the angular momentum operator in Table 5 from the classical angular momentum
x × p, may not capture the physically correct operator corresponding to a
given classical observable. In our present example there is simply no classical
analog of a point particle of finite mass, for which spinning around its center
makes sense.
Remarkably, the mechanism we illustrated in Section 4.8.1 for producing
an angular momentum operator without spin, and in the present section for
producing an angular momentum operator with spin, seems to apply to all
of the fundamental observables in quantum mechanics and quantum field
theory. One starts with some Lie group G and some unitary representation
of G and uses the mechanism of Theorem 4.7 to map the Lie algebra of G
to operators corresponding to some possibly non-classical observables. But
which group G and which unitary representation? Ah! There’s the rub. This
brings us to the front lines of the classification of elementary particles. But
we will develop this procedure in the context of relativity theory first, before
going on to elementary particles.
SUMMARY:
Taking the viewpoint that the angular momentum operator should always be defined as the image of a Lie algebra element in some representation
of the rotation group, or more generally its covering group SU (2), we saw
that the natural representation of SU (2) on L2 (R3 ) ⊗ C2 produces an angular momentum operator which is a sum of the classical angular momentum
operator, coming from the motion of the point electron around the origin,
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plus a term which seems to come from the point itself spinning around its
center! Go figure.
But it works: if you place an atom in a magnetic field then the interaction of the magnetic field with the current (produced of course by the moving
electron) changes the Hamiltonian and therefore the spectrum. This shows
up experimentally in that some of the spectral lines change when a magnetic
field is turned on around the atom. In fact where there was one spectral line
before, there are now three, or five, or more. The change of Hamiltonian
produced by the interaction of the magnetic field with the orbital angular
momentum is adequate to explain the split into three lines (Zeeman effect)
but not into five or more lines (anomalous Zeeman effect). However the
spinning of the electron does the trick: the electron becomes a little magnet
independently of its orbital motion. This magnet interacts with the magnetic field, changing the Hamiltonian even more. Result: spectral lines split,
according to the modified Hamiltonian, (almost) precisely in agreement with
experiment. Why (almost)? Because we have not yet taken special relativity
into account.
A final word on terminology in the physics literature: ignore the orbital
motion of the electron for the moment and consider just its internal Hilbert
state space, which is C2 . Each of the three Hermitian spin angular momentum
operators −i~sx , −i~sy , −i~sz have two one dimensional eigenspaces in C2 .
These eigenspaces are not in any sense parallel because these three operators
don’t commute. But in many computations it is convenient and customary
to single out the z axis (e.g. one might take the magnetic field along the z
axis). And then the z component of the spin angular momentum −i~sz plays

a special role. Since this operator is proportional to the matrix

1 0
0 −1

its

eigenvectors are (1, 0) and (0, 1), the first corresponding to the spin axis
pointing up along the z axis and the second pointing down. Its customary
to refer to the first as a “spin up” state and to the second as a “spin down”
state. But in the absence of a computational or expositional reason to single
out the z axis all directions in C2 are of equal physical significance.

4.10

Pictures: Heisenberg vs Schrödinger

If φt : T ∗ (C) → T ∗ (C) is the one-parameter diffeomorphism group giving
the Newtonian flow and b is a point in T ∗ (C) then a classical observable
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(which you may recall is specified by a function f on T ∗ (C)) takes the value
f (φt (b)) at time t if the state at time t = 0 was b. Mathematically there is no
difference in saying that the observable itself is changing, that is; f → f ◦ φt ,
while the state b is fixed, because after all (f ◦ φt )(b) = f (φt (b)). There is
a precise analog of these dual views in quantum mechanics. Suppose that
H is the Hamiltonian operator on our Hilbert state space, H. Lets put
~ = 1 for readability. The time evolution of a state ψ0 under the Schrödinger
evolution is ψ(t) = e−itH ψ0 . Suppose that A is a self-adjoint operator on H
corresponding to some observable. Then the expected value of A after time
t is (Aψ(t), ψ(t)) = (Ae−itH ψ0 , e−itH ψ0 ) = (eitH Ae−itH ψ0 , ψ0 ). So define
At = eitH Ae−itH .

(4.63)

Then (Aψ(t), ψ(t)) = (At ψ0 , ψ0 ). Since these inner products determine all
the information one can get about the physics one could interpret this equation by saying that one might just as well regard the states as fixed while
the observables change with time. A convenient mathematical nicety of this
viewpoint is that the map A → At is a ∗ preserving automorphism of the
algebra of all bounded operators on H. The flow of diffeomorphisms in
classical mechanics is thereby replaced by a flow of automorphisms of a noncommutative algebra. This is a technically and conceptually useful point of
view, both for mathematical purposes and for quantum statistical mechanics,
as it happens. The view presented in Table 4, in which the states ψ change in
accordance with Schrödinger’s equation, is called the “Schrödinger picture”.
The view presented in this section, in which the states ψ remain fixed and
the observables change, A → At , is called the “Heisenberg picture”. These
dual views of the time evolution are mathematically equivalent. But each
viewpoint has advantages.
Lets consider a single particle free to move in one dimension, for simplicity.
Suppose that it has mass m and is subject to a force F = −V 0 (x), as usual.
The Hilbert state space is H = L2 (R, dx) and the Hamiltonian is of course
1 2
P + MV .
2m
Lets put ~ = 1 for readability again. Then
H=

H=−

1 2
d /dx2 + MV .
2m

Define
Q(t) = eitH Qe−itH
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(4.64)

and
P (t) = eitH P e−itH .

(4.65)

Theorem 4.8 (Newton’s equations in the Heisenberg picture.) When applied
to a wave function ψ ∈ Cc∞ (R) the previous operators satisfy the following
equations.
m dQ(t)/dt = P (t)
dP (t)/dt = −V 0
[P (t), Q(t)] = −iIH , (equal time CCR)

(4.66)
(4.67)
(4.68)

dQ(t)/dt = eitH i(HQ − QH)e−itH

(4.69)

Proof.
But, since multiplication operators commute,
(HQ − QH)ψ = −(1/2m)(d2 /dx2 xψ − xd2 /dx2 ψ)
= −(1/m)dψ/dx.

(4.70)
(4.71)

This proves (4.66). Similarly, dP (t)/dt = eitH i(HP − P H)e−itH . But, since
P commutes with the kinetic energy term, we find
i(HP − P H)ψ = i(V (x)(−id/dx) − (−id/dx)V (x))ψ(x)
= −V 0 (x)ψ(x).

(4.72)
(4.73)

This proves (4.67). Finally,
(P (t)Q(t) − Q(t)P (t))ψ = eitH (−id/dx x − x(−id/dx))e−itH ψ
itH

= e (−iIH )e
= −iIH

−itH

(4.74)
(4.75)
(4.76)

SUMMARY: As we know, with p = mv, Newton’s equations take the form
dp/dt = −V 0 (x) when the force is given as F (x) = −V 0 (x). The equations
(4.66) and (4.67) are therefore precisely Newton’s equations, but for operator
valued functions of time. The (equal time) canonical commutation relations
(4.68) show, however, that these are not identifiable with classical solutions.
Some would say that the commutation relations, (4.68), are the real difference
between classical mechanics and quantum mechanics.
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4.11

Conceptual status of quantum mechanics

Although quantum mechanics gives fantastically good agreement with experiment in all areas of physics, its conceptual foundations are regarded by
many (mostly mathematicians) as incomplete and imprecise. In his classical
book [60], von Neumann proposed a mathematical interpretation of the measurement process. If, for example, a wave function is a linear combination
of two (normalized) eigenstates ψ1 and ψ2 of the Hamiltonian with distinct
eigenvalues a and b, say ψ = 2−1/2 ψ1 + 2−1/2 ψ2 , then a measurement of the
system will find the system to be either in state ψ1 or in state ψ2 , each with
probability 1/2. (You must make the measurement many times, starting with
the state ψ each time.) But after the measurement the system will remain
in state ψ1 , if that’s what you found. Thus in the measurement process the
system has undergone a sudden change from ψ to ψ1 . This is called collapse of the wave function. To avoid possible inconsistencies associated with
collapse of the wave function some leading physicists endorse the notion of
“decoherence”. A fast exposition of this notion and lots of references can be
found on the Wikipedia website
http://en.wikipedia.org/wiki/Decoherence
There is a vast literature aiming to put quantum mechanics on a well motivated and clearly organized axiomatic foundation. The algebra of bounded
observables is no longer commutative, as it is in classical mechanics. Moreover the lattice of “Question observables” (for which the answer is yes or no)
is very different in classical mechanics from that in quantum mechanics. In
classical mechanics the typical question is “Does the system lie in the Borel
set B ⊂ T ∗ (C)?” These questions form a lattice (a partially ordered set in
which any two elements have at least one upper bound. E.g. B1 ≤ B2 means
B1 ⊂ B2 . Clearly any two elements have a supremum, namely B1 ∪ B2 .)
In quantum mechanics the question observables are specified by projections
onto subspaces of the state Hilbert space H. (P1 ≤ P2 means the usual.)
The properties of these two lattices are very different. One can impose one’s
favorite conditions on an abstract lattice and ask what conditions imply that
the lattice is just like the quantum mechanical one. Axiomatic approaches
based on such lattices are ubiquitous. One approach, containing some of this
idea, but augmented by more concrete axioms can be found in the paper of
George Mackey [41].
The earliest attempt to formulate mechanics in terms of the algebra of
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observables, from which one could hope to show that the only examples are
classical mechanics or quantum mechanics, is the C ∗ algebra approach of I.
E. Segal [54]. Subsequent work showed that examples other than these two
could satisfy the axioms. But Segal’s approach was later adapted to form a
useful conceptual and technical tool in quantum field theory.
Another approach, that goes under the name of “Geometric quantization”
asks how one might map the space of functions on phase space, T ∗ (C), into
corresponding operators on the state Hilbert space H. The classic book on
this approach is by Woodhouse [70], from which one can trace back to the
fundamental work of B. Kostant. For a recent survey of this approach see B.
Hall, [29]
Perhaps quantum mechanics is just an “averaging” over some deeper theory in which there are quantities, “hidden variables”, that we just don’t know
how to measure as yet. This is a very extensively investigated question. See
for example the book [47] by E. Nelson on stochastic quantum mechanics.
There is a recent work by John Conway and Simon Kochen, which relates
to hidden variables theory and connects these issues to the classical Free Will
question! See for example
http://www.ams.org/notices/200902/rtx090200226p.pdf
Research on the conceptual and axiomatic foundations of quantum mechanics is an ongoing activity. For a lead-in to some of this research see, for
example, J.M. Jauch [38] or [5, 6, 7]. And/or type in [Title] hThe interpretation of quantum mechanicsi on mathscinet. This will bring up (at least)
44 references.

4.12
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5

Quantum field theory

We are going to construct the simplest quantum field. Our aim is to illustrate not only what the typical structure of a quantum field is, but to show
also how a “free” quantum field can be regarded as a sequence of harmonic
oscillators. The heuristics behind this “equivalence” is itself extremely illuminating and still dominates a large part of the textbook literature on
quantum field theory. The heuristics includes the first, and most easily understood, subtraction of an infinite quantity. Such subtractions (so-called
renormalizations) are ubiquitous in quantum field theory. Many physicists
regard them (at the present time, 2011) as vital ingredients of the theory,
rather than an artifact of the present day formulation. In the preface to his
reprint book of the classical papers, “Quantum electrodynamics” [53, page
xv], Julian Schwinger points out that “it took the labors of more than a
century to develop the methods that express fully the mechanical principles
laid down by Newton.” Now quantum field theory is barely 80 years old, and
is a much more complicated mathematical system than Newtonian mechanics. Even ignoring the possibility of major fundamental modifications of the
present version of quantum field theory, such as e.g. string theory, which may
be required for understanding higher energy phenomena, 80 years is a pretty
short time to get the mathematics straight. Moreover it may be impossible to
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get the present versions of quantum field theory into a mathematically consistent form without including future modifications. Will another hundred
years do the trick? Or is that too optimistic.

5.1

The harmonic oscillator

One harmonic oscillator. The restoring force for a harmonic oscillator
on the line is given by Hooke’s law F (x) = −kx, as already mentioned in
Example 2.9. Newton’s equation, F = ma, reduces, in this case to
− kx = mẍ

(5.1)

where x is the oscillator position, ẋ = dx/dt, and k is the spring constant.
The force F is −grad V , with V = k2 x2 . The energy of the oscillator is
therefore
k
1
(5.2)
E = mẋ2 + x2
2
2
or, equivalently,
1 2 k 2
E=
p + x,
(5.3)
2m
2
p
where p = mv = mẋ is the momentum. Define ω = k/m. Then Newton’s
equation, (5.1), reads ẍ + ω 2 x = 0, for which the general solution is
x(t) = A cos ωt + B sin ωt.

(5.4)

So ν ≡ ω/(2π) is the frequency of this periodic motion. The angular frequency ω is of more interest to us than the spring constant. So we will always
write harmonic oscillator equations in terms of ω. Thus, since k = mω 2 , we
will write the energy (5.3) as
E=

1 2 mω 2 2
p +
x,
2m
2

(5.5)

Quantization of this system yields the Hamiltonian
H=−

1 d2
mω 2 2
+
x,
2m dx2
2

(5.6)

which is to be interpreted as a self–adjoint operator on L2 ((−∞, ∞); dx) (and
∂
which is obtained from (5.3) by the usual substitution p → 1i ∂x
, x → mult.
by x). We are going to set ~ = 1 in this section.
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n harmonic oscillators. Similarly the energy and Hamiltonian for a system
consisting of n independent harmonic oscillators of masses mj and spring
constants kj may be derived from the corresponding Newton’s equations,
mj

d2 xj
= −kj xj
dt2

j = 1, . . . , n.

(5.7)

1 2 mj ωj2 2 
−
p +
xj ,
2mj j
2

(5.8)

The total energy is
E=

n 
X
j=1

wherein
p we have again expressed the energy in terms of the angular frequency
ωj = kj /mj . The Hamiltonian is therefore given by
H=

n 
X
j=1

mj ωj2 2 
1 ∂2
−
xj .
+
2mj ∂x2j
2

(5.9)

H is to be interpreted as a self–adjoint operator on a suitable domain in
L2 (Rn ; dn x) (e.g., it can be defined as the closure of its restriction to Cc∞ (Rn )).

5.2

A quantized field; heuristics.

We will show now how the quantization of a classical (noninteracting) field
can be regarded as just an assembly of infinitely many harmonic oscillators.
To avoid technical problems that will only obscure the big ideas, we are
going to consider only a field that has just one component (not six like the
electromagnetic field), that lives on a one dimensional space (not on R3 ), and
that lives in fact on just a finite interval (not all of R). In the absence of
any charges or currents, which is the case of interest to us, any component
2
of the electromagnetic field satisfies the wave equation ∂∂t2u = ∆u. It is this
feature, a hyperbolic wave equation, that must be preserved in any reasonable
example. Whereas quantum mechanics arises from quantizing an ordinary
differential equation, namely Newton’s equation, quantum field theory arises
from quantizing a partial differential equation (the field equation).
We are going to quantize the “field equation”
∂ 2u
∂ 2u
=
,
∂t2
∂x2
99

(5.10)

which is the equation for a vibrating string. Moreover we will take space to
be the interval (0, π) and assume that the string is fixed at the endpoints.
I.e.,
u(0, t) = 0 u(π, t) = 0 for all t.
(5.11)
In accordance with the method of separation of variables a general solution of (5.10) and (5.11) can be written in the form
u(x, t) =

∞
X

qj (t)uj (x)

(5.12)

j=1

where uj (x) and qj (t) each satisfy ordinary differential equations and uj is
zero at the endpoints. The ordinary differential equation for uj is the eigenvalue equation d2 u/dx2 = λu(x) with u(0) = u(π) = 0. The eigenfunctions,
normalized in L2 ((0, π)), are
r
2
sin jx j = 1, 2, . . .
(5.13)
uj (x) =
π
The eigenvalues are λ = −j 2 , j = 1, 2, . . . . That is, u00j = −j 2 uj . The
functions uj form an orthonormal basis of L2 ((0, π)) and any initial condition
can therefore be written as
∞
X

u0 (x) =

qj uj (x)

(5.14)

j=1

for some suitable choice of the real numbers qj , which we leave unspecified
for now. The time evolution of the initial data u0 is found, as usual, by
letting the coordinates qj depend on time as in equation (5.12). Then the
field equation (5.10) reads
∞
X

q̈j (t)uj (x) = ∂ 2 u(x, t)/∂t2

j=1

= ∂ 2 u(x, t)/∂x2 =

∞
X
j=1

=−

∞
X

j 2 qj (t)uj (x).

j=1
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qj (t)u00j (x)

Since the functions uj are orthonormal it follows that
d2 q j
= −j 2 qj
dt2

j = 1, 2, . . . .

(5.15)

Of course u(x, t) is determined by the values u(x, 0) and u̇(x, 0) which, in
view of (5.12), are determined by the two sequences {qj (0)} and {q̇j (0)}.
Comparison of equations (5.15) with (5.7) shows that the boundary value
problem (5.10), (5.11) is equivalent to a mechanical system consisting of
infinitely many harmonic oscillators with masses mj all equal to one and
spring constants kj = j 2 . The canonical coordinates are {qj }∞
j=1 and {pj =
.
mj q̇j = q̇j }∞
j=1
According to the principles of quantum mechanics one should therefore
quantize this system by taking the Hilbert space to be
K = L2 (R∞ , dq1 dq2 · · · )

(5.16)

and the Hamiltonian to be (in analogy to (5.9) with all mj = 1)
H=

∞
X
1
j=1


∂2
2 2
− 2 + ωj qj
2
∂qj

(5.17)

where ωj = j. Moreover, if Qj denotes the quantization of qj , i.e. Qj =
multiplication by qj on K, the principles of quantum mechanics assert, in
view of (5.12), that the quantized field ϕ at time zero is given by
ϕ(x, 0) =

∞
X

Qj uj (x).

(5.18)

j=1

The field is therefore an operator valued function on (0, π). That is to say,
the field is an operator on K for each x ∈ (0, π).
There are a few little problems with the preceding discussion.
First, the definition of K in (5.16) is meaningless because of the appearance of infinite dimensional Lebesgue measure. Don’t worry. We will change
the Lebesgue measure to a well defined probability measure in a natural way.
Second, the series defining the operator H in (5.17) diverges to +∞ in
every reasonable sense.Don’t worry. We will subtract off an infinite constant
that will make H a meaningful operator on a meaningful Hilbert space
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Third, the series (5.18) defining the quantum field ϕ(x) diverges for almost
every x ∈ (0, π). Don’t worry.
SUMMARY: The astute reader can very likely appreciate now the word
“heuristics” in the title of this subsection. The heuristic discussion of the
present section still remains today a good guide for the construction, and
even definition, of what constitutes a quantum field. Precise and meaningful definitions of “quantum field” have been given and explored extensively.
See e.g. Streater and Wightman [56]. Studies dealing with mathematically
meaningful definitions of quantum fields go by the name “ axiomatic quantum field theory”. Unfortunately no axioms have yet been proposed which
seem likely (to many) to be satisfied by the actual fields (gauge fields) that
have been most successfully corroborated by experiment. For the time being, therefore, its important to understand the heuristic basis for our current
example as well as a meaningful version of it, to which we now turn. In order to rescue the preceding heuristic discussion of our quantized field we are
going to return temporarily to harmonic oscillators. In one form or another
the following rescue operation still appears in modern textbooks on quantum
field theory for physicists.

5.3

The ground state transformation

One harmonic oscillator again. Consider a single harmonic oscillator
with m = 1 and k = ω 2 . Its Hamiltonian, according to (5.6), is
1
1 d2
+
mω 2 q 2
Ĥ = −
2
2m dq
2

on L2 ((−∞, ∞); dq).

(5.19)

For any constant a > 0 the easily verified identity
Ĥe

−ax2 /2

2 /2

shows that e−ax

a −ax2 /2  mω 2
a2  2 −ax2 /2
=
e
+
−
xe
2m
2
2m

(5.20)

is an eigenfunction of Ĥ if and only if a = mω. Let
ψ0 (q) = (mω/π)1/4 e−mωq

Then (5.20) shows that
a) Ĥψ0 = (ω/2)ψ0
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2 /2

.

(5.21)

Moreover an easy Gaussian integral shows that
R∞
b) −∞ ψ0 (q)2 dq = 1.
So ψ0 is a normalized eigenfunction for Ĥ and, since ψ0 is positive, ω/2
is the lowest eigenvalue of Ĥ and ψ0 is the ground state of Ĥ. A direct
computational proof that ω/2 is the lowest eigenvalue will be given in the
next theorem.
Let
dµ(q) = ψ0 (q)2 dq.
(5.22)
Then µ is a probability measure on R. Define
U : L2 (Rn , dq) → L2 (Rn , µ)
by
(U ψ)(q) = ψ(q)/ψ0 (q).

(5.23)

U is clearly unitary. We assert that
U ĤU −1 =



−

d ω
1 d2
+
ωq
+ I.
2m dq 2
dq
2

(5.24)

Indeed, let f (x) = (U ψ)(x) = ψ(x)/ψ0 (x). Then (U −1 f )(x) = ψ(x) =
f (x)ψ0 (x) and therefore

1  00
0
0
(Ĥψ)(x) = f (x)Ĥψ0 −
f (x)ψ0 (x) + 2f (x)ψ0 (x)
2m

1  00
ω
0
f (x) − 2f (x)(mωx) ψ0 (x)
= f (x) ψ0 (x) −
2
2m

(5.25)
(5.26)

1
Hence (U ĤU −1 f )(x) = (Ĥψ)(x)/ψ0 (x) = (ω/2)f (x) − 2m
f 00 (x) + ωxf 0 (x),
which is (5.24).
Define
1 d2
d
H=−
+ ωq
on L2 (R, µ)
(5.27)
2
2m dq
dq

Then (5.24) asserts that
H = U (Ĥ −
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ω −1
)U
2

(5.28)

Theorem 5.1
(Hf, g)L2 (µ)
(Hf, f )L2 (µ)

Z
1
=
f 0 (q)ḡ 0 (q)dµ(q) and
2m R
≥ 0 for all sufficiently smooth f ∈ L2 (µ).

(5.29)
(5.30)

Moreover inf(spectrum H) = 0 and inf(spectrum Ĥ) = ω/2.
Proof. In view of the definition (5.21) an integration by parts gives
Z
Z
0
0
f (q)ḡ (q)dµ(q) =
f 0 (q)ḡ 0 (q)ψ0 (q)2 dq
R
ZR
= (−f 00 (q) + 2mωqf 0 (q))ḡ(q)ψ0 (q)2 dq
R

= 2m(Hf, g)L2 (µ) .
This proves (5.29). Put g = f in (5.29) to deduce (5.30). Since the constant
functions are in L2 (µ) and H1 = 0 the bottom of the spectrum is indeed zero
and is an eigenvalue. Finally (5.28) shows that Ĥ = U −1 HU + ω/2. Since
U −1 HU has the same spectrum as H this completes the proof.
Remark 5.2 The operator U commutes with multiplication, as is clear from
the simple formula (5.23). For example
U Mq U −1 = Mq .

(5.31)

(The domain of Mq has changed however. But never mind that.) But U
does not commute with differentiation. Thus if f (q) = ψ(q)/ψ0 (q) then
(U −1 f )(q) = ψ(q) = f (q)ψ0 (q) and therefore
(U

d

d −1
U f )(q) = U
(f · ψ0 )
dq
dq


= f 0 ψ0 + f ψ00 /ψ0
= f 0 − ωq

(5.32)
(5.33)
(5.34)

Therefore our momentum operator, which was given by P = −i~(d/dq) when
we used Lebesgue measure to define the Hilbert state space is now given by
d

P = −i~
− ωq
(5.35)
dq
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as an operator in L2 (R; γω ). That’s what happens when you change the
representation of the Hilbert state space. we saw a more drastic change in the
formula for the momentum operator when we transformed the Hilbert state
space by the Fourier transform. P just became a multiplication operator.
There is a lesson here: In spite of the changed appearance of the formulas
for P and Q, the all important commutation relations [P, Q] = −iI are
unchanged.
There are now five naturally occurring operators in this “ground state”
representation of the Hilbert state space for a harmonic oscillator. The relations between them dominate a large part of quantum field theory. Define
α=

d
dq

acting on L2 (R; γω )

(5.36)

Then an integration by parts shows, just as in the proof of (5.29), that
α∗ = −

d
+ 2ωq
dq

(5.37)

Consequently, in view of (5.35) and (5.27), we have the relations
α + α∗ = 2ωQ,
α − α∗ = 2(i/~)P and
(1/2)α∗ α = H.

(5.38)
(5.39)
(5.40)

In short, all of the operators we have discussed so far can be expressed neatly
in terms of the differentiation operator α and its adjoint in the Hilbert space
L2 (R; γω ).
SUMMARY: We see that ω/2 is the bottom of the spectrum of the original
Hamiltonian Ĥ that we’ve been using in preceding sections. If we lower
the entire spectrum by subtracting off the so called “zero point energy”,
ω/2 then the resulting operator is unitarily equivalent to the operator H.
The quadratic form of H has the really simple formula given in (5.29). An
operator whose quadratic form has this nice first derivative look is called a
Dirichlet form operator. The description (5.29) is equivalent to writing H in
the form (5.40). Such operators are especially easy to deal with. Now notice
that subtracting the constant ω/2 from the Hamiltonian Ĥ does not change
the physics because this just amounts to changing the potential mω 2 q 2 /2 by
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an additive constant. Moreover a unitary transformation is an isomorphism
for quantum mechanics and therefore the operator H represents the harmonic
oscillator Hamiltonian just as well as our original choice Ĥ does.
n harmonic oscillators again. Let us return now to a system of n
independent harmonic oscillators all of mass one and spring constants ωj2 .
By (5.9) we find the Hamiltonian in this case to be
Ĥn = (1/2)

n
X

(−∂ 2 /∂qj2 + ωj2 qj2 ) acting in L2 (Rn , dq)

(5.41)

j=1

Let
2

ψj (qj ) = (ωj /π)1/4 e−ωj qj /2
and
ψ0 (q) = Πnj=1 ψj (qj ), q = (q1 , . . . , qn )
Then

n
X


Ĥn ψ0 = (1/2)
ωj ψ0

(5.42)

j=1

because Ĥn is a sum of independent differential operators. So ψ0 is the
ground state of Ĥn and the “zero point energy” (i.e. inf spectrum Ĥn ) is
En ≡ (1/2)

n
X

ωj .

(5.43)

j=1

Define
dµn (q) = Πnj=1 [ψj (q)2 dqj ] on Rn

(5.44)

Then µn is a probability measure on Rn and the map
ψ → Un ψ = ψ/ψ0

(5.45)

is again unitary from L2 (Rn , dq) onto L2 (Rn , µn ). Just as for a single oscillator one sees that
Un (Ĥn −

En )Un−1

n
X
=
(−(1/2)∂ 2 /∂qj2 + ωj qj ∂/∂qj ).
j=1
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(5.46)

So define
Hn =

n 
X
j=1

∂ 
1 ∂2
+ ωj qj
acting in L2 (Rn , µn ).
−
2 ∂qj2
∂qj

(5.47)

Then
Un Ĥn Un−1 = Hn + En .

(5.48)

Let us simply record here the obvious extension of the formulas (5.35) (5.40) to n harmonic oscillators. Define
αj =

∂
acting on L2 (Rn ; µn )
∂qj

(5.49)

Then
∂
+ 2ωj qj
∂qj
αj + αj∗ = 2ωj Qj
αj∗ = −

αj∗

αj −
= 2(i/~)Pj
n
X
(1/2)
αj∗ αj = H

(5.50)
(5.51)
(5.52)
(5.53)

j=1

SUMMARY: Hn differs from our first choice of Hamiltonian, (5.41) in
two ways. First, it incorporates the subtraction of the zero point energy En ,
which does not affect the physics because it just changes the potential by an
additive constant. Second, it incorporates the unitary transform Un , which
also does not affect the physics. Thus the assembly of quantum harmonic
oscillators are just as well served by Hn acting in L2 (Rn ; µn ) as by Ĥn acting
in L2 (Rn ; dn q).
We are ready to return to an infinite assembly of harmonic oscillators.

5.4

Back to the quantized field.

We can see now, from (5.41) andP(5.43) that the operator H “defined” in
(5.17) is bounded below by (1/2) ∞
j=1 ωj , which diverges because ωj = j in
that field theory. So we can say, informally , that H ≥ +∞, which shows that
H is at best meaningless. The customary resolution of this problem goes like
this. Any potential is defined only up to an additive constant because only
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grad V has direct physical meaning. ThusPthere is no change in the physics
if we subtract the infinite constant (1/2) ∞
j=1 ωj from the operator H. We
may therefore attempt to give the infinite sum in (5.17) a mathematical
interpretation by passing to the limit n → ∞ in the system (5.47), which
after all is physically equivalent to the system (5.41).
To this end note first that the measure µn in (5.44) is just a product of
probability measures, an infinite product of which is a perfectly respectable
measure. Define
2
∞
dµ(q) = Π∞
j=1 [ψj (qj ) dqj ] on R

(5.54)

Let
H=

∞ 
X
j=1

∂ 
1 ∂2
+ ωj qj
acting in L2 (R∞ , µ).
−
2
2 ∂qj
∂qj

(5.55)

Since there are no zeroth order terms in H (unlike (5.41)) the infinite sum
makes perfectly good sense when applied to many functions on the infinite
product space. For example if f : R∞ → C depends on only finitely many
coordinates, say f (q) = g(q1 , . . . , qn ), with g ∈ Cc∞ (Rn ), then there are only
finitely many nonzero terms in the sum for Hf . Such functions are dense in
L2 (R∞ , µ). So H is densely defined by the formula (5.55). Thus by subtracting the (infinite) zero point energy from (5.17) and unitarily transforming to
the ground state measure µ we have given a meaning to (5.17) as a densely
defined operator in L2 (R∞ , µ), namely as the operator H defined in (5.55).
Moreover we have also “given” a meaning to the Hilbert space K “defined”
in (5.16) since K can just be replaced (informally) by the well defined Hilbert
space L2 (R∞ , µ). After all, the latter is just the image under the “unitary
operator limn→∞ Un ” (which however makes no sense because its domain
is meaningless). (If you are getting the feeling that the boundary between
heuristics and theorems is being stretched you’re right. But you have to get
used to it. The infinite subtraction and concomitant change of Hilbert space
description is among the mildest in this subject.) We have now solved the
first two of the three little problems raised at the end of Section 5.2. Before
addressing the third lets understand the operator H a little better and the
measure µ.
The operator H is particularly nicely related to the measure µ. Just as in
the one harmonic operator oscillator case, (5.29), the operator Hn in (5.47)
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clearly satisfies
Z
(∇f · ∇ḡ)dµ

(Hn f, g)L2 (µn ) = (1/2)

(5.56)

Rn

With just a little thought you can see that this persists in the limit as n → ∞
for functions f and g which depend on only finitely many coordinates. Thus
for such a dense set of functions we have
Z X
∞
(Hf, g)L2 (R∞ ,µ) = (1/2)
(∂f /∂qj )(∂ḡ/∂qj )dµ(x)
(5.57)
R∞ j=1

If one wished to pursue the functional analytic questions left untouched in
this discussion, such as whether H actually has a self-adjoint version in L2 (µ),
the description of H as the operator associated to a Dirichlet form, as in
(5.57), offers a quick and easy mechanism to prove such nice properties because Dirichlet forms in finite and infinite dimensions are well understood.
But we won’t carry this out here.
To connect with parts of the physics literature it is illuminating to deal
in the following informal way with the measure µ defined in (5.54). Write
∞
Dq = Π∞
j=1 dqj for Lebesgue “measure” on R . Then (5.54) gives
1/2
dµ(x) = [Π∞
][e−
j=1 (ωj /π)

P∞

j=1

ωj qj2

]Dq.

(5.58)

In the case of primary interest to us we have ωj = j. So the first of the three
factors in (5.58) is infinite. The second factor happens to be zero a.e. with
respect to µ. And the third factor is meaningless. It is therefore particularly
edifying that the product of all three factors makes perfectly good sense as a
measure on R∞ . The re-association of factors from (5.54) to (5.58) converts a
meaningful probability measure µ into a meaningless expression (5.58). But
get used to it. In the physics literature this measure is usually written as
(5.58).
Returning now to the informally quantized field ϕ(x) defined in (5.18)
here is how we will give it a well defined meaning. Recall that in defining the
classical electric field E(x) one must, in principle, place a small charged piece
of matter around the point x ∈ R3 and measure the force on the object. This
gives the average force on the object. One must then, in principle, repeat
this measurement with a smaller object, a ball centered at x say, and take
a sequence of measurements as the radius of the ball goes to zero while the
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charge also goes to zero. This way you get the field value E exactly at
x and uninfluenced by the change of the sources of the field that may be
produced by the testing charge itself. This is an OK viewpoint in classical
mechanics. But in the actual world you can’t take the charge to zero because
the minimum charge is the charge on an electron. And of course you can’t
take the radius of the ball smaller than the radius of an atom (or proton,
or quark if you want to stretch it.) One can only hope that the averages
themselves are good enough to make a well defined theory. We are going to
carry this out in our vibrating string example.
Let f ∈ Cc∞ ((0, π)) be real valued. Think of f as the density of charge
on Rthe little test ball (test interval in our case). We want to give meaning
π
to 0 ϕ(x)f (x)dx when ϕ is given by (5.18). Interchanging the integral with
the sum we define
Z π
∞
X
ϕf =
Qj
f (x)uj (x)dx
(5.59)
0

j=1

We will show that this series of operators on L2 (R∞ ; µ) converges in a reasonable sense. And then we may write, informally,
Z π
f (x)φ(x)dx = ϕf .
(5.60)
0

Since the series defining ϕ(x) does not actually converge, the integrand on
the left is meaningless. But the operator on the right is well defined. This
circumstance is to be interpreted by saying that the quantized field ϕ(x)
is not an operator valued function after all but rather an operator valued
distribution. This is typical for quantized fields.
Theorem 5.3 Let fj be a sequence of real numbers. For ψ ∈ L∞ (R∞ ; µ)
define
(Qj ψ)(q1 , q2 , . . . ) = qj ψ(q1 , q2 , . . . ).
(5.61)
Then the series

∞
X

Qj fj ψ

(5.62)

1

converges in L2 (R∞ ; µ) for all ψ ∈ L∞ if and only if
∞
X

fj2 /ωj < ∞

j=1
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(5.63)

In particular, if f ∈ Cc∞ ((0, π)) then the series in (5.59) converges on the
dense set L∞ (R∞ , µ).
Proof. Each coordinate function qj is a mean zero Gaussian random
variable with
1
.
(5.64)
kqj k2L2 (µ =
2ωj
Since they are also independent we have
k

n
X

qj fj k2L2 (µ) =

n
X

fj2 /(2ωj ).

(5.65)

j=1

j=1

Since any series of orthogonal functions converges in L2 if and only
P if the
series of their square norms converges, it follows that the series ∞
j=1 qj fj
2
converges in L (µ) if and only if (5.63) holds. But
∞
X

∞
X
Q j fj ψ = (
qj fj )ψ.

1

(5.66)

j=1

So for bounded
ψ the series on the left converges in L2 for each ψ if and only
P∞
if the series ( j=1 qj fj ) converges in L2 .
P
2
Now if f ∈ Cc∞ ((0, π)) then it is also in L2 ((0, π)) and therefore ∞
j=1 fj <
∞. Hence (5.63) holds because ωj → ∞. This proves the last assertion of
the theorem.
p
Side remark: The functions sj = 2ωj qj are orthonormal coordinates in
L2 (R∞ , µ), as is shown in (5.64).
SUMMARY
We have now followed a heuristic path, starting with analogies to infinite
dimensional quantum mechanics and its attendant infinities and meaningless
spaces, and ending with a well defined Hilbert space, a well defined Hamiltonian on it, and well defined field operators. In this way we have united
the spirit of the vibrating string equation (5.10) with the spirit of quantum
mechanics.
Putting all the heuristics behind us now, here is what we actually constructed. The following summarizes the notation of this section and the
statement of theorems. It is self contained except for the proofs. There are
no divergences and no infinities to subtract.
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Notation 5.4 Define
p
2/π sin(jx), 0 ≤ x ≤ π, j = 1, 2, . . .
p
2
γω (dq) = ω/πe−ωq dq, q ∈ R, ω > 0
ωj = j
q = (q1 , q2 , . . . )
γ(dq) = Π∞
j=1 γωj (dqj )
uj (x) =

H = L2 (R∞ , γ)
(Qj ψ)(q) = qj ψ(q), for ψ : R∞ → C
Theorem 5.5 Let f ∈ Cc∞ ((0, π)). Define
∞
X
φf =
(f, uj )L2 ((0,π)) Qj

(5.67)
(5.68)
(5.69)
(5.70)
(5.71)
(5.72)
(5.73)

(5.74)

j=1

This series of (unbounded) operators converges in L2 (R∞ , γ) when applied to
a bounded function ψ. Moreover the map
Cc∞ ((0, π)) 3 f 7→ φf ψ

(5.75)

is a linear map from Cc∞ ((0, π)) into L2 (R∞ ; γ) for each function ψ ∈ L∞ (R∞ ; γ).
Furthermore there is a densely defined, non-negative, essentially self-adjoint
operator H on L2 (R∞ ; γ) given by the series
∞ 
X
1 ∂2
∂ 
Hψ =
−
+ ω j qj
ψ
(5.76)
2 ∂qj2
∂qj
j=1
which converges in L2 (R∞ ; γ) for a dense set of ψ. (E.g. ψ that depend on
only finitely many qj and smoothly also.)
Notice that this is a clear cut theorem with no divergences and no heuristics. The linear map f 7→ φf is a map from test functions to operators on
H. So it is an operator valued distribution over (0, π). The Hilbert space H
is a well defined Hilbert space and the Hamiltonian H is as nice as can be.
The operator valued distribution f 7→ φf is the simplest example of a typical
quantum field. Based on this example you are almost ready to make your
own set of axioms for quantum field theory.
However we have not yet produced time dependent field operators φ(x, t)
which can claim to be quantum analogs of solutions to the field equation
(5.10). You can’t make axioms for relativistic quantum field theory if you
don’t have time playing a role similar to that of space.
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5.5

The time dependent field

As we know from Section 4.10, we have the option of letting the initial
wave function ψ0 evolve in time by the Schrödinger equation, giving ψ(t) =
e−itH ψ0 , or keeping ψ0 fixed and letting the observables change with time
(Heisenberg picture). In quantum field theory it is more insightful to use
the Heisenberg picture. To this end let us put the time dependence into the
quantized field ϕf . In accordance with the prescription (??), define
ϕf (t) = eitH ϕf e−itH .f ∈ Cc∞ ((0, π))

(5.77)

This is the Heisenberg field operator. The use of the honest operator φf
instead of its informal expression
Z π
φf =
φ(x)f (x)dx
(5.78)
0

is unfortunately cumbersome and actually makes some simple equations hard
to read. We have to learn how to write these equations in terms of such informal symbols as φ(x) and how then to give these equations precise meanings
in the distribution sense. The time to do this is now.
To begin with, let us informally manipulate with the definition (5.77)
thus:
Z π
itH
φf (t) = e
φ(x)f (x)dxe−itH
(5.79)
0
Z π

eitH φ(x)e−itH dx
=
(5.80)
o
Z π
=
φ(x, t)f (x)ds
(5.81)
0

where
φ(x, t) = eitH φ(x)e−itH , 0 ≤ x ≤ π, ] t ∈ R.

(5.82)

Since x 7→ φ(x) is not really a function, what does (5.82) mean?
R π Answer # 1. φ(x, t) is a distribution in x for each t. In other words
φ(x, t)f (x)dx is a well defined operator for each t, namely it is φf (t).
0
Answer #2. Since φ(x, t) depends on both x and t it would be reasonable
to interpret it as an operator valued distribution over (0, π) × R. In this
interpretation one would want to give meaning to
Z
φ(g) =
φ(x, t)g(x, t)dxdt.
(5.83)
(0,π)×R
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as an honest operator for each test function g ∈ Cc∞ ((0, π) × R). This is
easy enough to do in our case because we need only do the x integral first in
(5.83) to find
Z
φ(g) =

φgt (t)dt,

(5.84)

R

where gt (x) = g(x, t). The integrand is a well defined operator valued function of t. So the integral might make sense. Why is there any question about
this? Well, these are all unbounded operators. Their domains may change
with t. Thus if one hopes to interpret (5.84) as meaning
Z
φgt (t)ψdt
(5.85)
φ(g)ψ =
R

for some set of ψ ∈ H then one has to be sure to use only those ψ which
are in the domains of all the operators φgt (t), t ∈ R. Fortunately, there
does indeed exist a dense subspace D ⊂ H which not only lies in all of
these domains but for which the function t 7→ φgt (t)ψ is a continuous as a
function into H. The integral in (5.85) makes clear sense for such ψ and
the equation (5.84) therefore has a meaningful interpretation. It would take
us too far afield to go any further into these domain issues. But a reader
who would like to pursue these technical problems herself might consider
the functions ψ ∈ H ≡ L2 (R∞ ; γ) such that ψ(q) depends only on finitely
many coordinates, q1 , q2 , . . . , qN and as a function of these coordinates is
in C ∞ (RN ) with bounded derivatives. This dense subspace “works” for all
choices of the test function g.
Having now alerted the reader as to how to interpret the following definitions and equations we can now state the most significant properties of our
quantum field.
Theorem 5.6 Define φ(x) as in the preceding section. Let
φ(x, t) = eitH φ(x)e−itH , 0 < x < π, t ∈ R

(5.86)

π(x, t) = (∂/∂t)φ(x, t)

(5.87)

φ̈(x, t) = φ00 (x, t)
and
[π(x, t), φ(y, t)] = −iδ(x − y)IH

(5.88)
(5.89)

Define
Then
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Remark 5.7 (More pep talk.) Before proving this theorem lets review the
meaning of these equations yet again. Let g ∈ Cc∞ ((0, π) × R). The equation
(5.88) means this: multiply by g(x, t), intgrate with respect to x and t, do
two integration by parts with respect to x and two with respect to t. Ignore
boundary terms because g is zero near the boundary of (0, π) × R. Then we
find
Z
Z
φ(x, t)g̈(x, t)dxdt =
φ(x, t)g 00 (x, t)dxdt.
(5.90)
(0,π)×R

(0,π)×R

We already know what this equation means because there are no derivatives
of φ involved. By definition this equation is what (5.88) means. To interpret
(5.89) let f and h be two real functions in Cc∞ ((0, π)).Multiply (5.89) by
f (x)h(y) and integrate with respect to x and y. We find
[πf (t), φh (t)] = −i(f, h)L2 ((0,π)) IH

(5.91)

By definition, this is the meaning of (5.89).
Remark 5.8 (Yet more pep talk.) There are lots of real valued solutions to
the vibrating string equation (5.10), which is the same equation as (5.88).
But (5.89) forces φ to be operator valued, in order get a non zero commutation. Remarkably, the pair of equations (5.88) and (5.89) together have
only one solution, namely the one we constructed. Here is just a little more
precision about this.
Hypotheses: a) Suppose that φ̂(x, t) and π̂(x, t) ≡ (∂/∂t)φ̂(x, t) are operator valued distributions over (0, π) × R, acting on some Hilbert space K
and satisfying (5.88) and (5.89). b) K contains no closed subspace which is
invariant under all the operators φ̂(x, t). c) technical conditions.
Conclusion: There is a unitary operator V : K → H such that V φ̂(x, t)V −1 =
φ(x, t) for all x and t.
MORAL: We have constructed the only solution to the pair of equations
(5.88) and (5.89) up to unitary equivalence.
Proof of Theorem 5.6. Differentiating (5.86) with respect to t we
find π(x, t) = ieitH (Hφ(x) − φ(x)H)e−itH because (d/dt)eitH is equal both to
eitH iH and to iHeitH . As far as the meaning of this equation is concerned,
notice that if one multiplies this equation by f (x) and integrates over (0, π)
one gets the well defined operator φf in two places. So this equation makes
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good sense. We are going to leave out this kind of observation henceforth,
leaving such niceties to the reader.
If we differentiate (5.86) again we arrive at a second commutator. Thus
we have
π(x, t) = φ̇(x, t) = ieitH [H, φ(x)]e−itH

(5.92)

φ̈(x, t) = −eitH [H, [H, φ(x)]]e−itH .
(5.93)
P
We will evaluate these commutators. Now φ(x) = ∞
j=1 uj (x)Qj and H =


P∞
2
k=1 − (1/2)∂k + ωk qk ∂k . All of the terms in H commute with Qj except
the term k = j. It is straightforward to compute the one non-zero commutator because it is just a one dimensional computation. So also for the second
commutator. Here is the result.
[H, Qj ] = −∂j + ωj Qj
[H, [H, Qj ]] = ωj2 Qj .

(5.94)
(5.95)

Therefore
[H, φ(x)] =
=

∞
X
j=1
∞
X

uj (x)[H, Qj ]
uj (x)(−∂j + ωj Qj )

(5.96)

j=1

and
[H, [H, φ(x)]] =

∞
X

uj (x)ωj2 Qj

j=1
∞
X

=−

j=1
00

u00j (x)Qj

= −φ (x),

(5.97)

since u00j + ωj2 uj = 0 by (5.13). This proves (5.88).
Since (5.89) contains a delta function we will have to adhere to the more
precise meaning of (5.89), which is (5.91). Let fj = (f, uj )L2 ((0,π)) and hj =
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(h, uj )L2 ((0,π)) . As before, the conjugation by eitH can be taken outside the
commutator. Since eitH commutes with the identity operator it suffices to
prove (5.91) at t = 0. Thus we need to prove that
i[[Hφf ], φh ] = −i(f, h)L2 ((0,π)) IH
By (5.96) we have
i[[Hφf ], φh ] = i[

∞
X

fj (−∂j + ωj Qj ),

hk Qk ]

(5.98)

[fj (−∂j + ωj Qj ), hj Qj ]

(5.99)

j=1

=i

∞
X
k=1

∞
X
j=1

= −i

∞
X

fj hj IH

(5.100)

= −1(f, h)L2 ((0,π)) IH

(5.101)

j=1

We have of course used [(−∂j + ωj Qj ), Qk ] = 0 if k 6= j. This proves (5.91)
and therefore (5.89).

5.6

Many, many particles: Fock space

There are processes in which a particle suddenly appears that wasn’t there
before. For example when the electron in a hydrogen atom drops into a
lower energy state (orbit) light is emitted in the form of a photon that wasn’t
around before. It can also happen that a photon wandering by is absorbed
by the atom, putting the electron into a higher energy state. In this case the
photon disappears. The interactions between particles can be described in
this way in general: some particles disappear while other particles appear.
The Hilbert state space appears to be changing suddenly, corresponding to
the change of particles being described. This won’t do. The dynamics of such
transitions from one multi-particle state to another, with different particles
and different numbers of them coming in and going out, has be incorporated
into the usual format; operators on a single Hilbert space. This will be a
“big” Hilbert space, one that has subspaces corresponding to all the particles
involved and all the possible numbers of them. There will be operators whose
interpretations are to create or destroy particles. The mathematical structure
that does the trick was implicit in Dirac’s paper [?] and made explicit in V.
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A. Fock’s paper [20]. A fully rigorous account of this mathematical structure
was first given by J.M. Cook [13].
The mathematical substance of this structure is largely algebraic and a
little bit functional analytic. Moreover much of the structure is highly specific
to quantum field theory. Our exposition of this topic will therefore be self
contained.
5.6.1

Creation and annihilation operators

Notation 5.9 Let K be a complex, separable Hilbert space. F0 will denote
the space of algebraic tensors over K. Thus an element β ∈ F0 is of the form
β=

∞
X

βj

(finite sum), where

βj ∈ K ⊗alg j .

(5.102)

j=0

Here K ⊗alg j denotes the algebraic j tensors over K for j ≥ 1 and denotes C
for j = 0. We will also write
F=

∞
X

K ⊗j

(5.103)

j=0

F is a Hilbert space and F0 is dense in F.
Notation 5.10 (Left interior product) Let u ∈ K and let α = x1 ⊗· · ·⊗xn ∈
K ⊗n . Define
iu α = (x1 , u)x2 ⊗ · · · ⊗ xn
(5.104)
and extend iu linearly to K ⊗alg n . Then
(iu α, β) = (α, u ⊗ β)

(5.105)

for decomposable α and therefore for all algebraic n-tensors α and all β ∈
K ⊗(n−1) . Hence
|(iu α, β)| = |(α, u ⊗ β)| ≤ kαk kuk kβk
Therefore iu extends uniquely to a bounded operator iu : K ⊗n → K ⊗(n−1)
with norm at most kuk.
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Notation 5.11 (Permutations) Denote by Sn the group of permutations of
{1, 2, . . . , n}. For σ ∈ Sn define
Pσ (u1 ⊗ · · · ⊗ un ) = uσ−1 1 ⊗ · · · ⊗ uσ−1 n , uj ∈ K, j = 1, . . . , n

(5.106)

Pσ is easily seen to extend linearly to a unitary operator on K ⊗n . Moreover
Pστ = Pσ Pτ . So σ 7→ Pσ is a unitary representation of Sn .
Let
1 X
Pσ
and
(5.107)
Pb =
n! σ∈S
n
1 X
sgn(σ)Pσ ,
(5.108)
Pf =
n! σ∈S
n

where sgn(σ) is one if σ is even and is minus one if σ is odd.
Lemma 5.12 Pb and Pf are orthogonal projections on K ⊗n .
Proof. If φ : Sn → {−1, 1} is a homomorphism then
1 X
2
1 X
φ(σ)Pσ = 2
φ(σ)φ(τ )Pσ Pτ
n! σ∈S
n! σ,τ
n
1 X X
φ(στ )Pστ
= 2
n! η∈S στ =η
n
1 X
=
φ(η)Pη .
n! η∈S
n

In case φ(σ) ≡ 1 then this asserts that Pb2 = Pb . In case φ(σ) = sgn(σ) this
asserts that Pf2 = Pf . Since the adjoint of any summand is another summand
(Pσ∗ = Pσ−1 ) both of these projections are Hermitian.
Lemma 5.13 Let 1 ≤ k ≤ n + 1 and denote by [1, k] the cyclic permutation
1 → k → k − 1 → · · · → 2 → 1. Let u ∈ K. Then, writing K ⊗(n+1) ≡
K ⊗ K ⊗n , we have
n+1

(n+1)
Pb


1 X (n+1) 
(n)
=
P
I ⊗ Pb ,
n + 1 k=1 [1,k]

(n+1)
Pf



1 X
(n)
k−1 (n+1)
=
(−1) P[1,k] I ⊗ Pf .
n + 1 k=1

and

(5.109)

n+1
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(5.110)

Moreover


Pτ iu = iu I ⊗ Pτ
for any τ ∈ Sn , and
(5.111)


(n+1)
(n)
iv P[1,j+1] (u ⊗ α) = P[1,j] u ⊗ (iv α) , for all α ∈ K ⊗n , 1 ≤ j ≤ n.
(5.112)
Proof. Every permutation σ in Sn+1 can be written uniquely in the form
σ = [1, k]τ for some permutation τ that leaves 1 invariant. Just take τ =
[1, k]−1 σ if σ(1) = k. Now sgn([1, k]) = (−1)k−1 . So sgn(σ) = (−1)k−1
sgn(τ ). The identity (5.107), with n + 1 in place of n, gives
n+1

(n+1)

Pb

=

X (n+1) X
1
Pτ
P
(n + 1)! k=1 [1,k] τ

(5.113)

where the sum over τ runs over the permutation group of {2, 3, . . . , n + 1}.
This is (5.109). Similarly, the identity (5.108) gives (5.110).
It suffices to prove (5.111) and (5.112) in case α = x1 ⊗ · · · ⊗ xn+1 . But
then the left side of (5.111) is Pτ (x1 , u)(x2 ⊗ · · · ⊗ xn+1 ) while the right side
is (x1 , u)Pτ (x2 ⊗ · · · ⊗ xn+1 ). To prove (5.112) observe that for 1 ≤ k ≤ n + 1
we have
(n+1)

P[1,k] (u ⊗ α) = x1 ⊗ · · · ⊗ xk−1 ⊗ u ⊗ · · · ⊗ xn

( u in k th position)

Hence, writing k = j + 1, we find
(n+1)

iv P[1,k] (u ⊗ α) = (x1 , v)x2 ⊗ · · · ⊗ xk−1 ⊗ u ⊗ · · · xn (u in j th position)
(n)

= (x1 , v)P[1,j] (u ⊗ x2 ⊗ · · · ⊗ xn )


(n)
= P[1,j] u ⊗ (iv α) .

Lemma 5.14 Let u and v be in K and let α ∈ K ⊗n . Denote by P(1,2) the
permutation operator on K ⊗n which permutes the first two factors. Then
iu iv P(1,2) α = iv iu α

(5.114)

Proof. Since all three operators in (5.114) are bounded it suffices to prove
(5.114) in case α = x1 ⊗ · · · ⊗ xn . But in that case the left side of (5.114) is
(x1 , u)(x2 , v)x3 ⊗ · · · ⊗ xn while the right side is (x2 , v)(x1 , u)x3 ⊗ · · · ⊗ xn
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Definition 5.15 A tensor α ∈ K ⊗n is symmetrtic if Pσ α = α for all σ ∈ Sn .
α is anti-symmetric if Pσ α = sgn(σ)α for all σ ∈ Sn . Any element of K ⊗0 ≡ C
or of K is both symmetric and anti-symmetric.
Corollary 5.16 Suppose that α ∈ K ⊗n . Then
(iu iv − iv iu )α = 0
(iu iv + iv iu )α = 0

if α is symmetric
if α is anti-symmetric

(5.115)
(5.116)

Proof. Since the transposition (1, 2) is odd, the identity (5.114) proves both
(5.115) and (5.116).
Definition 5.17 The Boson Fock space is the subspace Fb of F. consisting
of symmetric tensors.
The Fermion Fock space is the subspace Ff of F consisting of antisymmetric tensors. Thus if
α=

∞
X

αn ,

αn ∈ K ⊗n

(5.117)

n=0

then
α ∈ Fb if each αn is symmetric.
α ∈ Ff if each αn is anti-symmetric.
Definition 5.18 Let u ∈ K. The annihilation operator associated to u is
given by
∞
X
√
a(u)α =
n iu αn
(5.118)
n=1

when α is given by (5.117). The domain of a(u) consists of those α for which
the series (5.118) converges. The interior product iu is defined in Notation
5.10. The annihilation operators will be of interest for us only when operating
on Fb or Ff . The creation operator associated to u is
c(u)α =

∞
X
√

n + 1 Pb (u ⊗ αn ) for α ∈ Fb

(5.119)

n + 1 Pf (u ⊗ αn ) for α ∈ Ff

(5.120)

n=0

c(u)α =

∞
X
√
n=0
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As before, the domain of c(u) consists of all α in the respective space Fb or
Ff for which the series converges. These two creation operators are called
the Boson creation operator and Fermion creation operator , respectively.
Lemma 5.19 Fb and Ff are each invariant under a(u) for all u ∈ K. Moreover
c(u)∗ = a(u) on Fb or Ff , respectively.
(5.121)
Or maybe write



a(u)|Fb

a(u)|Ff

∗
∗

= c(u)

on Fb

(5.122)

= c(u)

on Ff

(5.123)



Proof. If α is in K and τ ∈ Sn−1 then Pτ iu α = iu I ⊗ Pτ α by (5.111).
Thus if α is symmetric then so is iu α and if α is anti-symmetric then so is
iu α. So Fb and Ff are each invariant under a(u).
√
If β ∈ K ⊗(n−1)√then (iu α, β) = (α,√u ⊗ β) by (5.105). Multiply by n to
find (a(u)α, β) = n(α, u ⊗ β) = (α, n(Pb (u ⊗ β) if α is symmetric. So if α
and β are both symmetric then (a(u)α, β) = (α, c(u)β). This proves (5.122).
This also proves (5.123) if we simply replace symmetric by anti-symmetric
and Pb by Pf .
Since a(u) lowers rank by one while c(u) raises rank by one its clear
that the identity (a(u)α, β) = (α, c(u)β) holds for all finite rank symmetric
tensors α and β and for all finite rank anti-symmetric tensors α and β . This
proves (5.122) and (5.123) on the space of finite rank tensors. In particular
a(u) and c(u) have densely defined adjoints and therefore their restrictions to
finite rank tensors have closed extensions. Its clear from the definitions that
the closure of these operators have the domains specified Definition 5.18.
⊗n
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5.6.2

The canonical commutation relations

Theorem 5.20 (Boson commutation relations) For any vectors u and v in
K we have, on Fb ,
a(u)a(v) − a(v)a(u) = 0
c(u)c(v) − c(v)c(u) = 0
a(u)c(v) − c(v)a(u) = (v, u)IFb
122

(5.124)
(5.125)
(5.126)

Proof. We are going to prove these commutations relations when applied
just to finite rank vectors. To this end we need only consider a tensor α ∈
K ⊗n which is symmetric. In this case


p
a(u)a(v) − a(v)a(u) α = (n(n − 1))(iu iv − iv iu )α = 0
by (5.115). This proves (5.124). (5.125) now follows from Lemma 5.19. (Say
something about domains.)
Using (5.109) and the symmetry of α, we find
√
√
(n+1)
(u ⊗ α)
a(v)c(u)α = ( n + 1iv ) n + 1Pb
= iv

n+1
X

(n+1)

P[1,k] (u ⊗ α)

k=1

= iv (u ⊗ α) +

n+1
X

(n+1)

iv P[1,k] (u ⊗ α)

k=2

= (u, v)α +

n
X



(n)
P[1,j] u ⊗ (iv α) ,

j=1

wherein we have used (5.111) in the last step. On the other hand, by (5.109)
with n instead of n + 1, we have


(n)
c(u)a(v)α = nPb u ⊗ (iv α)
=

n
X

(n)
P[1,j]



u ⊗ (iv α) .

j=1

This proves (5.126) on symmetric tensors in K ⊗n and therefore on all symmetric tensors of finite rank.
Theorem 5.21 (Fermion commutation relations) For any vectors u and v
in K we have, on Ff ,
a(u)a(v) + a(v)a(u) = 0
c(u)c(v) + c(v)c(u) = 0
a(u)c(v) + c(v)a(u) = (v, u)IFb
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(5.127)
(5.128)
(5.129)

Proof. The proofs of (5.127) and (5.128) are the same as those of (5.124)
and (5.125) if one uses (5.116) instead of (5.115). Next, using (5.110) and
the anti-symmetry of α we find
√
√
(n+1)
a(v)c(u)α = ( n + 1iv ) n + 1Pf
(u ⊗ α)
= iv

n+1
X

(n+1)

(−1)k−1 P[1,k] (u ⊗ α)

k=1

= iv (u ⊗ α) +

n+1
X

(n+1)

(−1)k−1 iv P[1,k] (u ⊗ α)

k=2
n


X
(n)
= (u, v)α +
(−1)j P[1,j] u ⊗ (iv α) ,
j=1

wherein we have used (5.111) in the last step. On the other hand, by (5.110)
with n instead of n + 1, we have


(n)
c(u)a(v)α = nPb u ⊗ (iv α)
=−

n
X



(n)
(−1)j P[1,j] u ⊗ (iv α) .

j=1

This proves (5.126) on anti-symmetric tensors in K ⊗n and therefore on all
anti-symmetric tensors of finite rank.
Mildly hidden in the commutation relations (5.124) - (5.126) are the
Heisenberg canonical commutation relations for infinitely many P s and Qs.
Indeed these identities immediately give


[c(u) + a(u), c(v) + a(v)] = (v, u) − (u, v) I = 2i=(v, u)I
(5.130)
So let {e1 , e2 , . . . } be an orthonormal basis of K and define
c(ej ) + a(ej )
√
and
2
c(iek ) + a(iek )
c(ek ) − a(ek )
√
√
P̂k =
=i
2
2

Q̂j =

(5.131)
(5.132)

Then all of these operators are clearly symmetric. (actually self-adjoint, but
never mind that.) Moreover (5.130) shows that
[P̂k , Q̂j ] = iδj,k I,
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j, k = 1, 2, . . .

(5.133)

Thus the space Fb supports a countable family of operators satisfying the
Heisenberg commutation relations. We are going to see in the next section
that this is just what one needs to pass from a system with finitely many
degrees of freedom, i.e., mechanics, to a system with infinitely many degrees
of freedom, i.e., a field.
5.6.3

Occupation number bases

The following bases of Fb and Ff are conceptually illuminating and a big step
in understanding some of the notation common in the physics literature.
Theorem 5.22 (Occupation number basis of Fb ) Let e1 , e2 , . . . be an orthonormal basis of K. For any vector u ∈ K let
un = u ⊗ u ⊗ · · · ⊗ u, (n factors)

(5.134)

Let nP
1 , n2 , . . . be a finitely nonzero sequence of non-negative integers and let
n= ∞
j=1 nj . (This is a finite sum.) Define
1/2
n!
Pb (en1 1 ⊗ en2 2 ⊗ · · · )
(5.135)
n1 !n2 ! · · ·
P∞
Then the set of vectors {|n1 , n2 , . . .i : nj ≥ 0,
j=1 nj < ∞} is an orthonormal basis of Fb .
|n1 , n2 , . . .i =



Proof. Since Pb is a projection,
kPb (en1 1 ⊗ en2 2 ⊗ · · · )k2 = (Pb (en1 1 ⊗ en2 2 ⊗ · · · ), en1 1 ⊗ en2 2 ⊗ · · · ).

(5.136)

Referring to (5.107), observe that if a permutation σ carries the subset
{1, . . . , n1 } into it self and carries the set {n1 +1, . . . , n2 } into itself and so on
then (Pσ (en1 1 ⊗en2 2 ⊗· · · ), (en1 1 ⊗en2 2 ⊗· · · ) = ((en1 1 ⊗en2 2 ⊗· · · ), (en1 1 ⊗en2 2 ⊗· · · )).
The number of permutations of this form is n1 !n2 ! · · · . For any permutation
not of this form the last inner product is clearly zero. Hence kPb (en1 1 ⊗ en2 2 ⊗
· · · )k2 = (n1 !n2 ! · · · )/n!. This shows that the vectors |n1 , n2 , . . .i are normalm2
1
ized. Moreover ((en1 1 ⊗ en2 2 ⊗ · · · ), (em
1 ⊗ e2 ⊗ · · · ) = 0 if any mj 6= nj no
matter what order these factors are placed in. Hence the vectors |n1 , n2 , . . .i
are also orthogonal. Finally, if w is a symmetric n tensor which is orthogonal
to all of the |n1 , n2 , . . .i then (w, ej1 ⊗ej2 ⊗· · · ejn ) = (Pb w, ej1 ⊗ej2 ⊗· · · ejn ) =
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(w, Pb (ej1 ⊗ ej2 ⊗ · · · ejn )) = 0 because Pb (ej1 ⊗ ej2 ⊗ · · · ejn )) is a multiple of
one of the basis elements in (5.135).
Terminology One says that the vector |n1 , n2 , . . .i is a state in which
there are present n1 particles in state e1 , n2 particles in state e2 , and so on.
Otherwise put, the state |n1 , n2 , . . .i is occupied by n1 particles in state e1 ,
n2 particles in state e2 , and so on.
Theorem 5.23 (Action of annihilation and creation operators.) For any
orthonormal basis e1 , e2 , . . . of K we have
p
(5.137)
c(ej )|n1 , n2 , . . .i = nj + 1 |n1 , n2 , . . . , nj + 1, nj+1 , . . .i
√
a(ej )|n1 , n2 , . . .i =
nj
|n1 , n2 , . . . , nj − 1, nj+1 , . . .i
(5.138)
wherein we have made the convention that |n1 , n2 , . . .i = 0 if any ni < 0.
For the Fermion occupation number basis our readers may find it more
familiar to describe the Fermion Fock space as the completion of the exterior
algebra over K in the direct sum norm that we have been using. In order to
make algebraic manipulations with ease we will denote by Λ(K) the algebraic
anti-symmetric tensors over the Hilbert space K.
Recall the standard notation, [40, pages 7 and 28],
u1 ∧ · · · ∧ un = Pf (u1 ⊗ · · · ⊗ un ), uj ∈ K
α ∧ β = Pf (α ⊗ β), α, β ∈ Λ(K)

(5.139)
(5.140)

Λ(K) is an associative algebra in this product, as follows from the identity
(u1 ∧ · · · uk ) ∧ (v1 ∧ · · · ∧ vj ) = (u1 ∧ · · · ∧ uk ∧ v1 ∧ · · · ∧ vj ), which in turn
(k+j)
(k)
(j)
follows from the easily verified identity Pf
(Pf ⊗ Pf ) (exercise).
The creation operator can be described in these simple algebraic terms
thus: If α is an n-tensor in Λ(K) then
√
α ∈ Λ(K) ∩ K ⊗n ,
(5.141)
c(u)α = n + 1 u ∧ α,
which follows from the definitions (5.120) and (5.140). In particular, induction now shows that
√
c(u1 ) · · · c(un )1 = n! u1 ∧ · · · ∧ un
(5.142)

126

The norm of this element is easy to compute if {u1 , . . . , un } is orthonormal
because (Pσ (u1 ⊗ · · · ⊗ un ), Pτ (u1 ⊗ · · · ⊗ un ) = 0 unless σ = τ , and in this
case the value is one. So
n!k u1 ∧ · · · ∧ un k2 = n!kPf (u1 ⊗ · · · ⊗ un )k2
1 XX
=
(sgn σ)(sgn τ )(Pσ (u1 ⊗ · · · ⊗ un ), Pτ (u1 ⊗ · · · ⊗ un ))
n! σ τ
=1
Hence
kc(u1 ) · · · c(un )1k = 1

if {u1 , . . . , un } is orthonormal

(5.143)

An occupation number basis for Fermions can be readily defined. Let
e1 , e2 , . . . be an orthonormal basis of K. Let (n1 , n2 , . . . ) be a finitely nonzero sequence of zeros and ones. Define
√
(5.144)
|n1 , n2 , . . .i = n! e1 ∧ e2 ∧ · · ·
n

where ej j should be simply omitted from the wedge product if nj = 0. Then
(5.142) and (5.143) show that these are unit vectors. Any two of them are
clearly orthogonal and their span is dense in Ff . So they form an orthonormal
basis of Ff . Moreover (5.142) shows that
(
Pj−1
(−1) i=1 ni |n1 , n2 , . . . nj + 1, nj+1 , . . .i if nj = 0
c(ej )|n1 , n2 , . . .i =
0 if nj = 1
(5.145)
It is a simple exercise to deduce from this and from the commutation relations
that
(
Pj−1
(−1) i=1 ni |n1 , n2 , . . . nj − 1, nj+1 , . . .i if nj = 1
a(ej )|n1 , n2 , . . .i =
0 if nj = 0
(5.146)
Of course no more than one particle can occupy a state ej because ej ∧ej = 0.
This is reflected in the choice of indexing sequences, namely zeros and ones,
in contrast with the Boson case.
The Pauli exclusion principle, which asserts that no more than one electron, (or other Fermion) can occupy a given state, is also reflected in this
choice of indexing sequences.
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5.6.4

Time evolution on Fb and Ff .

A Schrödinger evolution on K naturally induces a Schrödinger evolution on
Fb and Ff as follows.
Let U be a unitary operator on K. Then U ⊗n ≡ U ⊗ · · · ⊗ U (n factors)
is a unitary operator on K ⊗n . The direct sum
Γ(U ) = I ⊕ U ⊕ U ⊗2 ⊕ . . .

(5.147)

is a unitary operator on F. It is clear that Γ(U ) commutes with permutations, and therefore leaves Fb and Ff invariant. Moreover Γ is a group
homomorphism in that Γ(U V ) = Γ(U )Γ(V ) for any two unitaries U and V
on K. Furthermore, if A is a self-adjoint operator on K and eitA is the one
parameter group that it generates, then Γ(eitA ) is also a one parameter group
on F. For any vectors x1 , . . . , xn ∈ K each factor in (eitA x1 )⊗· · ·⊗(eitA xn ) is
a continuous function of t and therefore so is the product. Therefore Γ(eitA )w
is a continuous function of t for a dense set of vectors w ∈ F and therefore for
all w ∈ F because Γ(eitA ) is uniformly bounded. Thus the map t 7→ Γ(eitA )
is a strongly continuous one-parameter unitary group, and, by the Stone-von
Neumann theorem, Theorem 4.7, has a self-adjoint generator γ(A). That is,
Γ(eitA ) = eitγ(A) .

(5.148)

If we simply differentiate (eitA x1 ) ⊗ · · · ⊗ (eitA xn ) with respect to t at t = 0
we find a formula for γ(A) on n-tensors. Namely,
γ(A) = A ⊗ I ⊗ I ⊗ · · · ⊗ I + I ⊗ A ⊗ I ⊗ · · · ⊗ I + . . .

(5.149)

on n-tensors which are in the span of products of vectors in the domain of
A. Actually this domain is a core for the self-adjoint operator γ(A). But we
will omit any discussion of this technical issue here. You could look up J.M.
Cook’s paper [13] on this point if you wish.
If A is the Hamiltonian for some system whose state space is K then
A ⊗ I + I ⊗ A is the Hamiltonian for the system consisting of two particles
“of type K”. Of course if this particle is a Boson you must restrict this
operator to the symmetric tensors in K ⊗ K. And if the particle of type K
is a Fermion you must restrict this operator to the anti-symmetric tensors in
K ⊗ K. Clearly the operator A ⊗ I + I ⊗ A leaves both of these subspaces
invariant. Similarly, the operator γ(A) is the Hamiltonian for the system
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consisting of an arbitrary number of identical particles, whether they be all
Bosons or all Fermions.
There is an important physical point to be understood in this construction of a Hamiltonian for a family of identical particles from the Hamiltonian
for one of them. The Hamiltonian γ(A) corresponds to adding together the
energy of several particles, say n, without including any energy of interaction between the particles. The n particles move “freely” without interfering
with each other. This is not really “reality”. In a realistic system particles
interact, either directly or through some other intermediate particle. Typically, such interactions between otherwise independently moving particles is
incorporated by adding an additional term to the Hamiltonian γ(A). We are
going to explore simple cases of this in Section 5.8.
REFERENCES:
Cook [13],
Fock [20],
Reed and Simon, [48, Section X.7]. This reference contains much more
about Fock spaces than we have discussed.
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5.7

The Particle-Field isomorphism.

In Section 5.5 we constructed a quantized field ϕ(x, t). On the one hand it
was a solution to our field equation
ϕ̈(x, t) = ϕ00 (x, t)
On the other hand it was “quantized” in the sense that not only do ϕ(x, t) and
ϕ(y, t0 ) not commute with each other but the “position-like” operators ϕ(x, t)
and the “momentum-like” operators ϕ̇(y, t) satisfy the continuum version of
the usual Heisenberg commutation relations [Pj , Qk ] = iδjk I. Namely,
[ϕ̇(x, t), ϕ(y, t)] = −iδ(x − y)I
cf. (5.89). Of course the appearance of the delta function just reflects the
fact that x 7→ ϕ(x, t) is an operator valued distribution on (0, π), not an
operator valued function.
The structure of the space L2 (R∞ , µ) on which these field operators act,
contrasts sharply with that in the previous section, which was all about
particles, many particles. In this section we are going to show that the field
picture of Section 5.5 and the particle picture of Section 5.6 are isomorphic
in a way that preserves all the quantum mechanical structures. A little more
precisely, we will construct a unitary operator from the field Hilbert space
L2 (R∞ , µ) onto the appropriate Boson Fock space Fb , which interchanges the
field operators ϕ(x, t) with simple expressions in terms of the annihilation
and creation operators. To this end we will apply the machinery of Section
5.6 to the appropriate Hilbert space K, which underlies the definition of the
quantized field ϕ constructed in Section 5.5.
Definition 5.24 (The field space.) Denote by h1/2 the space of sequences
q ≡ (q1 , q2 , . . . ) of real numbers such that
kqk2h1/2 ≡ 2

∞
X

ωj qj2 < ∞.

(5.150)

j=1

Denote by H1/2 the set of real valued functions u on (0, π) of the form
u(x) =

∞
X

qj uj (x), x ∈ (0, π), (q1 , q2 , . . . ) = q ∈ h1/2

j=1
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(5.151)

and define
kukH1/2 = kqkh1/2

(5.152)

Since ωj → ∞, the definition (5.150) implies that h1/2 ⊂ `2 . The series
(5.151) therefore converges in L2 ((0, π)). Its worth noting that (5.152) gives
p
(5.153)
kuj kH1/2 = 2ωj .
A reader familiar with Sobolev spaces might notice that H1/2 is exactly the
Sobolev space of order 1/2 over (0, π) because the functions uj satisfy u00j =
−ωj2 uj with ωj = j.
Preview: The following theorem has quite a few different proofs. Here
are sketches of the main ones.
a) (not for us) The von Neumann algebra generated by the operators
Q̂j defined in Section 5.6 is a maximal abelian algebra. The vacuum state,
1 ∈ K ⊗0 ≡ C , is a cyclic vector for this algebra and induces the measure γ
on the spectrum of the algebra when the spectrum is identified with R∞ .
b) (not for us) The infinite dimensional heat semigroup et∆∞ takes
L2 (R∞ ; γ) to functions with holomorphic extensions to C∞ . The Taylor
coefficients of such functions, computed at zero, are exactly the symmetric
tensors Fb . Wick ordering lurks in this approach
c) (for us) We will map a natural orthonormal basis of L2 (R∞ , γ) onto
the occupation number basis of Fb defined in Section 5.6 and extend the map
unitarily.
Theorem 5.25 (Particle-Field isomorphism) Take K = H1/2 in Section 5.6
and denote by Fb the corresponding Boson Fock space over H1/2 . There is a
unique unitary operator
U : L2 (R∞ , γ) → Fb

(5.154)

such that
a)
b)

U 1 = 1 (the zero rank tensor in Fb )
U (∂/∂qj )U −1 = a(uj ), j = 1, 2, . . .

and

(5.155)
(5.156)

Further, let
aj = (2ωj )−1/2 a(uj ),
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j = 1, 2, . . .

(5.157)

denote the normalized annihilation operators. Then U induces the following
maps on operators
−1/2

U Qj U −1 = ωj

Q̂j ,

1/2

U Pj U −1 = ωj
P̂j
and
∞
X
U HU −1 =
ωj a∗j aj ,

(5.158)
(5.159)
(5.160)

j=1

where Q̂j and P̂j are defined in (5.131) and (5.132).
p
Proof. Referring to the notation in Section 5.5, let ej = (1/ 2ωj )uj .
Then ej is an orthonormal basis of H1/2 , as we see from (??). This basis
defines in turn the orthonormal basis |n1 , n2 , . . .i defined in Theorem ??.
Referring now to Appendix 9.5 on Hermite polynomials, define functions
ψn,j : R∞ → R by
p
1
ψn,j (q1 , q2 , . . . ) = √ Hn 2ωj qj )
n!

(5.161)

where Hn is the nth order Hermite polynomial.√It was shown
in Appendix 9.5
p
that for each fixed j the functions qj 7→ (1/ n!)Hn ( 2ωj qj ), n = 0, 1, . . .
form an orthonormal basis of L2 (R, γωj ). Since the functions q 7→ qj are
independent with respect to γ, the finite products ΠN
j=1 ψnj ,j (q) are orthonormal with respect to γ. In fact they form an orthonormal basis of L2 (R∞ , γ).
(Exercise for the reader). Define


U ΠN
ψ
(5.162)
j=1 nj ,j = |n1 , n2 , . . .i
Then U extends to a unitary operator from L2 (R∞ ; γ) onto Fb (H1/2 ). It
remains to show that U has the asserted properties.
To this end note first that if n = 0 then ψn,j = 1 for all j. Therefore
U (1) = |0, 0, . . .i = 1. This proves (5.155).
Next, observe that (9.69) shows that
p √
(5.163)
(∂/∂qj )ψn,j = 2ωj nψn−1,j .
For any occupation number basis vector |n1 , n2 , . . .i the application of U −1
yields a product of functions ψnk ,k (q) and since ∂/∂qj differentiates just
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one factor, (5.163) showspthat the effect of differentiation is to lower nj by
√
one and to multiply by 2ωj nj . In accordance with (5.138) this yields
p
2ωj aj |n1 , n2 , . . .i, which, by (5.157), equals a(uj )|n1 , n2 , . . .i. Thus (5.156)
holds when applied to any occupation number basis vector and therefore
holds on a dense set in Fb (H1/2 ). We omit the technicalities addressing the
exact domain on which (5.156) holds.
The remaining three properties (5.158) - (5.160) are really just rewrites
of the identities (5.49) - (5.53) proved in Section 5.3 along with the definitions (5.131) and (5.132) once one knows the defining relation (5.156). Thus
(5.156) implies that U (∂/∂qj )∗ U −1 = a(uj )∗ . Therefore


U ∂/∂qj + (∂/∂qj )∗ U −1 = a(uj ) + c(uj ) and
(5.164)


U ∂/∂qj − (∂/∂qj )∗ U −1 = a(uj ) − c(uj )
(5.165)
Keeping in mind the definition (5.157), divide both of these equations by
√
2 ωj to find

(a + c )
1
√ (∂/∂qj + (∂/∂qj )∗ ) U −1 = j√ j and
2 ωj
2


(aj − cj )
1
√
∂/∂qj − (∂/∂qj )∗ U −1 =
U( √
2 ωj
2

U



Therefore, in view of (5.38), (5.39), (5.131) and (5.132) we have


1/2
U ωj Qj U −1 = Q̂j and


−1/2
U ωj Pj U −1 = P̂j .

(5.166)
(5.167)

(5.168)
(5.169)

which proves (5.158) and (5.159). Finally, the equation (5.53) yields (5.160)
if one replaces αj , which, by (5.156), is the unitary transform of a(uj ), by aj ,
in accordance with (5.157).
SUMMARY: In the past four sections we constructed an operator valued distribution φ(x, t) over (0, π) × R acting on a Hilbert space L2 (R∞ , γ),
which satisfies our wave equation (5.88) and also the Heisenberg canonical
commutation relations (5.89). It is the latter identity that distinguishes the
quantum field φ from a classical (i.e. real valued) solution to the wave equation. Where are the “photons” associated to the quantum field φ? In Section
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5.6 we constructed a Hilbert space Fb whose elements correspond to a variable number of particles, each of which has Hilbert state space K, a given
Hilbert space. The idea that Fb contains vectors representing two particles
(of type K, lets call them) or three particles is very visible in the structure of
Fb because Fb contains a subspace K ⊗ K and a subspace K ⊗ K ⊗ K (actually
just the symmetric tensors in these spaces). Such a particle structure is not
visible in the Hilbert space L2 (R∞ , γ), on which the quantum field φ(x, t)
acts. However, as we saw in Theorem 5.25, there is a natural unitary map
U from L2 (R∞ , γ) onto Fb if we take K = H1/2 . Here the word “natural”
means that U induces a map on operators which interchanges φ(x, t) with
certain easy to describe operators on Fb . In fact U φ(x, t)U −1 can be written
as linear combinations of creation and annihilation operators on Fb . (Take
this as an easy exercise based on Theorem 5.25.) Pulling back the particle
structure from Fb to L2 (R∞ , γ), we should try to understand which functions
ψ : R∞ → C correspond to one photon states, two photon states, etc.
First, dismiss from your mind the idea that you may have, that the harmonic oscillators that we used to construct the space L2 (R∞ , γ), back in
Section 5.3, “are” themselves the particles (photons) in question. Lets look
at some examples of what the Particle-Field isomorphism does to some simple wave functions in L2 (R∞ ; γ). Recall that the function q 7→ ψn,j (q) is a
function of the j th coordinate qj of q and as a function of qj it is a Hermite
polynomial of order n, with its argument adjusted appropriately for the frequency ωj , as in (5.161). The orthonormal
p basis of H1/2 that we used for
construction of the isomorphism is ej = 2ωj uj . The isomorphism takes
e.g. ψ1,j to the 1-photon state ej . So no matter which harmonic oscillator
(these are indexed by j) we start with we “get” only a one photon state.
For different j these photons differ only in their color (i.e. frequency), not in
their number. Next consider the function ψ2,5 . This maps to e5 ⊗ e5 under
the isomorphism (5.162). This is a two photon state. Both photons have frequency ω5 (which is just 5 in our vibrating string example.) Next, consider
the function ψ1,5 (q)ψ1,7 (q). This maps to const.(e5 ⊗ e7 + e7 ⊗ e5 ), which is
also a two photon state. One of the photons has frequency ω5 and the other
has frequency ω7 .

5.8

Pre-Feynman diagrams

Suppose that A and V are two operators on a Hilbert space. We are going
to make some computations that are easily justified if A and V are bounded.
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But this is not the case of interest to us. Nevertheless we will proceed as
if all steps can be justified, ignoring all technical issues. First we need to
establish a simple identity. Let B = A + V . Then
Z t
tB
tA
e(t−s)A V esB ds.
(5.170)
e =e +
0

Proof: The product rule for derivatives gives
d −sA sB
(e e ) = e−sA (B − A)esB
ds
Rt
Integrate this identity from s = 0 to s = t to find e−tA etB −I = 0 e−sA V esB ds.
Multiply both sides by etA on the left to deduce (5.170).
We can iterate this identity now by replacing the factor esB in the integrand by (5.170) itself, with t replaced by s and the s in the integrand
replaced by σ, say. We find
Z t
Z s


tB
tA
(t−s)A
sA
e =e +
e
V e +
e(s−σ)A V eσB dσ ds
(5.171)
0
0
Z t
Z
(t−s)A
sA
tA
e
V e ds +
e(t−s)A V e(s−σ)A V eσB dσds (5.172)
=e +
0

0≤σ≤s≤t

The exponential of B does not occur in the first two terms, and we can
obviously continue in this manner, replacing next eσB in the last term by an
expression based on use of (5.170) again. If, in fact, A and B are bounded
then it is quite easy to see that the (n + 1)st term of this series is bounded
by etkAk kV kn /n! and therefore the series converges in operator norm. But
enough of this kind of technicality! Let us write out the three terms that we
get by applying this procedure just once more. We find

tB

e

tA

=e

Z
+

t

e
0

(t−s)A

sA

Z

e(t−s)A V e(s−σ)A V eσA dσds (5.173)

V e ds +
0≤σ≤s≤t

+ higher degree terms in V
The case of interest for us is that in which a quantum system moves in
accordance with a Hamiltonian consisting of an easy-to-deal-with part, H0 ,
and a not-so-easy-to-deal-with part V . That is
H = H0 + V.
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(5.174)

Put B = iH and A = iH0 in (5.173). Then we have
Z t
itH
itH0
e =e
+
ei(t−s)H0 (iV )eisH0 ds
(5.175)
0 Z
+
ei(t−s)H0 (iV )ei(s−σ)H0 (iV )eiσH0 dσds + · · ·
0≤σ≤s≤t

It is convenient to organize the ensuing computations by symbolizing the
various terms in this series by a suggestive diagram. For the first term we
will use
////////////////////////////////
(5.176)
which symbolizes the operator eitH0 , customarily called the “free” propagator for the interval [0, t]. The integrand in the second term consists of “free”
propagation for a time s, followed by the interaction operator (iV ), followed
then by more free propagation for a time t − s. You can see that the total
amount of free propagation time is t. And in the third term there is similarly, propagation, interaction, propagation, another interaction and a final
propagation. The total propagation time is again t. The time (or times) at
which interaction occurs is integrated over. The diagram that symbolizes the
second term in (5.175) is
////////////

X

/////////////////

(5.177)

The third term is symbolized by
//////////////

X

///////////

X

///////////

(5.178)

Both symbols include the understanding that the intermediate time (s)
(or times, (σ, s)) are integrated over. The equation (5.175) can therefore be
written symbolically as
eitH = ////// + ///// X ///// + ///// X ///// X /////+· · · (5.179)
We want to see now how these diagrams actually look for a system consisting of a particle (call it an electron) interacting with a quantized field.
(Call it the electromagnetic field, but our model will be much simpler.) The
quantized field, as we saw in the preceding section, “can be regarded as” (of
course we are talking isomorphism here) an assembly of photons whose number may alter in interactions. We will allow the electron to move in “space”
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which we take to be the interval (0, π). The quantized field must, of course,
also be a field that exerts forces on particles moving in this space. We have
just such a field at our fingertips, namely the quantized field constructed in
Section 5.5. The Hilbert state space for the electron is He = L2 ((0, π)) while
the Hilbert state space for the quantized field (representing photons), and
which will be denoted by Hp , is Hp ≡ Fb . The combined system, electron
plus field has state space
H = He ⊗ Hp ,
(5.180)
in accordance with the combining principle given in (4.42). We need to describe the Hamiltonian that guides the time evolution of the system. Denote
by He the Hamiltonian for the electron by itself. This is an operator on He .
For example if there are no forces on the electron, other than those which are
keeping it in the interval (0, π), then the Hamiltonian is He = −1/(2m)d2 /dx2
with Dirichlet boundary conditions. One could add on a potential V if there
are additional forces. But this will not matter for us. Lets just take V = 0. In
any case the electron wave function moves in He , as usual, by the 1-parameter
unitary group eitHe . We have already constructed the Hamiltonian for the
quantized field φ. Denote it by Hp . You may recall that this Hamiltonian
was determined from our assumption that the classical version of the field φ
evolves by the vibrating string equation, (5.10). The Hamiltonian is given by
(5.55) in the field space representation and by (5.160) in the particle space
representation. We are going to stick to the particle space representation
henceforth because we want to see how the mathematics results in photons
being created and destroyed by the interaction with electrons. You may recall that when we studied the hydrogen atom back in Section 4.6, we had
no mechanism for explaining how an electron, jumping from one orbit (=
state) to another, emitted light, i.e. produced a photon. It is precisely this
mechanism that we want to understand now. To this end we need first to
transfer the quantized field operators φ(x, t) from operating on L2 (R∞ ; γ) to
operating on Hp . Equation (5.158) shows that
φ̂(x) ≡ U φ(x, 0)U −1 =

∞
X

−1/2

uj (x)ωj

Q̂j

(5.181)

j=1

where φ(x, 0) = φ(x) is given by the definition (5.18). We see also from the
definition (5.131) that each Q̂j is a linear combination of aj ≡ a(ej ) and
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cj ≡ c(ej ). Thus we may write
φ̂(x) =

∞
X

uj (x)bj (cj + aj )

(5.182)

j=1

where each bj > 0. It is this expression of the field in terms of creation and
annihilation operators that we need to keep in mind. We already know that
this series doesn’t converge pointwise in any simple sense. We are going to
proceed informally in order to understand just what the diagrams are good
for. A reader who feels queasy about this can just assume that the coefficients
bj decrease to zero quickly enough to get convergence in her favorite sense,
or are even zero after n = 10. Let
H0 = He ⊗ I + I ⊗ Hp and
H = H0 + HI

(5.183)
(5.184)

where HI denotes the interaction part of the total Hamiltonian H. We will
define HI in a moment. But first observe that the combined system, electron
plus field, would propagate, under the Hamiltonian H0 by itself, without any
interference between the electron and photons because
eitH0 = eitHe ⊗ eitHp

(5.185)

It is the term HI which will cause the presence of an electron to influence
the time evolution of the photon field and vice versa.
To describe the action of HI on H we need to use the natural isomorphism
between L2 ((0, π)) ⊗ Hp and L2 ((0, π); Hp ). RThe latter space is the space of
π
functions ψ : (0, π) → Hp such that kψk2 = 0 kψ(x)k2Hp dx < ∞. It is easy
to see that the map f ⊗ w 7→ ψ where the ψ(x) = f (x)w extends linearly to
a unitary map of L2 ((0, π)) ⊗ Hp onto L2 ((0, π); Hp ). We will identify these
two spaces. Define
(HI ψ)(x) = φ̂(x)ψ(x)
(5.186)
So HI is just a multiplication operator by an operator valued “function” φ̂.
Let us see now what the diagrams in (5.179) signify. We will expand the
total propagator eitH in accordance with (5.175), where now V = HI . The
diagram (5.176) just means “propagate the initial state by eitH0 ”. Since the
initial state always contains our one (and only) electron and may contain several photons (or none), and since eitH0 preserves the number of photons (and
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of course preserves the fact that there is one electron, even though (5.185)
shows that the state of the electron can be changing), we can symbolize the
evolution corresponding to (5.176) by a diagram such as in Figure 10. It
shows that we started with one electron and two photons and by the end we
still have one electron and two photons.

Figure 10: Feynman 1
Next, consider the diagram in (5.177). The initial state propagates freely
as in the preceding diagram and then the interaction operates. The definitions (5.181) and (5.186) show that the interaction could increase the number
of photons by one, these are the cj terms, or decrease the number of photons
by one, these are the aj terms. In Figure 11 a you see no photons coming
in and one photon coming out. Of course the one electron comes in and
goes out. By the time we get to the end of diagram (5.177) the electron has
changed its state. But its still just one electron. However a photon has been
created if there was none there before. And if there was a photon present at
the beginning then the interaction may destroy it. More politely, one says
that the electron has absorbed the photon. Moreover in the case that there
is a photon present before the interaction begins, it may be destroyed as in
Figure 11 b or the creation operator terms in (5.182) may create a second
photon. This would be symbolized by the diagram in Figure 11 c.
The two diagrams in Figures 11 a and b determine all the things that can
happen in this interaction. One need only repeat them for the higher order
terms in the expansion (5.179).
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Figure 11: Feynman 2a,b,c
Corresponding to the second order diagram (5.178) there are many combinations of creation and annihilation of photons. Here are just a few of the
many possibilities. Lets start with some simple initial states, say zero or one
photon. We read the diagrams from left to right in spite of the fact that the
operators on the right in (5.175) act first.

Figure 12: Feynman 3a,b,c,d
MORAL: The complicated terms in (5.175) can be organized by these
kind of diagrams. It is believed by many that HI is “small” in some sense
and that the first few terms therefore accurately predict the outcomes of
experiments. (So far this seems to be right.) Thus an interaction between
the electron and “electromagnetic field” consists of a repeated creation and
annihilation of photons while the electron goes its merry way changing its
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state dramatically every time it emits or absorbs a photon, and changing
gradually in between.
So much for the simple hydrogen atom of Section 4.6. We have a theory
now that explains how the electron emits a photon when it falls into a lower
energy state. We also understand now why an electron sometimes jumps into
a higher energy state - it absorbs a photon.
REFERENCES:
The recent book by Folland, [21], goes much more deeply and honestly
into the mathematical structure of quantum field theory than the version in
these notes.
Here is a quick introduction to quantum field theory by Paul Federbush,
aimed in part at mathematicians. [19]
For a book on quantum field theory by a real physicist with a mathematical orientation see the three volume exposition by Steven Weinberg,
[62, 63, 64].
END of DAY 26 = 4/28/11

6

The electron-positron system

Within this section, I only did Section 6.1 in class. I added the remaining
two subsections after the end of classes.

6.1

The Dirac equation

The simplest Lorentz invariant wave equation is the Klein-Gordon equation.
∂ 2 u/∂t2 − ∆u + m2 u = 0,

m≥0

(6.1)

(Actually the case m = 0 is called the wave equation.) It was proposed
to use the Klein-Gordon equation as a Lorentz invariant replacement of the
Schrödinger equation (4.4). But the appearance of a second time derivative
caused conceptual problems that could not be resolved. In his great paper
[16], Dirac argued that one could still use Equ. (6.1) as a starting point
for seeking a Lorentz invariant substitute for the Schrödinger equation by
“factoring” (6.1) into two first order equations.
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You may recall how dependent each step in the development of Maxwell’s
equations was on the immediately preceding experimental discovery. The
final step, by Maxwell, followed thirty years after Faraday’s great experiment
of 1831 and was a mathematical implementing of Faraday’s heuristic view of a
magnetic field, based on his own experiment. By contrast, Dirac’s discovery
of the Dirac equation was based on a search for formal structure, namely
Lorentz invariance plus first order in time. Thus:
We seek matrices β and αj , j = 1, 2, 3 such that the first order differential
operator
3
X
H=
αj ∂j + βm
(6.2)
j=1

is a square root of m2 − ∆. Now
H2 =

3
X
j=1

3



 X
X
αj αk + αk αj ∂j ∂k +
m αj β + βαj ∂j
αj2 ∂j2 + β 2 m2 +
j=1

j<k

(6.3)
Therefore H 2 = m2 − ∆ if and only if
β 2 = 1, αj2 = −1, j = 1, 2, 3
αj αk + αk αj = 0, j 6= k,
αj β + βαj = 0, j = 1, 2, 3

(6.4)

Here is an example of 4 × 4 matrices which satisfy all of these conditions.
In Appendix 9.3.2 we defined the Pauli spin matrices as






0 1
0 −i
1 0
σx =
, σy =
, σz =
(6.5)
1 0
i 0
0 −1
Define 4 × 4 matrices by




I 0
0 σj
β=
and αj =
,
0 −I
−σj 0

j = 1, 2, 3

(6.6)

Since each σj2 = I, while σj σk + σk σj = 0 for j 6= k, the identities (6.4) are
satisfied.
Concerning the uniqueness of this particular example we have the following theorem.
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Theorem 6.1 Suppose that S is a finite dimensional vector space supporting
operators αj , β, j = 1, 2, 3, satisfying (6.4). Then dim S is a multiple of 4.
If dim S = 4 then any solution to the identities (6.4) is similar to (6.6).
That is, any other solution has the form T αj T −1 , T βT −1 for some invertible
linear transformation T . If dim S > 4 then S is a direct sum of invariant
4-dimensional subspaces on each of which the restrictions of the αj and β are
similar to the example (6.6).
Proof. See Chevalley [12]. (There must be a better reference for this proof.)

The Dirac equation is
∂ψ
= iHψ
∂t

Dirac equation

(6.7)

where H is given in (6.2) and the coefficients satisfy (6.4). Here ψ(x, y, z, t)
lies in the four dimensional complex vector space S on which the matrices
αj , β act. In the case of the choice (6.6) we may of course take S = C4 .
Notice that if ψ is an S valued solution to (6.7) then
(∂ 2 /∂t2 )ψ = (∂/∂t )(iHψ)
= (iH)2 ψ
= −(m2 − ∆)ψ

(6.8)

So ψ is an S valued solution to the Klein-Gordon equation (6.1).
Lemma 6.2 Choose the C4 inner product on S and choose the Dirac matrices as in (6.6). Let H = L2 (R3 ; S). Then the operator H (cf. (6.2)) is
self-adjoint on its natural domain in H. Moreover
spectrum H = (−∞, −m] ∪ [m, ∞)

(6.9)

Proof. Note first that β ∗ = β and αj∗ = −αj for all j. Let f and g be in
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Cc∞ (R3 ; S). Then
Z
h(Hf )(x), g(x)iS dx

(Hf, g)L2 (R3 ;S) =

(6.10)

R3

Z
h(

=
R3

3
X

αj ∂j f (x) + βmf (x), g(x)iS dx

Z
hf (x), −

=

(6.11)

j=1

R3

3
X

αj∗ ∂j g(x) + β ∗ mg(x)iS dx

(6.12)

j=1

= (f, Hg)L2 (R3 ;S)

(6.13)

So H is symmetric on this domain. We omit technical domain issues because
we are going to Fourier transform H anyway.
Let
Z
1
ψ̂(p) = p
e−ip·x ψ(x)dx
(6.14)
3
3
(2π) R
denote the three dimensional S valued Fourier transform of ψ. Then
[
(Hψ)(p)
=

3
X



αj (ipj ) + βm ψ̂(p).

(6.15)

j=1

Thus H is unitarily equivalent to the operator of multiplication by the matrix
valued function
3
X
H(p) =
αj (ipj ) + βm
(6.16)
j=1

The same computation that gave (6.8) now shows that


H(p)2 = m2 + |p|2 IS

(6.17)

ThepHermitian 4 × 4 matrix H(p) has spectrum lying, therefore, in the set
{± m2 + |p|2 }. In fact the spectrum consists of both of these numbers. To
see this let γ5 = α1 α2 α3 β. Clearly γ5 anti-commutes with each αj and with
β. Consequently γ5 H(p)γ5−1 = −H(p). So the spectrum of H(p) contains a
if it contains −a. This proves (6.9).
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Remark 6.3 Let γ0 = iβ and γj = βαj , j = 1, 2, 3. Multiply (6.7) by iβ to
find
3


X
γ0 ∂t +
γj ∂j ψ + mψ = 0.
Dirac Equation
(6.18)
j=1

This equation looks more symmetric between t and the spatial coordinates
than does (6.7). In fact, there exists a representation of the covering group of
the Lorentz group ρ : SL(2, C) → End(S) whose induced action on the operators γ0 , . . . , γ3 agrees with the action of the corresponding Lorentz transformation on a basis of R4 . This is the basis of Lorentz invariance of the
Dirac equation.
STATUS: On the one hand Dirac produced a Lorentz invariant substitute
for the Schrödinger equation, namely equation (6.7), and, since H is selfadjoint, the induced propagation eitH in L2 (R3 ; S) is unitary, as it had better
be. On the other hand the Hamiltonian H has the very unpleasant feature of
being unbounded below, as we see from (6.9). In fact on the negative
p energy
subspace the energy as a function of momentum is E(p) = − m2 + |p|2 .
Thus as the momentum goes up the energy goes down. No way can this
be taken seriously. Dirac pointed this out in his first paper, [16], but didn’t
propose a fix till two years later, [17]. Dirac fixed this by inventing an infinite
dimensional version of the Hodge star operator. This, in turn, suggested the
existence of an as yet undiscovered particle, the positron. And this, in turn,
was discovered a few years later in cosmic rays. Positrons are now available
at your local hospital in large numbers if you should need some for a PET
scan. The infinite dimensional Hodge star operator goes under the name of
the Dirac hole theory.

6.2

Dirac hole theory

Dirac proposed a fix for the negative energy problem, mentioned above, in
a second paper, [17], which he submitted two years after the first, [16]. His
resolution of the problem could be described in modern terms as the invention
of an infinite dimensional Hodge star operator.
Here is a slight variant of the Hodge star operator in finite dimensions,
which we will later extend to infinite dimensions. Let V be a finite dimensional complex vector space of dimension n. Let u1 , . . . , un be a basis of V
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and let v1 , . . . , vn be the dual basis of V ∗ . You may already recognize the
map
p
√
R : k! u1 ∧ · · · ∧ uk 7→ (n − k)! vk+1 ∧ · · · ∧ vn
(6.19)
as the Hodge star operator, aside from the numerical factors and the lack of
an arbitrary choice of subset of the basis. The numerical factors are needed
to make R a unitary map from Λ(V ) onto Λ(V ∗ ). You can see from (5.142)
and (5.143) that these factors are required if R is to have a unitary extension.
We are going first to characterize the desired map R in a basis independent
way, avoiding the use of an inner product on V and will scrupulously avoid
identifying V with V ∗ . This is not just for the sake of mathematical purity, but rather, in the application to the electron-positron system, it will
be important to use the dual space to the negative energy subspace H− ,
discussed in Section 6.1, as the support space of the contragredient representation of the orthochronous Lorentz group, in order to explain why electrons
and positrons have different “intrinsic parity”.
To this end let us observe first that the annihilation operator a(u) is a
conjugate linear function of u because u appears in (5.104) on the right side in
the inner product. (See also (5.118).) Had we defined the interior product iw
in (5.104) using hx, wi, with w ∈ K ∗ instead of (x, u) with u ∈ K, then iw as
well as aw would be linear in w and none of the computations would change.
The commutation relations (5.129) would read aw c(v) + c(v)aw = hv, wiIFf ,
which captures nicely the bilinearity in v and w. In the following Proposition
the roles of K and K ∗ are interchanged from the previous discussion.
Proposition 6.4 Let V be a complex vector space of finite dimension n.
Choose a non-zero vector ω ∈ Λn (V ∗ ). There exists a unique linear transformation R : Λ(V ) → Λ(V ∗ ) such that
a)
R(1) = ω
and
b) a(u)R = Rc(u) for all

u∈V

(6.20)
(6.21)

Moreover, if V is an inner product space and kωk = 1 then R is unitary.
Proof. Induction, together with a) and b) show that
Rc(u1 ) · · · c(ur )1 = a(u1 ) · · · a(ur )ω
for any vectors u1 , . . . , ur ∈ V . In view of (5.142) this asserts that
√
r! R(u1 ∧ · · · ∧ ur ) = a(u1 ) · · · a(ur )ω
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(6.22)

(6.23)

Given any basis of V we may allow the set {u1 , . . . , ur } to run over all subsets
of the basis. The identity (6.23) shows then that R is uniquely determined on
a basis of Λ(V ) by the conditions a) and b). We may use (6.23) to construct
R by defining it on that basis and extending it linearly to all of Λ(V ). The
so constructed R is easily shown to satisfy a) and b) on the basis elements
of V and therefore for all u ∈ V . Let us emphasize that we have shown that
the so constructed map R is basis independent.
Now if V is an inner product space and kωk = 1 then√we can choose any
orthonormal basis of V , say {v1 , . . . , vn }, and take ω = c n! v1 ∧ · · · ∧ vn for
some constant c of absolute value one. Without loss of generality we may
take c = 1 because it can be absorbed into v1 . But in view of (5.144) and
(5.146) the assertion (6.23) simply says that
p
√
(6.24)
R( r! u1 ∧ · · · ∧ ur ) = ± (n − r)! u01 ∧ · · · ∧ u0n−r
where the primed vectors form the complementary set in {v1 , . . . , vn } of the
unprimed vectors. By (5.142) and (5.143), R therefore takes an orthonormal
basis to an orthonormal basis.
Lemma 6.5 Suppose that A is a diagonalizeable linear operator on V . Denote its transpose on V ∗ by A0 . Then
Rγ(A)R−1 = trace(A) − γ(A0 )

(6.25)

Proof. Suppose that x1 , . . . , xn is a basis of V with Axj = λj xj for j =
1, . . . , n. Then A0 yj = λj yj for the dual basis. Let u = xi1 ∧ · · · ∧ xik and
P
v = Ru. Define λ = k1 λij . Then γ(A)u = λu and γ(A0 )v = (trace(A)−λ)v.
So Rγ(A)R−1 v = Rγ(A)u = Rλu = λv = (trace(A)v − γ(A0 )v
How to use the identities (6.21) and (6.25). Suppose that V is the
one-particle Hilbert space for some Fermion and that A is its Hamiltonian.
We will temporarily take V to be finite dimensional. Since the particle is a
Fermion the Hilbert space for an indefinite number of such particles is the
exterior algebra Λ(V ). The total Hamiltonian is γ(A) (see (5.149)), which
acts on Λ(V ). As usual, without changing the physics, one can change the
Hilbert state space by a unitary operator if one also transfers the observable
operators. By Lemma 6.5 we can change the Hilbert space by the unitary operator R to Λ(V ∗ ) and use for the total Hamiltonian γ(−A0 ) + trace(A)IΛ(V 0 )
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Since changing a Hamiltonian by an additive constant does not change the
physics we can drop the last term and take
H = γ(−A0 ) acting on Λ(V ∗ )

(6.26)

as the Hamiltonian for our system of an indefinite number of Fermions. As
will be explained shortly, the case of interest for us is that in which A is a
negative operator. In that case −A0 is a positive operator. Thus we have
made a unitary transform and added a constant and thereby transformed
a negative Hamiltonian, γ(A), into a positive Hamiltonian γ(−A0 ). At the
same time we have also interchanged the creation and annihilation operators,
as we see from (6.21) and the following exercise. Exercise: For all y ∈ V ∗
there holds
c(y)R = Ra(y)
(6.27)
Interpretation. The creation, annihilation and energy operators are
automatically transformed by the unitary operator R onto a new Hilbert
space Λ(V ∗ ). The significance of the states in Λ(V ∗ ) need interpretation.
The zero rank tensor 1 ∈ Λ0 (V ∗ ) is the image under R of the top rank
element w ∈ Λn (V ), as can be seen immediately from (6.24), with r = n. w
is an n particle state for the Fermion whose state space is V , even though it
is now represented, via R, by the zero rank tensor 1 ∈ Λ0 (V ∗ ). In the state
w all possible energy levels of the one-particle Hamiltonian A are filled.
Terminology. The nth rank tensor w ∈ Λn (V ) is called a “sea” of V
particles. Under the Hodge map R, the sea is mapped to the zero rank tensor
1 ∈ Λ0 (V 0 ). Thus the zero rank tensor 1 ∈ Λ0 (V 0 ) now represents the “sea”
of particles whose 1-particle state space is V . Hence forth we will refer to
this particle as a positron. So one says that the zero rank tensor 1 ∈ Λ0 (V 0 )
represents a “sea” of positrons, rather than a state with no particles in it.
Similarly, a rank one tensor y ∈ Λ1 (V 0 ) represents a state of n − 1 positrons,
i.e., a missing positron, because it is the image under R of a rank n − 1
tensor in Λ(V ). This is a “hole” in the sea. A second rank tensor in Λ2 (V 0 )
is similarly not a two particle state but represents two holes in the sea of n
positrons.
Our case. We saw in our analysis of the Dirac equation that the Dirac
Hamiltonian H, defined in (6.2), decomposes L2 (R3 ; S) into two orthogonal subspaces H− and H+ on which H has spectrum (−∞, −m] or [m, ∞),
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respectively. Denote by H− the restriction of H to H− . This is a strictly
negative operator and is unbounded below. It is unacceptable as a quantum
mechanical Hamiltonian. But if we apply the procedure developed above
to the vector space V = H− and A = H− then we will get an (informally)
equivalent description of the quantization of H− on H− by using instead
−H−0 on (H− )∗ . We have then a one “particle” Hamiltonian −H−0 which is
non-negative. So all is well. But the correct physical interpretation of the
zero rank tensor 1 ∈ Λ0 ((H− )∗ ) is now not that of a no particle state but
that of a “sea” of infinitely many positrons. (infinitely many because dim
H− = ∞.) And a rank one tensor is a hole in that sea. The total Hamiltonian for the Hilbert space of holes, Λ((H− )∗ ) “is” γ(−H−0 ), which acts on
Λ((H− )∗ ) (actually on its completion, Ff ) and is a non-negative operator. In
this discussion of “our case” we have evaded the fact that trace H− = −∞.
We used the finite dimensional heuristic to motivate our choice of state space
as Λ((H− )∗ ) and total Hamiltonian as γ(−H−0 ). In the physics literature the
same conclusion is reached, but with the computation made directly in the
infinite dimensional case. Thus one has to subtract an infinite “constant”
from the total Hamiltonian at some point. Some readers may find that disturbing. But we have already been through a similar heuristic procedure
back in Section 5.4, when we subtracted the infinite ground state energy.
In both cases we developed a well defined finite dimensional approximation,
made a meaningful subtraction of a finite constant from some Hamiltonian,
and then took the informal limit as a definition of the desired structure. In
our present case the change of Hilbert space to Λ((H− )∗ ) entails a big conceptual change in the physical meaning of the state vectors. This change
turns out to be a serious guide as to what happens physically when the full
interaction is put into the theory. (See next section on pair production.)
The infinite dimensional Hodge star operation of Dirac. For any
real or complex Hilbert space K denote by Λ(K) the Fermion Fock space
Ff over K. As we know, (make sure this is stated in Fock space section)
the creation and annihilation operators c(u) and a(u) are bounded operators
on Λ(K). Denote by A(K) the C ∗ algebra of operators on Λ(K) generated
by all the operators {c(u), a(u) : u ∈ K}. Proposition 6.4 asserts that, in
case K is finite dimensional, then the unitary operator R constructed there
interchanges the algebra A(K) with A(K ∗ ) by mapping
c(u) 7→ a(u) ≡ Rc(u)R−1
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(6.28)

If dim K = ∞ then there is no unitary operator R because there is no highest
rank vector ω ∈ Λ∞ (K ∗ ). However the isomorphism of C ∗ algebras induced
by R, as in (6.28), continues to make sense in infinite dimensions. This is
the isomorphism proposed by Dirac, [17]. Here is a precise statement.
Theorem 6.6 (Dirac-Hodge hole theorem) Let K be a real or complex Hilbert
space. Then there exists a unique algebra isomorphism
β : A(K) → A(K ∗ )

(6.29)

β(B ∗ ) = (β(B))∗ for all B ∈ A(K)

(6.30)

such that
and
β(c(u)) = a(u)

for all u ∈ K

(6.31)

In particular β(c(u)∗ ) = a(u)∗ for all u ∈ K.
Proof. See the appendix of [25]. Note: a(u) is the annihilation operator on
Λ(K ∗ ) defined by an element u ∈ K. See discussion preceding Proposition
6.4.
Remark 6.7 The action of the isomorphism β on a negative one particle
Hamiltonian A, as in (6.25), is best understood in the context of a group
representation on K and its contragredient representation on K ∗ . For example if A is a negative self-adjoint operator on K and g(t) = eitA is the one
parameter group that it generates, then the contragredient representation of
whatever Lie group, G, might contain this time translation generator would
0
map these operators to (g(t)−1 )transpose , which equals e−itA . Thus, passing
to the contragredient representation changes the sign of generators. The case
of interest for the Dirac hole theory is that in which G is the orthochronous
Poincaré group. It acts unitarily on Dirac’s Hilbert space H ≡ L2 (R3 ; C4 )
and leaves invariant the positive and negative energy subspaces H+ and H− .
We may restrict this representation to the negative energy subspace H− and
then take its contragredient representation on (H− )∗ . The resulting representation of G is now a positive energy representation. It is the representation
that belongs to positrons (and actually characterizes positrons). It happens
that this representation of G is unitarily equivalent to the representation of G
gotten by restricting our original representation on H to the positive energy
subspace H+ , but only for the connected component of G, not for all of G.
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The other component of G is generated by space reflection. Thus one says
that a positron differs from an electron not only in charge but also in parity.
See the Appendix of [25] for more details.

6.3

Pair production

The interchange of electron creation and annihilation operators described
in the previous section on hole theory leads to an interaction Hamiltonian
containing terms which represent the mutual destruction of a positron and
electron and the replacement of such a pair by a photon. Other terms represent the annihilation of a photon and the creation of an electron-positron
pair in its place. This greatly enlarges the family of Feynman diagrams that
enter at any order. Compare the diagrams in Section 5.8 for simple versions
of such diagrams. In Section 5.8 the interaction does not change the number
of electrons.
{In some future version of this seminar this section should be greatly
enlarged.}
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7

The Road to Yang-Mills Fields

Today’s question: Where do connections on vector bundles come from in
quantum mechanics?
Today’s answer: (Outline)
1) The Lorentz force (3.41) on a charged particle depends on the velocity
of the particle. In order to incorporate this force into quantum mechanics
one must modify the rules of quantization that we previously discussed for
velocity independent forces in Section 4.3, so as to include this force. As a
first step one must express the time dependent force with the help of suitable
potentials. We did this by
2) first expressing Maxwell’s equations in the form DF = 0, D∗ F = J
where F is the 2-form on space-time constructed from E and B as in (3.31).
D denotes the exterior derivative on forms over R4 (≡ space-time). See
Section 3.8 for this.
3) Since DF = 0 there is a 1-form A on space-time such that
F = DA.

(7.1)

The 1-form A replaces the potential V , which we used earlier to express a
velocity independent force, F = −grad V . Whereas V was unique up to
an additive constant, the 1-form A is unique only up to an additive exact
1-form. The big mathematical problems which will be induced by this large
degree of non-uniqueness was, admittedly, not even mentioned earlier.
4) Having now an electromagnetic analog of the potential V , we made
the transitions from Newton to Lagrange to Hamilton for the Lorentz force
in Section 3.8, with the resulting Hamiltonian function (cf. (3.51))
3

e
1 X
(pj − Aj (x, t))2 + eφ(x, t),
H(x, p, t) =
2m j=1
c
where
A=

3
X

Aj dxj + φdt.

(7.2)

(7.3)

j=1

5) We will carry out the quantization procedure for the Hamiltonian function (7.2) in Section 7.1.
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6) We will then discuss the geometric meaning of the resulting Schrödinger
equation. Specifically, we will see that the Schrodinger equation in the presence of electromagnetic forces begs for an interpretation of the electromagnetic potential A as a connection form for a complex line bundle C×R4 → R4
with structure group U (1).
7) Yet to come: Whereas the Schrödinger equation that we will derive
in Section 7.1 lends itself to interpretation as an equation for sections of
a complex line bundle over R4 with structure group U (1), the discovery of
the neutron in 1932 by Chadwick and the ensuing attempts to understand
the strongly attractive forces between n- n, p-p and n-p, culminated in the
suggestion by Yang and Mills (1954) to replace the complex line bundle
with U (1) structure group by a vector bundle with a more general compact
structure group. The correct choice of structure group has to be determined
by experiment. At the present time the choice SU (3) × SU (2) × U (1) seems
to fit best all the experimental data, and is the basis for the standard model
of elementary particles. I will elaborate a bit on this item 7) in Section 8.
Some more of the history of the period 1932-1954 is in the timeline of Section
8.1.

7.1

Quantization of a particle in an electromagnetic
field

We will apply the usual rules of quantization, as in Section 4.3, to a charged
particle without spin, subject to electromagnetic forces. The electromagnetic
field exerting the force is assumed to satisfy Maxwell’s equations (3.33) (3.36), or equivalently (3.37), (3.38). There is, therefore, an electromagnetic
potential A, which is a 1-form on space-time. We will take over the notation
from (7.2) and (7.3).
Let
H = L2 (R3 ).
(7.4)
In accordance with the rules of Section 4.3 one should replace pj in (7.2) by
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−i~(∂/∂xj ). Then we obtain the time dependent Hamiltonian operator
3

H=

1 X
(−i~(∂/∂xj ) − (e/c)Aj )2 + eφ(·, t)
2m j=1

(7.5)

3

e
~2 X ∂
− i Aj )2 + eφ(·, t)
=−
(
2m j=1 ∂xj
c~

(7.6)

The Schrödinger equation (4.3) may therefore be written
3
2
e 
e
~2 X  ∂
i~
+i φ ψ =−
− i Aj ψ
∂t
~
2m j=1 ∂xj
c~

∂

(7.7)

This is the
Schrödinger equation in the presence of an electromagnetic field.
Define
e 
+ i φ and
D0 =
∂t
~

 ∂
e
− i Aj
Dj =
∂xj
c~
∂

(7.8)
(7.9)

{Check signs.} In terms of these operators we may write the Schrödinger
equation as
3
~2 X 2
i~D0 ψ = −
D
(7.10)
2m j=1 j
Don’t think that (7.10) is just a notationally slick way of writing (7.7). Notice
that the differential operators Dk , k = 0, 1, 2, 3 differ from the usual first
derivatives, ∂/∂t, ∂/∂xj by the addition of purely imaginary functions. So?
Well, the circle group, U (1) ≡ {eiθ : θ ∈ R}, has Lie algebra iR. Therefore
the operators Dk can be interpreted as covariant derivatives for sections of
a complex line bundle over R4 with structure group U (1). That is, if one
regards ψ(x, t) not as a complex valued function but rather as a section
of the bundle C × R4 → R4 , then specification of an electromagnetic force
field amounts to choosing a particular covariant derivative on sections of this
bundle - a covariant derivative different from the trivial one.
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Is this interpretation just a stretch of ones imagination? Think back to
the non-uniqueness inherent in the representation (7.1), of the fields E and
B, by the potential A. For any reasonable (say smooth) function f : R4 → R
the 1-form Â ≡ A + Df represents the same electromagnetic field as A
because D2 f = 0. Now the function eif (x,t) is a U (1) valued function on R4 .
Therefore the map ψ 7→ ψ̂ = eif ψ is a bundle automorphism. That is, ψ and
ψ̂ represent the same section, but in different (global) trivializations of the
bundle. Now look at this simple identity!
(∂j − i(Aj + ∂j f ))eif ψ = eif (∂j − i(Aj ))ψ, j = 0, 1, 2, 3

(7.11)

This says that the non-uniqueness of the potential A is equivalent to the
non-uniqueness of the representative of a section. Otherwise said, it is the
covariant derivative, ∂j − i(Aj ), that has physical meaning rather than the
potential A itself. The Lie algebra valued 1-form iA is the connection form
that represents the covariant derivative in a particular (global) trivialization.
Change the global trivialization and you change the connection form without
changing the covariant derivative.
CONCLUSION: The quantum mechanical procedure for incorporating electromagnetic forces into the Schrödinger equation is commensurable with (or
is suggestive of, or indeed forces) an interpretation of the electromagnetic potential iA as a connection form on R4 for a complex line bundle C × R4 → R4
with structure group U (1). In short, one could fairly say
Quantum Mech. + E&M = Covariant derivative.
Remark 7.1 Hermann Weyl [66] seems to be the first to have advanced this
view of electromagnetism. His objective was to find a way to unite general
relativity with electromagnetism.
Reference: A useful source for background on connections on vector bundles is [15].

7.2

Two classic debuts of connections in quantum mechanics

Before leaving S 1 bundles there are two important examples to understand in
which the underlying manifold is not topologically trivial. If the configuration
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space C is not R3 but, say, an open subset of R3 then space-time is C × R,
a 4-manifold, and all of the preceding discussions about Maxwell’s equation,
gauge potentials and complex line bundles go through if one does not insist
on global trivializations but only local trivializations. In the following two
examples C is, respectively, R3 minus a cylinder and R3 minus a point. Each
case arises naturally in a physical experiment.
Before leaving this transition from electromagnetic fields to geometric
objects here is a summary of the terminology used in physics and the corresponding mathematical terminology. This is taken from the “dictionary
paper” of Wu and Yang [71].
Dictionary
4-potential = gauge potential = connection form
Field strength= gauge field = curvature
Nonintegrable phase factor = path dependent parallel transport
7.2.1

The Aharonov-Bohm experiment

Denote by S the closed cylinder in R3 centered on the z axis and of radius
a. That is S = {(x, y, z) : x2 + y 2 ≤ a2 }. Take configuration space to be
C = R3 − S Let b be a real constant and define
(
(−y, x, 0)/(x2 + y 2 ) outsideS
A=b
(7.12)
(−y, x, 0)a−2 insideS
The magnetic field, B = curl A, is zero in C and is equal to (0, 0, 2ba−2 ) for
all time inside the cylinder S, as one can readily compute. Moreover we will
take φ = 0 on R4 . Both E and B are time independent. So we will ignore
time and focus just on the geometry over C.
In the Aharonov-Bohm experiment one shoots a beam of electrons parallel to the x axis and observes the pattern on a vertical plate behind the
cylinder and perpendicular to the x axis. Make the cylinder surface out of a
(near) perfect conductor, such as gold, so that no electrons can get inside the
cylinder. Those that hit the cylinder are conducted off to infinity. Thus all
electrons stay in a region, C, where E = B = 0. Nevertheless one observes
a diffraction pattern on the screen which varies with b. The Schrodinger
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equation, (take e/c~ = 1)
−i∂ψ/∂t = −(1/2m)

3
X
(∂j + iAj )2 ψ(x, t)
j=1

in C×R (Dirichlet boundary conditions on ∂S) accurately predicts the diffraction pattern! [Refs., Christianne Martin and Nintendo toy company]
Conclusion: Even though the magnetic and electric forces are zero in C,
where the electrons are constrained to lie, they nevertheless sense the connection form itself. Geometrically speaking, the curvature of this connection
is zero while the holonomy group of A in C in not zero. In any ball in C one
can change the the local trivialization to reduce A to zero in the ball without
changing the physics. Of course this does not change the holonomy group.
Thus one could say that the electrons really sense the holonomy group of the
connection. This is the observation made by Wu and Yang [71].
Experimental confirmation: The prediction made by Aharonov and
Bohm, [1] in 1959, was experimentally confirmed by R. G. Chambers in 1960
[11].
For some other interesting paradoxes see the book by Aharanov and
Rohrlich [2].
Exercise 7.2 Show that the holonomy around a circle of radius r > a enclosing the cylinder is e2πib .
7.2.2

The Dirac magnetic monopole

The equation defining electric charge as the source of an electric field is Gauss’
law (3.9), div E = 4πρ where ρ is the electric charge density. If magnetic
charge exists, its density, M is defined by div B = 4πM because magnetic
charge is , by definition, a source of the magnetic field, B. We want to consider a point magnetic charge, i.e. a magnetic monopole, sitting still at the
origin. Gauss’ law would then be div B(x) = 4πpδ(x) where p is the pole
strength (magnetic charge) of the monopole. The fundamental solution to
this equation is B(x) = px/(|x|3 ), x ∈ R3 − {0}. In order to formulate
the Schrödinger equation for this force law we need to use, as usual, a corresponding gauge potential A. In order to avoid ambiguities generated by the
singularity in B at the origin of R3 one is forced to take configuration space
to be C = R3 −{0}. This immediately makes the topology of C nontrivial. As
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we will see this nontrivial topology offers a way out of a serious technical and
conceptual issue that will soon insert itself. The structure we want to investigate is time independent because the magnetic field B is time independent,
the electric field is identically zero, and the magnetic monpole is sitting still
at the origin. We will therefore ignore the time factor in C × R and focus
only on the relevant geometry over the configuration space C. In particular
we need to find a connection on the bundle C × C → C whose curvature is B.
Now div B = 0 in C because the monopole is not in C. Hence locally there
exist 1-forms A such that B = dA. But in fact there is no globally defined
1-form A on C for which B = dA. Here is the best we can do.
Let 0 < δ < π/2 and, in spherical coordinates, r ≥ 0, θ ∈ [0, π], φ ∈
[0, 2π], let
N = {(r, θ, φ) : r > 0, 0 ≤ θ < π/2 + δ}
S = {(r, θ, φ) : r > 0, π/2 − δ < θ ≤ π}

(7.13)
(7.14)

Then N ∪S = C gives an open cover of C by contractible sets. N ∩S intersects
any sphere around the origin in a band around the equator. Define
AN = p(1 − cos θ)dφ on N

(7.15)

AS = −p(1 + cos θ)dφ on S

(7.16)

We assert that B = dAN on N and B = dAS on S. To see this easily
observe that dAN = p sin θdθ ∧ dφ on N and dAS = p sin θdθ ∧ dφ on S. Each
of these is therefore equal to p times the element of area on the sphere of
radius 1. But B (after applying the Hodge star to convert it into a 2-form)
is B = (p/r3 ){xdy ∧ dz + ydz ∧ dx + zdx ∧ dy}. At the north pole of the
sphere of radius r we have x = y = 0, z = r. Consequently, near the north
pole, the factor in braces is r× element of area = r3 times element of area of
the unit sphere. Thus, by spherical symmetry of B, AN and AS both have
curvature B.
Let h(r, θ, φ) = AN −AS on N ∩S. Then h = 2pdφ on N ∩S. Assume now
that 2p is an integer and let g(r, θ, φ) = ei2pφ . This is a well defined smooth
function on N ∩ S because 2p is an integer. Moreover iAN = iAS + g −1 dg.
Consequently iAN and iAS together with g define a connection on a complex
line bundle over C with local trivializations N × C and S × C and with
transition function g. Moreover the curvature of this connection is B. If we
reinsert the physical constants e/(c~) in front of the electromagnetic potential
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A then the condition on the pole strength needed to make ie/(~c)AN and
ie/(~c)AS into a well defined connection on a well defined complex line bundle
over C as above is
2pe
= integer
~c
This is Dirac’s quantization condition [18] relating pole strength p and electron charge e. This condition is also necessary, as we shall see in the next
theorem. But first, it may be illuminating to see why AN cannot be extended
to all of C. Convert AN to cartesian coordinates by using φ = (tan)−1 (y/x),
which implies dφ = (xdy − ydx)/(r2 − z 2 ), and multiply (7.15) by r/r to find
AN =

p(xdy − ydx)
.
r(r + z)

Thus AN has a singularity along the entire negative z axis. A similar computation shows that, if one chooses δ = π/2, then AS has a singularity along
the entire positive z axis. Dirac’s view of this, (1931), was that the monopole
forces the singularity in the electromagnetic vector potential to extend along
a curve from the origin to infinity. But Wu and Yang [71] (1975) emphasized
the viewpoint which we have described here: the complex line bundle over
C, associated to a magnetic monopole, does not have a global trivialization.
The following theorem adds to the previous discussion, showing in what
sense Dirac’s quantization condition, 2p = integer, is necessary.
Theorem 7.3 There exists an S 1 connection over R3 − {0} whose curvature
is (Hodge *) (px/|x|3 ) if and only if 2p is an integer.
Proof. The sufficiency has already been proved. Define N and S as above.
Assume that there exists a connection over C whose curvature is B ≡ ∗px/|x|3 .
Since N and S are contractible and dB = 0 on C there exist 1-forms AN on
N and AS on S satisfying dAN = B and dAS = B on N and S respectively.
Since these forms represent the same connection on the presumed bundle over
C there exists a smooth function g : N ∩ S → S 1 such that AN = AS + g −1 dg
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on N ∩ S. Then
Z
p sin θdθ ∧ dφ

4πp =
|x|=1

Z
B

=
|x|=1

Z
=

N

dA +
Z
N
A −

0≤θ≤π/2

Z
=
θ=π/2

Z
=

Z

dAS

π/2≤θ≤π

AS

θ=π/2

g(1, π/2, φ)−1 ∂φ g

θ=π/2

= 2π winding number of φ → g(1, π/2, φ)
= 2π integer
Hence 2p = integer.
Remark 7.4 There is a huge literature on the experimental and theoretical
aspects of magnetic monopoles. For a survey up to 1990 see [22]. An inquiry
to mathscinet: Anywhere magnetic monopoles brings up 970 matches, as of
June 7, 2011.

8

The Standard Model of Elementary Particles

Ran out of time, although this topic was the real goal of the seminar.
Fortunately, you have available Chapter 9 of Folland, [21], which gives
tremendous perspective, both historical and technical, into the evolution and
structure of the standard model.
Another excellent book describing the relation between group theory and,
among other things, the classification of elementary particles is the book [55]
by Shlomo Sternberg.
Maybe the next time this seminar is taught this topic can be squeezed
in. It will require an exposition of connections on vector bundles. See for
example [15].
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The exposition of connections on vector bundles in [42] is long on the
mathematics and its relation to important topics within mathematics, e.g.,
application to Donaldson polynomials, Jones-Witten invariants, etc. But it
also explains the relation of this mathematics to physicist’s gauge field theory.

Anyway, the main idea linking what we have done to the currently most
successful classification of elementary particles is now simple to describe.
In Section 7.1 we saw that the combination of electromagnetic theory with
quantum mechanics leads to an interpretation of the electromagnetic potential as a connection form for the vector bundle C × R4 → R4 with structure
group U (1), the circle group, Consider the following simple generalization
of this. Take your favorite compact Lie group K and an irreducible unitary
representation of K on a finite dimensional inner product space V . The map
V × R4 → R4 is then a vector bundle with structure group K. Denote by k
the Lie algebra of K. Then a k valued 1-form A on R4 determines a covariant
derivative for this bundle. Of course a change in the global trivialization of
this bundle will induce a change in the 1-form A, if we interpret this 1-form
as a connection form for this bundle, as we did in the electromagnetic case,
and as we will do now. The associated covariant derivative on this bundle
now represents some kind of force field as it did in the electromagnetic case.
In the electromagnetic case the particles that implemented the electromagnetic force were photons. But in this more general case they are some other
kind of particles, called gluons. The interesting case is that in which K is
non-commutative. The curvature of a covariant derivative can be expressed
in terms of a connection form A for it as
R = dA + A ∧ A.

(8.1)

This is a k valued 2-form on R4 . If k = iR then the second term in (8.1) is zero
and the curvature reduces to the 2-form defining the electric and magnetic
fields, as in (3.31). In the non-commutatilve case we should interpret the six
independent k valued components of R as “non-commutative” “electric” and
“magnetic” fields. These are the force fields associated to the connection
form A. The Maxwell equations, (3.37), are now replaced by the Bianci
identity, DR = 0, which is automatic when R is the curvature, (8.1). And
the Maxwell equations (3.38) are replaced by the equation D∗ R = J - the
Yang-Mills equation. In this geometric way we arrive at an extension of
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electromagnetic theory. At the present time these new fields seem to provide
the best basis for a comprehensive theory of elementary particles.
What are these force fields acting on? They are acting on whatever
particles are being represented by sections of the vector bundle V ×R4 → R4 .
In the electromagnetic case V was one dimensional and the electric and
magnetic fields were acting on one charged particle, say an electron. But if V
is e.g. eight dimensional then a section represents the state of any one of eight
particles, one for each of your favorite basis vectors of V . Of course, given the
group K, the vector space V is limited to those that support an irreducible
unitary representation of K. Moreover the elements of the Lie algebra of
K will transfer to observables, as we learned in Section 4.8. Here are the
names of some of these observables: isotopic spin, hypercharge, strangeness,
beauty, charm. { The last three are not quite right. See Griffith’s book, [24].}
{ Concerning spin, the previous discussion is oversimplified. Spin comes not
from the group K but from a more geometric source, the action of the Lorentz
group on Dirac wave functions, as in Section 6. From the point of view of
the preceding discussion, one can just replace V by C4 ⊗ V . But K acts only
on V .} In the standard model one takes K = SU (3) × SU (2) × U (1).
I’m reluctant to leave the reader with the impression that this simple
switch from structure group U (1) to a general compact structure group was
invented by someone just “thinking upon it”, as Newton claims to have done
with some of his own theories. In fact the evolution of this extension from
electromagnetism to non-commutative structure group was driven by experiments. Even though Rutherford (1911) used alpha particles to determine the
structure of an atom (small nucleus inside big atom) he didn’t really know
what an alpha particle was. Yes, it had charge +2 and mass = 4 proton
masses. It could have been 4 protons stuck together with 2 electrons embedded. Or it could have been 2 protons + 2 neutrons (if they exist). It
wasn’t till 1932 that the British experimental physicist, Chadwick, showed
that neutrons exist. In any case the electric forces between any two protons
are pushing the protons apart with tremendous force because the two protons are so close and have the same charge. So whats holding the nucleus
together? There must be another force between any of these nucleons (protons or neutrons), an attractive force, even stronger than the electric force,
that beats out the repulsive electric force. Heisenberg, immediately upon
hearing of Chadwick’s discovery, made a (rather ad hoc, I would say) mathematical formalism to allow the possibility that a proton and a neutron are
162

really the same particle, but in different states. The proton is in a charged
state. The mysterious attractive forces between nucleons are independent
of their charge, proposed Heisenberg. The charge only affects the repulsive
electric force, [31]. See also Heisenberg’s related papers [32, 33, 34].
This hypothesis of charge independence of the nuclear force can be tested
experimentally. It predicts that the isotopes N15 and O15 should have a
similar radiation spectrum from their nuclei even though N15 has 7 protons
and 8 neutrons while O15 has 8 protons and 7 neutrons. The prediction
was experimentally confirmed between 1932 and 1936 (get dates). This was
an impetus for Eugene Wigner to amend Heisenberg’s simple formalism and
promote invariance of nuclear forces under Heisenberg’s interchange operator
(proton ↔ neutron) to invariance under SU (2). You might like to read the
extract from Wigner’s paper, reproduced in the next section, to be sure that
I’m not just putting words in his mouth, or thoughts in his mind.
It was another 17 years before Yang and Mills promoted Wigner’s global
SU (2) invariance to “local” invariance” which for us means vector bundles
with non-commutative structure group.

8.1

The neutron and non-commutative structure groups.
Timeline.

1911 (May): Rutherford determined the structure of an atom: small nucleus (radius = 10−13 cm) compared to the overall radius of the atom (10−8
cm.)
1932 (May 10): Chadwick provided convincing evidence that neutrons
exist, [10, 9].
1932 : Heisenberg, motivated by Chadwick’s discovery, made an ad hoc
theory of nuclear forces. It predicts that the isotopes N15 and O15 should have
similar radiation spectrum even though N15 has 7 protons and 8 neutrons
while O15 has 8 protons and 7 neutrons, [31]. See also Heisenberg’s related
papers [32, 33, 34]. The prediction was experimentally confirmed between
1932 and 1936 (get dates).
1937: Eugene Wigner, [69], promoted Heisenberg’s invariance of neutronproton interactions from invariance under Z2 (interchange of proton and neutron wave functions) to invariance under SU (2). Thereafter SU (2) is referred
to as the isotopic spin group, and must be distinguished from the ordinary
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spin group SU (2) (which covers SO(3) and thereby acquires an understandable geometric meaning).
From the first paragraph of Wigner’s paper.
Recent [experimental] investigations [two references are given]
appear to show that the forces between all pairs of constituents
of the nucleus are approximately equal. This makes it desirable
to treat the protons and neutrons on an equal footing. A scheme
for this was devised in his original paper by W. Heisenberg, who
considered protons and neutrons as different states of the same
particle. Heisenberg introduced a variable τ which we shall call
the isotopic spin. The value -1 of this variable can be assigned to
the proton state of the particle, the value +1 to the neutron state.
The assumption that the forces between all pairs of particles are
equal is equivalent, then to the assumption that the forces do
not depend on τ , or that the Hamiltonian does not involve the
isotopic spin.
In Heisenberg’s scheme τ is the 2 × 2 matrix diag (-1,1) acting on C2 .
Wigner gave arguments, based on the experimental evidence, for asserting
that a potential operator V on L2 (R3 ) ⊗ C2 should be invariant not just
under I ⊗ Z2 but also under I ⊗ SU (2) if V is to represent nuclear forces
consistently with experiment.
1954: Yang and Mills [72] promoted Wigner’s SU (2) invariance to a
local SU (2) invariance. This means that, whereas Wigner allowed invariance
of his and Heisenberg’s nuclear force theory to be invariant under the map
ψ(x, t) 7→ gψ(x, t) for any fixed element g ∈ SU (2) (recall that ψ takes values
now in C2 ), Yang and Mills allowed g to depend on space and time. This local
SU (2) “gauge invariance” is linked to the existence of SU (2) “gauge fields” in
the same way that the non-uniqueness of the electromagnetic potential A is
linked to the electromagnetic field. See the discussion surrounding equation
(7.11).

9
9.1

Appendices
The Legendre transform for convex functions

4/27/11 This appendix contains some redundancies. Compare with Section
2.7.1. I replaced these two sections by Section 2.7.1 on 4/27/11. So the ap164

pendix on the Legndre transform (in general and for quadratic polynomials)
isn’t needed at all for these notes.
As a cultural matter you should know that the formulas derived in Section
9.1.1 for quadratic plus linear functions of velocity fit into a very clean and
general scheme of transforms. I will sketch this here, so that you don’t think
that the formulas of Section 9.1.1 are just ad hoc computations. However we
will only need the results of Section 9.1.1 for our applications to Hamiltonian
mechanics. The more general case is needed for thermodynamics and other
parts of mathematics. You can skip this section without too much guilt.
The Legendre transform is a map from convex functions on a real vector
space V to convex functions on the dual space. Here are some definitions.
We take V to be finite dimensional. A function f with domain D(f ) ⊂ V
is convex if D(f ) is convex and f (ax + (1 − a)y) ≤ af (x) + (1 − a)f (y)
for all x, y ∈ D(f ) and for all a ∈ [0, 1]. The epigraph of f is the set
{(v, y) ∈ D(f ) × R : y ≥ f (v)}. A convex function is closed if its epigraph
is closed in V × R. Let p ∈ V ∗ . A hyperplane in V × R with slope p is
the graph of the function v → hp, vi + c for some constant c ∈ R. This
hyperplane is a support plane for f if hp, vi + c ≤ f (v) for all v ∈ D(f )
and c is the largest constant for which this inequality holds. In other words,
c = inf{f (v) − hp, vi : v ∈ D(f )} = − sup{hp, vi − f (v) : v ∈ D(f )} (which
could turn out to be −∞.) The hyperplane clearly intersects the y axis at c.
Definition 9.1 The Legendre transform of f is the function f ∗ given by
f ∗ (p) = sup{hp, vi − f (v) : v ∈ D(f )},

(9.1)

with domain D(f ∗ ) consisting of all those p ∈ V ∗ for which the sup is less
than +∞. (In other words c > −∞.) f ∗ is called the conjugate function to
f.
These functions are related by the following easy to state theorem.
Theorem 9.2 If f is a closed convex function on its domain in V then f ∗
is a closed convex function on its domain in V ∗ . Moreover
f ∗∗ = f

(9.2)

This is a nice classical theorem with a nice geometric flavor. The proof is
easy and we refer the reader to [26][page 146] for a proof. { A proof is in the
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Appendices, but commented out.} But it is not exactly the theorem we need
because we are really interested only in smooth, strictly convex functions f
which are defined on all of V . Of course the theorem applies to this restricted
class of functions. But we can say a little more in this case. Draw a picture
of a parabola as a model for a nice convex function on R and you will see
that the support plane (line in this case) touches the graph of f at exactly
one point (v, f (v)) just because f is strictly convex. (If f had flat spots the
support line could touch all along the flat spot.) At this unique point v we
clearly have
f 0 (v) = p.
(9.3)
This equation determines v as a function of p, say v = φ(p), because f 0 is
strictly increasing, since f 00 > 0. If one only had f 00 ≥ 0 then there could be
flat spots and in this case f ∗ is still well defined on V ∗ but the diffeomorphism
ψ −1 constructed in Section 9.1.1 no longer exists. This failure is actually a
conceptually important part of thermodynamics because it reflects the existence of phase transformations. But we will need to use the diffeomorphism
ψ in our application to mechanics as well as the Legendre transform f 7→ f ∗ .
Example 9.3 Take V = R and let
f (v) = (1/2)mv 2 + av

(9.4)

for some constants m > 0 and a ∈ R. The equation (9.3) reduces to
mv + a = p.

(9.5)

So φ(p) = m−1 (p − a). In accordance with (9.1) the conjugate function f ∗ is
given by
f ∗ (p) = [pv − f (v)]v=φ(p)
1
(p − a)2
=
2m

(9.6)

Thus in this example the familiar relation p = mv fails and is replaced by
(9.5). Indeed we will see later that (9.5) more accurately captures the relation
between momentum and velocity than p = mv does when the particle is
acted on by an electromagnetic field. You might like to know that (9.6) can
be partly blamed for forcing the appearance of connections on vector bundles
in physics.
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All of this discussion leading to the construction of the function φ applies
to higher dimensions also under the strict convexity assumption f 00 (v)hw, wi >
0 (for w 6= 0.) The equation (9.3) should now be interpreted, of course, to
assert that the linear functional on the left equals the linear functional on
the right. We are only going to consider functions f that are quadratic, in
the sense of Example 9.3. This is done in Section 9.1.1. (The formula based
version in Section 9.1.1 doesn’t require convexity.) The function φ will therefore be affine, just as in the example, and in particular, φ will always be a
diffeomorphism from V ∗ onto V . The formula (9.6) is clearly a special case
of (9.13). If you are inclined to find a more general class of smooth, strictly
convex functions for which φ is a global diffeomorphism tell me what you
find out.
9.1.1

The Legendre transform for second degree polynomials

This section computes the Legendre transform for a slightly more general
class of quadratic functions than those given in the examples of Section 2.7.1.
It is not needed by us.
Let Y be a finite dimensional real vector space and denote by Y ∗ its dual
space. We want to consider a class of functions on Y which will be typical
for for the velocity dependence of a Lagrangian L(q, v) at a fixed point q. Let
M : Y → Y ∗ be an invertible linear transformation and let α ∈ Y ∗ . Consider
the function f : Y → R given by
f (v) = (1/2)hM v, vi + hα, vi v ∈ Y

(9.7)

We may identify Y ∗∗ with Y by the natural isomorphism and then, since
M ∗ maps Y ∗∗ to Y ∗ , we may write M ∗ : Y → Y ∗ . In (9.7) we can assume
without loss of generality that M ∗ = M because hM v, vi = hv, M ∗ vi anyway.
The derivative of f in a direction u is a linear functional of u given by
hp, ui ≡ ∂u f (v) = hM v, ui + hα, ui ∀u ∈ Y.

(9.8)

Here, p is an element of Y ∗ depending on v. It is given by
p = ψ(v) = M v + α.

(9.9)

Since we have assumed that M is invertible we can solve for v in terms of p,
finding
v = ψ −1 (p) = M −1 (p − α).
(9.10)
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The Legendre transformation of f is the function f ∗ : Y ∗ → R given by
f ∗ (p) = hp, vi − f (v),

(9.11)

wherein it is understood that v should be replaced by the function of p derived
in (9.10). Thus
f ∗ (p) = hp, M −1 (p − α)i
− {(1/2)hM M −1 (p − α), M −1 (p − α)i + hα, M −1 (p − α)i}
= (1/2)hM −1 (p − α), (p − α)i
(9.12)
SUMMARY: If f (v) = (1/2)hM v, vi + hα, vi, v ∈ Y , then its Legendre
transform, f ∗ : Y ∗ → R is defined by (9.11) with the insertion of (9.10). It
is given by
f ∗ (p) = (1/2)hM −1 (p − α), (p − α)i for p ∈ Y ∗

(9.13)

Moreover the map ψ : Y → Y ∗ is a diffeomorphism.

9.2

Poisson’s equation

We will write as usual r = |x| in R3 .
Theorem 9.4

1
∆ = −4πδ.
r
in the distribution sense. That is,
∆L1/r = −4πLδ
We will break the proof up into several small steps.
Lemma 9.5 At r 6= 0
∆(1/r) = 0
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(9.14)

2

Proof. ∂(1/r)/∂x = −x/r3 and ∂ 2 (1/r)/∂x2 = −1/r3 + 3 xr5 . So
x2 + y 2 + z 2
∆(1/r) = −3/r + 3
= −3/r3 + 3/r3 = 0.
5
r
3

QED.
In view of this lemma you can see that we have only to deal now with
the singularity at r = 0. Our notion of weak derivative is just right for doing
this.
The trick is to avoid the singularity until after one does some clever
integration by parts (in the form of the divergence theorem). In case you
forgot your vector calculus identities a self contained review is at the end of
this section. I want to warn you that this is not the kind of proof that you
are likely to invent yourself. But the techniques are so frequently occurring
that there is some virtue in following it through at least once in one’s life.
Recall the usual notation: D = Cc∞ (R3 ).
Lemma 9.6 Let φ ∈ D. Then
Z
Z
(1/r)∆φ(x)dx = lim
→0

R3

(1/r)∆φdx

r≥

Proof: The difference between the left and the right sides before taking the
limit is at most (use spherical coordinates in the next step)
Z
Z
3
(1/r)d3 x = max3 |∆φ(x)|2π2 → 0
|
(1/r)∆φd x| ≤ max3 |∆φ(x)|
r≤

x∈R

r≤

x∈R

QED.
Before really getting down to business lets apply the definitions.
∆T1/r (φ) =

3
X

(∂ 2 /∂x2j )T1/r (φ)

j=1

=−

3
X

(∂/∂xj )T1/r (∂φ/∂xj )

j=1

= T1/r (∆φ)
Z
=
(1/r)∆φ(x)d3 x
R3 Z
= lim
(1/r)∆φ(x)d3 x.
→0

r≥
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So what we really need to do is show that this limit is −4πφ(0). To this end
we are going to apply some standard integration by parts identities in the
“OK” region r ≥ .
Z
C :=

(1/r)∆φ(x)d3 x

Z r≥
1
1 
∇ · ∇φ − φ∇( ) d3 x by identity (9.18)
=
r
r
Zr≥
1
1
=
( ∇φ · n − φ(∇ ) · n)dA by the divergence theorem
r
r= r
where n is the unit normal pointing toward the origin. The other boundary
term in this integration by parts identity is zero because we can take it over
a sphere so large that φ is zero on and outside it.
Now
Z
Z
1
(∇φ · n)dA|
|
(1/r)(∇φ · n)dA| = |
 r=
r=
1
≤ (max |∇φ|)4π2

→0
as  ↓ 0. This gets rid of one of the terms in C in the limit. For the other
one just note that (∇ 1r ) · n = −∂(1/r)/∂r = 1/r2 . So
Z
Z
1
1
φ(∇ ) · n)dA = − 2
−
φ(x)dA
r
 r=
r=
Z
Z
1
1
φ(0)dA − 2
(φ(x) − φ(0))dA
=− 2
 r=
 r=
Z
1
= −4πφ(0) − 2
(φ(x) − φ(0))dA
 r=
Only one more term to get rid of!
Z
1
|
(φ(x) − φ(0))dA| ≤ max |φ(x) − φ(0)| · 4π → 0
|x|=
2 r=
because φ is continuous at x = 0. This proves (9.14).
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Vector calculus identities.
If f is a real valued function and G is a vector field, both defined on some
region in R3 then
∇ · (f G) = (∇f ) · G + f ∇ · G
(9.15)
Application #1. Take f = 1/r and G = ∇φ. Then we get
1
1
1
∇ · ( ∇φ) = (∇ ) · ∇φ + ∆φ wherever r 6= 0.
r
r
r

(9.16)

Application #2. Take f = φ and G = ∇ 1r . Then we get
1
1
1
∇ · (φ∇ ) = (∇φ) · (∇ ) + φ∆ wherever r 6= 0
r
r
r

(9.17)

But ∆ 1r = 0 wherever r 6= 0. So subtracting (9.17) from (9.16) we find
1
1
1
∆φ = ∇ · ( ∇φ − φ∇ ) wherever r 6= 0.
r
r
r

(9.18)

This is the identity we need in the proof of (9.14).

9.3

Some matrix groups and their Lie algebras

This appendix is an extraction of a very small part of the very readable book
[30] by Brian Hall on Lie groups. The following is self-contained in the sense
that the exercises, which are a guide to the facts, are easily doable by today’s
students.
Recall (or prove yourself):
If A is an n × n matrix with real or complex entries then the initial value
problem
(O.D.E.)
(Initial value)

du(t)
= Au(t), t ∈ R, u(t) ∈ Rn
dt
u(0) = v, v ∈ Rn

(9.19)
(9.20)

has a unique solution. It is given by
u(t) = etA v
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(9.21)

where
tA

e

∞
X
(tA)n
.
≡
n!
n=0

(9.22)

Check (at your leisure) that the series converges in operator norm and that
the sum satisfies
detA
= AetA ,
(9.23)
dt
which ensures that (9.21) gives a solution to (9.19).
Exercise 9.7
a) If A is an n × n matrix show that
d
det(etA ) t=0 = trace A
(9.24)
dt
Hint: By (9.22), etA = 1+tA up to order two in t. Expand det(1+tA)
by its first column and use induction.
b) Prove, using a), that
d
det(etA ) = (det etA )(traceA) for all t.
dt

(9.25)

c) Prove, using b), that
det etA = 1 for all real t, if and only if trace A = 0.

(9.26)

Exercise 9.8
a. Prove: etA is orthogonal for all t if and only if A∗ = −A.
b. Prove: etA is unitary for all t if and only if A∗ = −A.
Hint: Differentiate (etA )∗ etA .
Notation 9.9
O(n) = {n × n real matrices T : T ∗ T = 1}
SO(n) = {T ∈ O(n) : det(T ) = 1}
U (n) = {n × n complex matrices T : T ∗ T = 1}
SU (n) = {T ∈ U (n) : det T = 1}
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(9.27)
(9.28)
(9.29)
(9.30)

Notation 9.10
o(n) = {n × n real matrices A : A∗ = −A}
so(n) = {A ∈ o(n) : trace A = 0}
u(n) = {n × n complex matrices A : A∗ = −A}
su(n) = {A ∈ u(n) : trace A = 0}
Exercise 9.11 Prove
a) A ∈ o(n)
⇐⇒
b) A ∈ so(n) ⇐⇒
c) A ∈ u(n)
⇐⇒
d) A ∈ su(n) ⇐⇒

(9.31)
(9.32)
(9.33)
(9.34)

etA ∈ O(n) ∀ t ∈ R
etA ∈ SO(n) ∀ t ∈ R
etA ∈ U (n) ∀ t ∈ R
etA ∈ SU (n) ∀ t ∈ R

Notation 9.12 For any two n × n matrices define
[A, B] = AB − BA

(9.35)

Exercise 9.13 Show that each of the four sets defined in Notation 9.10 is
closed under the commutator product, A, B 7→ [A, B]. Thus each of the
four linear sets of matrices is an algebra with respect to the product (9.35).
Unfortunately (in the view of some) this product is not associative.
Exercise 9.14 Although the commutator product (9.35) is not associative
we do have instead the following identity for any three n × n matrices.
[A, [B, C]] + [B, [C, A]] + [C, [A, B]] = 0.

Jacobi’s identity.

(9.36)

Prove this. Notice the easy to remember cyclicity in this identity.
Definition 9.15 A real Lie algebra is a real vector space L with a bilinear
pairing L × L 3 A, B 7→ [A, B] which is skew symmetric (i.e. [A, B] =
−[B, A]) and which satisfies Jacobi’s identity (9.36).
You showed in Exercises 9.13 and 9.14 that each of the four linear spaces
in Notation 9.10 is a Lie algebra with respect to the commutator product
(9.35)
Terminology. The linear space o(n), with the product A, B 7→ [A, B] is the
Lie algebra of O(n). Similarly so(n) is the Lie algebra of SO(n), while u(n) is
the Lie algebra of U (n) and su(n) is the Lie algebra of (make a bold guess).
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The adjoint representation.
If G is any one of the four groups defined in Notation 9.9 and g is its Lie
algebra define
R(g)A = gAg −1

for g ∈ G and A ∈ g

(9.37)

Exercise 9.16 a) Show that for each of the four groups in Notation 9.9 the
map R(g) caries g back into itself for each g ∈ G.
b) Show that the map g 7→ R(g) is a homomorphism of G into the group
of invertible operators on g.
Terminology. R is called the adjoint representation.
Status. You have now shown that for certain matrix groups G, namely
those defined in Notation 9.9, the set L, of matrices, A, for which etA ∈ G
∀ real t, forms a real vector space which is closed under the commutator
product [A, B].
Fact. This is true for all Lie groups of matrices.
9.3.1

Connection between SU (2) and SO(3).


z
x + iy
Exercise 9.17 If x, y, z are real numbers then the matrix A ≡
x − iy
−z
is a Hermitian 2 × 2 matrix with trace zero. Moroever any Hermitian 2 × 2
matrix with trace zero is clearly of this form for some unique x, y, z.
a. Show that det(A) = −(x2 + y 2 + z 2 ).
b. Show that if U is a unitary 2 × 2 matrix and A0 = U AU ∗ then A0 is
Hermitian and has trace zero.


z0
x0 + iy 0
0
c. Write A =
where A0 is given in part b. Clearly
x0 − iy 0
−z 0
(x0 , y 0 , z 0 ) depends linearly on (x, y, z). Denote this linear transformation by
ρ(U ). Show that ρ(·) is a homomorphism from SU (2) into O(3).
d. Show that if AB = BA for all n × n traceless Hermitian matrices
A (where B is an n × n matrix) then B is a scalar multiple of the identity
matrix.
e. Prove that the kernel of ρ (defined in part c.) consists of {I, −I}.
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9.3.2

The Pauli spin matrices

Define


σx =






1 0
0 1
0 −i
, σy =
, σz =
1 0
i 0
0 −1

(9.38)

These are the Pauli spin matrices. Their significance lies in the fact that the
following multiples of them form a very convenient basis of the Lie algebra
su(2). Define
sx = (i/2)σx ,

sy = (i/2)σy ,

sz = (i/2)σz

(9.39)

Observe first that the three Pauli matrices are Hermitian and have trace
zero. Therefore the three s matrices are skew-adjoint and have trace zero. In
view of Notation 9.10 the three s matrices lie in su(2). When you have a few
seconds to spare you should check that su(2) is actually three dimensional
(over R) and that the three s matrices actually span su(2). The reason for
the factors of 1/2 is that the following nifty commutation relations hold.
[sx , sy ] = sz ,

[sy , sz ] = sx ,

[sz , sx ] = sy .

(9.40)

[Check these signs]
Theorem 9.18 Identify R3 with the
matrices of trace
 set of 2 × 2 Hermitian

z
x + iy
zero by the map (x, y, z) 7→ A ≡
. For U ∈ SU (2) define
x − iy
−z
ρ(U ) ∈ SO(3) as in Exercise 9.17. Then the homomorphism
SU (2) 7→ SO(3)given by g 7→ ρ(g)

(9.41)

is homomorphism of SU (2) onto SO(3) with kernel {I, −I}.
Proof. Most of this has been already proven in Exercise 9.17. It remains
only to prove the surjectivity. To this end it suffices to prove that any rotation
around some axis is in the image of ρ. We will do this for rotation around
the z axis. This computation will be very useful later in understanding spin.
We already know that that for any real number θ the matrix exp (θsz ) lies
in SU (2). (by Exercise 9.11.) Moreover, since sz is diagonal we can compute
the exponential easily. We find
 (iθ/2)

e
0
exp (θsz ) =
(9.42)
0
e(−iθ/2)
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and therefore

exp (θsz )




z
x + iy
z
e(iθ) (x + iy)
exp (−θsz ) = (−iθ)
x − iy
−z
e
(x − iy)
−z
(9.43)
(iφ)
What is the meaning of this matrix? Just write x + iy = re
and then
you see that the upper right entry is re(i(θ+φ)) . This represents a rotation in
the x, y plane by an amount θ. Thus every rotation around the z axis lies in
the range of the homomorphism ρ. I’ll leave it to your trust in symmetry to
conclude that every rotation around any axis is in the range of ρ. Therefore
ρ is surjective.
It will be real useful to write the result of the computation in the preceding
proof in the form
ρ(eθsz ) = eθAω ,
ω = (0, 0, 1)
(9.44)
where Aω is defined in (2.5). As we know, eθAω is the matrix (2.6), which is
rotation in the x, y plane through an angle θ.
Peculiarity We see that as θ moves from 0 to 2π, the operator ρ(eθsz )
runs through rotations starting from the identity rotation and back to the
identity rotation. But what is eθsz doing? At θ = 2π we have, by (9.42)


−1 0
exp (2πsz ) =
= −I
(9.45)
0 −1
In fact the curve θ 7→ exp(θsz ) clearly returns to the identity operator in
SU (2) only when θ reaches 4π. But then its image has returned to the
identity operator in SO(3) twice. This is consistent, to say the least, with
the assertion in Theorem 9.18 that the kernel of the homomorphism ρ is
{±I}.

9.4

grad, curl, div and d

These days its good to be able to switch back and forth between the vector
differential operators, gradient, curl and divergence on the one hand and the
exterior derivative d over R3 on the other. For a nice exposition of these
relations see Hubbard and Hubbard [36], Section 6.8.
Here is a short summary. If v = (v1 , v2 , v3 ) ∈ R3 we may associate with
it a 1-form and a 2-form:
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v (1) =

3
X

vj dxj ,

which is a 1-form, and

(9.46)

j=1

v (2) =

X

vi dxj ∧ dxk , which is a 2-form.

(9.47)

(i,j,k)

The sum is over all three triples (i, j, k) which are cyclic permutations of
(1, 2, 3). The maps v 7→ v (1) and v 7→ v (2) are isomorphisms of R3 with
Λ1 (R3 ) and Λ2 (R3 ) respectively.
The Hodge star operator ∗ : Λ(R3 ) → Λ(R3 ) is given by
∗v (1) = v (2) , ∗∗ = Identity.

∗ a = a dx1 ∧ dx2 ∧ dx3 , a ∈ R,

(9.48)

In the physics literature the coordinate vector v is referred to as a “polar”
vector or “axial” vector according to how its coordinates transform under the
inversion (x1 , x2 , x3 ) 7→ (−x1 , −x2 , −x3 ). Under this inversion its clear that
v (1) 7→ −v (1) while v (2) 7→ v (2) . To say that v is a polar vector means that
under rotations the triple (v1 , v2 , v3 ) transforms like the 1-form v (1) . To say
that v is an axial vector means that the triple (v1 , v2 , v3 ) transforms like the
2-form v (2) . Some would say that axial vectors should have been identified
as a 2-forms in the first place. Excuse: “polar” and “axial” were invented
long before 2-forms.
Now suppose that each component vj is a C 1 function on R3 . The usual
definitions of curl and div are


∂vj
∂vk
−
, (i, j, k) cyclic
(9.49)
curl v(x) =
∂xj
∂xk
i
3
X
∂vi (x)
div v(x) =
(9.50)
∂x
i
i=1
All three operations, grad, curl, div, are special cases of the exterior derivative
d if one simply identifies a vector field v with a 1-form or 2-form correctly.
Thus:
(∇φ)(1) = d φ

(9.51)

= dv

(1)

(9.52)

∗(div v) = d v

(2)

(9.53)

(curl v)

(2)
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Of course with the help of the Hodge ∗ operator we can write also
(curl v)(1) = ∗d v (1) , and
div v = ∗d v

(2)

(9.54)
(9.55)

{ Note: If I had defined a(3) = ∗a then (7.21) would have read (div v)(3) =
d v (2) . Cute. }

9.5

Hermite polynomials
2

Definition 9.19 (Hermite polynomials). The entire function z 7→ ezx−z
can be expanded in a power series in z with coefficients that depend on x
thus:
∞
X
z2
e(zx− 2 ) =
Hn (x)z n /n!.
(9.56)
n=0
n

Since the coefficient of z /n! in the factor ezx is xn , the coefficient of z n /n! in
(9.56) is a polynomial in x of degree at most n. Moreover the highest order
term in Hn (x) is exactly xn and H0 (x) = 1. Since the nth derivative of (9.56)
with respect to z at z = 0 is exactly Hn (x), Cauchy’s integral formula gives
Z
z2
n!
z −(n+1) exz− 2 dz
(9.57)
Hn (x) =
2πi |z|=1
The polynomials Hn , n = 0, 1, 2, . . . are the Hermite polynomials.
Example 9.20 Comparing the coefficients of z n in (9.56) for n = 0, 1, 2 one
sees immediately that
H1 (x) = x, H2 (x) = x2 − 1.
√
2
Lemma 9.21 Let γ(dx) = (1/ 2π)e−x /2 dx. Then
Z ∞
Hn (x)Hk (x)γ(dx) = n!δkn
H0 (x) = 1,

−∞

Proof. From the identity
(zx −

z2
ζ2
1
z+ζ 2
) + (ζx − ) − x2 /2 = − (x −
) + zζ
2
2
2
2
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(9.58)

it follows that

Z

ζ2

z2

exz− 2 exζ− 2 γ(dx) = ezζ .

R
n!k! −(n+1) −(k+1)
z
ζ
(2πi)2

Multiply by
and integrate over the product of unit circles
to find
Z
Z
Z
n!k!
Hn (x)Hk (x)γ(dx) =
z −(n+1) ζ −(k+1) ezζ dζdz
2
(2πi)
R
|z|=1 |ζ|=1
Z
n!
z −(n+1) z k dz
=
2πi |z|=1
= n!δkn

Lemma 9.22 (Identities)
Hn0 (x) = nHn−1 (x)
Hn (x) = xHn−1 (x) − (n − 1)Hn−2 (x)
00
−Hn (x) + xHn0 (x) = nHn (x)

(9.59)
(9.60)
(9.61)

Proof. Differentiate (9.57) to arrive at (9.59). Differentiate (9.56) with
respect to z to find
2

(x − z)e

xz− z2

=

∞
X

Hn (x)

n=1

z n−1
(n − 1)!

(9.62)

and therefore
(x − z)

∞
X

n

Hn (x)z /n! =

n=1

∞
X
n=1

Hn (x)

z n−1
.
(n − 1)!

(9.63)

Comparing the coefficients of z n−1 on both sides of this identity we find
xHn−1 (x) Hn−2 (x)
Hn (x)
−
=
.
(n − 1)!
(n − 2)!
(n − 1)!
Multiply by (n − 1)! to arrive at (9.60). Differentiate (9.59) once more and
use (9.60) and (9.59) again to deduce
Hn00 = n{(n − 1)Hn−2 } = n{xHn−1 − Hn } = xHn0 − nHn ,
which is (9.61).
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Corollary 9.23 (Conversion to frequency ω) Let ω > 0. Define
 ω 1/2
√
1
2
e−ωq dq and ψn (q) = √ Hn ( 2ωq)
γω (dq) =
π
n!

(9.64)

Then
a)
b)
c)
d)
e)
f)
g)

{ψn }∞
is an orthonormal basis of L2 (R, γω )
0
 1 d2
d
−
ψn = (nω)ψn , n = 0, 1, . . .
+
ωq
2 dq 2
dq
 1 d2
d
Spectrum −
+
ωq
= {nω : n = 0, 1, 2, . . . }
2 dq 2
dq
Z
 1 d2

d
1
(−
+ ωq )f, g
=
f 0 (q)g 0 (q)γω (dq)
2 dq 2
dq
2 R
L2 (γω )
√ √
ψn0 (q) = 2ω n ψn−1 (q)
p
√
√
2ω qψn−1 (q) = n ψn (q) + (n − 1) ψn−2 (q)
Z
q 2 γω (dq) = 1/(2ω)

(9.65)
(9.66)
(9.67)
(9.68)
(9.69)
(9.70)
(9.71)

R

√
Proof. Put x = 2ω q in (9.58) to deduce orthonormality of the ψn . Do the
same to derive b) from (9.61), to derive e) from (9.59), and to derive f) from
9.60. Take completeness of the ψn as an exercise. Item c) follows from a)
and b). Item d) is a straightforward integration by parts. Item g) is a simple
Gaussian integral,
√ but can also be deduced from Item a) by taking n = 1,
since ψ1 (q) = 2ωq.

9.6

Special relativity

Ran out of time. If you’re concerned about the clock (≡ twin) paradox see
Alfred Schild, [52] 1959. There is no paradox.

9.7
9.7.1

Other interesting topics, not yet experimentally
confirmed
The Higgs particle for the standard model

The conformal group of Minkowski space is a fifteen dimensional Lie group
which contains the ten dimensional Poincaré group as a subgroup. Three of
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the dimensions of the Poincaré group correspond to changing to a coordinate
system which is moving with constant velocity with respect to yours. Three of
the dimensions of the conformal group correspond to changing to a coordinate
system which is moving with constant acceleration with respect to yours. If
a physical theory is invariant under the conformal group then there should
be no difference between a system which is stationary and a system which
is moving with constant acceleration. So how can Newton’s equation F =
ma have a meaning if a = 0 is physically equivalent to a 6= 0? It can’t,
unless m = 0. Now the Yang-Mills equation is invariant under the conformal
group , as are the various equations for matter fields associated with it.
Consequently a theory based on these equations must include only particles
of mass zero. This is problematical because there are particles of strictly
positive mass. In a quantum theory, invariance under the conformal group,
G lets call it, means that there is a unitary representation of G on the Hilbert
state space of the system which commutes with some of the observables,
including especially the Hamiltonian. But these unitary operators do not
leave every vector invariant. Therefore even though the overall theory is
conformally invariant, there may be subspaces which are not invariant under
the unitary representation of G but are nevertheless invariant under the
Hamiltonian. In that case one could conceivably restrict ones attention to
such a subspace and hope that within this subspace the conformal invariance
of the overall theory is sufficiently undermined so as not to force all masses
to be zero. The standard model includes a mechanism for implementing this
idea. One hypothesizes that there exists a particle in the theory, the so called
Higgs particle, which has a non-unique ground state. Such a ground state
need not be invariant under the conformal group, which will just take the
ground state into a different ground state. The subspace of the Hilbert state
space “generated” by this ground state will be a non-conformally invariant
subspace of the kind we would like. One says that the conformal symmetry
is broken in this subspace. The theory shows that the Higgs particle is
quite a heavy particle and therefore not easy to produce. It is widely hoped
that the Large Hadron Collider (LHC), which recently went into operation in
Switzerland, will find it, thereby lending tremendous support to the standard
model. As of the recent summer solstice at the latitude of Ithaca, the Higgs
particle has not yet been found.
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9.7.2

Supersymmetry

9.7.3

Conformal field theory

9.7.4

String theory

9.8

How to make your own theory

Quantum mechanics entails a vast conceptual revision of our understanding
of matter, an understanding that we learned from classical mechanics. Many
open minded citizens find quantum mechanics hard to accept. If you are
among them, there is no reason why you shouldn’t make your own theory. To
help you with this, I’ve prepared a short list of observations and experiments
whose outcomes must fit into your theory.
1. Hydrogen spectrum.
2. Blackbody radiation formula.
3. Dark lines from stars
4. Zeeman effects. (atom in a magnetic field)
a) normal Zeeman effect (one line splits into three lines)
b) anomalous Zeeman effect (one line splits into five or more lines)
5. Stark effect. (atom in an electric field)
6. Stern-Gerlach experiment. (magnetic moment of a neutral atom comes
in discrete multiples of a unit.)
7. Specific heat of metals (Pauli)

10
10.1

Yet More History
Timeline for electricity vs magnetism.

1731: Lightning struck a box of knives and forks and magnetized them.
1805: Hachette and Desormes attempted to determine whether an insulated voltaic pile , freely suspended, is oriented by terrestrial magnetism. It
is not.
1820: Oersted, Biot, Savart, Ampère. The sequence of missteps
taken by Oersted and his predecessors, prior to Oersted’s discovery of what
actually works, is very illuminating. Don’t let anyone tell you that if you,
the intelligent reader, will just sit and think about this, you will arrive at the
theory that works. In fact Oersted tried at first to produce a magnetic field
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from a battery without closing the circuit !! It was years before he thought
of closing the circuit and producing a magnetic field from a current rather
than just from a battery by itself. And even then he oriented the compass
incorrectly for seeing an effect. But he had company in this kind of misstep.
Hachette and Desormes tried to make a compass needle by just suspending
a battery from its middle by a thread, (1805), hoping that it would orient to
the earth’s axis like a compass needle. It didn’t. So much for the production
of magnetic fields from electricity - till 1820. You can read more detail about
these travails in Whitaker [W1], pages 80-85.
1824: FARADAY: First attempt to produce a current from a magnetic
field. Failure. [Do the experiment.]
For Faraday’s reasoning for doing this experiment you can read [W1]
p170, line 3* to p171 line 6*. He already has the idea of “lines of magnetic
force”.
1831 Faraday’s second attempt. Success. [Do the experiment.]
1861: MAXWELL (1831-1879) puts it all together in 1861
1887: Hertz(1857-1894) settles it. See [W1] p318-325, but skip the
mathematics.
Views and gossip.
1. Maxwell intended to find a mechanical model explaining all the previous discoveries. See [W1] P246. and footnote Number 2.
2. Maxwell’s mechanical view. See [W1] P250, 251.
3. Maxwell’s view of the velocity of light. See [W1] p253 , last paragraph.
4. Maxwell’s disdainful view of Ampère’s “too mathematical” method.
See [44, Vol. 2], page 175 bottom to page 176 top.
5. Maxwell’s theory was accepted with reluctance. See [W1] p254, last
paragraph.
6. Lord Kelvin never accepted Maxwell’s theory. See [W1] p266 “This
was not ..” to p267, line4*.
7. The Michelson-Morley experiment, (1887). The aether theory was
abandoned after this experiment and along with it any mechanical significance of the electric and magnetic fields. (such as “stress in the aether”) You
have a choice of movies illustrating the Michelson-Morley experiment. Just
enter Michelson-Morley into Google and take your pick. Wikipedia has, as
usual, a good exposition of this experiment.
{More cute facts about the aftermath of Maxwell’s discovery are commented out next.}
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10.2

Timeline for radiation measurements

If you really want to know who did what and when, here is a chart. But you
can skip it if this kind of history doesn’t excite you. The thing to take away
from this list is that a large number of physicists evolved a large collection of
spectroscopic facts over a long period of time, and thats not even counting
Galileo and Newton.
1752: Thomas Melvill noticed that the yellow light produced by throwing
some table salt into a flame was of a “definite degree of refranglbility”. That
is, shining the light through a prism turned it a definite amount.
1802: Wollaston noticed that the spectrum of sunlight was crossed by
seven dark lines.
1814: Frauenhofer: Also noticed dark lines in the spectrum of sunlight.
In 1821 he measured their wavelength with a diffraction grating. He found
that the sharpest dark line of this (yellow) sunlight had a wavelength of
5887.7 Angstroms. [ One Angstrom = 10−8 cm.]. He also found that many
flames produced a bright line of this same wavelength. See Figure 5 for a
sample of dark lines.
1826: W.H. Fox Talbot placed a slit between a flame and the prism
and found that he could distinguish between different elements thrown into
the flame by the different line structures of different elements. In this way
he could distinguish between strontium and lithium, both of which give red
flames.
1827: William Miller showed that light transmitted through a gas produced dark lines exactly where the gas would have produced bright lines if
it had been heated. Conclusion: A gas that emits light at wavelength λ also
absorbs light of wavelength λ passing through it. This explains the dark
lines found in the sun’s spectrum: gasses in the sun’s outer layers absorb
light produced deeper in by the hot sun. In this way one could now begin to
analyze the chemical composition of stars.
1853: Angstrom showed that a gas radiates and absorbs light of the same
wavelength.
1858: Balfour Stewart introduced the notion of equilibrium of radiation
of each wavelength. (Blackbody radiation).
1885: Balmer found an empirical formula for the wavelengths of light
emitted by heated hydrogen. Namely
4
1
λ−1 = constant ( − 2 ), m = 3, 4, 5, ....
4 m
184

(10.1)

1890: Rydberg gave a general formula of a similar form for many other
chemical elements.
1893: Wien derived a formula for the energy density of blackbody radiation from “fundamental” physical principles. But it agreed with experiment
only for low frequencies. In particular it didn’t agree with the curves in
Figure 7.
1900: Lord Raleigh derived another formula for the energy density of
black body radiation from other “fundamental” physical principles. But it,
too, disagreed with experiment and in particular, with the curves in Figure
7. Moreover it was not even in L1 (0, ∞)!!! (Falls off too slowly for large
frequencies).
1896: Zeeman discovered that the D line of sodium breaks into three lines
when a magnetic field is imposed on the source of the sodium light. Lorentz
gave a theoretical derivation of this effect. But Lorentz’ theory couldn’t
explain the later discovery that the bright lines of other chemical elements
break into 5, 7 or even 11 lines when a magnetic field is imposed on the
source. This breakup is called the Zeeman effect. (Three lines is called the
normal Zeeman effect. Five or more lines is called the anomalous Zeeman
effect.)
1913: Johannes Stark discovered the electric analogy of the Zeeman
effect: lines split when the element is placed in an electric field. This is now
called the Stark effect.
Bottom line: To understand radiation requires explaining an awful lot of
very different kinds of observations.

10.3

Planck, Einstein and Bohr on radiation. Timeline.

This needs revision and maybe different placement.
October 19, 1900: Planck (1858 -1947), at a meeting of the Berlin
Academy of Science, gave a formula for the energy density of black body
radiation. Namely,
8πh ν 3 dν
Planck’s formula
(10.2)
c3 ehν/kT − 1
where k is Boltzmann’s constant (already well known at that time), and h is
some other constant (which we call Planck’s constant nowadays.)
E(T, dν) =
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Ref. [W2, p.78 -¿]
But the derivation of (10.2) that Planck presented was itself ad hoc: He
just assumed that the entropy of the radiation field, as a function of its energy
satisfied a particular differential equation (chosen largely for simplicity) from
which (10.2) followed. Although (10.2) agreed well with measurements it was
still just an empirical formula.
December 14, 1900 Planck gave another derivation of (10.2). This
time he based it on the physical assumption that the energy of a simple
harmonic Hertzian oscillator of frequency ν is proportional to ν.
E = hν

Planck’s hypothesis

(10.3)

1905: Einstein used Planck’s hypothesis, (10.2), to explain why light
has to be of a high enough frequency before it will knock electrons out of a
metal. This is the photoelectric effect.
1911 (May): Rutherford determined the structure of an atom: small
nucleus (10−13 cm) compared to the overall radius (10−8 cm.)
1912: Millikan (the oil drop experiment) showed that charge comes in
multiples of the charge on an electron.
1913: Niels Bohr (1885- 1962) As we have seen, Planck’s assumption
ammounts to the assertion that for a harmonic oscillator of frequency ν the
only allowed amplitudes are those for which the energy is hν. Now Bohr
applied this idea to atoms. He made the assumption that not all of the usual
classical orbits (remember the elliptical orbits of Newton?) exist in an atom.
Bohr’s hypothesis: In an atom only those closed orbits exist for
which
Z
α = nh,
(10.4)
orbit

where α is the natural one form on T ∗ (R3 ) defined in (2.33), h is Planck’s
constant and n is an integer. (10.4) is called the quantization condition for
Bohr orbits. (Actually Bohr considered only circular orbits. But Bohr’s orbit
condition was generalized to elliptical orbits by Sommerfeld (1915) and W.
Wilson (1915) independently.)
186

Result: Bohr’s semi-geometric hypothesis (10.4) limits the allowed energies of elliptical (classical) orbits to a computable sequence, {En }. Now
apply Planck’s hypothesis (10.3) to the energy differences {En − Em } to find
a double sequence of allowed radiation frequencies,
En − Em = hνn,m

(10.5)

These frequencies agree exactly with Balmer’s empirical formula.
READ [W2] p. 109 ”The culmination ..” to p. 110.
1914-1918: World War I.
Other successes of Bohr’s theory (after some modifications.)
1924: Pauli (Exclusion principle) No two electrons can be in the same
state at the same time. [We will elaborate on this later.]
1925: Pauli (electron spin) shows that an electron must be regarded as
a little magnet in order to account for the Zeeman effect properly. This
invalidates Sommerfeld’s earlier explanation of the Zeeman effect. So in
order to explain the Zeeman effect it is necessary to regard an
electron as spinning around some internal axis. [We will elaborate on
this later.]
Bose [W2 p.219]
1926: Fermi [W2 p. 224]
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10.4

List of elementary particles

Figure 13: Elementary particles
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