
✽✳ ❇♦"❡❧✲❈❛♥)❡❧❧✐ ▲❡♠♠❛-

●✐✈❡♥ ❛ (❡)✉❡♥❝❡ ♦❢ ❡✈❡♥.( A1, A2, ... ∈ F ✱ ✇❡ ❞❡✜♥❡

lim supnAn :=
∞⋂

n=1

∞⋃

m=n

Am = {ω : ω ✐( ✐♥ ✐♥✜♥✐.❡❧② ♠❛♥② An},

✇❤✐❝❤ ✐( ♦❢.❡♥ ❛❜❜8❡✈✐❛.❡❞ ❛( {An ✐✳♦✳} ✇❤❡8❡ ✏✐✳♦✳✑ (.❛♥❞( ❢♦8 ✏✐♥✜♥✐.❡❧② ♦❢.❡♥✳✑

❚❤❡ ♥♦♠❡♥❝❧❛.✉8❡ ❞❡8✐✈❡( ❢8♦♠ .❤❡ (.8❛✐❣❤.✲❢♦8✇❛8❞ ✐❞❡♥.✐.② lim sup
n→∞

1An
= 1lim supnAn

✳

❖♥❡ ❝❛♥ ❧✐❦❡✇✐(❡ ❞❡✜♥❡ .❤❡ ❧✐♠✐. ✐♥❢❡8✐♦8 ❜②

lim infnAn :=

∞⋃

n=1

∞⋂

m=n

Am = {ω : ω ✐( ✐♥ ❛❧❧ ❜✉. ✜♥✐.❡❧② ♠❛♥② An},

❜✉. ❧✐..❧❡ ✐( ❣❛✐♥❡❞ ❜② ❞♦✐♥❣ (♦ (✐♥❝❡ lim infnAn =
(
lim supnA

C
n

)C
✳

❚♦ ✐❧❧✉(.8❛.❡ .❤❡ ✉.✐❧✐.② ♦❢ .❤✐( ♥♦.✐♦♥✱ ♦❜(❡8✈❡ .❤❛. Xn → X ❛✳(✳ ✐❢ ❛♥❞ ♦♥❧② ✐❢ P (|Xn −X| > ε ✐✳♦✳) = 0

❢♦8 ❡✈❡8② ε > 0✳

▲❡♠♠❛ ✽✳✶ ✭❇♦8❡❧✲❈❛♥.❡❧❧✐ ■✮✳ ■❢

∑∞
n=1 P (An) < ∞✱ #❤❡♥ P (An ✐✳♦✳) = 0✳

*+♦♦❢✳ ▲❡. N =
∑∞

n=1 1An
❞❡♥♦.❡ .❤❡ ♥✉♠❜❡8 ♦❢ ❡✈❡♥.( .❤❛. ♦❝❝✉8✳ ❚♦♥❡❧❧✐✬( .❤❡♦8❡♠ ✭♦8 ▼❈❚✮ ❣✐✈❡(

E[N ] =

∞∑

n=1

E[1An
] =

∞∑

n=1

P (An) < ∞,

(♦ ✐. ♠✉(. ❜❡ .❤❡ ❝❛(❡ .❤❛. N < ∞ ❛✳(✳ �

❆ ♥✐❝❡ ❛♣♣❧✐❝❛.✐♦♥ ♦❢ .❤❡ ✜8(. ❇♦8❡❧✲❈❛♥.❡❧❧✐ ❧❡♠♠❛ ✐(

❚❤❡♦*❡♠ ✽✳✶✳ Xn →p X ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❡✈❡+② 1✉❜1❡4✉❡♥❝❡ {Xnm
}∞m=1 ❤❛1 ❛ ❢✉+#❤❡+ 1✉❜1❡4✉❡♥❝❡ {Xnm(k)

}∞k=1

1✉❝❤ #❤❛# Xnm(k)
→ X ❛✳1✳ ❛1 k → ∞✳

*+♦♦❢✳

❙✉♣♣♦(❡ .❤❛. Xn →p X ❛♥❞ ❧❡. {Xnm
}∞m=1 ❜❡ ❛♥② (✉❜(❡)✉❡♥❝❡✳ ❚❤❡♥ Xnm

→p X✱ (♦ ❢♦8 ❡✈❡8② k ∈ N✱

P
(
|Xnm

−X| > 1
k

)
→ 0 ❛( m → ∞✳ ■. ❢♦❧❧♦✇( .❤❛. ✇❡ ❝❛♥ ❝❤♦♦(❡ ❛ ❢✉8.❤❡8 (✉❜(❡)✉❡♥❝❡ {Xnm(k)

}∞k=1 (✉❝❤

.❤❛. P
(∣∣Xnm(k)

−X
∣∣ > 1

k

)
≤ 2−k

❢♦8 ❛❧❧ k ∈ N✳ ❙✐♥❝❡

∞∑

k=1

P

(∣∣Xnm(k)
−X

∣∣ > 1

k

)
≤ 1 < ∞,

.❤❡ ✜8(. ❇♦8❡❧✲❈❛♥.❡❧❧✐ ❧❡♠♠❛ (❤♦✇( .❤❛. P
(∣∣Xnm(k)

−X
∣∣ > 1

k
✐✳♦✳

)
= 0✳

❇❡❝❛✉(❡

{∣∣Xnm(k)
−X

∣∣ > ε ✐✳♦✳

}
⊆

{∣∣Xnm(k)
−X

∣∣ > 1
k
✐✳♦✳

}
❢♦8 ❡✈❡8② ε > 0✱ ✇❡ (❡❡ .❤❛. Xnm(k)

→ X ❛✳(✳

❚♦ ♣8♦✈❡ .❤❡ ❝♦♥✈❡8(❡✱ ✇❡ ✜8(. ♦❜(❡8✈❡

▲❡♠♠❛ ✽✳✷✳ ▲❡# {yn}
∞
n=1 ❜❡ ❛ 1❡4✉❡♥❝❡ ♦❢ ❡❧❡♠❡♥#1 ✐♥ ❛ #♦♣♦❧♦❣✐❝❛❧ 1♣❛❝❡✳ ■❢ ❡✈❡+② 1✉❜1❡4✉❡♥❝❡ {ynm

}∞m=1

❤❛1 ❛ ❢✉+#❤❡+ 1✉❜1❡4✉❡♥❝❡ {ynm(k)
}∞k=1 #❤❛# ❝♦♥✈❡+❣❡1 #♦ y✱ #❤❡♥ yn → y✳

✹✻



 !♦♦❢✳ ■❢ yn 9 y✱ #❤❡♥ #❤❡'❡ ✐) ❛♥ ♦♣❡♥ )❡# U ∋ y )✉❝❤ #❤❛# ❢♦' ❡✈❡'② N ∈ N✱ #❤❡'❡ ✐) ❛♥ n ≥ N ✇✐#❤

yn /∈ U ✱ ❤❡♥❝❡ #❤❡'❡ ✐) ❛ )✉❜)❡3✉❡♥❝❡ {ynm
}∞m=1 ✇✐#❤ ynm

/∈ U ❢♦' ❛❧❧ m✳ ❇② ❝♦♥)#'✉❝#✐♦♥✱ ♥♦ )✉❜)❡3✉❡♥❝❡

♦❢ {ynm
}∞m=1 ❝❛♥ ❝♦♥✈❡'❣❡ #♦ y✱ ❛♥❞ #❤❡ '❡)✉❧# ❢♦❧❧♦✇) ❜② ❝♦♥#'❛♣♦)✐#✐♦♥✳ �

◆♦✇ ✐❢ ❡✈❡'② )✉❜)❡3✉❡♥❝❡ ♦❢ {Xn}
∞
n=1 ❤❛) ❛ ❢✉'#❤❡' )✉❜)❡3✉❡♥❝❡ #❤❛# ❝♦♥✈❡'❣❡) #♦ X ❛❧♠♦)# )✉'❡❧②✱ #❤❡♥

❛♣♣❧②✐♥❣ ▲❡♠♠❛ ✽✳✷ #♦ #❤❡ )❡3✉❡♥❝❡ yn = P (|Xn −X| > ε) ❢♦' ❛♥ ❛'❜✐#'❛'② ε > 0 )❤♦✇) #❤❛# Xn →p X✳ �

❘❡♠❛!❦✳ ❙✐♥❝❡ #❤❡'❡ ❛'❡ )❡3✉❡♥❝❡) ✇❤✐❝❤ ❝♦♥✈❡'❣❡ ✐♥ ♣'♦❜❛❜✐❧✐#② ❜✉# ♥♦# ❛❧♠♦)# )✉'❡❧② ✭❡✳❣✳ ❊①❛♠♣❧❡ ✼✳✶✮✱

✐# ❢♦❧❧♦✇) ❢'♦♠ ❚❤❡♦'❡♠ ✽✳✶ ❛♥❞ ▲❡♠♠❛ ✽✳✷ #❤❛# ❛✳)✳ ❝♦♥✈❡'❣❡♥❝❡ ❞♦❡) ♥♦# ❝♦♠❡ ❢'♦♠ ❛ #♦♣♦❧♦❣②✳

✭■♥ ❝♦♥#'❛)#✱ ♦♥❡ ♦❢ #❤❡ ❤♦♠❡✇♦'❦ ♣'♦❜❧❡♠) )❤♦✇) #❤❛# ❝♦♥✈❡'❣❡♥❝❡ ✐♥ ♣'♦❜❛❜✐❧✐#② ✐) ♠❡#'✐③❛❜❧❡✳✮

❚❤❡♦'❡♠ ✽✳✶ ❝❛♥ )♦♠❡#✐♠❡) ❜❡ ✉)❡❞ #♦ ✉♣❣'❛❞❡ '❡)✉❧#) ❞❡♣❡♥❞✐♥❣ ♦♥ ❛❧♠♦)# )✉'❡ ❝♦♥✈❡'❣❡♥❝❡✳

❋♦' ❡①❛♠♣❧❡✱ ②♦✉ ❛'❡ ❛)❦❡❞ #♦ )❤♦✇ ✐♥ ②♦✉' ❤♦♠❡✇♦'❦ #❤❛# #❤❡ ❛))✉♠♣#✐♦♥) ✐♥ ❋❛#♦✉✬) ❧❡♠♠❛ ❛♥❞ #❤❡

❞♦♠✐♥❛#❡❞ ❝♦♥✈❡'❣❡♥❝❡ #❤❡♦'❡♠ ❝❛♥ ❜❡ ✇❡❛❦❡♥❡❞ #♦ '❡3✉✐'❡ ♦♥❧② ❝♦♥✈❡'❣❡♥❝❡ ✐♥ ♣'♦❜❛❜✐❧✐#②✳

❚♦ ❣❡# ❛ ❢❡❡❧ ❢♦' ❤♦✇ #❤✐) ✇♦'❦)✱ ✇❡ ♣'♦✈❡

❚❤❡♦$❡♠ ✽✳✷✳ ■❢ f ✐, ❝♦♥/✐♥✉♦✉, ❛♥❞ Xn →p X✱ /❤❡♥ f(Xn) →p f(X)✳ ■❢✱ ✐♥ ❛❞❞✐/✐♦♥✱ f ✐, ❜♦✉♥❞❡❞✱ /❤❡♥

E[f(Xn)] → E[f(X)]✳

 !♦♦❢✳ ■❢ {Xnm
} ✐) ❛ )✉❜)❡3✉❡♥❝❡✱ #❤❡♥ ❚❤❡♦'❡♠ ✽✳✶ ❣✉❛'❛♥#❡❡) #❤❡ ❡①✐)#❡♥❝❡ ♦❢ ❛ ❢✉'#❤❡' )✉❜)❡3✉❡♥❝❡

{Xnm(k)
} ✇❤✐❝❤ ❝♦♥✈❡'❣❡) #♦ X ❛✳)✳ ❙✐♥❝❡ ❧✐♠✐#) ❝♦♠♠✉#❡ ✇✐#❤ ❝♦♥#✐♥✉♦✉) ❢✉♥❝#✐♦♥)✱ #❤✐) ♠❡❛♥) #❤❛#

f(Xnm(k)
) → f(X) ❛✳)✳ ❚❤❡ ♦#❤❡' ❞✐'❡❝#✐♦♥ ♦❢ ❚❤❡♦'❡♠ ✽✳✶ ♥♦✇ ✐♠♣❧✐❡) #❤❛# f(Xn) →p f(X)✳

■❢ f ✐) ❜♦✉♥❞❡❞ ❛) ✇❡❧❧✱ #❤❡♥ #❤❡ ❞♦♠✐♥❛#❡❞ ❝♦♥✈❡'❣❡♥❝❡ #❤❡♦'❡♠ ②✐❡❧❞) E
[
f
(
Xnm(k)

)]
→ E[f(X)]✳

❆♣♣❧②✐♥❣ ▲❡♠♠❛ ✽✳✷ #♦ #❤❡ )❡3✉❡♥❝❡ yn = E[f(Xn)] ❡)#❛❜❧✐)❤❡) #❤❡ )❡❝♦♥❞ ♣❛'# ♦❢ #❤❡ #❤❡♦'❡♠✳

✭❙✐♥❝❡ f ✐) ❜♦✉♥❞❡❞✱ #❤❡ )❛♠❡ ❛'❣✉♠❡♥# )❤♦✇) #❤❛# f(Xn) → f(X) ✐♥ L1
✳✮ �

❲❡ ✇✐❧❧ ♥♦✇ ✉)❡ #❤❡ ✜')# ❇♦'❡❧✲❈❛♥#❡❧❧✐ ❧❡♠♠❛ #♦ ♣'♦✈❡ ❛ ✇❡❛❦ ❢♦'♠ ♦❢ #❤❡ ❙#'♦♥❣ ▲❛✇ ♦❢ ▲❛'❣❡ ◆✉♠❜❡')✳

❚❤❡♦$❡♠ ✽✳✸✳ ▲❡/ X1, X2, ... ❜❡ ✐✳✐✳❞✳ ✇✐/❤ E[X1] = µ ❛♥❞ E
[
X4

1

]
< ∞✳ ■❢ Sn = X1 + ... + Xn✱ /❤❡♥

1
n
Sn → µ ❛❧♠♦,/ ,✉!❡❧②✳

 !♦♦❢✳ ❇② #❛❦✐♥❣ X ′
i = Xi − µ✱ ✇❡ ❝❛♥ )✉♣♣♦)❡ ✇✐#❤♦✉# ❧♦)) ♦❢ ❣❡♥❡'❛❧✐#② #❤❛# µ = 0✳ ◆♦✇

E
[
S4
n

]
= E



(

n∑

i=1

Xi

)


n∑

j=1

Xj




(
n∑

k=1

Xk

)(
n∑

l=1

Xl

)
 = E




∑

1≤i,j,k,l≤n

XiXjXkXl


 .

❇② ✐♥❞❡♣❡♥❞❡♥❝❡✱ #❡'♠) ♦❢ #❤❡ ❢♦'♠ E
[
X3

i Xj

]
✱ E

[
X2

i XjXk

]
❛♥❞ E [XiXjXkXl] ❛'❡ ❛❧❧ ③❡'♦ ✭)✐♥❝❡ #❤❡

❡①♣❡❝#❛#✐♦♥ ♦❢ #❤❡ ♣'♦❞✉❝# ✐) #❤❡ ♣'♦❞✉❝# ♦❢ #❤❡ ❡①♣❡❝#❛#✐♦♥)✮✳

❚❤❡ ♦♥❧② ♥♦♥✲✈❛♥✐)❤✐♥❣ #❡'♠) ❛'❡ #❤✉) ♦❢ #❤❡ ❢♦'♠ E
[
X4

i

]
❛♥❞ E

[
X2

i X
2
j

]
✱ ♦❢ ✇❤✐❝❤ #❤❡'❡ ❛'❡ n ♦❢ #❤❡ ❢♦'♠❡'

❛♥❞ 3n(n− 1) ♦❢ #❤❡ ❧❛##❡' ✭❞❡#❡'♠✐♥❡❞ ❜② #❤❡

(
n
2

)
✇❛②) ♦❢ ♣✐❝❦✐♥❣ #❤❡ ✐♥❞✐❝❡) ❛♥❞ #❤❡ 2

(
4
2

)
✇❛②) ♦❢ ♣✐❝❦✐♥❣

✇❤✐❝❤ #✇♦ ♦❢ #❤❡ ❢♦✉' )✉♠) ❣❛✈❡ '✐)❡ #♦ #❤❡ )♠❛❧❧❡' ❛♥❞ ❧❛'❣❡' ✐♥❞✐❝❡)✮✳
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❇❡❝❛✉%❡ E
[
X2

i X
2
j

]
= E

[
X2

i

]2
≤ E

[
X4

i

]
✱ ✇❡ ❤❛✈❡

E
[
S4
n

]
≤ nE

[
X4

1

]
+ 3n(n− 1)E

[
X2

1

]2
≤ Cn2

✇❤❡*❡ C = 3E
[
X4

1

]
< ∞ ❜② ❛%%✉♠♣/✐♦♥✳

■/ ❢♦❧❧♦✇% ❢*♦♠ ❈❤❡❜②❝❤❡✈✬% ✐♥❡9✉❛❧✐/② /❤❛/

P

(
1

n
|Sn| > ε

)
= P

(
|Sn|

4
> (nε)4

)
≤

C

n2ε4
,

❤❡♥❝❡

∞∑

n=1

P

(
1

n
|Sn| > ε

)
≤ Cε−4

∞∑

n=1

1

n2
< ∞.

❚❤❡*❡❢♦*❡✱ P
(
1
n
|Sn| > ε ✐✳♦✳

)
= 0 ❜② ❇♦*❡❧✲❈❛♥/❡❧❧✐✱ %♦✱ %✐♥❝❡ ε > 0 ✇❛% ❛*❜✐/*❛*②✱ 1

n
Sn → 0 ❛✳%✳ �

❚❤❡ ❝♦♥✈❡*%❡ ♦❢ /❤❡ ❇♦*❡❧✲❈❛♥/❡❧❧✐ ❧❡♠♠❛ ✐% ❢❛❧%❡ ✐♥ ❣❡♥❡*❛❧✿

❊①❛♠♣❧❡ ✽✳✶✳ ▲❡/ Ω = [0, 1]✱ F = ❇♦*❡❧ %❡/%✱ P = ▲❡❜❡%❣✉❡ ♠❡❛%✉*❡✱ ❛♥❞ ❞❡✜♥❡ An = (0, 1
n
)✳

❚❤❡♥

∑∞
n=1 P (An) =

∑∞
n=1

1
n
= ∞ ❛♥❞ lim supn→∞ An = ∅✳

❍♦✇❡✈❡*✱ ✐❢ /❤❡ A′
ns ❛*❡ ✐♥❞❡♣❡♥❞❡♥/✱ /❤❡♥ ✇❡ ❤❛✈❡

▲❡♠♠❛ ✽✳✸ ✭❇♦*❡❧✲❈❛♥/❡❧❧✐ ■■✮✳ ■❢ "❤❡ ❡✈❡♥"' A1, A2, ... ❛)❡ ✐♥❞❡♣❡♥❞❡♥"✱ "❤❡♥

∑∞
n=1 P (An) = ∞ ✐♠♣❧✐❡'

P (An ✐✳♦✳) = 1✳

2)♦♦❢✳ ❋♦* ❡❛❝❤ n ∈ N✱ /❤❡ %❡9✉❡♥❝❡ Bn,1, Bn,2, ... ❞❡✜♥❡❞ ❜② Bn,k =
⋂n+k

m=n A
C
m ❞❡❝*❡❛%❡% /♦ Bn :=

⋂∞
m=n A

C
m✳

❆❧%♦✱ %✐♥❝❡ /❤❡ Am✬% ✭❛♥❞ /❤✉% /❤❡✐* ❝♦♠♣❧❡♠❡♥/%✮ ❛*❡ ✐♥❞❡♣❡♥❞❡♥/✱ ✇❡ ❤❛✈❡

P (Bn,k) = P

(
n+k⋂

m=n

AC
m

)
=

n+k∏

m=n

P
(
AC

m

)

=
n+k∏

m=n

(1− P (Am)) ≤
n+k∏

m=n

e−P (Am) = e−
∑

n+k

m=n
P (Am)

✇❤❡*❡ /❤❡ ✐♥❡9✉❛❧✐/② ✐% ❞✉❡ /♦ /❤❡ ❚❛②❧♦* %❡*✐❡% ❜♦✉♥❞ e−x ≥ 1− x ❢♦* x ∈ [0, 1]✳

❇❡❝❛✉%❡

∑∞
m=n P (Am) = ∞ ❜② ❛%%✉♠♣/✐♦♥✱ ✐/ ❢♦❧❧♦✇% ❢*♦♠ ❝♦♥/✐♥✉✐/② ❢*♦♠ ❛❜♦✈❡ /❤❛/

P (Bn) = lim
k→∞

P (Bn,k) ≤ lim
k→∞

e−
∑

n+k

m=n
P (Am) = 0,

❤❡♥❝❡ P (
⋃∞

m=n Am) = P
(
BC

n

)
= 1 ❢♦* ❛❧❧ n ∈ N✳

❙✐♥❝❡

⋃∞
m=n Am ց lim supn→∞ An = {An ✐✳♦✳⑥✱ ❛♥♦/❤❡* ❛♣♣❧✐❝❛/✐♦♥ ♦❢ ❝♦♥/✐♥✉✐/② ❢*♦♠ ❛❜♦✈❡ ❣✐✈❡%

P (An ✐✳♦✳) = lim
n→∞

P

(
∞⋃

m=n

Am

)
= 1. �

❚❛❦❡♥ /♦❣❡/❤❡*✱ /❤❡ ❇♦*❡❧✲❈❛♥/❡❧❧✐ ❧❡♠♠❛% %❤♦✇ /❤❛/ ✐❢ A1, A2, ... ✐% ❛ %❡9✉❡♥❝❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥/ ❡✈❡♥/%✱ /❤❡♥

/❤❡ ❡✈❡♥/ {An ✐✳♦✳} ♦❝❝✉*% ❡✐/❤❡* ✇✐/❤ ♣*♦❜❛❜✐❧✐/② 0 ♦* ♣*♦❜❛❜✐❧✐/② 1✳

❚❤✉% ✐❢ A1, A2, ... ❛*❡ ✐♥❞❡♣❡♥❞❡♥/✱ /❤❡♥ P (An ✐✳♦✳) > 0 ✐♠♣❧✐❡% P (An ✐✳♦✳) = 1✳

✹✽



■! ❢♦❧❧♦✇& ❢'♦♠ !❤❡ &❡❝♦♥❞ ❇♦'❡❧✲❈❛♥!❡❧❧✐ ❧❡♠♠❛ !❤❛! ✐♥✜♥✐!❡❧② ♠❛♥② ✐♥❞❡♣❡♥❞❡♥! !'✐❛❧& ♦❢ ❛ '❛♥❞♦♠ ❡①♣❡'✐✲

♠❡♥! ✇✐❧❧ ❛❧♠♦&! &✉'❡❧② '❡&✉❧! ✐♥ ✐♥✜♥✐!❡❧② ♠❛♥② '❡❛❧✐③❛!✐♦♥& ♦❢ ❛♥② ❡✈❡♥! ❤❛✈✐♥❣ ♣♦&✐!✐✈❡ ♣'♦❜❛❜✐❧✐!②✳

❋♦' ❡①❛♠♣❧❡✱ ❣✐✈❡♥ ❛♥② ✜♥✐!❡ &!'✐♥❣ ❢'♦♠ ❛ ✜♥✐!❡ ❛❧♣❤❛❜❡! ✭❡✳❣✳ !❤❡ ❝♦♠♣❧❡!❡ ✇♦'❦& ♦❢ ❙❤❛❦❡&♣❡❛'❡ ✐♥

❝❤'♦♥♦❧♦❣✐❝❛❧ ♦'❞❡'✮✱ ❛♥ ✐♥✜♥✐!❡ &!'✐♥❣ ✇✐!❤ ❝❤❛'❛❝!❡'& ❝❤♦&❡♥ ✐♥❞❡♣❡♥❞❡♥!❧② ❛♥❞ ✉♥✐❢♦'♠❧② ❢'♦♠ !❤❡ ❛❧♣❤❛❜❡!

✭♣'♦❞✉❝❡❞ ❜② !❤❡ ♣'♦✈❡'❜✐❛❧ ♠♦♥❦❡② ❛! ❛ !②♣❡✇'✐!❡'✱ &❛②✮ ✇✐❧❧ ❛❧♠♦&! &✉'❡❧② ❝♦♥!❛✐♥ ✐♥✜♥✐!❡❧② ♠❛♥② ✐♥&!❛♥❝❡&

♦❢ &❛✐❞ &!'✐♥❣✳

❙✐♠✐❧❛'❧②✱ ♠❛♥② ❧❡❛❞✐♥❣ ❝♦&♠♦❧♦❣✐❝❛❧ !❤❡♦'✐❡& ✐♠♣❧② !❤❡ ❡①✐&!❡♥❝❡ ♦❢ ✐♥✜♥✐!❡❧② ♠❛♥② ✉♥✐✈❡'&❡& ✇❤✐❝❤ ♠❛② ❜❡

'❡❣❛'❞❡❞ ❛& ❜❡✐♥❣ ✐✳✐✳❞✳ ✇✐!❤ !❤❡ ❝✉''❡♥! &!❛!❡ ♦❢ ♦✉' ✉♥✐✈❡'&❡ ❤❛✈✐♥❣ ♣♦&✐!✐✈❡ ♣'♦❜❛❜✐❧✐!②✳ ■❢ ❛♥② ♦❢ !❤❡&❡

!❤❡♦'✐❡& ✐& !'✉❡✱ !❤❡♥ ❇♦'❡❧✲❈❛♥!❡❧❧✐ &❛②& !❤❛! !❤❡'❡ ❛'❡ ✐♥✜♥✐!❡❧② ♠❛♥② ❝♦♣✐❡& ♦❢ ✉& !❤'♦✉❣❤♦✉! !❤❡ ♠✉❧!✐✈❡'&❡

❤❛✈✐♥❣ !❤✐& ❞✐&❝✉&&✐♦♥✦

❆ ♠♦'❡ &❡'✐♦✉& ❛♣♣❧✐❝❛!✐♦♥ ❞❡♠♦♥&!'❛!❡& !❤❡ ♥❡❝❡&&✐!② ♦❢ !❤❡ ✐♥!❡❣'❛❜✐❧✐!② ❛&&✉♠♣!✐♦♥ ✐♥ !❤❡ &!'♦♥❣ ❧❛✇✳

❚❤❡♦$❡♠ ✽✳✹✳ ■❢ X1, X2, ... ❛#❡ ✐✳✐✳❞✳ ✇✐)❤ E |X1| = ∞✱ )❤❡♥ P (|Xn| ≥ n ✐✳♦✳) = 1✳

❚❤✉0 ✐❢ Sn =

n∑

i=1

Xi✱ )❤❡♥ P

(
lim
n→∞

Sn

n
❡①✐0)0 ✐♥ R

)
= 0✳

2#♦♦❢✳ ▲❡♠♠❛ ✼✳✷ ❛♥❞ !❤❡ ❢❛❝! !❤❛! G(x) := P (|X1| > x) ✐& ♥♦♥✐♥❝'❡❛&✐♥❣ ❣✐✈❡

E |X1| =

ˆ ∞

0

P (|X1| > x) dx ≤
∞∑

n=0

P (|X1| > n) ≤
∞∑

n=0

P (|X1| ≥ n) .

❇❡❝❛✉&❡ E |X1| = ∞ ❛♥❞ !❤❡ X ′
ns ❛'❡ ✐✳✐✳❞✳✱ ✐! ❢♦❧❧♦✇& ❢'♦♠ !❤❡ &❡❝♦♥❞ ❇♦'❡❧✲❈❛♥!❡❧❧✐ ❧❡♠♠❛ !❤❛!

P (|Xn| ≥ n ✐✳♦✳) = 1✳

❚♦ ❡&!❛❜❧✐&❤ !❤❡ &❡❝♦♥❞ ❝❧❛✐♠ ✇❡ ✇✐❧❧ &❤♦✇ !❤❛! C =
{
limn→∞

Sn

n
❡①✐&!& ✐♥ R

}
❛♥❞ {|Xn| ≥ n ✐✳♦✳} ❛'❡

❞✐&❥♦✐♥!✱ ❤❡♥❝❡ P (|Xn| ≥ n ✐✳♦✳) = 1 ✐♠♣❧✐❡& P (C) = 0✳

❚♦ !❤✐& ❡♥❞✱ ♦❜&❡'✈❡ !❤❛!

Sn

n
−

Sn+1

n+ 1
=

(n+ 1)Sn − n(Sn +Xn+1)

n(n+ 1)
=

Sn

n(n+ 1)
−

Xn+1

n+ 1
.

◆♦✇ &✉♣♣♦&❡ !❤❛! ω ∈ C✳ ❚❤❡♥ ✐! ♠✉&! ❜❡ !❤❡ ❝❛&❡ !❤❛! limn→∞
Sn(ω)
n(n+1) = 0✱ &♦ !❤❡'❡ ✐& ❛♥ N ∈ N ✇✐!❤∣∣∣ Sn(ω)

n(n+1)

∣∣∣ < 1
2 ✇❤❡♥❡✈❡' n ≥ N ✳

■❢ ω ∈ {|Xn| ≥ n ✐✳♦✳} ❛& ✇❡❧❧✱ !❤❡♥ !❤❡'❡ ✇♦✉❧❞ ❜❡ ✐♥✜♥✐!❡❧② ♠❛♥② n ≥ N ✇✐!❤

|Xn(ω)|
n

≥ 1✳

❇✉! !❤✐& ✇♦✉❧❞ ♠❡❛♥ !❤❛!

∣∣∣Sn(ω)
n

− Sn+1(ω)
n+1

∣∣∣ =
∣∣∣ Sn(ω)
n(n+1) −

Xn+1(ω)
n+1

∣∣∣ > 1
2 ❢♦' ✐♥✜♥✐!❡❧② ♠❛♥② n✱ &♦ !❤❛! !❤❡

&❡K✉❡♥❝❡

{
Sn(ω)

n

}∞

n=1
✐& ♥♦! ❈❛✉❝❤②✱ ❝♦♥!'❛❞✐❝!✐♥❣ ω ∈ C✳ �

❖✉' ♥❡①! ❡①❛♠♣❧❡ ✐& ❛ !②♣✐❝❛❧ ❛♣♣❧✐❝❛!✐♦♥ ✇❤❡'❡ !❤❡ !✇♦ ❇♦'❡❧✲❈❛♥!❡❧❧✐ ❧❡♠♠❛& ❛'❡ ✉&❡❞ !♦❣❡!❤❡' !♦ ♦❜!❛✐♥

'❡&✉❧!& ♦♥ !❤❡ ❧✐♠✐! &✉♣❡'✐♦' ♦❢ ❛ ✭&✉✐!❛❜❧② &❝❛❧❡❞✮ &❡K✉❡♥❝❡ ♦❢ ✐✳✐✳❞✳ '❛♥❞♦♠ ✈❛'✐❛❜❧❡&✳

❊①❛♠♣❧❡ ✽✳✷✳ ▲❡! X1, X2, ... ❜❡ ❛ &❡K✉❡♥❝❡ ♦❢ ✐✳✐✳❞✳ ❡①♣♦♥❡♥!✐❛❧ '❛♥❞♦♠ ✈❛'✐❛❜❧❡& ✇✐!❤ '❛!❡ ✶ ✭&♦ !❤❛!

Xi ≥ 0 ✇✐!❤ P (Xi ≤ x) = 1− e−x
✮✳

❲❡ ✇✐❧❧ &❤♦✇ !❤❛!

lim sup
n→∞

Xn

log(n)
= 1 ❛✳&✳

✹✾



❋✐"#$ ♦❜#❡"✈❡ $❤❛$

P

(
Xn

log(n)
≥ 1

)
= P (Xn ≥ log(n)) = P (Xn > log(n)) = e− log(n) =

1

n
,

#♦

∞∑

n=1

P

(
Xn

log(n)
≥ 1

)
=

∞∑

n=1

1

n
= ∞,

$❤✉#✱ #✐♥❝❡ $❤❡ X ′
ns ❛"❡ ✐♥❞❡♣❡♥❞❡♥$✱ $❤❡ #❡❝♦♥❞ ❇♦"❡❧✲❈❛♥$❡❧❧✐ ❧❡♠♠❛ ✐♠♣❧✐❡# $❤❛$ P

(
Xn

log(n) ≥ 1 ✐✳♦✳
)
= 1✱

❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ $❤❛$ lim supn→∞
Xn

log(n) ≥ 1 ❛❧♠♦#$ #✉"❡❧②✳

❖♥ $❤❡ ♦$❤❡" ❤❛♥❞✱ ❢♦" ❛♥② ε > 0✱

P

(
Xn

log(n)
≥ 1 + ε

)
= P (Xn > (1 + ε) log(n)) =

1

n1+ε
,

✇❤✐❝❤ ✐# #✉♠♠❛❜❧❡✱ #♦ ✐$ ❢♦❧❧♦✇# ❢"♦♠ $❤❡ ✜"#$ ❇♦"❡❧✲❈❛♥$❡❧❧✐ ❧❡♠♠❛ $❤❛$ P
(

Xn

log(n) ≥ 1 + ε ✐✳♦✳
)
= 0✳

❙✐♥❝❡ ε > 0 ✇❛# ❛"❜✐$"❛"②✱ $❤✐# ♠❡❛♥# $❤❛$ lim supn→∞
Xn

log(n) ≤ 1 ❛❧♠♦#$ #✉"❡❧②✱ ❛♥❞ $❤❡ ❝❧❛✐♠ ✐# ♣"♦✈❡❞✳

❲❡ ❝♦♥❝❧✉❞❡ ✇✐$❤ ❛ ❝✉$❡ ❡①❛♠♣❧❡ ✐♥ ✇❤✐❝❤ ❛♥ ❛✳#✳ ❝♦♥✈❡"❣❡♥❝❡ "❡#✉❧$ ❝❛♥♥♦$ ❜❡ ✉♣❣"❛❞❡❞ $♦ ♣♦✐♥$✇✐#❡
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