
✾✳ ❙!"♦♥❣ ▲❛✇ ♦❢ ▲❛"❣❡ ◆✉♠❜❡"/

❖✉$ ❣♦❛❧ ❛) )❤✐, ♣♦✐♥) ✐, )♦ ,)$❡♥❣)❤❡♥ )❤❡ ❝♦♥❝❧✉,✐♦♥ ♦❢ ❚❤❡♦$❡♠ ✼✳✸ ❢$♦♠ ❝♦♥✈❡$❣❡♥❝❡ ✐♥ ♣$♦❜❛❜✐❧✐)② )♦

❛❧♠♦,) ,✉$❡ ❝♦♥✈❡$❣❡♥❝❡✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣$♦♦❢ ✐, ❞✉❡ )♦ ◆❛,$♦❧❧❛❤ ❊)❡♠❛❞✐✳

❚❤❡♦$❡♠ ✾✳✶ ✭❙)$♦♥❣ ▲❛✇ ♦❢ ▲❛$❣❡ ◆✉♠❜❡$,✮✳ ❙✉♣♣♦$❡ &❤❛& X1, X2, ... ❛)❡ ♣❛✐)✇✐$❡ ✐♥❞❡♣❡♥❞❡♥& ❛♥❞ ✐❞❡♥✲

&✐❝❛❧❧② ❞✐$&)✐❜✉&❡❞ ✇✐&❤ E |X1| < ∞✳ ▲❡& Sn =
∑n

k=1 Xk ❛♥❞ µ = E[X1]✳ ❚❤❡♥

1
n
Sn → µ ❛❧♠♦$& $✉)❡❧② ❛$

n → ∞✳

7)♦♦❢✳

❲❡ ❜❡❣✐♥ ❜② ♥♦)✐♥❣ )❤❛) X+
k = max{Xk, 0} ❛♥❞ X−

k = max{−Xk, 0} ,❛)✐,❢② )❤❡ )❤❡♦$❡♠✬, ❛,,✉♠♣)✐♦♥,✱ ,♦✱

,✐♥❝❡ Xk = X+
k −X−

k ✱ ✇❡ ♠❛② ,✉♣♣♦,❡ ✇✐)❤♦✉) ❧♦,, ♦❢ ❣❡♥❡$❛❧✐)② )❤❛) )❤❡ X ′
ks ❛$❡ ♥♦♥♥❡❣❛)✐✈❡✳

◆❡①)✱ ✇❡ ♦❜,❡$✈❡ )❤❛) ✐) ,✉✣❝❡, )♦ ❝♦♥,✐❞❡$ )$✉♥❝❛)❡❞ ✈❡$,✐♦♥, ♦❢ )❤❡ X ′
ks✿

❈❧❛✐♠ ✾✳✶✳ ■❢ Yk = Xk1 {Xk ≤ k} ❛♥❞ Tn =
∑n

k=1 Yk✱ )❤❡♥
1

n
Tn → µ ❛✳,✳ ✐♠♣❧✐❡,

1

n
Sn → µ ❛✳,✳

7)♦♦❢✳ ▲❡♠♠❛ ✼✳✷ ❛♥❞ )❤❡ ❢❛❝) )❤❛) G(t) = P (X1 > t) ✐, ♥♦♥✐♥❝$❡❛,✐♥❣ ✐♠♣❧②

∞
∑

k=1

P (Xk 6= Yk) =
∞
∑

k=1

P (Xk > k) =
∞
∑

k=1

P (X1 > k) ≤

ˆ ∞

0

P (X1 > t) dt = E |X1| < ∞,

,♦ )❤❡ ✜$,) ❇♦$❡❧✲❈❛♥)❡❧❧✐ ❧❡♠♠❛ ❣✐✈❡, P (Xk 6= Yk ✐✳♦✳) = 0✳ ❚❤✉, ❢♦$ ❛❧❧ ω ✐♥ ❛ ,❡) ♦❢ ♣$♦❜❛❜✐❧✐)② ♦♥❡✱

supn |Sn(ω)− Tn(ω)| < ∞✱ ❤❡♥❝❡

Sn

n
−

Tn

n
→ 0 ❛✳,✳ ❛♥❞ )❤❡ ❝❧❛✐♠ ❢♦❧❧♦✇,✳ �

❚❤❡ )$✉♥❝❛)✐♦♥ ,)❡♣ ,❤♦✉❧❞ ♥♦) ❜❡ )♦♦ ,✉$♣$✐,✐♥❣ ❛, ✐) ✐, ❣❡♥❡$❛❧❧② ❡❛,✐❡$ )♦ ✇♦$❦ ✇✐)❤ ❜♦✉♥❞❡❞ $❛♥❞♦♠

✈❛$✐❛❜❧❡,✳ ❚❤❡ $❡❛,♦♥ )❤❛) ✇❡ $❡❞✉❝❡❞ )❤❡ ♣$♦❜❧❡♠ )♦ )❤❡ Xk ≥ 0 ❝❛,❡ ✐, )❤❛) )❤✐, ❛,,✉$❡, )❤❛) )❤❡ ,❡O✉❡♥❝❡

T1, T2, ... ✐, ♥♦♥❞❡❝$❡❛,✐♥❣✳

❖✉$ ,)$❛)❡❣② ✇✐❧❧ ❜❡ )♦ ♣$♦✈❡ ❝♦♥✈❡$❣❡♥❝❡ ❛❧♦♥❣ ❛ ❝❧❡✈❡$❧② ❝❤♦,❡♥ ,✉❜,❡O✉❡♥❝❡ ❛♥❞ )❤❡♥ ❡①♣❧♦✐) ♠♦♥♦)♦♥✐❝✐)②

)♦ ❤❛♥❞❧❡ ✐♥)❡$♠❡❞✐❛)❡ ✈❛❧✉❡,✳

❙♣❡❝✐✜❝❛❧❧②✱ ❢♦$ α > 1✱ ❧❡) k(n) = ⌊αn⌋✱ )❤❡ ❣$❡❛)❡,) ✐♥)❡❣❡$ ❧❡,, )❤❛♥ ♦$ ❡O✉❛❧ )♦ αn
✳

❈❤❡❜②❝❤❡✈✬, ✐♥❡O✉❛❧✐)② ❛♥❞ ❚♦♥❡❧❧✐✬, )❤❡♦$❡♠ ❣✐✈❡

∞
∑

n=1

P
(
∣

∣Tk(n) − E
[

Tk(n)

]∣

∣ > εk(n)
)

≤

∞
∑

n=1

❱❛$

(

Tk(n)

)

ε2k(n)2
= ε−2

∞
∑

n=1

k(n)−2

k(n)
∑

m=1

❱❛$ (Ym)

= ε−2
∞
∑

m=1

❱❛$ (Ym)
∑

n:k(n)≥m

k(n)−2 ≤ ε−2
∞
∑

m=1

E
[

Y 2
m

]

∑

n:αn≥m

⌊αn⌋−2.

❙✐♥❝❡ ⌊αn⌋ ≥ 1
2α

n
❢♦$ n ≥ 1 ✭❜② ❝❛,✐♥❣ ♦✉) ❛❝❝♦$❞✐♥❣ )♦ αn

,♠❛❧❧❡$ ♦$ ❜✐❣❣❡$ )❤❛♥ 2✮✱

∑

n:αn≥m

⌊αn⌋−2 ≤ 4
∑

n≥log
α
m

α−2n ≤ 4α−2 log
α
m

∞
∑

n=0

α−2n = 4(1− α−2)−1m−2,

❤❡♥❝❡

∞
∑

n=1

P
(∣

∣Tk(n) − E
[

Tk(n)

]∣

∣ > εk(n)
)

≤ ε−2
∞
∑

m=1

E
[

Y 2
m

]

∑

n:αn≥m

[αn]−2

≤ 4(1− α−2)−1ε−2
∞
∑

m=1

E
[

Y 2
m

]

m2
.

✺✶



❆! !❤✐$ ♣♦✐♥!✱ ✇❡ ♥♦!❡ !❤❛!

❈❧❛✐♠ ✾✳✷✳

∞
∑

m=1

E[Y 2
m]

m2
< ∞✳

&'♦♦❢✳ ❇② ▲❡♠♠❛ ✼✳✷✱

E
[

Y 2
m

]

=

ˆ ∞

0

2yP (Ym > y)dy =

ˆ m

0

2yP (Ym > y)dy ≤

ˆ m

0

2yP (X1 > y)dy,

$♦ ❚♦♥❡❧❧✐✬$ !❤❡♦7❡♠ ❣✐✈❡$

∞
∑

m=1

E[Y 2
m]

m2
≤

∞
∑

m=1

m−2

ˆ m

0

2yP (X1 > y)dy = 2

ˆ ∞

0

(

y
∑

m>y

m−2

)

P (X1 > y)dy.

❙✐♥❝❡

ˆ ∞

0

P (X1 > y)dy = E[X1] < ∞✱ ✇❡ ✇✐❧❧ ❜❡ ❞♦♥❡ ✐❢ ✇❡ ❝❛♥ $❤♦✇ !❤❛! y
∑

m>y

m−2
✐$ ✉♥✐❢♦7♠❧② ❜♦✉♥❞❡❞✳

❚♦ $❡❡ !❤❛! !❤✐$ ✐$ !❤❡ ❝❛$❡✱ ♦❜$❡7✈❡ !❤❛!

y
∑

m>y

m−2 ≤

∞
∑

m=1

m−2 =
π2

6
< 2

❢♦7 y ∈ [0, 1]✱ ❛♥❞ ❢♦7 j ≥ 2✱
∞
∑

m=j

m−2 ≤

ˆ ∞

j−1

x−2dx = (j − 1)−1,

$♦

y
∑

m>y

m−2 = y

∞
∑

m=⌊y⌋+1

m−2 ≤
y

⌊y⌋
≤ 2

❢♦7 y > 1✳ �

■! ❢♦❧❧♦✇$ !❤❛!

∞
∑

n=1

P
(∣

∣Tk(n) − E
[

Tk(n)

]∣

∣ > εk(n)
)

< ∞✱ $♦✱ $✐♥❝❡ ε > 0 ✐$ ❛7❜✐!7❛7②✱ !❤❡ ✜7$! ❇♦7❡❧✲❈❛♥!❡❧❧✐

❧❡♠♠❛ ✐♠♣❧✐❡$ !❤❛!

Tk(n) − E
[

Tk(n)

]

k(n)
→ 0 ❛✳$✳

◆♦✇ lim
k→∞

E[Yk] = E[X1] ❜② !❤❡ ❞♦♠✐♥❛!❡❞ ❝♦♥✈❡7❣❡♥❝❡ !❤❡♦7❡♠✱ $♦ limn→∞

E
[

Tk(n)

]

k(n)
= E[X1]✳

❚❤✉$ ✇❡ ❤❛✈❡ $❤♦✇♥ !❤❛!

Tk(n)

k(n)
→ µ ❛❧♠♦$! $✉7❡❧②✳

❋✐♥❛❧❧②✱ ✐❢ k(n) ≤ m < k(n+ 1)✱ !❤❡♥

k(n)

k(n+ 1)
·
Tk(n)

k(n)
=

Tk(n)

k(n+ 1)
≤

Tm

m
≤

Tk(n+1)

k(n)
=

Tk(n+1)

k(n+ 1)
·
k(n+ 1)

k(n)

$✐♥❝❡ Tn ✐$ ♥♦♥❞❡❝7❡❛$✐♥❣✳

❇❡❝❛✉$❡

k(n+ 1)

k(n)
=

⌊

αn+1
⌋

⌊αn⌋
→ α ❛$ n → ∞✱ ✇❡ $❡❡ !❤❛!

µ

α
≤ lim inf

n→∞

Tm

m
≤ lim sup

n→∞

Tm

m
≤ αµ,

❛♥❞ ✇❡✬7❡ ❞♦♥❡ $✐♥❝❡ α > 1 ✐$ ❛7❜✐!7❛7②✳ �

✺✷



❚❤❡ ♥❡①% &❡'✉❧% '❤♦✇' %❤❛% %❤❡ '%&♦♥❣ ❧❛✇ ❤♦❧❞' ✇❤❡♥❡✈❡& E[X1] ❡①✐'%'✳

❚❤❡♦$❡♠ ✾✳✷✳ ▲❡" X1, X2, ... ❜❡ ✐✳✐✳❞✳ ✇✐"❤ E
[

X+
1

]

= ∞ ❛♥❞ E
[

X−
1

]

< ∞✳ ❚❤❡♥

1
n
Sn → ∞ ❛✳,✳

-.♦♦❢✳ ❋♦& ❛♥② M ∈ N✱ ❧❡% XM
i = Xi ∧ M ✳ ❚❤❡♥ %❤❡ XM

i
′s ❛&❡ ✐✳✐✳❞✳ ✇✐%❤ E

∣

∣XM
1

∣

∣ < ∞✱ '♦✱ ✇&✐%✐♥❣

SM
n =

∑n

i=1 X
M
i ✱ ✐% ❢♦❧❧♦✇' ❢&♦♠ ❚❤❡♦&❡♠ ✾✳✶ %❤❛%

1
n
SM
n → E

[

XM
1

]

❛❧♠♦'% '✉&❡❧② ❛' n → ∞✳

◆♦✇ Xi ≥ XM
i ❢♦& ❛❧❧ M ✱ '♦ lim inf

n→∞

Sn

n
≥ lim

n→∞

SM
n

n
= E

[

XM
1

]

✳

❚❤❡ ♠♦♥♦%♦♥❡ ❝♦♥✈❡&❣❡♥❝❡ %❤❡♦&❡♠ ✐♠♣❧✐❡' %❤❛%

lim
M→∞

E
[

(

XM
1

)+
]

= E
[

lim
M→∞

(

XM
1

)+
]

= E
[

X+
1

]

= ∞,

'♦

E
[

XM
1

]

= E
[

(

XM
1

)+
]

− E
[

(

XM
1

)−
]

= E
[

(

XM
1

)+
]

− E
[

X−
1

]

ր ∞,

%❤✉' lim infn→∞
Sn

n
≥ ∞ ❛✳'✳ ❛♥❞ %❤❡ %❤❡♦&❡♠ ❢♦❧❧♦✇'✳ �

❖✉& ✜&'% ❛♣♣❧✐❝❛%✐♦♥ ♦❢ %❤❡ '%&♦♥❣ ❧❛✇ ♦❢ ❧❛&❣❡ ♥✉♠❜❡&' ❝♦♠❡' ❢&♦♠ &❡♥❡✇❛❧ %❤❡♦&②✳

❊①❛♠♣❧❡ ✾✳✶✳ ▲❡% X1, X2, ... ❜❡ ✐✳✐✳❞✳ ✇✐%❤ 0 < X1 < ∞✳✱ ❛♥❞ ❧❡% Tn = X1 + ...+Xn✳ ❍❡&❡ ✇❡ ❛&❡ %❤✐♥❦✐♥❣

♦❢ %❤❡ X ′
is ❛' %✐♠❡' ❜❡%✇❡❡♥ '✉❝❝❡''✐✈❡ ♦❝❝✉&&❡♥❝❡' ♦❢ ❡✈❡♥%' ❛♥❞ Tn ❛' %❤❡ %✐♠❡ ✉♥%✐❧ %❤❡ nth ❡✈❡♥% ♦❝❝✉&'✳

❋♦& ❡①❛♠♣❧❡✱ ❝♦♥'✐❞❡& ❛ ❥❛♥✐%♦& ✇❤♦ &❡♣❧❛❝❡' ❛ ❧✐❣❤% ❜✉❧❜ %❤❡ ✐♥'%❛♥% ✐% ❜✉&♥' ♦✉%✳ ❚❤❡ ✜&'% ❜✉❧❜ ✐' ♣✉%

✐♥ ❛% %✐♠❡ 0 ❛♥❞ Xi ✐' %❤❡ ❧✐❢❡%✐♠❡ ♦❢ %❤❡ ith ❜✉❧❜✳ ❚❤❡♥ Tn ✐' %❤❡ %✐♠❡ %❤❛% %❤❡ nth ❜✉❧❜ ❜✉&♥' ♦✉% ❛♥❞

Nt = sup{n : Tn ≤ t} ✐' %❤❡ ♥✉♠❜❡& ♦❢ ❧✐❣❤% ❜✉❧❜' %❤❛% ❤❛✈❡ ❜✉&♥❡❞ ♦✉% ❜② %✐♠❡ t✳

❚❤❡♦$❡♠ ✾✳✸ ✭❊❧❡♠❡♥%❛&② ❘❡♥❡✇❛❧ ❚❤❡♦&❡♠✮✳ ■❢ E[X1] = µ ≤ ∞✱ "❤❡♥

Nt

t
→

1

µ
❛✳,✳ ❛, t → ∞

✭✇✐"❤ "❤❡ ❝♦♥✈❡♥"✐♦♥ "❤❛"

1
∞ = 0✮✳

-.♦♦❢✳ ❚❤❡♦&❡♠' ✾✳✶ ❛♥❞ ✾✳✷ ✐♠♣❧② %❤❛% lim
n→∞

Tn

n
= µ ❛✳'✳✱ ❛♥❞ ✐% ❢♦❧❧♦✇' ❢&♦♠ %❤❡ ❞❡✜♥✐%✐♦♥ ♦❢ Nt %❤❛%

TNt
≤ t < TNt+1✱ ❤❡♥❝❡

TNt

Nt

≤
t

Nt

<
TNt+1

Nt + 1
·
Nt + 1

Nt

.

❙✐♥❝❡ Tn < ∞ ❢♦& ❛❧❧ n✱ ✇❡ ❤❛✈❡ %❤❛% Nt ր ∞ ❛' t ր ∞✳ ❚❤✉' %❤❡&❡ ✐' ❛ '❡% Ω0 ✇✐%❤ P (Ω0) = 1 '✉❝❤ %❤❛%

lim
n→∞

Tn(ω)

n
= µ ❛♥❞ lim

t→∞
Nt(ω) = ∞✱ ❤❡♥❝❡

TNt(ω)(ω)

Nt(ω)
→ µ,

Nt(ω) + 1

Nt(ω)
→ 1,

❢♦& ❛❧❧ ω ∈ Ω0✳

■% ❢♦❧❧♦✇' %❤❛%

t

Nt

→ µ ♦♥ Ω0✱ ✇❤✐❝❤ ✐♠♣❧✐❡' %❤❡ &❡'✉❧%✳ �

❊①❛♠♣❧❡ ✾✳✷✳ ❆ ❝♦♠♠♦♥ '✐%✉❛%✐♦♥ ✐♥ '%❛%✐'%✐❝' ✐' %❤❛% ♦♥❡ ❤❛' ❛ '❡K✉❡♥❝❡ ♦❢ &❛♥❞♦♠ ✈❛&✐❛❜❧❡' ✇❤✐❝❤ ✐'

❛''✉♠❡❞ %♦ ❜❡ ✐✳✐✳❞✳✱ ❜✉% %❤❡ ✉♥❞❡&❧②✐♥❣ ❞✐'%&✐❜✉%✐♦♥ ✐' ✉♥❦♥♦✇♥✳ ❆ ♣♦♣✉❧❛& ❡'%✐♠❛%❡ ❢♦& %❤❡ %&✉❡ ❞✐'%&✐❜✉%✐♦♥

❢✉♥❝%✐♦♥ F (x) = P (X1 ≤ x) ✐' ❣✐✈❡♥ ❜② %❤❡ ❡♠♣✐&✐❝❛❧ ❞✐'%&✐❜✉%✐♦♥ ❢✉♥❝%✐♦♥

Fn(x) =
1

n

n
∑

i=1

1(−∞,x](Xi).

✺✸



❚❤❛# ✐%✱ ♦♥❡ ❛♣♣+♦①✐♠❛#❡% #❤❡ #+✉❡ ♣+♦❜❛❜✐❧✐#② ♦❢ ❜❡✐♥❣ ❛# ♠♦%# x ✇✐#❤ #❤❡ ♦❜%❡+✈❡❞ ❢+❡7✉❡♥❝② ♦❢ ✈❛❧✉❡% ≤ x

✐♥ #❤❡ %❛♠♣❧❡✳ ❚❤❡ %#+♦♥❣ ❧❛✇ ♣+♦✈✐❞❡% %♦♠❡ ❥✉%#✐✜❝❛#✐♦♥ ❢♦+ #❤✐% ♠❡#❤♦❞ ♦❢ ✐♥❢❡+❡♥❝❡ ❜② %❤♦✇✐♥❣ #❤❛# ❢♦+

❡✈❡+② x ∈ R✱ Fn(x) → F (x) ❛❧♠♦%# %✉+❡❧② ❛% n → ∞✳ ❚❤❡ ♥❡①# +❡%✉❧# %❤♦✇% #❤❛# #❤❡ ❝♦♥✈❡+❣❡♥❝❡ ✐% ❛❝#✉❛❧❧②

✉♥✐❢♦+♠ ✐♥ x✳

❚❤❡♦$❡♠ ✾✳✹ ✭●❧✐✈❡♥❦♦✲❈❛♥#❡❧❧✐✮✳ ❆! n → ∞

sup
x

|Fn(x)− F (x)| → 0 ❛✳!✳

$%♦♦❢✳

❋✐① x ∈ R ❛♥❞ ❧❡# Yn = 1 {Xn < x}✳ ❚❤❡♥ Y1, Y2, ... ❛+❡ ✐✳✐✳❞✳ ✇✐#❤ E[Y1] = P (X1 < x) = F (x−)✱ %♦ #❤❡

%#+♦♥❣ ❧❛✇ ✐♠♣❧✐❡% #❤❛# Fn(x
−) = 1

n

∑n

i=1 Yi → F (x−) ❛✳%✳ ❛% n → ∞✳ ❙✐♠✐❧❛+❧②✱ Fn(x) → F (x) ❛✳%✳

■♥ ❣❡♥❡+❛❧✱ ❢♦+ ❛♥② ❝♦✉♥#❛❜❧❡ ❝♦❧❧❡❝#✐♦♥ {xi} ⊆ R✱ #❤❡+❡ ✐% ❛ %❡# Ω0 ✇✐#❤ P (Ω0) = 1 %✉❝❤ #❤❛# Fn(xi)(ω) →

F (xi) ❛♥❞ Fn(x
−
i )(ω) → F (x−

i ) ❢♦+ ❛❧❧ ω ∈ Ω0✳

❋♦+ ❡❛❝❤ k ∈ N✱ j = 1, ..., k − 1✱ %❡# xj,k = inf
{

y : F (y) ≥ j
k

}

✳ ❚❤❡ ♣♦✐♥#✇✐%❡ ❝♦♥✈❡+❣❡♥❝❡ ♦❢ Fn(x) ❛♥❞

Fn(x
−) ✐♠♣❧✐❡% #❤❛# ✇❡ ❝❛♥ ♣✐❝❦ Nk(ω) ∈ N %✉❝❤ #❤❛#

∣

∣Fn(xj,k
−)(ω)− F (xj,k

−)
∣

∣ , |Fn(xj,k)(ω)− F (xj,k)| <
1

k
❢♦+ ❛❧❧ j = 1, ..., k − 1

✇❤❡♥❡✈❡+ n ≥ Nk(ω)✳ ❙❡##✐♥❣ x0,k := −∞ ❛♥❞ xk,k := +∞✱ ✇❡ %❡❡ #❤❛# #❤❡ ❛❜♦✈❡ ✐♥❡7✉❛❧✐#✐❡% ❛❧%♦ ❤♦❧❞ ❢♦+

j = 0, k✳

❚❤✉% ✐❢ xj−1,k < x < xj,k ✇✐#❤ 1 ≤ j ≤ k ❛♥❞ n ≥ Nk✱ #❤❡♥ #❤❡ ✐♥❡7✉❛❧✐#② F (xj,k
−) − F (xj−1,k) <

1
k
❛♥❞

#❤❡ ♠♦♥♦#♦♥✐❝✐#② ♦❢ Fn ❛♥❞ F ✐♠♣❧②

Fn(x) ≤ Fn(xj,k
−) ≤ F (xj,k

−) +
1

k
≤ F (xj−1,k) +

2

k
≤ F (x) +

2

k
,

Fn(x) ≥ Fn(xj−1,k) ≥ F (xj−1,k)−
1

k
≥ F (xj,k

−)−
2

k
≥ F (x)−

2

k
.

❈♦♥%❡7✉❡♥#❧②✱ ✇❡ ❤❛✈❡ supx∈R
|Fn(x)− F (x)| ≤ 2

k
❛♥❞ #❤❡ #❤❡♦+❡♠ ❢♦❧❧♦✇%✳ �

✺✹


