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(Af) (x) = f ′(x)− xf(x).
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E[f ′(Z)] =
1√
2π

ˆ

R

f ′(x)e−
x2

2 dx =
1√
2π

ˆ 0

−∞
f ′(x)e−

x2

2 dx+
1√
2π

ˆ ∞

0

f ′(x)e−
x2

2 dx

=
1√
2π

ˆ 0

−∞
f ′(x)

(

−
ˆ x

−∞
ye−

y2

2 dy

)

dx+
1√
2π

ˆ ∞

0

f ′(x)

(
ˆ ∞

x

ye−
y2

2 dy

)

dx

=
1√
2π

ˆ 0

−∞
ye−

y2

2

(

−
ˆ 0

y

f ′(x)dx

)

dy +
1√
2π

ˆ ∞

0

ye−
y2

2

(
ˆ y

0

f ′(x)dx

)

dy

=
1√
2π

ˆ 0

−∞
ye−

y2

2 (f(y)− f(0)) dy +
1√
2π

ˆ ∞

0

ye−
y2

2 (f(y)− f(0)) dy

=
1√
2π

ˆ ∞

−∞
yf(y)e−

y2

2 dy − f(0)
1√
2π

ˆ ∞

−∞
ye−

y2

2 dy

= E[Zf(Z)]− f(0)E[Z] = E[Zf(Z)]. �
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f ′(w)− wf(w) = 1(−∞,x](w)− Φ(x)

✐0 ❣✐✈❡♥ ❜②

fx(w) =

{ √
2πe

w2

2 (1− Φ(x)) Φ(w), w ≤ x
√
2πe

w2

2 Φ(x)(1− Φ(w)), w > x
.

▼♦(❡♦✈❡(✱ fx ✐0 ❛❜0♦❧✉$❡❧② ❝♦♥$✐♥✉♦✉0 ✇✐$❤ ‖fx‖∞ ≤
√

π

2
❛♥❞ ‖f ′

x‖∞ ≤ 2✳
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t2

2

'❤♦✇' (❤❛( ❛ ❜♦✉♥❞❡❞ '♦❧✉(✐♦♥ fx ♠✉'( '❛(✐'❢②

d

dt

(

e−
t2

2 fx(t)
)

= e−
t2

2 [f ′
x(t)− tfx(t)] = e−

t2

2

[

1(−∞,x](t)− Φ(x)
]

,
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fx(w) = e
w2

2

ˆ w

−∞
e−

t2

2

(

1(−∞,x](t)− Φ(x)
)

dt

= −e
w2

2

ˆ ∞

w

e−
t2

2

(

1(−∞,x](t)− Φ(x)
)

dt.

✽✽



❲❤❡♥ w ≤ x✱ ✇❡ ❤❛✈❡

fx(w) = e
w2

2

ˆ w

−∞
e−

t2

2

(

1(−∞,x](t)− Φ(x)
)

dt = e
w2

2

ˆ w

−∞
e−

t2

2 (1− Φ(x)) dt

=
√
2πe

w2

2 (1− Φ(x))
1√
2π

ˆ w

−∞
e−

t2

2 dt =
√
2πe

w2

2 (1− Φ(x)) Φ(w),

❛♥❞ ✇❤❡♥ w > x✱ ✇❡ ❤❛✈❡

fx(w) = −e
w2

2

ˆ ∞

w

e−
t2

2

(

1(−∞,x](t)− Φ(x)
)

dt = −e
w2

2

ˆ ∞

w

e−
t2

2 (0− Φ(x)) dt

=
√
2πe

w2

2 Φ(x)
1√
2π

ˆ ∞

w

e−
t2

2 dt =
√
2πe

w2

2 Φ(x)(1− Φ(w)).

❚♦ ❝❤❡❝❦ ❜♦✉♥❞❡❞♥❡//✱ ✇❡ ✜1/2 ♦❜/❡1✈❡ 2❤❛2 ❢♦1 ❛♥② z ≥ 0✱

1− Φ(z) =
1√
2π

ˆ ∞

z

e−
t2

2 dt ≤ 1√
2π

ˆ ∞

0

e−
(s+z)2

2 ds

=
1√
2π

e−
z2

2

ˆ ∞

0

e−
s2

2 e−szds ≤ e−
z2

2
1√
2π

ˆ ∞

0

e−
s2

2 ds =
1

2
e−

z2

2 ,

❛♥❞✱ ❜② /②♠♠❡21②✱ ❢♦1 ❛♥② z ≤ 0✱

Φ(z) = 1− Φ (|z|) ≤ 1

2
e−

z2

2 .

❙✐♥❝❡ fx ✐/ ♥♦♥♥❡❣❛2✐✈❡ ❛♥❞ fx(w) = f−x(−w)✱ ✐2 /✉✣❝❡/ 2♦ /❤♦✇ 2❤❛2 fx ✐/ ❜♦✉♥❞❡❞ ❛❜♦✈❡ ❢♦1 x ≥ 0✳

■❢ w > x ≥ 0✱ 2❤❡♥

fx(w) =
√
2πe

w2

2 Φ(x)(1− Φ(w)) ≤
√
2πe

w2

2 · 1 · 1
2
e−

w2

2 =

√

π

2
;

■❢ 0 < w ≤ x✱ 2❤❡♥

fx(w) =
√
2πe

w2

2 (1− Φ(x)) Φ(w)

≤
√
2πe

w2

2 · 1
2
e−

x2

2 · 1 ≤
√
2πe

w2

2 · 1
2
e−

w2

2 =

√

π

2
;

❛♥❞ ✐❢ w ≤ 0 ≤ x✱ 2❤❡♥

fx(w) =
√
2πe

w2

2 (1− Φ(x)) Φ(w) ≤
√
2πe

w2

2 · 1 · 1
2
e−

w2

2 =

√

π

2
.

❚❤❡ ❝❧❛✐♠ 2❤❛2 fx ✐/ 2❤❡ ♦♥❧② ❜♦✉♥❞❡❞ /♦❧✉2✐♦♥ ❢♦❧❧♦✇/ ❜② ♦❜/❡1✈✐♥❣ 2❤❛2 2❤❡ ❤♦♠♦❣❡♥❡♦✉/ ❡=✉❛2✐♦♥

f ′(w)−wf(w) = 0 ❤❛/ /♦❧✉2✐♦♥ fh(w) = Ce
w2

2
❢♦1 C ∈ R✱ /♦ 2❤❡ ❣❡♥❡1❛❧ /♦❧✉2✐♦♥ ✐/ ❣✐✈❡♥ ❜② fx(w)+Cfh(w)✱

✇❤✐❝❤ ✐/ ❜♦✉♥❞❡❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ C = 0✳

❋✐♥❛❧❧②✱ ✇❡ ♦❜/❡1✈❡ 2❤❛2✱ ❜② ❝♦♥/21✉❝2✐♦♥✱ fx ✐/ ❞✐✛❡1❡♥2✐❛❜❧❡ ❛2 ❛❧❧ ♣♦✐♥2/ w 6= x ✇✐2❤

f ′
x(w) = wfx(w) + 1(−∞,x](w)− Φ(x)✱ /♦ 2❤❛2

|f ′
x(w)| ≤ |wfx(w)|+

∣

∣1(−∞,x](w)− Φ(x)
∣

∣ ≤ |wfx(w)|+ 1.

❋♦1 w > 0✱

|wfx(w)| =
∣

∣

∣

∣

−we
w2

2

ˆ ∞

w

e−
t2

2

(

1(−∞,x](t)− Φ(x)
)

dt

∣

∣

∣

∣

≤ we
w2

2

ˆ ∞

w

e−
t2

2

∣

∣1(−∞,x](t)− Φ(x)
∣

∣ dt

≤ we
w2

2

ˆ ∞

w

e−
t2

2 dt ≤ we
w2

2

ˆ ∞

w

t

w
e−

t2

2 dt = e
w2

2

ˆ ∞

w

te−
t2

2 dt = e
w2

2 e−
w2

2 = 1,

✽✾



❛♥❞ ❢♦% w < 0✱

|wfx(w)| = |−wf−x(−w)| ≤ 1,

❤❡♥❝❡ |f ′
x(w)| ≤ |wfx(w)|+ 1 ≤ 2✳

❙✐♥❝❡ fx ✐- ❝♦♥.✐♥✉♦✉- ❛♥❞ ❞✐✛❡%❡♥.✐❛❜❧❡ ❛. ❛❧❧ ♣♦✐♥.- w 6= x ✇✐.❤ ✉♥✐❢♦%♠❧② ❜♦✉♥❞❡❞ ❞❡%✐✈❛.✐✈❡✱ ✐. ✐- ▲✐♣-❝❤✐.③

❛♥❞ .❤✉- ❛❜-♦❧✉.❡❧② ❝♦♥.✐♥✉♦✉-✳ �

❆♥ ✐♠♠❡❞✐❛.❡ ❝♦♥-❡;✉❡♥❝❡ ♦❢ .❤❡ ♣%❡❝❡❞✐♥❣ ❧❡♠♠❛ ✐-

❚❤❡♦$❡♠ ✶✺✳✶✳ ❆ !❛♥❞♦♠ ✈❛!✐❛❜❧❡ W ❤❛- .❤❡ -.❛♥❞❛!❞ ♥♦!♠❛❧ ❞✐-.!✐❜✉.✐♦♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢

E[f ′(W )−Wf(W )] = 0

❢♦! ❛❧❧ ▲✐♣-❝❤✐.③ f ✳

7!♦♦❢✳ ▲❡♠♠❛ ✶✺✳✶ ❡-.❛❜❧✐-❤❡- ♥❡❝❡--✐.②✳

❋♦% -✉✣❝✐❡♥❝②✱ ♦❜-❡%✈❡ .❤❛. ❢♦% ❛♥② x ∈ R✱ .❛❦✐♥❣ fx ❛- ✐♥ ▲❡♠♠❛ ✶✺✳✷ ✐♠♣❧✐❡-

|P (W ≤ x)− Φ(x)| =
∣

∣E
[

1(−∞,x](W )− Φ(x)
]∣

∣ = |E [f ′
x(W )−Wfx(W )]| = 0. �

❚❤❡ ♠❡.❤♦❞♦❧♦❣② ♦❢ ▲❡♠♠❛ ✶✺✳✷ ❝❛♥ ❜❡ ❡①.❡♥❞❡❞ .♦ ❝♦✈❡% ♠♦%❡ ❣❡♥❡%❛❧ .❡-. ❢✉♥❝.✐♦♥- .❤❛♥ ✐♥❞✐❝❛.♦%- ♦❢

❤❛❧❢✲❧✐♥❡-✳

■♥❞❡❡❞✱ .❤❡ ❛%❣✉♠❡♥. ❣✐✈❡♥ .❤❡%❡ -❤♦✇- .❤❛. ❢♦% ❛♥② ❢✉♥❝.✐♦♥ h : R → R -✉❝❤ .❤❛.

Nh := E[h(Z)] =
1√
2π

ˆ ∞

−∞
h(z)e−

z2

2 dz

❡①✐-.- ✐♥ R✱ .❤❡ ❞✐✛❡%❡♥.✐❛❧ ❡;✉❛.✐♦♥

f ′(w)− wf(w) = h(w)−Nh

❤❛- -♦❧✉.✐♦♥

(∗) fh(w) = e
w2

2

ˆ w

−∞
(h(t)−Nh) e−

t2

2 dt.

❙♦♠❡ ❢❛✐%❧② .❡❞✐♦✉- ❝♦♠♣✉.❛.✐♦♥- ✇❤✐❝❤ ✇❡ ✇✐❧❧ ♥♦. ✉♥❞❡%.❛❦❡ ❤❡%❡ -❤♦✇ .❤❛.

▲❡♠♠❛ ✶✺✳✸✳ ❋♦! ❛♥② h : R → R -✉❝❤ .❤❛. Nh ❡①✐-.-✱ ❧❡. fh ❜❡ ❣✐✈❡♥ ❜② (∗)✳

■❢ h ✐- ❜♦✉♥❞❡❞✱ .❤❡♥

‖fh‖∞ ≤
√

π

2
‖h−Nh‖∞ , ‖f ′

h‖∞ ≤ 2 ‖h−Nh‖∞ .

■❢ h ✐- ❛❜-♦❧✉.❡❧② ❝♦♥.✐♥✉♦✉-✱ .❤❡♥

‖fh‖∞ ≤ 2 ‖h′‖∞ , ‖f ′
h‖∞ ≤

√

2

π
‖h′‖∞ , ‖f ′′

h ‖∞ ≤ 2 ‖h′‖∞ .

✭❚❤❛. .❤❡ %❡❧❡✈❛♥. ❞❡%✐✈❛.✐✈❡- ❛%❡ ❞❡✜♥❡❞ ❛❧♠♦-. ❡✈❡%②✇❤❡%❡ ✐- ♣❛%. ♦❢ .❤❡ -.❛.❡♠❡♥. ♦❢ ▲❡♠♠❛ ✶✺✳✸✳✮

✾✵



❲❡ ❝❛♥ ♥♦✇ ❣✐✈❡ ❜♦✉♥❞- ♦♥ .❤❡ ❡00♦0 ✐♥ ♥♦0♠❛❧ ❛♣♣0♦①✐♠❛.✐♦♥ ❢♦0 -✉♠- ♦❢ ✐✳✐✳❞✳ 0❛♥❞♦♠ ✈❛0✐❛❜❧❡-✳

❲❡ ✇✐❧❧ ✇♦0❦ ✐♥ .❤❡ ❲❛--❡0-.❡✐♥ ♠❡.0✐❝

dW (L (W ),L (Z)) = sup
h∈HW

|E[h(W )]− E[h(Z)]|

✇❤❡0❡

HW = {h : R → R -✉❝❤ .❤❛. |f(x)− f(y)| ≤ |x− y| ❢♦0 ❛❧❧ x, y ∈ R}.
■❢ Z ∼ N(0, 1)✱ .❤❡♥ .❤❡ ♣0❡❝❡❞✐♥❣ ❛♥❛❧②-✐- -❤♦✇- .❤❛.

dW (L (W ),L (Z)) = sup
h∈HW

|E[f ′
h(W )−Wfh(W )]|

✇❤❡0❡ fh ✐- ❣✐✈❡♥ ❜② (∗)✳

❙✐♥❝❡ ▲✐♣-❝❤✐.③ ❢✉♥❝.✐♦♥- ❛0❡ ❛❜-♦❧✉.❡❧② ❝♦♥.✐♥✉♦✉-✱ .❤❡ -❡❝♦♥❞ ♣❛0. ♦❢ ▲❡♠♠❛ ✶✺✳✸ ❛♣♣❧✐❡- ✇✐.❤ ‖h′‖∞ = 1✳

❋0♦♠ .❤❡-❡ ♦❜-❡0✈❛.✐♦♥- ❛♥❞ -♦♠❡ ❡❧❡♠❡♥.❛0② ♠❛♥✐♣✉❧❛.✐♦♥- ✇❡ ❤❛✈❡

❚❤❡♦$❡♠ ✶✺✳✷✳ ❙✉♣♣♦$❡ &❤❛& X1, X2, ..., Xn ❛)❡ ✐♥❞❡♣❡♥❞❡♥& )❛♥❞♦♠ ✈❛)✐❛❜❧❡$ ✇✐&❤ E[Xi] = 0 ❛♥❞

E[X2
i ] = 1 ❢♦) ❛❧❧ i = 1, ..., n✳ ■❢ W = 1√

n

∑n
i=1 Xi ❛♥❞ Z ∼ N(0, 1)✱ &❤❡♥

dW (L (W ),L (Z)) ≤ 3

n
3
2

n
∑

i=1

E
[

|Xi|3
]

.

6)♦♦❢✳ ▲❡. f ❜❡ ❛♥② ❞✐✛❡0❡♥.✐❛❜❧❡ ❢✉♥❝.✐♦♥ ✇✐.❤ f ′
❛❜-♦❧✉.❡❧② ❝♦♥.✐♥✉♦✉-✱ ‖f‖∞ , ‖f ′‖∞ , ‖f ′′‖∞ < ∞✳

❋♦0 ❡❛❝❤ i = 1, ..., n✱ -❡.

Wi =
1√
n

∑

j 6=i

Xj = W − 1√
n
Xi.

❚❤❡♥ Xi ❛♥❞ Wi ❛0❡ ✐♥❞❡♣❡♥❞❡♥.✱ -♦ E[Xif(Wi)] = E[Xi]E[f(Wi)] = 0✳

■. ❢♦❧❧♦✇- .❤❛.

E[Wf(W )] = E

[

1√
n

n
∑

i=1

Xif(W )

]

= E

[

1√
n

n
∑

i=1

Xi (f(W )− f(Wi))

]

.

❆❞❞✐♥❣ ❛♥❞ -✉❜.0❛❝.✐♥❣ E
[

1√
n

∑n
i=1 Xi(W −Wi)f

′(Wi)
]

②✐❡❧❞-

E[Wf(W )] = E

[

1√
n

n
∑

i=1

Xi (f(W )− f(Wi)− (W −Wi)f
′(Wi))

]

+ E

[

1√
n

n
∑

i=1

Xi(W −Wi)f
′(Wi)

]

.

❚❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ❛♥❞ ✉♥✐. ✈❛0✐❛♥❝❡ ❛--✉♠♣.✐♦♥- -❤♦✇ .❤❛.

E[Xi(W −Wi)f
′(Wi)] = E

[

1√
n
X2

i f
′(Wi)

]

=
1√
n
E[X2

i ]E[f ′(Wi)] =
1√
n
E[f ′(Wi)],

-♦

E[Wf(W )] = E

[

1√
n

n
∑

i=1

Xi (f(W )− f(Wi)− (W −Wi)f
′(Wi))

]

+ E

[

1

n

n
∑

i=1

f ′(Wi)

]

,

✾✶



❛♥❞ #❤✉&

|E[f ′(W )−Wf(W )]|

=

∣

∣

∣

∣

∣

E

[

1√
n

n
∑

i=1

Xi (f(W )− f(Wi)− (W −Wi)f
′(Wi))

]

+ E

[

1

n

n
∑

i=1

f ′(Wi)

]

− E[f ′(W )]

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

E

[

1√
n

n
∑

i=1

Xi (f(W )− f(Wi)− (W −Wi)f
′(Wi))

]

+ E

[

1

n

n
∑

i=1

(f ′(Wi)− f ′(W ))

]∣

∣

∣

∣

∣

≤ 1√
n
E

[

n
∑

i=1

|Xi (f(W )− f(Wi)− (W −Wi)f
′(Wi))|

]

+
1

n
E

[

n
∑

i=1

|f ′(Wi)− f ′(W )|
]

❚❤❡ ❚❛②❧♦, ❡①♣❛♥&✐♦♥ ✭✇✐#❤ ▲❛❣,❛♥❣❡ ,❡♠❛✐♥❞❡,✮

f(w) = f(z) + f ′(z)(w − z) +
f ′′(ζ)

2
(w − z)2

❢♦, &♦♠❡ ζ ❜❡#✇❡❡♥ w ❛♥❞ z ❣✐✈❡& #❤❡ ❜♦✉♥❞

|f(w)− f(z)− (w − z)f ′(z)| ≤ ‖f ′′‖∞
2

(w − z)2,

&♦

1√
n
E

[

n
∑

i=1

|Xi (f(W )− f(Wi)− (W −Wi)f
′(Wi))|

]

≤ 1√
n
E

[

n
∑

i=1

∣

∣

∣

∣

Xi
‖f ′′‖∞

2
(W −Wi)

2

∣

∣

∣

∣

]

=
‖f ′′‖∞
2
√
n

n
∑

i=1

E

∣

∣

∣

∣

∣

Xi

(

Xi√
n

)2
∣

∣

∣

∣

∣

=
‖f ′′‖∞
2n

3
2

n
∑

i=1

E
[

|Xi|3
]

.

❆❧&♦✱ #❤❡ ♠❡❛♥ ✈❛❧✉❡ #❤❡♦,❡♠ &❤♦✇& #❤❛#

1

n
E

[

n
∑

i=1

|f ′(Wi)− f ′(W )|
]

≤ 1

n
E

[

n
∑

i=1

(‖f ′′‖∞ |Wi −W |)
]

=
‖f ′′‖∞
n

3
2

n
∑

i=1

E |Xi| .

❙✐♥❝❡ 1 = E[X2
i ] = E

[

(

|Xi|3
)

2
3

]

≤ E
[

|Xi|3
]

2
3

✱ ✇❡ ❤❛✈❡ E
[

|Xi|3
]

≥ 1✱ ❤❡♥❝❡

E |Xi| ≤ E
[

|Xi|3
]

1
3 ≤ E

[

|Xi|3
]

✳ ✭❚❤❡ ❝♦♥❝❧✉&✐♦♥ ✐& #,✐✈✐❛❧ ✐❢ E
[

|Xi|3
]

= ∞✳✮

>✉##✐♥❣ ❛❧❧ ♦❢ #❤✐& #♦❣❡#❤❡, ❣✐✈❡&

|E[f ′(W )−Wf(W )]| ≤ 1√
n
E

[

n
∑

i=1

|Xi (f(W )− f(Wi)− (W −Wi)f
′(Wi))|

]

+
1

n
E

[

n
∑

i=1

|f ′(Wi)− f ′(W )|
]

≤ ‖f ′′‖∞
2n

3
2

n
∑

i=1

E
[

|Xi|3
]

+
‖f ′′‖∞
n

3
2

n
∑

i=1

E |Xi| ≤
3 ‖f ′′‖∞
2n

3
2

n
∑

i=1

E
[

|Xi|3
]

,

❛♥❞ #❤❡ ,❡&✉❧# ❢♦❧❧♦✇& &✐♥❝❡

dW (L (W ),L (Z)) = sup
h∈HW

|E[f ′
h(W )−Wfh(W )]|

❛♥❞ ‖f ′′
h ‖∞ ≤ 2 ‖h′‖∞ = 2 ❢♦, ❛❧❧ h ∈ HW ✳ �

✾✷



❖❢ ❝♦✉%&❡ (❤❡ ♠❡❛♥ ③❡%♦ ✈❛%✐❛♥❝❡ ♦♥❡ ❝♦♥❞✐(✐♦♥ ✐& ❥✉&( (❤❡ ✉&✉❛❧ ♥♦%♠❛❧✐③❛(✐♦♥ ✐♥ (❤❡ ❈▲❚ ❛♥❞ &♦ ✐♠♣♦&❡&

♥♦ %❡❛❧ ❧♦&& ♦❢ ❣❡♥❡%❛❧✐(②✳ ■❢ (❤❡ %❛♥❞♦♠ ✈❛%✐❛❜❧❡& ❤❛✈❡ ✉♥✐❢♦%♠❧② ❜♦✉♥❞❡❞ (❤✐%❞ ♠♦♠❡♥(&✱ (❤❡♥ ❚❤❡♦%❡♠

✶✺✳✷ ❣✐✈❡& ❛ %❛(❡ ♦❢ ♦%❞❡% n− 1
2
✇❤✐❝❤ ✐& (❤❡ ❜❡&( ♣♦&&✐❜❧❡✳

❲❡ ❝♦♥❝❧✉❞❡ ✇✐(❤ ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛ ❈▲❚ ✇✐(❤ ❧♦❝❛❧ ❞❡♣❡♥❞❡♥❝❡ ✇❤✐❝❤ ❝❛♥ ❜❡ ♣%♦✈❡❞ ✉&✐♥❣ ✈❡%② &✐♠✐❧❛% ✭❛❧❜❡✐(

♠♦%❡ ❝♦♠♣✉(❛(✐♦♥❛❧❧② ✐♥(❡♥&✐✈❡✮ ♠❡(❤♦❞&✳

❉❡✜♥✐%✐♦♥✳ ❆ ❝♦❧❧❡❝(✐♦♥ ♦❢ %❛♥❞♦♠ ✈❛%✐❛❜❧❡& {X1, ..., Xn} ✐& &❛✐❞ (♦ ❤❛✈❡ ❞❡♣❡♥❞❡♥❝② ♥❡✐❣❤❜♦+❤♦♦❞,

Ni ⊆ {1, 2, ..., n}✱ i = 1, ..., n✱ ✐❢ i ∈ Ni ❛♥❞ Xi ✐& ✐♥❞❡♣❡♥❞❡♥( ♦❢ {Xj}j /∈Ni
✳

❚❤❡♦*❡♠ ✶✺✳✸✳ ▲❡. X1, ..., Xn ❜❡ ♠❡❛♥ ③❡+♦ +❛♥❞♦♠ ✈❛+✐❛❜❧❡, ✇✐.❤ ✜♥✐.❡ ❢♦✉+.❤ ♠♦♠❡♥.,✳

❙❡. σ2 = ❱❛% (
∑n

i=1 Xi) ❛♥❞ ❞❡✜♥❡ W = σ−1
∑n

i=1 Xi✳ ▲❡. N1, ..., Nn ❞❡♥♦.❡ .❤❡ ❞❡♣❡♥❞❡♥❝② ♥❡✐❣❤❜♦+❤♦♦❞,

♦❢ {X1, ..., Xn} ❛♥❞ ❧❡. D = maxi∈[n] |Ni|✳ ❚❤❡♥ ❢♦+ Z ∼ N(0, 1)✱

dW (L (W ),L (Z)) ≤ D2

σ3

n
∑

i=1

E
[

|Xi|3
]

+
D

3
2

σ2

√

√

√

√

28

π

n
∑

i=1

E [X4
i ].

/♦✐00♦♥ ❉✐0%*✐❜✉%✐♦♥✳

❚♦ ✐❧❧✉&(%❛(❡ &♦♠❡ ♦❢ (❤❡ ❞✐✈❡%&✐(② ✐♥ ❙(❡✐♥✬& ♠❡(❤♦❞ (❡❝❤♥✐I✉❡&✱ ✇❡ ♥♦✇ ❧♦♦❦ ❛( &✐③❡✲❜✐❛&❡❞ ❝♦✉♣❧✐♥❣& ✐♥

L♦✐&&♦♥ ❛♣♣%♦①✐♠❛(✐♦♥✳

❉❡✜♥✐%✐♦♥✳ ❋♦% ❛ %❛♥❞♦♠ ✈❛%✐❛❜❧❡ X ≥ 0 ✇✐(❤ µ = E[X] ∈ (0,∞)✱ ✇❡ &❛② (❤❛( Xs
❤❛& (❤❡ ,✐③❡✲❜✐❛,❡❞

❞✐,.+✐❜✉.✐♦♥ ✇✐(❤ %❡&♣❡❝( (♦ X ✐❢ E [Xf(X)] = µE [f(Xs)] ❢♦% ❛❧❧ f &✉❝❤ (❤❛( E |Xf(X)| < ∞✳

❚♦ &❡❡ (❤❛( Xs
❡①✐&(&✱ ♥♦(❡ (❤❛( ♦✉% ❛&&✉♠♣(✐♦♥& ✐♠♣❧② (❤❛( Qf := 1

µE [Xf(X)] ✐& ❛ ✇❡❧❧✲❞❡✜♥❡❞ ❧✐♥❡❛%

❢✉♥❝(✐♦♥❛❧ ♦♥ (❤❡ &♣❛❝❡ ♦❢ ❝♦♥(✐♥✉♦✉& ❢✉♥❝(✐♦♥& ✇✐(❤ ❝♦♠♣❛❝( &✉♣♣♦%(✳ ❙✐♥❝❡ X ✐& ♥♦♥♥❡❣❛(✐✈❡✱ ✇❡ ❤❛✈❡

(❤❛( Qf ≥ 0 ❢♦% f ≥ 0✳ ❚❤❡%❡❢♦%❡✱ (❤❡ ❘✐❡&③ %❡♣%❡&❡♥(❛(✐♦♥ (❤❡♦%❡♠ ✐♠♣❧✐❡& (❤❛( (❤❡%❡ ✐& ❛ ✉♥✐I✉❡ ♣♦&✐(✐✈❡

♠❡❛&✉%❡ ν ✇✐(❤ Qf =
´

fdν✳ ❙✐♥❝❡ Q1 = 1
µE[X] = 1✱ ν ✐& ❛ ♣%♦❜❛❜✐❧✐(② ♠❡❛&✉%❡✳ ❚❤✉& Xs ∼ ν &❛(✐&✜❡&

1

µ
E [Xf(X)] = Qf =

ˆ

fdν = E [f(Xs)] .

❆❧(❡%♥❛(✐✈❡❧②✱ ♦♥❡ ❝❛♥ ❛❞❛♣( (❤❡ ❛%❣✉♠❡♥( ❢%♦♠ (❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ (♦ ❝♦♥&(%✉❝( (❤❡ ❞✐&(%✐❜✉(✐♦♥ ❢✉♥❝(✐♦♥

♦❢ Xs
✐♥ (❡%♠& ♦❢ (❤❛( ♦❢ X✳

▲❡♠♠❛ ✶✺✳✹✳ ▲❡. X ❜❡ ❛ ♥♦♥❞❡❣❡♥❡+❛.❡ N0✲✈❛❧✉❡❞ +❛♥❞♦♠ ✈❛+✐❛❜❧❡ ✇✐.❤ ✜♥✐.❡ ♠❡❛♥ µ✳ ❚❤❡♥ Xs
❤❛, ♠❛,,

❢✉♥❝.✐♦♥

P (Xs = k) =
kP (X = k)

µ
.

=+♦♦❢✳

µE [f (Xs)] =

∞
∑

k=0

µf(k)P (Xs = k) =

∞
∑

k=0

kf(k)P (X = k) = E [Xf(X)] . �
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❙✐③❡✲❜✐❛'✐♥❣ ✐' ❛♥ ✐♠♣♦-.❛♥. ❝♦♥'✐❞❡-❛.✐♦♥ ✐♥ '.❛.✐'.✐❝❛❧ '❛♠♣❧✐♥❣✳

❋♦- ❡①❛♠♣❧❡✱ '✉♣♣♦'❡ .❤❛. ❛ '❝❤♦♦❧ ❤❛' N(k) ❝❧❛''❡' ✇✐.❤ k '.✉❞❡♥.'✳

❚❤❡♥ .❤❡ .♦.❛❧ ♥✉♠❜❡- ♦❢ ❝❧❛''❡' ✐' n =
∑∞

k=1 N(k) ❛♥❞ .❤❡ .♦.❛❧ ♥✉♠❜❡- ♦❢ '.✉❞❡♥.' ✐' N =
∑∞

k=1 kN(k)✳

■❢ ❛♥ ♦✉.'✐❞❡ ♦❜'❡-✈❡- ✇❡-❡ ✐♥.❡-❡'.❡❞ ✐♥ ❡'.✐♠❛.✐♥❣ ❝❧❛''✲'✐③❡ '.❛.✐'.✐❝'✱ .❤❡② ♠✐❣❤. ❛'❦ ❛ -❛♥❞♦♠ .❡❛❝❤❡-

❤♦✇ ❧❛-❣❡ .❤❡✐- ❝❧❛'' ✐'✳

▲❡..✐♥❣ X ❞❡♥♦.❡ .❤❡ .❡❛❝❤❡-✬' -❡'♣♦♥'❡✱ ✇❡ ❤❛✈❡ P (X = k) =
N(k)

n
'✐♥❝❡ N(k) ♦❢ .❤❡ n ❝❧❛''❡' ❤❛✈❡ k

'.✉❞❡♥.'✳

❖♥ .❤❡ ♦.❤❡- ❤❛♥❞✱ .❤❡② ♠✐❣❤. ❛'❦ ❛ -❛♥❞♦♠ '.✉❞❡♥. ❤♦✇ ❧❛-❣❡ .❤❡✐- ❝❧❛'' ✐'✳

❚❤❡ '.✉❞❡♥.✬' -❡'♣♦♥'❡✱ Y ✱ ✇♦✉❧❞ ❤❛✈❡ P (Y = k) =
kN(k)

N
❜❡❝❛✉'❡ kN(k) ♦❢ .❤❡ N '.✉❞❡♥.' ❛-❡ ✐♥ ❛ ❝❧❛''

♦❢ k '.✉❞❡♥.'✳

◆♦.✐♥❣ .❤❛. .❤❡ ❡①♣❡❝.❡❞ ♥✉♠❜❡- ♦❢ '.✉❞❡♥.' ✐♥ ❛ -❛♥❞♦♠ ❝❧❛'' ✐'

E [X] =

∞
∑

k=1

k
N(k)

n
=

1

n

∞
∑

k=1

kN(k) =
N

n
,

✇❡ '❡❡ .❤❛.

P (Y = k) =
kN(k)

N
=

k
N(k)
n

N
n

=
kP (X = k)

E [X]
,

'♦ Y = Xs
✳

❖❜'❡-✈❡ .❤❛. .❤❡ ❛✈❡-❛❣❡ ♥✉♠❜❡- ♦❢ ❝❧❛''♠❛.❡' ♦❢ ❛ -❛♥❞♦♠ '.✉❞❡♥. ✭.❤❡✐- '❡❧❢ ✐♥❝❧✉❞❡❞✮ ✐'

E[Y ] =
∞
∑

k=1

k
kN(k)

N
=

n

N

∞
∑

k=1

k2
N(k)

n
=

E
[

X2
]

E [X]
≥ E[X].

❚❤❡ ✐♥❡E✉❛❧✐.② ✐' '.-✐❝. ✉♥❧❡'' ❛❧❧ ❝❧❛''❡' ❤❛✈❡ .❤❡ '❛♠❡ ♥✉♠❜❡- ♦❢ '.✉❞❡♥.'✳

▲❡♠♠❛ ✶✺✳✺✳ ▲❡" X1, ..., Xn ≥ 0 ❜❡ ✐♥❞❡♣❡♥❞❡♥" (❛♥❞♦♠ ✈❛(✐❛❜❧❡. ✇✐"❤ E [Xi] = µi✱ ❛♥❞ ❧❡" X
s
i ❤❛✈❡ "❤❡

.✐③❡✲❜✐❛. ❞✐."(✐❜✉"✐♦♥ ✇✳(✳"✳ Xi✳ ▲❡" I ❜❡ ❛ (❛♥❞♦♠ ✈❛(✐❛❜❧❡✱ ✐♥❞❡♣❡♥❞❡♥" ♦❢ ❛❧❧ ❡❧.❡✱ ✇✐"❤ P (I = i) = µi

µ ✱

i = 1, ..., n✱ µ =
∑n

i=1 µi✳ ■❢ W =
∑n

i=1 Xi ❛♥❞ Wi = W − Xi✱ "❤❡♥ W s = WI + Xs
I ❤❛. "❤❡ W .✐③❡✲❜✐❛.

❞✐."(✐❜✉"✐♦♥✳

8(♦♦❢✳

µE [g (W s)] = µ

n
∑

i=1

µi

µ
E [g (Wi +Xs

i )]

=

n
∑

i=1

E [Xig (Wi +Xi)]

= E

[

n
∑

i=1

Xig(W )

]

= E [Wg(W )] . �

▲❡♠♠❛ ✶✺✳✻✳ ■❢ P (X = 1) = 1− P (X = 0) = p✱ "❤❡♥ Y ≡ 1 ❤❛. "❤❡ X .✐③❡✲❜✐❛. ❞✐."(✐❜✉"✐♦♥✳

8(♦♦❢✳

P (Xs = 1) =
1 · P (X = 1)

E[X]
=

p

p
= 1. �
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❚♦ ❝♦♥♥❡❝% &✐③❡✲❜✐❛&✐♥❣ ✇✐%❤ /♦✐&&♦♥ ❛♣♣1♦①✐♠❛%✐♦♥✱ ✇❡ ♥❡❡❞ %❤❡ ❢♦❧❧♦✇✐♥❣ ❢❛❝%&✱ ✇❤✐❝❤ ❛1❡ ♣1♦✈❡❞ ✐♥ ♠✉❝❤

%❤❡ &❛♠❡ ❢❛&❤✐♦♥ ❛& %❤❡ ❛♥❛❧♦❣♦✉& 1❡&✉❧%& ❢♦1 %❤❡ ♥♦1♠❛❧ ❞✐&%1✐❜✉%✐♦♥✳

❚❤❡♦$❡♠ ✶✺✳✹✳ ▲❡" Pλ ❞❡♥♦"❡ "❤❡ /♦✐&&♦♥(λ) ❞✐(")✐❜✉"✐♦♥✳ ❆♥ N0✲✈❛❧✉❡❞ )❛♥❞♦♠ ✈❛)✐❛❜❧❡ X ❤❛( ❧❛✇ Pλ ✐❢

❛♥❞ ♦♥❧② ✐❢

E [λf (X + 1)−Xf(X)] = 0

❢♦) ❛❧❧ ❜♦✉♥❞❡❞ f ✳

❆❧(♦✱ ❢♦) ❡❛❝❤ A ⊆ N0✱ "❤❡ ✉♥✐8✉❡ (♦❧✉"✐♦♥ ♦❢ "❤❡ ❞✐✛❡)❡♥❝❡ ❡8✉❛"✐♦♥

λf(k + 1)− kf(k) = 1A(k)− Pλ(A), fA(0) = 0

✐( ❣✐✈❡♥ ❜②

fA(k) = λ−keλ(k − 1)! [Pλ (A ∩ Uk)− Pλ (A)Pλ (Uk)] ✇❤❡)❡ Uk = {0, 1, ..., k − 1} .

❋✐♥❛❧❧②✱ ✇)✐"✐♥❣ "❤❡ ❢♦)✇❛)❞ ❞✐✛❡)❡♥❝❡ ❛( ∆g(k) := g(k + 1)− g(k)✱ ✇❡ ❤❛✈❡

‖fA‖∞ ≤ min
{

1, λ− 1
2

}

❛♥❞ ‖∆fA‖∞ ≤ 1− e−λ

λ
.

❲❡ ❝❛♥ ♥♦✇ ♣1♦✈❡

❚❤❡♦$❡♠ ✶✺✳✺✳ ▲❡" X ❜❡ ❛♥ N0✲✈❛❧✉❡❞ )❛♥❞♦♠ ✈❛)✐❛❜❧❡ ✇✐"❤ E [X] = λ✱ ❛♥❞ ❧❡" Z ∼ /♦✐&&♦♥(λ)✳ ❚❤❡♥

dTV (X,Z) ≤
(

1− e−λ
)

E |X + 1−Xs| .

=)♦♦❢✳ ▲❡%%✐♥❣ fA ❜❡ ❛& ✐♥ ❚❤❡♦1❡♠ ✶✺✳✹✱ %❤❡ ❞❡✜♥✐%✐♦♥& ♦❢ %♦%❛❧ ✈❛1✐❛%✐♦♥ ❛♥❞ &✐③❡✲❜✐❛&✐♥❣ ✐♠♣❧②

dTV (X,Z) = sup
A

|P (X ∈ A)− P (Z ∈ A)|

= sup
A

|λE [fA(X + 1)]− E [XfA(X)]|

= sup
A

|λE [fA(X + 1)]− λE [fA(X
s)]|

≤ λ sup
A

E |fA(X + 1)− fA(X
s)|

≤ λ sup
A

‖∆fA‖∞ E |X + 1−Xs|

≤
(

1− e−λ
)

E |X + 1−Xs| .

❚❤❡ ♣❡♥✉❧%✐♠❛%❡ ✐♥❡B✉❛❧✐%② ❢♦❧❧♦✇& ❜② ✇1✐%✐♥❣ fA(X+1)−fA(X
s) ❛& ❛ %❡❧❡&❝♦♣✐♥❣ &✉♠ ♦❢ |X + 1−Xs| ✜1&%

♦1❞❡1 ❞✐✛❡1❡♥❝❡&✳ �

❲❡ ❝♦♥❝❧✉❞❡ ✇✐%❤ ❛ &✐♠♣❧❡ ♣1♦♦❢ ♦❢ ❚❤❡♦1❡♠ ✶✹✳✶ ❝♦♠♣❧❡%❡ ✇✐%❤ ❛ %♦%❛❧ ✈❛1✐❛%✐♦♥ ❜♦✉♥❞✳

❚❤❡♦$❡♠ ✶✺✳✻✳ ▲❡" X1, ..., Xn ❜❡ ✐♥❞❡♣❡♥❞❡♥" )❛♥❞♦♠ ✈❛)✐❛❜❧❡( ✇✐"❤ P (Xi = 1) = 1 − P (Xi = 0) = pi✱

❛♥❞ (❡" W =
∑n

i=1 Xi✱ λ = E [W ] =
∑n

i=1 pi✳ ▲❡" Z ∼ /♦✐&&♦♥(λ)✳ ❚❤❡♥

dTV (W,Z) ≤ 1− e−λ

λ

n
∑

i=1

p2i .

=)♦♦❢✳ ▲❡♠♠❛& ✶✺✳✺ ❛♥❞ ✶✺✳✻ &❤♦✇ %❤❛% W s = WI + Xs
I = W − XI + 1 ✇❤❡1❡ I ✐& ❛ 1❛♥❞♦♠ ✈❛1✐❛❜❧❡✱

✐♥❞❡♣❡♥❞❡♥% ♦❢ %❤❡ Xi✬&✱ ✇✐%❤ P (I = i) = pi

λ ✳

✾✺



❚❤✉#✱ ❜② ❚❤❡♦)❡♠ ✶✺✳✺✱

dTV (W,Z) ≤
(

1− e−λ
)

E |W + 1−W s| =
(

1− e−λ
)

E |XI |

=
(

1− e−λ
)

n
∑

i=1

E |Xi|P (I = i)

=
(

1− e−λ
)

n
∑

i=1

pi
pi

λ
=

1− e−λ

λ

n
∑

i=1

p2i . �

❖♥❡ ❝❛♥ ❛❧#♦ ♣)♦✈❡ ❚❤❡♦)❡♠ ✶✺✳✻ ✇✐8❤♦✉8 8❛❦✐♥❣ ❛ ❞❡8♦✉) 8❤)♦✉❣❤ #✐③❡✲❜✐❛#✐♥❣✳

■♥❞❡❡❞✱ #✉♣♣♦#❡ 8❤❛8 f #❛8✐#✜❡# ‖f‖∞ , ‖∆f‖∞ < ∞✳ ❚❤❡♥

E [Wf(W )] = E

[

n
∑

i=1

Xif(W )

]

=
n

∑

i=1

piE [f(W ) |Xi = 1] =
n

∑

i=1

piE [f(Wi + 1)] .

❙✐♥❝❡ λ =
∑n

i=1 pi✱ ✇❡ ❤❛✈❡

|λE [f(W + 1)]− E[Wf(W )]| =
∣

∣

∣

∣

∣

n
∑

i=1

piE [f(W + 1)]−
n

∑

i=1

pif(Wi + 1)

∣

∣

∣

∣

∣

≤
n

∑

i=1

piE |f(W + 1)− f(Wi + 1)|

≤
n

∑

i=1

pi ‖∆f‖∞ E |(W + 1)− (Wi + 1)|

= ‖∆f‖∞
n

∑

i=1

piE |Xi| = ‖∆f‖∞
n

∑

i=1

p2i .

❚❤❡)❡❢♦)❡✱

dTV (W,Z) = sup
A

|P (W ∈ A)− P (Z ∈ A)|

= sup
A

|λE [fA(W + 1)]− E[WfA(W )]|

≤ 1− e−λ

λ

n
∑

i=1

p2i .
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