
✸✳ ❉✐"#$✐❜✉#✐♦♥"

❘❡❝❛❧❧ '❤❛' ❛ )❛♥❞♦♠ ✈❛)✐❛❜❧❡ ♦♥ ❛ ♣)♦❜❛❜✐❧✐'② 3♣❛❝❡ (Ω,F , P ) ✐3 ❛ ❢✉♥❝'✐♦♥ X : Ω → R '❤❛' ✐3 ♠❡❛3✉)❛❜❧❡

✇✐'❤ )❡3♣❡❝' '♦ '❤❡ ❇♦)❡❧ 3❡'3✳

❊✈❡)② )❛♥❞♦♠ ✈❛)✐❛❜❧❡ ✐♥❞✉❝❡3 ❛ ♣)♦❜❛❜✐❧✐'② ♠❡❛3✉)❡ µ ♦♥ R ✭❝❛❧❧❡❞ ✐'3 ❞✐"#$✐❜✉#✐♦♥✮ ❜②

µ(A) = P
(

X−1(A)
)

❢♦) ❛❧❧ A ∈ B✳

❚♦ ❝❤❡❝❦ '❤❛' µ ✐3 ❛ ♣)♦❜❛❜✐❧✐'② ♠❡❛3✉)❡✱ ♥♦'❡ '❤❛' 3✐♥❝❡ X ✐3 ❛ ❢✉♥❝'✐♦♥✱ ✐❢ A1, A2, ... ∈ B ❛)❡ ❞✐3❥♦✐♥'✱ '❤❡♥

3♦ ❛)❡ {X ∈ A1}, {X ∈ A2}, ... ∈ F ✱ ❤❡♥❝❡

µ (
⋃

iAi) = P ({X ∈
⋃

iAi}) = P (
⋃

i{X ∈ Ai}) =
∑

i

P ({X ∈ Ai}) =
∑

i

µ(Ai).

❚❤❡ ❞✐3')✐❜✉'✐♦♥ ♦❢ ❛ )❛♥❞♦♠ ✈❛)✐❛❜❧❡ X ✐3 ✉3✉❛❧❧② ❞❡3❝)✐❜❡❞ ✐♥ '❡)♠3 ♦❢ ✐'3 ❞✐"#$✐❜✉#✐♦♥ ❢✉♥❝#✐♦♥

F (x) = P (X ≤ x) = µ ((−∞, x]) .

■♥ ❝❛3❡3 ✇❤❡)❡ ❝♦♥❢✉3✐♦♥ ♠❛② ❛)✐3❡✱ ✇❡ ✇✐❧❧ ❡♠♣❤❛3✐③❡ ❞❡♣❡♥❞❡♥❝❡ ♦♥ '❤❡ )❛♥❞♦♠ ✈❛)✐❛❜❧❡ ✉3✐♥❣ 3✉❜3❝)✐♣'3

✲ ✐✳❡✳ µX ✱ FX ✳

❚❤❡♦$❡♠ ✸✳✶✳ ■❢ F ✐" #❤❡ ❞✐"#$✐❜✉#✐♦♥ ❢✉♥❝#✐♦♥ ♦❢ ❛ $❛♥❞♦♠ ✈❛$✐❛❜❧❡ X✱ #❤❡♥

✭✐✮ F ✐3 ♥♦♥❞❡❝)❡❛3✐♥❣

✭✐✐✮ F ✐3 )✐❣❤'✲❝♦♥'✐♥✉♦✉3 ✭✐✳❡✳ limx→a+ F (x) = F (a) ❢♦) ❛❧❧ a ∈ R✮

✭✐✐✐✮ limx→−∞ F (x) = 0 ❛♥❞ limx→∞ F (x) = 1

✭✐✈✮ ■❢ F (x−) = limy→x− F (y)✱ '❤❡♥ F (x−) = P (X < x)

✭✈✮ P (X = x) = F (x)− F (x−)

3$♦♦❢✳

❋♦) ✭✐✮✱ ♥♦'❡ '❤❛' ✐❢ x ≤ y✱ '❤❡♥ {X ≤ x} ⊆ {X ≤ y}✱ 3♦ F (x) = P (X ≤ x) ≤ P (X ≤ y) = F (y) ❜②

♠♦♥♦'♦♥✐❝✐'②✳

❋♦) ✭✐✐✮✱ ♦❜3❡)✈❡ '❤❛' ✐❢ x ց a✱ '❤❡♥ {X ≤ x} ց {X ≤ a}✱ ❛♥❞ ❛♣♣❧② ❝♦♥'✐♥✉✐'② ❢)♦♠ ❛❜♦✈❡✳

❋♦) ✭✐✐✐✮✱ ✇❡ ❤❛✈❡ {X ≤ x} ց ∅ ❛3 x ց −∞ ❛♥❞ {X ≤ x} ր R ❛3 x ր ∞✳

❋♦) ✭✐✈✮✱ {X ≤ y} ր {X < x} ❛3 y ր x✳ ✭◆♦'❡ '❤❛' '❤❡ ❧✐♠✐' ❡①✐3'3 3✐♥❝❡ F ✐3 ♠♦♥♦'♦♥❡✳✮

❋♦) ✭✈✮✱ {X = x} = {X ≤ x} \ {X < x}✳ �

■♥ ❢❛❝'✱ '❤❡ ✜)3' '❤)❡❡ ♣)♦♣❡)'✐❡3 ✐♥ ❚❤❡♦)❡♠ ✸✳✶ ❛)❡ 3✉✣❝✐❡♥' '♦ ❝❤❛)❛❝'❡)✐③❡ ❛ ❞✐3')✐❜✉'✐♦♥ ❢✉♥❝'✐♦♥✳

❚❤❡♦$❡♠ ✸✳✷✳ ■❢ F : R → R "❛#✐"✜❡" ♣$♦♣❡$#✐❡" ✭✐✮✱ ✭✐✐✮✱ ❛♥❞ ✭✐✐✐✮ ❢$♦♠ ❚❤❡♦$❡♠ ✸✳✶✱ #❤❡♥ ✐# ✐" #❤❡

❞✐"#$✐❜✉#✐♦♥ ❢✉♥❝#✐♦♥ ♦❢ "♦♠❡ $❛♥❞♦♠ ✈❛$✐❛❜❧❡✳

3$♦♦❢✳ ✭❉)❛✇ J✐❝'✉)❡✮

▲❡' Ω = (0, 1)✱ F = B(0,1)✱ P = ▲❡❜❡3❣✉❡ ♠❡❛3✉)❡✱ ❛♥❞ ❞❡✜♥❡ X : (0, 1) → R ❜②

X(ω) = F−1(ω) := inf{y ∈ R : F (y) ≥ ω}.

◆♦'❡ '❤❛' ♣)♦♣❡)'✐❡3 ✭✐✮ ❛♥❞ ✭✐✐✐✮ ❡♥3✉)❡ '❤❛' X ✐3 ✇❡❧❧✲❞❡✜♥❡❞✳

✾



❚♦ "❡❡ $❤❛$ F ✐" ✐♥❞❡❡❞ $❤❡ ❞✐"$*✐❜✉$✐♦♥ ❢✉♥❝$✐♦♥ ♦❢ X✱ ✐$ "✉✣❝❡" $♦ "❤♦✇ $❤❛$

{ω : X(ω) ≤ x} = {ω : ω ≤ F (x)}

❢♦* ❛❧❧ x ∈ R✱ ❛" $❤✐" ✐♠♣❧✐❡"

P (X ≤ x) = P ({ω : X(ω) ≤ x}) = P ({ω : ω ≤ F (x)}) = F (x)

✇❤❡*❡ $❤❡ ✜♥❛❧ ❡6✉❛❧✐$② ✉"❡" $❤❡ ❞❡✜♥✐$✐♦♥ ♦❢ ▲❡❜❡"❣✉❡ ♠❡❛"✉*❡ ❛♥❞ $❤❡ ❢❛❝$ $❤❛$ F (x) ∈ [0, 1]✳

◆♦✇ ✐❢ ω ≤ F (x)✱ $❤❡♥ x ∈ {y ∈ R : F (y) ≥ ω}✱ "♦ X(ω) = inf{y ∈ R : F (y) ≥ ω} ≤ x✳

❈♦♥"❡6✉❡♥$❧②✱ {ω : ω ≤ F (x)} ⊆ {ω : X(ω) ≤ x}✳

❚♦ ❡"$❛❜❧✐"❤ $❤❡ *❡✈❡*"❡ ✐♥❝❧✉"✐♦♥✱ ♥♦$❡ $❤❛$ ✐❢ ω > F (x)✱ $❤❡♥ ♣*♦♣❡*$✐❡" ✭✐✮ ❛♥❞ ✭✐✐✮ ✐♠♣❧② $❤❛$ $❤❡*❡ ✐" ❛♥

ε > 0 "✉❝❤ $❤❛$ F (x) ≤ F (x+ ε) < ω✳

❙✐♥❝❡ F ✐" ♥♦♥❞❡❝*❡❛"✐♥❣✱ ✐$ ❢♦❧❧♦✇" $❤❛$ x+ε ✐" ❛ ❧♦✇❡* ❜♦✉♥❞ ❢♦* {y ∈ R : F (y) ≥ ω}✱ ❤❡♥❝❡X(ω) ≥ x+ε > x✳

❚❤❡*❡❢♦*❡✱ {ω : ω ≤ F (x)}C ⊆ {ω : X(ω) ≤ x}C ❛♥❞ $❤✉" {ω : X(ω) ≤ x} ⊆ {ω : ω ≤ F (x)}✳ �

❚❤❡♦*❡♠ ✸✳✷ "❤♦✇" $❤❛$ ❛♥② ❢✉♥❝$✐♦♥ "❛$✐"❢②✐♥❣ ♣*♦♣❡*$✐❡" ✭✐✮ ✲ ✭✐✐✐✮ ❣✐✈❡" *✐"❡ $♦ ❛ *❛♥❞♦♠ ✈❛*✐❛❜❧❡ X✱ ❛♥❞

$❤✉" $♦ ❛ ♣*♦❜❛❜✐❧✐$② ♠❡❛"✉*❡ µ✱ $❤❡ ❞✐"$*✐❜✉$✐♦♥ ♦❢ X✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ *❡"✉❧$ "❤♦✇" $❤❛$ $❤❡ ♠❡❛"✉*❡ ✐"

✉♥✐6✉❡❧② ❞❡$❡*♠✐♥❡❞✳

❚❤❡♦$❡♠ ✸✳✸✳ ■❢ F ✐# ❢✉♥❝'✐♦♥ #❛'✐#❢②✐♥❣ ✭✐✮✲✭✐✐✐✮ ✐♥ ❚❤❡♦2❡♠ ✸✳✶✱ '❤❡♥ '❤❡2❡ ✐# ❛ ✉♥✐8✉❡ ♣2♦❜❛❜✐❧✐'② ♠❡❛#✉2❡

µ ♦♥ (R,B) ✇✐'❤ µ ((−∞, x]) = F (x) ❢♦2 ❛❧❧ x ∈ R✳

=2♦♦❢✳ ❚❤❡♦*❡♠ ✸✳✷ ❣✐✈❡" $❤❡ ❡①✐"$❡♥❝❡ ♦❢ ❛ *❛♥❞♦♠ ✈❛*✐❛❜❧❡ X ✇✐$❤ ❞✐"$*✐❜✉$✐♦♥ ❢✉♥❝$✐♦♥ F ✳ ❚❤❡ ♠❡❛"✉*❡

✐$ ✐♥❞✉❝❡" ✐" $❤❡ ❞❡"✐*❡❞ µ✳

❚♦ ❡"$❛❜❧✐"❤ ✉♥✐6✉❡♥❡""✱ "✉♣♣♦"❡ $❤❛$ µ ❛♥❞ ν ❜♦$❤ ❤❛✈❡ ❞✐"$*✐❜✉$✐♦♥ ❢✉♥❝$✐♦♥ F ✳ ❉❡✜♥❡

P = {(−∞, a] : a ∈ R}

L = {A ∈ B : µ(A) = ν(A)}.

❖❜"❡*✈❡ $❤❛$ ❢♦* ❛♥② a ∈ R✱ µ ((−∞, a]) = F (a) = ν ((−∞, a])✱ "♦ P ⊆ L✳

❆❧"♦✱ ❢♦* ❛♥② a, b ∈ R✱ (−∞, a] ∩ (−∞, b] = (−∞, a ∧ b] ∈ P✱ ❤❡♥❝❡ P ✐" ❛ π✲"②"$❡♠✳

❋✐♥❛❧❧②✱ L ✐" ❛ λ✲"②"$❡♠ "✐♥❝❡

✭✶✮ µ(Ω) = 1 = ν(Ω)✱ "♦ Ω ∈ L✳

✭✷✮ ❋♦* ❛♥② A,B ∈ L ✇✐$❤ A ⊆ B✱ ✇❡ ❤❛✈❡

µ(B \A) = µ(B)− µ(A) = ν(B)− ν(A) = ν(B \A)

✭❜② ❝♦✉♥$❛❜❧❡ ❛❞❞✐$✐✈✐$② ❛♥❞ $❤❡ ❞❡✜♥✐$✐♦♥ ♦❢ L✮✱ "♦ B \A ∈ L✳

✭✸✮ ■❢ An ∈ L ✇✐$❤ An ր A✱ $❤❡♥

µ(A) = lim
n→∞

µ(An) = lim
n→∞

ν(An) = ν(A)

✭❜② ❝♦♥$✐♥✉✐$② ❢*♦♠ ❜❡❧♦✇ ❛♥❞ $❤❡ ❞❡✜♥✐$✐♦♥ ♦❢ L✮✱ "♦ A ∈ L✳

❙✐♥❝❡ $❤❡ ❝❧♦"❡❞ *❛②" ❣❡♥❡*❛$❡ $❤❡ ❇♦*❡❧ "❡$"✱ $❤❡ π✲λ ❚❤❡♦*❡♠ ✐♠♣❧✐❡" $❤❛$ B = σ(P) ⊆ L ❛♥❞ $❤✉"

µ(E) = ν(E) ❢♦* ❛❧❧ E ∈ B✳

�
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❚♦ "✉♠♠❛&✐③❡✱ ❡✈❡&② &❛♥❞♦♠ ✈❛&✐❛❜❧❡ ✐♥❞✉❝❡" ❛ ♣&♦❜❛❜✐❧✐3② ♠❡❛"✉&❡ ♦♥ (R,B)✱ ❡✈❡&② ♣&♦❜❛❜✐❧✐3② ♠❡❛"✉&❡

❞❡✜♥❡" ❛ ❢✉♥❝3✐♦♥ "❛3✐"❢②✐♥❣ ♣&♦♣❡&3✐❡" ✭✐✮✲✭✐✐✐✮ ✐♥ ❚❤❡♦&❡♠ ✸✳✶✱ ❛♥❞ ❡✈❡&② "✉❝❤ ❢✉♥❝3✐♦♥ ✉♥✐>✉❡❧② ❞❡3❡&♠✐♥❡"

❛ ♣&♦❜❛❜✐❧✐3② ♠❡❛"✉&❡✳

❈♦♥"❡>✉❡♥3❧②✱ ✐3 ✐" ❡>✉✐✈❛❧❡♥3 3♦ ❣✐✈❡ 3❤❡ ❞✐"3&✐❜✉3✐♦♥ ♦& 3❤❡ ❞✐"3&✐❜✉3✐♦♥ ❢✉♥❝3✐♦♥ ♦❢ ❛ &❛♥❞♦♠ ✈❛&✐❛❜❧❡✳

❍♦✇❡✈❡&✱ ♦♥❡ "❤♦✉❧❞ ❜❡ ❛✇❛&❡ 3❤❛3 ❞✐"3&✐❜✉3✐♦♥"✴❞✐"3&✐❜✉3✐♦♥ ❢✉♥❝3✐♦♥" ❞♦ ♥♦3 ❞❡3❡&♠✐♥❡ &❛♥❞♦♠ ✈❛&✐❛❜❧❡"✱

❡✈❡♥ ♥❡❣❧❡❝3✐♥❣ ❞✐✛❡&❡♥❝❡" ♦♥ ♥✉❧❧ "❡3"✳

❋♦& ❡①❛♠♣❧❡✱ ✐❢ X ✐" ✉♥✐❢♦&♠ ♦♥ [−1, 1] ✭"♦ 3❤❛3 µX = 1
2m|[−1,1]✮✱ 3❤❡♥ −X ❛❧"♦ ❤❛" ❞✐"3&✐❜✉3✐♦♥ µX ✱ ❜✉3

−X 6= X ❛❧♠♦"3 "✉&❡❧②✳

❲❤❡♥ 3✇♦ &❛♥❞♦♠ ✈❛&✐❛❜❧❡" X ❛♥❞ Y ❤❛✈❡ 3❤❡ "❛♠❡ ❞✐"3&✐❜✉3✐♦♥ ❢✉♥❝3✐♦♥✱ ✇❡ "❛② 3❤❛3 3❤❡② ❛&❡ ❡!✉❛❧ ✐♥

❞✐()*✐❜✉)✐♦♥ ❛♥❞ ✇&✐3❡ X =d Y ✳

◆♦3❡ 3❤❛3 &❛♥❞♦♠ ✈❛&✐❛❜❧❡" ❝❛♥ ❜❡ ❡>✉❛❧ ✐♥ ❞✐"3&✐❜✉3✐♦♥ ❡✈❡♥ ✐❢ 3❤❡② ❛&❡ ❞❡✜♥❡❞ ♦♥ ❞✐✛❡&❡♥3 ♣&♦❜❛❜✐❧✐3②

"♣❛❝❡"✳

✶✶



❈♦♥#$%✉❝$✐♥❣ ▼❡❛#✉%❡# ♦♥ R ✳ ✭❇"✐❡❢ ❘❡✈✐❡✇✮

■+ ✐, ✇♦"+❤ ♠❡♥+✐♦♥✐♥❣ +❤❛+ ✇❡ ❦✐♥❞ ♦❢ ❝❤❡❛+❡❞ ✐♥ ❚❤❡♦"❡♠ ✸✳✷ ,✐♥❝❡ ✇❡ ❛,,✉♠❡❞ +❤❡ ❡①✐,+❡♥❝❡ ♦❢ ▲❡❜❡,❣✉❡

♠❡❛,✉"❡✳ ■♥ ❢❛❝+✱ +❤❡ ,+❛♥❞❛"❞ ❞❡"✐✈❛+✐♦♥ ♦❢ ▲❡❜❡,❣✉❡ ♠❡❛,✉"❡ ✐♥ +❡"♠, ♦❢ ❙+✐❡❧+❥❡, ♠❡❛,✉"❡ ❢✉♥❝+✐♦♥, ✐♠♣❧✐❡,

+❤❡ "❡,✉❧+, ✐♥ ❚❤❡♦"❡♠, ✸✳✷ ❛♥❞ ✸✳✸✳ C"❡,✉♠❛❜❧② ❡✈❡"②♦♥❡ ❤❛, ,❡❡♥ +❤✐, ❛"❣✉♠❡♥+ ❜❡❢♦"❡ ❛♥❞ ,✐♥❝❡ ✐+ ✐, ❢❛✐"❧②

❧♦♥❣✱ ✇❡ ✇✐❧❧ ❝♦♥+❡♥+ ♦✉",❡❧✈❡, ✇✐+❤ ❛ ❜"✐❡❢ ♦✉+❧✐♥❡✳

❘❡❝❛❧❧ +❤❛+ ❛♥ ❛❧❣❡❜%❛ ♦❢ (❡)( ♦♥ S ✐, ❛ ♥♦♥✲❡♠♣+② ❝♦❧❧❡❝+✐♦♥ A ⊆ 2S ✇❤✐❝❤ ✐, ❝❧♦,❡❞ ✉♥❞❡" ❝♦♠♣❧❡♠❡♥+, ❛♥❞

✜♥✐+❡ ✉♥✐♦♥,✳

❆ ♣%❡♠❡❛(✉%❡ µ0 ♦♥ A ✐, ❛ ❢✉♥❝+✐♦♥ µ0 : A → [0,∞] ,✉❝❤ +❤❛+

✶✮ µ0(∅) = 0

✷✮ ■❢ A1, A2, ... ✐, ❛ ,❡I✉❡♥❝❡ ♦❢ ❞✐,❥♦✐♥+ ,❡+, ✐♥ A ✇❤♦,❡ ✉♥✐♦♥ ❛❧,♦ ❜❡❧♦♥❣, +♦ A✱ +❤❡♥

µ0 (
⋃∞

i=1 Ai) =
∑∞

i=1 µ0(Ai)✳

✭■❢ µ0(S) < ∞✱ +❤❡♥ 2) ✐♠♣❧✐❡, +❤❛+ µ0 (∅) = µ0 (∅) + µ0 (∅)✱ ✇❤✐❝❤ ✐♠♣❧✐❡, 1)✳✮

❆♥ ♦✉)❡% ♠❡❛(✉%❡ µ∗
♦♥ S ✐, ❛ ❢✉♥❝+✐♦♥ µ∗ : 2S → [0,∞] ,✉❝❤ +❤❛+

✐✮ µ∗(∅) = 0

✐✐✮ µ∗(A) ≤ µ∗(B) ✐❢ A ⊆ B✳

✐✐✐✮ µ∗ (
⋃∞

i=1 Ai) ≤
∑∞

i=1 µ
∗(Ai)✱

❛♥❞ ❛ ,❡+ A ⊆ S ✐, ,❛✐❞ +♦ ❜❡ µ∗
✲♠❡❛(✉%❛❜❧❡ ✐❢

µ∗(E) = µ∗(E ∩A) + µ∗(E ∩AC)

❢♦" ❛❧❧ E ⊆ S✳

■+ ❝❛♥ ❜❡ ,❤♦✇♥ +❤❛+ ✐❢ µ0 ✐, ❛ ♣"❡♠❡❛,✉"❡ ♦♥ +❤❡ ❛❧❣❡❜"❛ A✱ +❤❡♥ +❤❡ ,❡+ ❢✉♥❝+✐♦♥ ❞❡✜♥❡❞ ❜②

µ∗(E) = inf

{

∞
∑

i=1

µ0(Ai) : Ai ∈ A, E ⊆
∞
⋃

i=1

Ai

}

✐, ❛♥ ♦✉+❡" ♠❡❛,✉"❡ ,❛+✐,❢②✐♥❣

❛✮ µ∗|A = µ0

❜✮ ❊✈❡"② ,❡+ ✐♥ A ✐, µ∗
✲♠❡❛,✉"❛❜❧❡✳

❚♦ ♦❜+❛✐♥ ❛ ♠❡❛,✉"❡✱ ♦♥❡ +❤❡♥ ❛♣♣❡❛❧, +♦ +❤❡ ❈❛"❛+❤L♦❞♦"② ❊①+❡♥,✐♦♥ ❚❤❡♦"❡♠✿

❚❤❡♦%❡♠ ✸✳✹ ✭❈❛"❛+❤L♦❞♦"②✮✳ ■❢ µ∗
✐( ❛♥ ♦✉)❡% ♠❡❛(✉%❡ ♦♥ S✱ )❤❡♥ )❤❡ ❝♦❧❧❡❝)✐♦♥ M ♦❢ µ∗

✲♠❡❛(✉%❛❜❧❡ (❡)(

✐( ❛ σ✲❛❧❣❡❜%❛✱ ❛♥❞ )❤❡ %❡()%✐❝)✐♦♥ ♦❢ µ∗
)♦ M ✐( ❛ ✭❝♦♠♣❧❡)❡✮ ♠❡❛(✉%❡✳

❋✐♥❛❧❧②✱ ♦♥❡ ❝❛♥ ,❤♦✇ +❤❛+ ✐❢ µ0 ✐, σ✲✜♥✐+❡✱ +❤❡♥ +❤❡ ♠❡❛,✉"❡ µ = µ∗|M ✐, +❤❡ ✉♥✐I✉❡ ❡①+❡♥,✐♦♥ ♦❢ µ0 +♦ M✳

✶✷



❯!✐♥❣ %❤❡!❡ ✐❞❡❛!✱ ♦♥❡ ❝❛♥ ❝♦♥!%-✉❝% ❇♦-❡❧ ♠❡❛!✉-❡! ♦♥ R ❜② %❛❦✐♥❣ ❛♥② ♥♦♥❞❡❝-❡❛!✐♥❣✱ -✐❣❤%✲❝♦♥%✐♥✉♦✉!

❢✉♥❝%✐♦♥ F ✭❝❛❧❧❡❞ ❛ ▲❡❜❡#❣✉❡✲❙(✐❡❧(❥❡# ♠❡❛#✉.❡ ❢✉♥❝(✐♦♥ ✮ ❛♥❞ ❞❡✜♥✐♥❣ ❛ ♣-❡♠❡❛!✉-❡ ♦♥ %❤❡ ❛❧❣❡❜-❛

A =

{

n
⋃

i=1

(ai, bi] : −∞ ≤ ai ≤ bi ≤ ∞, (ai, bi] ∩ (aj , bj ] = ∅, n ∈ N

}

❜②

µ0(∅) = 0,

µ0

(

n
⊔

i=1

(ai, bi]

)

=

n
∑

i=1

[F (bi)− F (ai)] .

▲❡❜❡!❣✉❡ ♠❡❛!✉-❡ ✐! %❤❡ !♣❡❝✐❛❧ ❝❛!❡ F (x) = x✳

❚❤❡ ❛❜♦✈❡ ❝♦♥!%-✉❝%✐♦♥ ✐! %②♣✐❝❛❧ ♦❢ ❤♦✇ ♦♥❡ ❜✉✐❧❞! ♣-❡♠❡❛!✉-❡! ♦♥ ❛❧❣❡❜-❛! ❢-♦♠ ♠♦-❡ ❡❧❡♠❡♥%❛-② ♦❜❥❡❝%!✿

❆ #❡♠✐❛❧❣❡❜.❛ S ✐! ❛ ♥♦♥❡♠♣%② ❝♦❧❧❡❝%✐♦♥ ♦❢ !❡%! !❛%✐!❢②✐♥❣

✐✮ A,B ∈ S ✐♠♣❧✐❡! A ∩B ∈ S

✐✐✮ A ∈ S ✐♠♣❧✐❡! %❤❡-❡ ❡①✐!%! ❛ ✜♥✐%❡ ❝♦❧❧❡❝%✐♦♥ ♦❢ ❞✐!❥♦✐♥% !❡%! A1, ..., An ∈ S ✇✐%❤ AC =
⊔n

i=1 Ai✳

✭❙♦♠❡ ❛✉%❤♦-! -❡E✉✐-❡ %❤❛% S ∈ S ❛! ✇❡❧❧ ❛♥❞ ❝❛❧❧ %❤❡ ❛❜♦✈❡ ❛ !❡♠✐-✐♥❣✳ ❲❡ ✇✐❧❧ ♥♦% ✇♦--② ❛❜♦✉% %❤✐!

❞✐!%✐♥❝%✐♦♥ ❛! ✇❡ ❛-❡ ✉❧%✐♠❛%❡❧② ♦♥❧② ❝♦♥❝❡-♥❡❞ ✇✐%❤ %❤❡ ❛❧❣❡❜-❛ S ❣❡♥❡-❛%❡!✳✮

❆♥ ✐♠♣♦-%❛♥% ❡①❛♠♣❧❡ ♦❢ ❛ !❡♠✐❛❧❣❡❜-❛ ♦♥ R ✐! %❤❡ ❝♦❧❧❡❝%✐♦♥ ♦❢ ❤✲✐♥(❡.✈❛❧# ✲ %❤❛% ✐!✱ !❡%! ♦❢ %❤❡ ❢♦-♠ (a, b]

♦- (a,∞) ♦- ∅ ✇✐%❤ −∞ ≤ a < b < ∞✳

❖♥ Rd
✱ %❤❡ ❝♦❧❧❡❝%✐♦♥ ♦❢ ♣-♦❞✉❝%! ♦❢ ❤✲✐♥%❡-✈❛❧! ✲ ❡✳❣✳ (a1, b1]× · · · × (ad, bd] ✲ ✐! ❛ !❡♠✐❛❧❣❡❜-❛✳

■❢ S ✐! ❛ !❡♠✐❛❧❣❡❜-❛✱ %❤❡♥ ♦♥❡ -❡❛❞✐❧② ✈❡-✐✜❡! %❤❛% S = {✜♥✐%❡ ❞✐!❥♦✐♥% ✉♥✐♦♥! ♦❢ !❡%! ✐♥ S} ✐! ❛♥ ❛❧❣❡❜-❛

✭❝❛❧❧❡❞ %❤❡ ❛❧❣❡❜.❛ ❣❡♥❡.❛(❡❞ ❜② S✮✳ ◆♦%❡ %❤❛% %❤✐! ❝♦♥!%-✉❝%✐♦♥ ❡♥!✉-❡! %❤❛% σ (S) = σ
(

S
)

✳

●✐✈❡♥ ❛ !❡♠✐❛❧❣❡❜-❛ S ❛♥❞ ❛ ❢✉♥❝%✐♦♥ ν : S → [0,∞) !✉❝❤ %❤❛% ✐❢ A ∈ S ✐! %❤❡ ❞✐!❥♦✐♥% ✉♥✐♦♥ ♦❢ A1, ..., An ∈ S✱

%❤❡♥ ν (A) =
∑n

i=1 ν(Ai)✱ ❞❡✜♥❡ ν : S → [0,∞) ❜② ν (
⊔m

i=1 Bi) =
∑m

i=1 ν(Bi)✳

■% ✐! ❡❛!② %♦ ❝❤❡❝❦ %❤❛% ν ✐! ✇❡❧❧✲❞❡✜♥❡❞✱ ✜♥✐%❡✱ ❛♥❞ ✜♥✐%❡❧② ❛❞❞✐%✐✈❡ ♦♥ S✳

❚♦ ✈❡-✐❢② ❝♦✉♥%❛❜❧❡ ❛❞❞✐%✐✈✐%② ✭!♦ %❤❛% ν ✐! ❛ ♣-❡♠❡❛!✉-❡ ♦♥ S✮✱ ✐% !✉✣❝❡! %♦ !❤♦✇ %❤❛% ✐❢ {Bn}
∞

n=1 ✐! ❛

!❡E✉❡♥❝❡ ♦❢ !❡%! ✐♥ S ✇✐%❤ Bn ց ∅✱ %❤❡♥ ν(Bn) ց 0✳

■♥❞❡❡❞ ✐❢ {Ai}
∞
i=1 ✐! ❛ ❝♦✉♥%❛❜❧❡ ❝♦❧❧❡❝%✐♦♥ ♦❢ ❞✐!❥♦✐♥% !❡%! ✐♥ S !✉❝❤ %❤❛% A =

⋃∞

i=1 Ai ∈ S✱ %❤❡♥ ❢♦- ❛♥②

n ∈ N✱ Bn =
⋃∞

i=n Ai = A \
⋃n−1

i=1 Ai ❜❡❧♦♥❣! %♦ %❤❡ ❛❧❣❡❜-❛ S✱ !♦ ✜♥✐%❡ ❛❞❞✐%✐✈✐%② ✐♠♣❧✐❡! %❤❛%

ν(A) =
∑n−1

i=1 ν(Ai) + ν(Bn)✳

❆❧%❡-♥❛%✐✈❡❧②✱ ♦♥❡ ❝❛♥ !❤♦✇ %❤❛% ν ✐! ❝♦✉♥%❛❜❧② ❛❞❞✐%✐✈❡ ♦♥ S ✐❢ ν ✐! ❝♦✉♥%❛❜❧② !✉❜❛❞❞✐%✐✈❡ ♦♥ S ✲ %❤❛% ✐!✱ ❢♦-

❡✈❡-② ❝♦✉♥%❛❜❧❡ ❞✐!❥♦✐♥% ❝♦❧❧❡❝%✐♦♥ {Ai}i∈I ⊆ S !✉❝❤ %❤❛%
⋃

i∈I Ai ∈ S✱ ♦♥❡ ❤❛! ν
(
⊔

i∈I Ai

)

≤
∑

i∈I ν(Ai)✳

✭❚❤❡ ✐♠♣❧✐❝❛%✐♦♥ ✐! ✐♠♠❡❞✐❛%❡ ✐❢ ν ✐! ❝♦✉♥%❛❜❧② ❛❞❞✐%✐✈❡ ♦♥ S✳✮

❚❤✉! ✐❢ ♦♥❡ %❛❦❡! ❛ ✜♥✐%❡❧② ❛❞❞✐%✐✈❡ [0,∞)✲✈❛❧✉❡❞ ❢✉♥❝%✐♦♥ ν ♦♥ ❛ !❡♠✐❛❧❣❡❜-❛ S✱ ❡①%❡♥❞! ✐% ✐♥ %❤❡ ♦❜✈✐♦✉! ✇❛②

%♦ %❤❡ ❢✉♥❝%✐♦♥ ν ♦♥ %❤❡ S✱ ❛♥❞ %❤❡♥ ❝❤❡❝❦! %❤❛% ν ✐! ❝♦✉♥%❛❜❧② ❛❞❞✐%✐✈❡✱ %❤❡♥ %❤❡ ❈❛-❛%❤M♦❞♦-② ❝♦♥!%-✉❝%✐♦♥

❣✉❛-❛♥%❡❡! %❤❡ ❡①✐!%❡♥❝❡ ♦❢ ❛ ✉♥✐E✉❡ ♠❡❛!✉-❡ µ ♦♥ σ(S) ✇❤✐❝❤ ❛❣-❡❡! ✇✐%❤ ν ♦♥ S✳
✶✸



❈❧❛##✐❢②✐♥❣ ❉✐#*+✐❜✉*✐♦♥# ♦♥ R✳

❆! !❤✐$ ♣♦✐♥!✱ ✇❡ +❡❝❛❧❧ !❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐!✐♦♥$ ❢+♦♠ ♠❡❛$✉+❡ !❤❡♦+②✿

❉❡✜♥✐*✐♦♥✳ ■❢ µ ❛♥❞ ν ❛+❡ ♠❡❛$✉+❡$ ♦♥ (S,G)✱ !❤❡♥ ✇❡ $❛② !❤❛! ν ✐$ ❛❜"♦❧✉&❡❧② ❝♦♥&✐♥✉♦✉" ✇✐!❤ +❡$♣❡❝! !♦

µ ✭❛♥❞ ✇+✐!❡ ν ≪ µ✮ ✐❢ ν(A) = 0 ❢♦+ ❛❧❧ A ∈ G ✇✐!❤ µ(A) = 0✳

❉❡✜♥✐*✐♦♥✳ ■❢ µ ❛♥❞ ν ❛+❡ ♠❡❛$✉+❡$ ♦♥ (S,G)✱ !❤❡♥ ✇❡ $❛② !❤❛! µ ❛♥❞ ν ❛+❡ ♠✉&✉❛❧❧② "✐♥❣✉❧❛. ✭❛♥❞ ✇+✐!❡

µ⊥ν✮ ✐❢ !❤❡+❡ ❡①✐$! E,F ∈ G $✉❝❤ !❤❛!

✐✮ E ∩ F = ∅

✐✐✮ E ∪ F = S

✐✐✐✮ µ(F ) = 0 = ν(E)✳

❆ ❢✉♥❞❛♠❡♥!❛❧ +❡$✉❧! ✐♥ ♠❡❛$✉+❡ !❤❡♦+② ✐$ !❤❡ ▲❡❜❡$❣✉❡✲❘❛❞♦♥✲◆✐❦♦❞②♠ ❚❤❡♦+❡♠ ✭✇❤✐❝❤ ✇❡ $!❛!❡ ♦♥❧② ❢♦+

♣♦$✐!✐✈❡ ♠❡❛$✉+❡$✮✳

❚❤❡♦+❡♠ ✸✳✺ ✭▲❡❜❡$❣✉❡✲❘❛❞♦♥✲◆✐❦♦❞②♠✮✳ ■❢ µ ❛♥❞ ν ❛.❡ σ✲✜♥✐&❡ ♠❡❛"✉.❡" ♦♥ (S,G)✱ &❤❡♥ &❤❡.❡ ❡①✐"&

✉♥✐7✉❡ σ✲✜♥✐&❡ ♠❡❛"✉.❡" λ, ρ ♦♥ (S,G) "✉❝❤ &❤❛&

λ⊥µ, ρ ≪ µ, ν = λ+ ρ.

▼♦.❡♦✈❡.✱ &❤❡.❡ ✐" ❛ ♠❡❛"✉.❛❜❧❡ ❢✉♥❝&✐♦♥ f : S → [0,∞) "✉❝❤ &❤❛& ρ(E) =
´

E
fdµ ❢♦. ❛❧❧ E ∈ G✳

❚❤❡ ❢✉♥❝!✐♦♥ f ❢+♦♠ ❚❤❡♦+❡♠ ✸✳✺ ✐$ ❝❛❧❧❡❞ !❤❡ ❘❛❞♦♥✲◆✐❦♦❞②♠ ❞❡.✐✈❛&✐✈❡ ♦❢ ρ ✇✐!❤ +❡$♣❡❝! !♦ µ✱ ❛♥❞ ♦♥❡

✇+✐!❡$ f = dρ
dµ
✭♦+ dρ = fdµ✮✳

■❢ ν ✐$ ❛ ✜♥✐!❡ ♠❡❛$✉+❡✱ !❤❡♥ λ ❛♥❞ ρ ❛+❡ ✜♥✐!❡✱ $♦ f ✐$ µ✲✐♥!❡❣+❛❜❧❡✳

■❢ ❛ +❛♥❞♦♠ ✈❛+✐❛❜❧❡ X ❤❛$ ❞✐$!+✐❜✉!✐♦♥ µ ✇❤✐❝❤ ✐$ ❛❜$♦❧✉!❡❧② ❝♦♥!✐♥✉♦✉$ ✇✐!❤ +❡$♣❡❝! !♦ ▲❡❜❡$❣✉❡ ♠❡❛$✉+❡✱

!❤❡♥ ✇❡ $❛② !❤❛! ✭!❤❡ ❞✐$!+✐❜✉!✐♦♥ ♦❢✮ X ❤❛$ ❞❡♥"✐&② ❢✉♥❝&✐♦♥ f = dµ
dm
✳

❚❤✉$ ❢♦+ ❛❧❧ E ∈ B✱ P (X ∈ E) = µ(E) =
´

E
f(x)dx✳

■♥ ♣❛+!✐❝✉❧❛+✱ !❤❡ ❞✐$!+✐❜✉!✐♦♥ ❢✉♥❝!✐♦♥ ♦❢ X ❝❛♥ ❜❡ ✇+✐!!❡♥ ❛$

F (x) = P (X ≤ x) =

ˆ x

−∞

f(t)dt.

❆❝❝♦+❞✐♥❣❧②✱ F ✐$ ❛♥ ❛❜$♦❧✉!❡❧② ❝♦♥!✐♥✉♦✉$ ❢✉♥❝!✐♦♥ ❛♥❞ ✐$ m✲❛❧♠♦$! ❡✈❡+②✇❤❡+❡ ❞✐✛❡+❡♥!✐❛❜❧❡ ✇✐!❤ F ′ = f ✳

❈♦♥✈❡+$❡❧②✱ ✐❢ g ✐$ ❛ ♥♦♥♥❡❣❛!✐✈❡ ♠❡❛$✉+❛❜❧❡ ❢✉♥❝!✐♦♥ ✇✐!❤
´

R
g(x)dx = 1✱ !❤❡♥ G(x) =

´ x

−∞
g(t)dt $❛!✐$✜❡$

✭✐✮✲✭✐✐✐✮ ✐♥ ❚❤❡♦+❡♠ ✸✳✶✱ $♦ ❚❤❡♦+❡♠ ✸✳✷ ❣✐✈❡$ ❛ +❛♥❞♦♠ ✈❛+✐❛❜❧❡ ✇✐!❤ ❞❡♥$✐!② g✳

■♥ ✉♥❞❡+❣+❛❞✉❛!❡ ♣+♦❜❛❜✐❧✐!②✱ $✉❝❤ ❛♥ X ✐$ ❝❛❧❧❡❞ ❝♦♥!✐♥✉♦✉$✳ ❚❤✐$ ✐$ ❛❝!✉❛❧❧② $♦♠❡✇❤❛! ♦❢ ❛ ♠✐$♥♦♠❡+✳

❘❛!❤❡+✱ ✇❡ ❤❛✈❡

❉❡✜♥✐*✐♦♥✳ ■❢ !❤❡ ❞✐$!+✐❜✉!✐♦♥ ♦❢ X ❤❛$ ❛ ❞❡♥$✐!②✱ !❤❡♥ ✇❡ $❛② !❤❛! X ✐$ ❛❜"♦❧✉&❡❧② ❝♦♥&✐♥✉♦✉"✳

✶✹



❚❤❡ ♦$❤❡% ❝❧❛)) ♦❢ %❛♥❞♦♠ ✈❛%✐❛❜❧❡) ❞✐)❝✉))❡❞ ✐♥ ✉♥❞❡%❣%❛❞✉❛$❡ ♣%♦❜❛❜✐❧✐$② ❛%❡ ❞✐)❝%❡$❡ %❛♥❞♦♠ ✈❛%✐❛❜❧❡)✳

❉❡✜♥✐%✐♦♥✳ ❆ ♠❡❛)✉%❡ µ ✐) )❛✐❞ $♦ ❜❡ ❞✐"❝$❡&❡ ✐❢ $❤❡%❡ ✐) ❛ ❝♦✉♥$❛❜❧❡ )❡$ S ✇✐$❤ µ
(

SC
)

= 0✳ ❆ %❛♥❞♦♠

✈❛%✐❛❜❧❡ ✐) ❝❛❧❧❡❞ ❞✐)❝%❡$❡ ✐❢ ✐$) ❞✐)$%✐❜✉$✐♦♥ ✐)✳

◆♦$❡ $❤❛$ ✐❢ X ✐) ❞✐)❝%❡$❡✱ $❤❡♥ µ⊥m✳

❆♥ ❡①❛♠♣❧❡ ♦❢ ❛ ❞✐)❝%❡$❡ ❞✐)$%✐❜✉$✐♦♥ ✐) $❤❡ ♣♦✐♥$ ♠❛)) ❛$ a✿ P (X = a) = 1✱ F (x) = 1[a,∞)(x)✳

▼♦%❡ ❣❡♥❡%❛❧❧②✱ ❣✐✈❡♥ ❛♥② ❝♦✉♥$❛❜❧❡ )❡$ S ⊂ R ❛♥❞ ❛♥② )❡=✉❡♥❝❡ ♦❢ ♥♦♥♥❡❣❛$✐✈❡ ♥✉♠❜❡%) p1, p2, ... ✇✐$❤
∑∞

i=1 pi = 1✱ ✐❢ ✇❡ ❡♥✉♠❡%❛$❡ S ❜② S = {s1, s2, ...}✱ $❤❡♥ $❤❡ %❛♥❞♦♠ ✈❛%✐❛❜❧❡ X ✇✐$❤ P (X = si) = pi✱

F (x) =
∑∞

i=1 pi1[si,∞)(x) ✐) ❞✐)❝%❡$❡✱ ❛♥❞ ✐♥❞❡❡❞ ❛❧❧ ❞✐)❝%❡$❡ %❛♥❞♦♠ ✈❛%✐❛❜❧❡) ❛%❡ ♦❢ $❤✐) ❢♦%♠✳

✭❈♦✉♥$❛❜❧❡ ❛❞❞✐$✐✈✐$② ✐♠♣❧✐❡) $❤❛$ µ ✐) ❞❡$❡%♠✐♥❡❞ ❜② ✐$) ✈❛❧✉❡) ♦♥ )✐♥❣❧❡$♦♥ )✉❜)❡$) ♦❢ S✳✮

■♥ $❤❡ ❝❛)❡ S = Q ❛♥❞ pi > 0 ❢♦% ❛❧❧ i✱ ✇❡ ❤❛✈❡ ❛ ❞✐)❝%❡$❡ %❛♥❞♦♠ ✈❛%✐❛❜❧❡ ✇❤♦)❡ ❞✐)$%✐❜✉$✐♦♥ ❢✉♥❝$✐♦♥ ✐)

❞✐)❝♦♥$✐♥✉♦✉) ♦♥ ❛ ❞❡♥)❡ )❡$✳

■❢ ✇❡ $❤✐♥❦ ♦❢ )✉♠♠❛$✐♦♥ ❛) ✐♥$❡❣%❛$✐♦♥ ✇✐$❤ %❡)♣❡❝$ $♦ ❝♦✉♥$✐♥❣ ♠❡❛)✉%❡✱ $❤❡♥ ❥✉)$ ❛) $❤❡ ❛❜)♦❧✉$❡❧②

❝♦♥$✐♥✉♦✉) %❛♥❞♦♠ ✈❛%✐❛❜❧❡) ❝♦%%❡)♣♦♥❞ $♦ ❞❡♥)✐$✐❡) ✭f ≥ 0 ✇✐$❤
´

fdm = 1✮✱ ✇❡ )❡❡ $❤❛$ $❤❡ ❞✐)❝%❡$❡

%❛♥❞♦♠ ✈❛%✐❛❜❧❡) ❝♦%%❡)♣♦♥❞ $♦ ♠❛)) ❢✉♥❝$✐♦♥) ✭p ≥ 0 ✇✐$❤
´

p dc = 1✮✳

❚❤❡%❡ ✐) ❛❧)♦ ❛ $❤✐%❞ ❢✉♥❞❛♠❡♥$❛❧ ❝❧❛)) ♦❢ %❛♥❞♦♠ ✈❛%✐❛❜❧❡)✱ ✇❤✐❝❤ ✇❡ ❛❧♠♦)$ ♥❡✈❡% ❤❛✈❡ $♦ ❞❡❛❧ ✇✐$❤✱ ❜✉$

♠❡♥$✐♦♥ ❢♦% $❤❡ )❛❦❡ ♦❢ ❝♦♠♣❧❡$❡♥❡))✳ ❚♦ ❞❡)❝%✐❜❡ ✐$✱ ✇❡ ♥❡❡❞ ❛♥♦$❤❡% ❞❡✜♥✐$✐♦♥✳

❉❡✜♥✐%✐♦♥✳ ❆ ♠❡❛)✉%❡ µ ✐) ❝❛❧❧❡❞ ❝♦♥&✐♥✉♦✉" ✐❢ µ({x}) = 0 ❢♦% ❛❧❧ x ∈ R✳

❇② ❝♦✉♥$❛❜❧❡ ❛❞❞✐$✐✈✐$②✱ ❛ ❞✐)❝%❡$❡ ♣%♦❜❛❜✐❧✐$② ♠❡❛)✉%❡ ✐) ♥♦$ ❝♦♥$✐♥✉♦✉) ❛♥❞ ✈✐❝❡ ✈❡%)❛✳

❆❜)♦❧✉$❡❧② ❝♦♥$✐♥✉♦✉) ❞✐)$%✐❜✉$✐♦♥) ❛%❡ ❝♦♥$✐♥✉♦✉)✱ ❜✉$ ✐$ ✐) ♣♦))✐❜❧❡ ❢♦% ❛ ❝♦♥$✐♥✉♦✉) ❞✐)$%✐❜✉$✐♦♥ $♦ ❜❡

)✐♥❣✉❧❛% ✇✐$❤ %❡)♣❡❝$ $♦ ▲❡❜❡)❣✉❡ ♠❡❛)✉%❡✳

❉❡✜♥✐%✐♦♥✳ ❆ %❛♥❞♦♠ ✈❛%✐❛❜❧❡ X ✇✐$❤ ❝♦♥$✐♥✉♦✉) ❞✐)$%✐❜✉$✐♦♥ µ ⊥ m ✐) ❝❛❧❧❡❞ "✐♥❣✉❧❛$ ❝♦♥&✐♥✉♦✉"✳

❆♥ ❡①❛♠♣❧❡ ✐) ❣✐✈❡♥ ❜② $❤❡ ✏✉♥✐❢♦%♠ ❞✐)$%✐❜✉$✐♦♥ ♦♥ $❤❡ ❈❛♥$♦% )❡$✑ ❢♦%♠❡❞ ❜② $❛❦✐♥❣ [0, 1] ❛♥❞ )✉❝❝❡))✐✈❡❧②

%❡♠♦✈✐♥❣ $❤❡ ♦♣❡♥ ♠✐❞❞❧❡ $❤✐%❞ ♦❢ ❛❧❧ %❡♠❛✐♥✐♥❣ ✐♥$❡%✈❛❧)✳ ❚❤❡ ❞✐)$%✐❜✉$✐♦♥ ❢✉♥❝$✐♦♥ ✐) $❤❡ ❈❛♥$♦% ❢✉♥❝$✐♦♥

❣✐✈❡♥ ❜② F (x) = 1
2 ❢♦% x ∈ [ 13 ,

2
3 ]✱ F (x) = 1

4 ❢♦% x ∈ [ 19 ,
2
9 ]✱ F (x) = 3

4 ❢♦% x ∈ [ 79 ,
8
9 ]✱ ❡$❝✳✳✳

❆♥❛❧♦❣♦✉) $♦ $❤❡ )✐♥❣✉❧❛%✴❛❜)♦❧✉$❡❧② ❝♦♥$✐♥✉♦✉) ❞❡❝♦♠♣♦)✐$✐♦♥ ✐♥ $❤❡ ❚❤❡♦%❡♠ ✸✳✺✱ ✇❡ ❤❛✈❡ $❤❡ ❢♦❧❧♦✇✐♥❣

%❡)✉❧$ ❢♦% ✜♥✐$❡ ❇♦%❡❧ ♠❡❛)✉%❡) ♦♥ R✳

❚❤❡♦*❡♠ ✸✳✻✳ ❆♥② ✜♥✐&❡ ❇♦$❡❧ ♠❡❛"✉$❡ ❝❛♥ ❜❡ ✉♥✐3✉❡❧② ✇$✐&&❡♥ ❛"

µ = µd + µc

✇❤❡$❡ µd ✐" ❞✐"❝$❡&❡ ❛♥❞ µc ✐" ❝♦♥&✐♥✉♦✉"✳

✶✺



 !♦♦❢✳ ▲❡" E = {x ∈ R : µ ({x}) > 0}✳

❋♦& ❛♥② ❝♦✉♥"❛❜❧❡ F ⊆ E✱
∑

x∈F µ({x}) = µ(F ) < ∞ ❜② ❝♦✉♥"❛❜❧❡ ❛❞❞✐"✐✈✐"② ❛♥❞ ✜♥✐"❡♥❡33✳

■" ❢♦❧❧♦✇3 "❤❛" Ek = {x ∈ R : µ ({x}) > k−1} ✐3 ✜♥✐"❡ ❢♦& ❛❧❧ k ∈ N✳

❈♦♥3❡9✉❡♥"❧②✱ E =
⋃∞

k=1 Ek ✐3 ❛ ❝♦✉♥"❛❜❧❡ ✉♥✐♦♥ ♦❢ ✜♥✐"❡ 3❡"3 ❛♥❞ "❤✉3 ✐3 ❝♦✉♥"❛❜❧❡✳

❚❤❡ &❡3✉❧" ❢♦❧❧♦✇3 ❜② ❞❡✜♥✐♥❣ µd(A) = µ(A ∩ E)✱ µc(A) = µ(A ∩ EC)✳ �

✭❚❤❡ ♣&♦♦❢ ✐3 ❡❛3✐❧② ♠♦❞✐✜❡❞ "♦ ❛❝❝♦♠♠♦❞❛"❡ σ✲✜♥✐"❡ ♠❡❛3✉&❡3✳✮

❚❤✉3 ✐❢ µ ✐3 ❛ ♣&♦❜❛❜✐❧✐"② ❞✐3"&✐❜✉"✐♦♥✱ "❤❡♥ ✐" ❢♦❧❧♦✇3 ❢&♦♠ "❤❡ ❘❛❞♦♥✲◆✐❦♦❞②♠ ❚❤❡♦&❡♠ "❤❛" µ = µac + µs

✇❤❡&❡ µac ≪ m ❛♥❞ µs⊥m✳ ❇② ❚❤❡♦&❡♠ ✸✳✻✱ µs = µd + µsc ✇❤❡&❡ µd ✐3 ❞✐3❝&❡"❡ ❛♥❞ µsc ✐3 3✐♥❣✉❧❛&

❝♦♥"✐♥✉♦✉3✳ ❙✐♥❝❡ µ ✐3 ❛ ♣&♦❜❛❜✐❧✐"② ♠❡❛3✉&❡✱ ❡❛❝❤ ♦❢ µac, µd, µsc ✐3 ✜♥✐"❡ ❛♥❞ "❤✉3 ✐3 ✐❞❡♥"✐❝❛❧❧② ③❡&♦ ♦& ❛

♠✉❧"✐♣❧❡ ♦❢ ❛ ♣&♦❜❛❜✐❧✐"② ♠❡❛3✉&❡✳ ❆❝❝♦&❞✐♥❣❧②✱ ✇❡ ❤❛✈❡

❚❤❡♦$❡♠ ✸✳✼✳ ❊✈❡!② ❞✐+,!✐❜✉,✐♦♥ ✐+ ❛ ❝♦♥✈❡① ❝♦♠❜✐♥❛,✐♦♥ ♦❢ ❛♥ ❛❜+♦❧✉,❡❧② ❝♦♥,✐♥✉♦✉+ ❞✐+,!✐❜✉,✐♦♥✱ ❛ ❞✐+❝!❡,❡

❞✐+,!✐❜✉,✐♦♥✱ ❛♥❞ ❛♥ ❛❜+♦❧✉,❡❧② +✐♥❣✉❧❛! ❞✐+,!✐❜✉,✐♦♥✳

❘❡♠❛!❦✳ ❚❤❡♦&❡♠ ✸✳✼ ✐3 ♥♦" ❡3♣❡❝✐❛❧❧② ✉3❡❢✉❧ ✐♥ ♣&❛❝"✐❝❡✳ ❘❛"❤❡&✱ ✇❡ ♠❡♥"✐♦♥ "❤❡3❡ ❢❛❝"3 ❜❡❝❛✉3❡ 3♦ ♠❛♥②

✐♥"&♦❞✉❝"♦&② "❡①"3 ♠❛❦❡ ❛ ❜✐❣ ❞❡❛❧ ❛❜♦✉" ❞✐3"✐♥❣✉✐3❤✐♥❣ ❜❡"✇❡❡♥ ❞✐3❝&❡"❡ ❛♥❞ ❝♦♥"✐♥✉♦✉3 &❛♥❞♦♠ ✈❛&✐❛❜❧❡3✳

❚❤❡&❡ ❛&❡ ❝❡&"❛✐♥❧② ✐♠♣♦&"❛♥" ♣&❛❝"✐❝❛❧ ❞✐✛❡&❡♥❝❡3 ❜❡"✇❡❡♥ "❤❡ "✇♦✱ ❛♥❞ ✐" ✐3 ✇♦&"❤ ❦♥♦✇✐♥❣ "❤❛" ♠♦&❡

♣❛"❤♦❧♦❣✐❝❛❧ ❡①❛♠♣❧❡3 ❡①✐3" ❛3 ✇❡❧❧✳ ❍♦✇❡✈❡&✱ ♦♥❡ ♦❢ "❤❡ ❛❞✈❛♥"❛❣❡3 ♦❢ "❤❡ ♠❡❛3✉&❡ "❤❡♦&❡"✐❝ ❛♣♣&♦❛❝❤ ✐3

❛ ♠♦&❡ ✉♥✐✜❡❞ ♣❡&3♣❡❝"✐✈❡✱ ❛♥❞ ❡①❝❡33✐✈❡ ❢♦❝✉3 ♦♥ ❞✐✛❡&❡♥❝❡3 ✐♥ ❞❡"❛✐❧ ❝❛♥ 3♦♠❡"✐♠❡3 ♦❜3❝✉&❡ "❤❡ ❜✐❣❣❡&

♣✐❝"✉&❡✳

✶✻


