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The Bott-DufPn
SNESE

JApplied Plsicsyol.210,No.8,1949

The Bott-DufPn synthesis amsrs a basic question

In electrical engineering:




Bott on electrical
circuits and digrential
geomety

Bott: No, because the actual work is just the
same. When | worked with Duffin, it was mathe-
matical thought; only the concepts were different.
But the actual finding of something new seems to
me the same. And you see, the algebraic aspects

of network theory were an ideal introduction to dif-
ferential geometry and the de Rham theory and to
what Hermann Weyl was studying at the time, that
IS, harmonic theory. In effect, networks are a dis-
crete version of harmonic theory. Sowhen | came




A passie 1-port is a boc containing

resistorscgoacitors and inductors

(passie circuit elements),
with two wires sticking out (a pdy.

Sud a circuit hasan impedana Z(s),
debPnedas follows:
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Equivalently, If you imposethe voltage
V(1) = € the resulting currert is
TOERICE

The function Y (s) = Tls) is called the

admittance of the 1-port.




Equivalently, If you imposethe voltage
V(1) = € the resulting currert is
| (1) = Y(s)eSt.

The function Y (s) = Z(S) IS called the

admittance of the 1-port.

The physu:ally meanlngfulvaluesof S are
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Ending the synthesis

Supposethat Z(j! ) = Lj! for somelL > 0.

SZ,(S) ! s&
Sl Zas).

and R(S) =







One basic esult of cicult theory Is




One basic esult of cicuit theory Is
The function Z(s) I1s a PRF

(positive real function), I.e.

It Is a rational function with real coe! ciens
mapping the right half plane
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One basic esult of cicuit theory Is
The function Z(s) I1s a PRF

(positive real function), I.e.

It Is a rational function with real coe! ciens
mapping the right half plane




One basic esult of cicuit theory Is
The function Z(s) I1s a PRF

positive real function), I.e.

It 1S a rational function with real coel cierns
mapping the right half plane
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clicuit to hase




An electrical engineer

1) Figues out the function gYj ) that he wants
his clicult to have

2) Finds a PRF f(s) such that f)j goproximates g{j )




An electrical engineer

1) Figues out the function g{j ) that he wants
his clicult to have

2) Finds a PRF f(s) such that f)j approximates gfj )
In this phasghe engineer iIs@ng to hae to compromise
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An electrical engineer

1) Figues out the function g{j ) that he wants
his clicult to have

2) Finds a PRF f(s) such that f{j approximates g{j )
In this phasghe engineer iIs@ng to hae to compromise

He will only be able to pproximate the eal pat (or the
|mag|nay part or the modulus) of g
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An electrical engineer

1) Figues out the function g{j ) that he wants
his ciicuit to hase

2) Finds a PRF f(s) such that f)j goproximates g{j )

In this phasghe engineer iIs@ng to hae to compromise
He will only be able to pproximate the eal pat (or the
Imaginay pai, or the modulus) of @

There Is a vast literatur about thisfrom goproximating
Caucly integrals g Riemann sums to
PadZ pproximants.

3) Applies the Bott-DufPn synthesis to neathe circuit.



| will assume maudience hasigotten
arny circuit theory they ever knew

and stat from scratch




Some basics

An electrical cicuit Is a grah,with each edge oriented
and each edge canng a cicuit element:

Symbol Equation Units

¥Aresistor Hymm Vv = Ri Ohms




To eath edgee Is assalated a current I and
a voltage drop Ve (the sign of both depends
on the orientation of e).

Theseare subject to Kirchho" Ogurrent
law:

The sum of the currents at a node Is zero
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Let E be the set of edges, and let | " RE
be the space of currents allowed by the
Kirchho" current law, and V" RF be the
space of voltage drops allowed by the
Kichho" voltage law.




Proof. They arerespectively the kernel of
A and the imageof A’ , whereA is the
Incidencematrix:




Using KichhoffS lavs and Ohn¥awv for each esistor
we can eliminate mamof the v and &

Under quite geneal circumstances,

Pnoloops of capacitors
Ptheinductors do not disconnectthe circuit

the remaining variablesfrom which all
others can be deducedalgebraically are the

currents in the inductors (and current
generators),and the

voltagesthrough the capaators (and
voltage generators)

A circult of this sofk Is called normal



Suppose that a 1-pors normaland

form a vector x(t) whoseerntries are these
variables.

The time ewlution of the circuit Is
described by an inhomogeneoudinear

di! erertial equation of the form
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The eigenmalues of the matrixXA are nonnegate

Di! erentiate the positive dePnite Hermitian
form

(ynductors O/%a:)autors
L, \|.|2+ — C. v |4
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This cetainly proves that the eigevalues ofA are
nonpositie, and futher that the puely imaginay
eigewvalues ag simple

it also implies that if a 1-pors driven by a curent
I(t) = eSt with Re s>0,

then the system of ddfential equations
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Proving the brst half of the fundamental theor
of circuit theory

Z(S) Is a PRF

TellegenOtheorem gives




Using undeterminedcoe! ciens, we can Pnd
the solution of the di" erertial equation
describingthe circuit with ig = € as

Vg = | Z(S)eSt

i! — |!eSt so that = |!SeSt
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Inset into

VAY.

i! V) + i_#V#
#

Cancelthe comnon factor |est| to get
0]




Proving the second half of the fundamental therr
of circult theory

Every PRF Is the
Impedance of some 1




Series and Parallel

If two 1-ports are connected In series
' B thelr impedances atl

Z(S) = Za(S) + Zg(S)

If two 1-ports are connected in parallel
their admittances aul

MOERNCOERCIS)
1 = 1 i 1
Zi8) .. Lals) . Zals)




Conditions on PREC

(1) a) im:Res>0 REZ(S) = R>0
D) INfres=gREY (S) = /R > 0

(2) a) The function Z(s) has a pole on
the imaginary axis or at !

b) The functlon Z(s) has a pole on
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Reduction In case 1

If a PRF satisbes either of conditions la or 1b

we canwrite Z(s) = R+ Z4(s) or
Y(s) = &+ Yi(s)

‘and if ve can Pnd a dwit with impedance Zor

b F) Cagoy b (P 4
» v




Reduction In case 2

This case uses peail fractions:
Since Z andY are PRECary poles nust be simplewith
positive residues.

If W Is a PRF, we canwrite W(s) = Py (s) + W;(S)
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Thus If we can bPnd cauits that ealize the
summands of B ,and if we can ealizeV1 ,we
can realizeN (as an impedance or as an
admittance).

BThePRF % is the impedanceof a
capacitor of capecitance -

DThePRF k. |s the |mpedanceof an
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Case 3 This caseequires Richad®theorem

Richard® theorem. Let W(s) bea PRF
with no zerosor poleson the imaginary axis
or at inpnity.

a) There then existsa unique sg " R; with

W (So) = 5.




Richad® theorem Dllows from Schwara@emma

a) The existenceof sy follows from the
Intermediate value theorem. The uniguene:
follows from SchwarzOsemma: a map from

the right halfplaneto itself that has more

than one bxedpoint Is the idertity.
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sl s,
S+ Sy
mapsthe right half-planeto the unit disc,
and! (sg) = 0.
S o Lol Lt
mapsthe unit disk to itself with f (0) = 0.

b) The map ! (s) =




c) Clearly if W(}") =", then

sW(s) ! sg
s! W(s)

W, (S) = hasa poleat | " .




Ending the synthesis

Supposethat Z(j! ) = Lj! for somelL > 0.

SZ,(S) ! s&
Sl Zas).

and R(S) =




Supposethat the circuits C4, C,, C3, C4 have
admittances

1 1 R(s) s
LR (s . ls . lsaz. |lss.

Then the circuit belonv hasimpedanceZ (s).

C1 C3




