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Abstract
We show that topologically expansive Lorenz maps can be described up to topological conjugacy
by their kneading invariants. We also give a simple condition on pairs of symbol sequences which is
satisfied if and only if that pair of sequences is the kneading invariant for some topologically
expansive Lorenz map. A simple extension of the theorems to the case of expansive maps of the
interval with multiple discontinuities is described.

1. Introduction and Main Results
We are concerned with the topological dynamics of Lorenz maps. These are
maps f : I + I, I = [0,1] satisfying:
(i) There exists c E (0,l) such that f is continuous and strictly increasing
on [0, c) and on (c, 11.
(ii) limXt,(x) = 1, limxic(x) = 0.
Such maps, under various different additional conditions on the expanding
properties of f, have been studied by several authors in the past, mainly because
they arise naturally in the study of a geometric model of the Lorenz differential
equations (Guckenheimer and Williams [6],Williams [9], Lorenz [3]) which has a
strange attractor. For reasons that will become clear below, we will choose to
consider those Lorenz maps f which satisfy, in addition to (i) and (ii) above:
(iii) f is topologically expansive (see below).
If X were a compact metric space, we would say that a continuous mapping
f : X + X was topologically expansive if there exists E > 0 such that any two
) satisfy Ixi - yil 2 E for
distinct forward orbits (xo, x,, . ) and (yo,y,,
some i. (Here we have the usual definition that a sequence of points (xo, xl, . * * )
is a forward orbit if f ( x , ) = xi+, for each i 2 0.) In the case we are discussing,
where f has a discontinuity, we extend the usual definition of an orbit as follows:
if x i = c, then xi+l can be either 0 or 1.
With this definition of orbit, we can use the above definition of topologically
expansive for our space I and maps f without ambiguity.
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Remarks. 1. It is easy to show (and a consequence of our results) that for a
Lorenz map to be topologically expansive it is necessary and sufficient that
pre-images of the discontinuity, c, are dense in I. This implies that f is
topologically expansive if, when considered as a map of the circle instead of as a
map of I, it is like an irrational rotation, f ( x ) = (x w ) modl, while f ' s that
are like rational rotations are not topologically expansive. (When w is irrational,
two close together orbits eventually fall on different sides of c; on the next iterate
one orbit is near 0 and the other is near 1, so the definition of topologically
expansive is satisfied even though the two orbits come back close together on the
iterate after that.) Thus our definition of expansive is not very strong. In
particular, it is weaker than the definitions used in previous work; we will have
more to say about this below.
2. If a map f is C' with derivative bounded above 1, it is topologically
expansive, but this condition is clearly not necessary.

+

Given a topologically expansive Lorenz map f : I -+ I, we define the kneading sequence k f ( x ) to be the sequence E ~ *E * .~ of 0's and 1's as follows:
E~

=

0 if f i ( x ) < c and

E~ =

1 if

f i ( x ) > c.

This definition only works provided x is not a pre-image of c. In the case where
x is a pre-image of c, x has upper and lower kneading sequences

where the y 's run through points of I which are not pre-images of c. Clearly, the
limits above exist in the sense that each entry is eventually constant, and they are
different if and only if x is a pre-image of c.
Remarks. 1. Let u be the shift map, operating on sequences of 0's and l's,
so that U ( E ~ E. .~ . ) = E ~ .E. .~., then clearly k f ( f ( x ) )= u ( k f ( x ) )with similar
results holding for the upper and lower kneading sequences of points x which are
pre-images of c.
2. Kneading sequences can be ordered lexicographically, i.e., E ~ .E . .~ <
qoql . . . if and only if there exists an i 2 0 such that E~ = q, for all j 5 i and
E ~ =
+ 0,
~ q i + l = 1. In this case, the order on kneading sequences corresponds to
the normal order on points in I.
3. For reasons that will become clear, we shall often consider kneading
sequences as numbers written in base 2, i.e., we define [ k f ( x ) ]= Z7=0~i/2i+'.

Finally, we define the kneading invariant of f, K(f),to be the pair of
sequences, (a,p), defined by a = k , + ( O ) and p = k , -(l). In the case where 0
or 1 are not pre-images of c, these limits are equal to k f ( 0 ) and k f ( l ) ,
respectively.
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We are now in a position to state our main results:
THEOREM
1. I f f is a topologically expansive Lorenz map, then the kneading
invariant K ( f ) = (a,p), satisfies

Conversely, given any two sequences a and p satisfying (*), there exists a
topologically expansive Lorenz map f with (a,p ) as its kneading invariant, and f is
unique up to conjugacy by a homeomorphism of I.

THEOREM
2*. Let f be an NDIE map as above, with kneading invariant

(a,p). Then the points of I have upper and lower kneading sequences k f , , ( x )

satisfying

If x = f k ( c ) , so that x has diferent upper and lower kneading sequences, then
these agree for k terms, and are then continued by the upper and lower kneading
sequences of c (which equal l a and Op), respectively.
Conversely, given any sequence k satisfying ( * *), it is the upper or lower
kneading sequence of some point x E I , and the correspondence between sequences
satisfying ( * * ) and points in I is bijective except for the ambiguity, noted above,
that pairs of sequences wla and w0p (where w is a Jinite sequence of 0's and 1's)
each satisfying ( * *), correspond to the upper and lower kneading sequences of the
same point x .
COROLLARY
3. The conjugacy in Theorem 1 is unique.
Proof of the Corollary: Clearly the conjugacy must map points to points
with the same kneading sequence; this specifies the mapping completely by
Theorem 2.
Remarks. 1. By considering all topologically expansive maps we are considering a wider class of maps than those considered by previous authors such as
Guckenheimer and Williams [6], and Rand [8]. They proved theorems like our
Theorem 2, but adopted a stronger expanding condition, namely that the maps f
be locally eventually onto (1.e.o.). This condition is usually defined as follows: if
every open interval U contains sub-intervals Ul and U, such that there are
integers nl and n , with f "1 maps Ul homeomorphically to (0, c ) and f " 2 maps
U, homeomorphically to ( c , l),then f is 1.e.o. That our class of maps is larger
than the class of 1.e.o. maps is clearly illustrated by the Lorenz maps constructed
from irrational rotations of the circle as described in the remarks following the
definition of topologically expansive. In other contexts, a slightry weaker definition of expanding has been used, namely that Uz,, f i( U ) = (0,l) for every open
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interval U;such maps are said to be locally onto (1.0.). Our class of maps is also
larger than the class of 1.0. maps as we shall see in Section 6. The historical
concentration on 1.e.o. maps was justified by their connection with the strange
attractors which occur in the geometric Lorenz model ([lo], [6]); it is interesting
to note, however, that by considering a more general class of maps we have been
able to obtain a proof of Theorem 2 that seems, at least to us, more natural than
previous versions which worked for 1.e.o. maps only.
2. In Theorem 1 we give a criterion for precisely which kneading invariants
can occur for topologically expansive Lorenz maps, and the simplicity of this
criterion reinforces our view that it is very natural to consider the complete class
of topologically expansive maps. Theorem 1 appears to conflict with a theorem of
Williams (see [ll]), where a condition like our ( * ) is given as the condition for an
1.e.o. map to exist with kneading invariant (a,8 ) ;that paper, however, contained
a small but important error (Williams, private communication). Theorem 1
should also be contrasted with the more complicated characterization of kneading invariants arrived at independently by Alsedl and Llibre [l] who consider
only symmetric Lorenz maps with derivative everywhere greater than one.
The proof of these theorems involves embedding our topologically expansive
Lorenz maps into expansive degree 2 mappings of the circle, and we first
establish a proposition that any two such circle maps are uniquely conjugate.
2. Expansive Endomorphisms of the Circle
We shall use a general result for degree d maps of the circle. Though we use
only the case d = 2 in the main part of this paper, the cases d > 2 can be used to
prove analogous results for certain maps of the interval with several discontinuities, as mentioned in Section 8.
Let S' = W/Z, and define m d : S' -, S' to be the mapping 8 -+ do.
PROPOSITION
4. Let g : S' + S1 be a topologically expansive map of degree
d > 1. Then g has precisely d - 1$xed points, and for each such point, xo, there
exists a unique homeomorphism + : S' + S' with + ( x o ) = 0 and + g = m d +.
0

0

Proof: The first part follows from the Lefschetz fixed point theorem. The
expansive hypothesis easily implies that the fixed points are isolated, of multiplicity -1, whereas the Lefschetz number of the mapping is 1 - d .
The second part is a little harder. Pick a fixed point xo, and let its d inverse
, numbered counterclockwise around the circle. This
images be xo, xl; . -,x " - ~ as
~ E ~to each point
allows one to assign a symbolic sequence k ( x ) = E ~ E ...
x E S', where E~ E (0;. -,d - l } is determined by the rule ti = k if g i ( x ) E
[ x k ,xk+']. This rule has the usual ambiguity that if some point eventually lands
on xo it has two symbolic sequences; however, this ambiguity disappears if we
interpret k ( x ) as a number written in base d (modl). In other words, the
mapping +: S' + S', given by + ( x ) = [ k ( x ) ] is well defined, continuous, of
degree 1, and semi-conjugates g to md.It remains to show that + is injective; the
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alternative is that it collapses some non-trivial intervals to points. Such intervals
are mapped injectively one to another by g. There are two cases to consider:
either some finite collection of intervals is cyclically permuted by g , or the orbit
of some interval is infinite. In the first case, some iterate of g maps some interval
bijectively to itself, and this is incompatible with the expansive property of g. In
the second case, consider the E which occurs in the definition of expansive, and
take forward images of the interval until all further forward images are of length
less than E . After that, the forward images of two points contradict the definition
of expansive.

3. To Construct a Topologically Expansive Lorenz Map with Given
Kneading Invariant
We shall first show how to construct a topologically expansive Lorenz map
with a given kneading invariant (a,p ) satisfying (*). We think of a and /3 as two
elements of S', i.e., angles satisfying:
( 8 )

a ~ 2 " a m o d 1 5 / 3 and a < 2 " / 3 m o d 1 ~ / 3 forall

nzO.

Let J, be the open interval in S' bounded by a and /3 which contains 0, and let
I be the other interval bounded by a and /3. Condition ( * ) says that no forward
iterate of a or /3 under m , can lie in J,. The following proposition and proof are
illustrated in Figure 1.
hOPOSITION 5. if Jk, and Jk, are connected components of m ; k l ( J,) and
mik2( J,), respectively, then either one is a subset of the other, or they are disjoint.
In the latter case, the interval between them consists of more than a single point.

Proof: Suppose that two such intervals overlap, and without loss of generality suppose that k, < k,. Then the image under m? of the first interval is Jo,
whereas the same forward i
e of the second interval overlaps with J, and so
contains either a or /3 in its i rior. Now taking a further forward image,
m p - k l , takes the second interval to jo and hence a or /? to a point in the interior
of J,, but this contradicts ( * ).
A similar argument shows that two such intervals cannot touch end to end.
Since m2 is orientation preserving, any connected component as above has an
inverse image of a as its right-hand endpoint, and an inverse image of /3 as its
left-hand endpoint. The strict inequalities in ( * ) prevent an inverse image of a
being also an inverse image of 8.

%

This proposition allows us to collapse the connected intervals as above to
points. Let be the topological space homeomorphic to an interval which we get
from I by collapsing all the connected pre-images of J, to points. The mapping
m 2 induces a mapping f(a,8) : i + except at the point corresponding to the
interval J1 which is the connected component of m i 1 (J,) contained in 1. But the

r

436

J. H. HUBBARD AND C. T. SPARROW

Figure 1. The first few inverse images of the interval J, = (a, /?) under m 2 , the doubling map
on the circle. Condition ( * ) insures that these images never overlap or touch end to end; either one is
a subset of the other or they are disjoint. On collapsing these intervals to points and breaking the
circle at J, we obtain a Lorenz map with kneading invariant (a, p).

limit of f(.,@) exists as x approaches each of the endpoints of J1, and is p if
approached from below and a if approached from above. Thus f(u,s, : f + f has
the right geometry to be a Lorenz map, with the point c in f corresponding to
the interval J1 in I, and we just need to show that it is topologically expansive.
PROPOSITION
6. The mapping f(.,@) : f

+

i is topologically expansive.

Proof: Choose a metric on making it isometric to [0,1]. If f((lr8)
is not
topologically expansive, there exists a sequence of pairs (x,, y,) of distinct points
of f such that the n-th pair has an entire forward orbit at most l / n apart. The
interval ( x , , y,) in j corresponds to an interval in I, and the forward images of
that interval are each twice as long as the previous one until a forward image
contains J1. So for each n there must exist a smallest k, such that c E
f&,)(x,, y,). The assumption that the length of f k B ) ( x n y,)
, is less than l / n
then implies that @ @ ) ( x , ) and $&)(y,,) converge to c from below and above,
and hence that the next iterates of these points converge to 1 and 0, respectively.
This contradicts the hypothesis that the orbits stay close.
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Figure 2. The map { : f- f constructed by the method of Section 4 from the symmetric
Lorenz map ( c = f ) with constant slope 1.8. The boundaries of the inner box correspond to the
original points 0 and 1 of I , and pre-images of c have been replaced by intervals which map onto one
another linearly with slope 3. The map may be considered as an expansive map of the circle of degree 2.

Remark. In the case where a = 0" and @ = 1" the interval J, (and its
pre-images) are empty. But this is a trivial case, and m 2 itself can be considered
as the appropriate Lorenz map by just breaking the circle at 0.
4. Embedding a Topologically Expansive Lorenz Map in an Expansive
Map of the Circle
We now need to show, given a Lorenz map f with kneading invariant (a,/3),
how to embed this into an expansive map of degree 2 on the circle. Our
construction here is the inverse of the one described above and is illustrated in
Figure 2.
Givenamapfasabove,let X,= ( y E I : f k ( y ) = c , y#O,l}.Each X,is
a finite set with at most 2k elements. Let i be the set homeomorphic to an
interval obtained by replacing each point of X, by an interval of length 1/3,, in
particular replacing X, = { c} by an interval J1 of length 1. The mapping f
induces a continuous mapping f: I' - J1 + 17 mapping the interval corresponding to a point of X, to the interval corresponding to its image in Xk-1 by
multiplication by 3. Now, further extend I" by adding on pieces of length
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totalling 3 at both ends, and extending flso it maps Jl to these new pieces, and
maps the new pieces piecewise linearly to longer intervals containing themselves.
Figure 2 illustrates the construction. Clearly the map we have constructed can be
considered as a map from the circle to itself of degree 2, by tying the ends of I"
together. It is also clear that the circle map we have constructed is topologically
expansive; recall that our original map f was topologically expansive and we
have merely added in intervals which themselves expand by a factor of 3 on each
iterate.
7. The mapping s!i
PROPOSITION

uniquely conjugate to m,.

Proof: The conditions of Proposition 4 have clearly been met.
Remark. The construction of this section clearly needs to be slightly modified if a = 0" or p = 1". In the first case, we do not need to add the interval to
the left of 0, and we put J1 completely to the left of c. The case where p = 1" is
similar. If both a = 0" and p = 1" we can already consider f as an expansive
map of the circle without adding any intervals.
5. Proof of the Theorems

The first parts of both theorems are essentially obvious. It is the existence and
uniqueness contained in the second parts which has content, and we shall restrict
our comments to these questions.
Proof of Theorem 1: Given a kneading invariant (a,p ) satisfying (*), the
existence of a topologically expansive Lorenz map having that kneading sequence
follows from the construction in Section 3. For the uniqueness, we need to show
that the constructions of Sections 3 and 4 are inverses of one another.
More specifically, we need to show that if we start with a mapping f, take its
kneading invariant (a,p), and manufacture a new topologcally expansive Lorenz
map g from it, using the construction of Section 3, then g is conjugate to f.
Indeed, we can canonically embed f into the angle-doubling map m , as in
Section 4, and the conjugating homeomorphism of Proposition 7 maps the added
intervals corresponding to the inverse images of c to the intervals to be collapsed
in Section 3. As such, it induces a homeomorphism which conjugates f to g .
Proof of Theorem 2: Returning to the construction of Section 3, we see that
the points of f correspond to the points of a Cantor set on the circle, left over
when all the pre-images of J,, are removed. This set is indeed a Cantor set, since
it is clearly closed, totally disconnected since all dyadic points of the circle are in
the set which was removed, and without isolated points since the removed
intervals do not touch end to end. But points in this set are exactly the points
whose angles 6' satisfy a 2 (2"8 mod 1) 5 p, settling the question of existence.
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Two distinct points of the circle will be identified in f precisely if they are the
opposite ends of an interval to be removed; clearly this corresponds to their
having the same development in base 2 for as many terms as the number of
iterations the interval in question takes to land on J1,after which the base 2
development of the two numbers becomes that of a and p, respectively. This
settles the question of uniqueness as described in Theorem 2.

6. Dynamics of Topologically Expansive Lorenz Maps
The dynamics of the class of maps studied here is clearly more varied than the
dynamics of locally eventually onto maps studied previously. Elsewhere, one of
us together with P. Glendinning (see [5]), has proved that the dynamics depends
in a crucial way on whether the kneading invariant is renormalizable or not. For
the sake of completeness we report the substance of those results here.
We say that a kneading invariant (a,8) is renormalizable with finite words
(w+,w-) if we can write

- -

-

where w + = 1 * , w-= 0 * and the total length of w + and w - is greater than
or equal to three. We allow that one or both of n, and m1 may be infinite. (Since
the pair (a,8) satisfies (*), if n, and ml are finite, then so are n, and mi for all
i > 1.) In the case where the total length is exactly equal to three (so that
w + = 10, w - = 0,or w + = 1, w - = Ol), we say the invariant is trivially renormalizable, and where the total length is greater than three we say it is properly
renormalizable. We then define the renormalized invariant R ( a , p ) = ( y , 6) by
replacing every incidence of w + in the equation above with a 1, and every
incidence of w - by a 0. Thus

When a kneading invariant is renormalizable we insist that it be renormalized
with the shortest possible words w + , w - satisfying the conditions above, and if a
kneading invariant is not renormalizable, we say it is prime. If (a,j3) satisfies ( * ),
then so will ( y , 8); thus we may also speak of the renormalized Lorenz map
g = R ( f ) , where g has kneading invariant (y, 6).
To state the results most simply it is necessary to alter the definition of an
orbit of a Lorenz map in a subtle way. Rather than saying that f(c) has two
values (0 and 1) as we have done so far, we insist that it has none. This is a
natural choice if we think of Lorenz maps as return maps generated from
semi-flows on a branched manifold (as is traditional); on such manifolds the
trajectory started at c tends towards a singular point on the manifold and never
returns to any point in I.
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With these definitions, a topologically expansive Lorenz map is 1.e.o. if and
only if its kneading invariant is prime. In the renormalizable case, a subinterval
(Y-9 Y + ) ?
y-= W"'W7 ...,
y+= W+m,W!Z . . . ,
containing c can be found on which the renormalized topologically expansive
Lorenz map g can be defined from suitable iterates of f. More precisely, if N*
are the lengths of wTt,we define g by
g( x)

= fN-(

x)

if

x E ( y - , c)

and

g( x )

= fN+(

x)

if

x E (c, y + ) .

In the properly renormalizable case, this subinterval and its iterates form an
attractar for f, and do not cover all of [0,1], the remainder of the non-wandering
set being, in general, a Cantor set. In the trivially renormalizable case, the
interval and its iterates do cover all of [0,1], and f is 1.0. though not 1.e.o. A map
may be renormalizable many (or even infinitely many) times, leading to a
decomposition result similar to that obtained for continuous maps of the interval; see Jonker and Rand [7]. Maps with kneading invariants which are trivially
renormalizable infinitely many times are conjugate to maps f which are like
irrational rotations on the circle.
It is of interest to note that though we have not considered the smoothness of
the maps f which we have constructed to realize certain kneading invariants, we
can say from the above results that some kneading invariants (the infinitely
renormalizable ones, either properly or trivially) cannot be realized by maps f
which are C' with derivative everywhere bounded above 1 (Glendinning, private
communication). This is because the renormalized map g has slope that is a
power of the slope of f, and after finitely many renormalizations the slope of the
renormalized maps would be everywhere greater than 2, which is not possible.
Recently, various authors have considered other aspects of the dynamics of
Lorenz maps, including questions about entropy and about rotation intervals
(e.g., Glendinning [4] and Alsedh et al. [2].)

7. Which Kneading Invariants Satisfy ( * )?
Theorem 1 tells us that pairs ( a ,p ) can only occur as kneading invariants for
topologically expansive Lorenz maps if they satisfy the inequalities ( * ). Considering a and p as numbers, we do not feel that we understand exactly what this
condition implies. It is of minor interest, therefore, to look at Figure 3, which
shows an approximation to the set of pairs which are allowed by (*), plotted in a
square. Properly renormalizable pairs are shown with circles, trivially renormalizable pairs with asterisks, and the prime pairs (see Section 6) with crosses. Figure
3 was produced by considering nine digits in the binary expansion of a and p,
assuming that the sequences satisfied ( * ) if they could do so for some extension
to infinite sequences, and calling them renormalizable if their nine digit expansions were consistent with some renormalization involving words w + and w - of
total length less than or equal to nine.
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Figure 3. The space of sequences allowed by (*). The technique used to generate this figure is
explained in the text. Circles and asterisks mark properly and trivially renormalizable invariants:
crosses mark the prime invariants.

Remarks. 1. The set of (a,/3) satisfying (*) has a pleasing self-similarity,
and it is clear how the renormalization operator of the previous section maps
some pieces of the set to the whole. For example, the triangle of trivially
renormalizable invariants at the lower left of Figure 3 is mapped onto the whole
set by one renormalization.
2. Glendinning [4] has characterised the set of kneading invariants which can
be realized by /3-transformations, that is, by those Lorenz maps which can be
written in the form f ( x ) = /3x a mod 1, /3 2 1. This set contains all the prime
invariants and some others, but is strictly smaller than the whole set satisfying
( * ) shown in Figure 3.
3. Two topologically expansive Lorenz maps fi and fi which are close in an
appropriate topology will have kneading invariants that are close in Figure 3.
However, the converse may be false. For example, if we look at the class of
differentiable Lorenz maps with slope everywhere greater than
all such maps
are 1.e.o. and hence have prime kneading invariants. It is clear, though, that there
are renormalizable invariants arbitrarily close to any prime one when distance is
measured on a figure like Figure 3.

+

a,
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8. A Minor Extension

Define the class of N DIE ( N discontinuities, increasing, expansive) maps of
the interval to be those f : I -,I satisfying:
There exist 0 < c1 < c2 < . < cN < 1 such that
(i) f is continuous and strictly increasing on (0,cl), ( cl, cz), . ( c N ,11;
(ii) limxtc,(x)= 1 and limxlc,(x) = 0 for all i = 1; -,N ;
(iii) f is topologically expansive.

-

0

,

Then points of I have (upper and lower) kneading sequences, which are
sequences of symbols from ( 0 , l ; . N }, according to where the forward orbit
lies with respect to the ci. For this class, precisely the same theorems hold as
given in Section 1.
0

,

THEOREM
1*. I f f is an N D I E map, then the kneading invariant K ( f )
satisfies
(*)

a 5 u"(a) <

and

a <~

"(8)

=

( a ,8 )

for all n 2 0.

Conversely, given any two sequences a and 8 satisfying (*), there exists an
N D I E map f with (a,8 ) as its kneading invariant, and f is unique up to conjugacy
by a homeomorphism of I.

THEOREM
2'. Let f be an N D I E map as above, with kneading invariant
( a , 8 ) . Then the points of I have upper and lower kneading sequences k,, ,(x)
satisfying

( * *)

a

s u n (k

, *( x ) ) 5

8

for all n 2 0.

If x = fPk( c i ) , so that x has diferent upper and lower kneading sequences, then
these agree for k terms, and are then continued by the upper and lower kneading
sequences of c, (which equal l a and 08) respectively.
Conversely, given any sequence k satisfying ( *), it is the upper or lower
kneading sequence of some point x E I , and the correspondence between sequences
satisfying ( * ) and points in I is bijective except for the ambiguity, noted above,
that pairs of sequences wla and w08 (where w is afinite sequence of 0's and 1's)
each satisfying ( *), correspond to the upper and lower kneading sequences of the
same point x.
COROLLARY
3*. The conjugacy in Theorem 1* is unique.

The proofs are identical; note that the N-fold ambiguity in the map conjugating an expansive map S' -B S' of degree N + 1 to mN+lis lifted by the fact that
if such a mapping is constructed from an N DIE mapping as in Section 4, then
the resulting mapping has a distinguished fixed point, namely that which corresponds to the endpoints of 1
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