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One of the more remarkable features of mathematics since the time of Pythagoras

has been the phenomenon of impossibility proofs. They have appeared repeatedly

throughout the development of Western mathematics in the following way. A new,

usually powerful methodology and set of accompanying concepts are developed. As

part of the development, the boundaries are tested, the envelope is pushed, obstacles

to extension are found. These give rise to one or more problems which stubbornly

resist solution. At some point, often via a new, ingenious idea, someone proves that

it is logically impossible to solve one of the problems. This is an impossibility proof.

The earliest example of this was the effort by Greeks to show that the diagonal of

a square was commensurate with its sides. Translated into our modern terms, this

was the effort to discover whether the square root of two is rational. The existing,

powerful methodology that had been developed was the arithmetic of whole numbers
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and their ratios. The hope, the presumption, was that this methodology was sufficient

to explain all the phenomena of nature. Indeed, this presumption was a key doctrine of

the Pythagorean religious sect. The discovery that the square root of two could not be

represented as a ratio of whole numbers was deemed so blasphemous that, according

to legend, a Pythagorean disciple who was spreading the word of this discovery was

assassinated.

It is curious that other renowned mathematical problems of the Greeks were shown

to be unsolvable only millennia after they were first posed. This chapter will deal with

three such problems: Trisecting the Angle, Doubling the Cube, and (more briefly)

Squaring the Circle.

Impossibility proofs have been important not only because they represent and illu-

minate the capacity of mathematics to discover and mark its own boundaries. They

have also often represented seminal events in the development of mathematics itself.

The impossibility proofs of Gauss, Abel, and Galois two hundred years ago in connec-

tion with solving equations by radicals marked critical advances in algebra, including

the theory of fields and the enormously important theory of groups. The impossibility

proof of Gödel about 75 years ago gave rise to a great growth of understanding in

mathematical logic and set theory, and it was intimately involved in the development

of computers and computer science.

The work in this chapter will be somewhat less detailed and systematic than the

constructions in previous chapters. In particular, we shall rely to a certain extent on

students’ previous experience with polynomials and with the basics of linear algebra.

1. Rings, Fields, and Vector Spaces

We begin by asking the student to review the definitions of a commutative group

(The Integers, pp. 8, 12–16 ), a commutative ring (The Integers, pp. 20–22 ), and a

field (The Rational Numbers, p. 8 ). Students are assumed to have had a course in
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linear algebra, but we shall briefly re-state the definition of a vector space over a field

F. This concept will be applied to examples that are not usually seen in a beginning

linear algebra course.

Definition 1. Let F be any field. A vector space over F (or an F -vector space)

consists of a commutative group < V, + >, in which the elements of the set V are

called vectors. Furthermore, there is an operation of so-called scalar multiplication of
Definition
of a
vector
space

vectors by elements of the field F : This assigns to every vector v ∈ V and to every

element a ∈ F (called a scalar) a vector a · v ∈ V subject to the following conditions:

For all a, b in F and all v, w in V , we have: (i) (ab) · v = a · (b · v); (ii) 1 · v = v; (iii)

(a+ b) · v = a · v + b · v; (iv) a · (v +w) = a · v +a ·w. (As usual, we shall often replace

terms such as a · v by the juxtaposition av.)

Often we shall omit reference to the operations and simply refer to the vector space

as V .

Examples : (a) Let the field F be R, let V = R2, and let the operations + and · be

the usual addition and scalar multiplication of ordered pairs. This example extends

immediately to the case of n-tuples in place of pairs. Thus, we have the R-vector

space Rn, for any natural number n > 0. (R0 is defined to be the 0-dimensional

vector space consisting only of the real number 0.)

(b) Using the same definitions of adding n-tuples and scalar multiplication of n−
tuples, we can define, for any field F , the vector space F n. Thus, if ai, bi, and c are

elements in F , i = 1, · · · , n, we have (a1, · · · , an)+(b1, · · · , bn) = (a1+b1, · · · , an+bn)

and c(a1, · · · , an) = (ca1, · · · , can).

c) An example that may be less familiar is that of the field F itself, together with its

field operations of addition and multiplication. In this case, the set V is the field F ,

the operation of vector addition is the field operation of addition, the field of scalars is

also F in this case, and the operation of scalar multiplication is the field operation of
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multiplication. It is obvious that the axioms for a field imply that all the conditions

for an F -vector space are met by this example.

(d) Example (c) lends itself to a small but very useful extension. Suppose that F

is a field and that E is a subfield of F . (Recall that this means that E is a field

which a subset of F and the operations of E are the restrictions of the operations

of F .) In this case, we also say that F is an extension of E. Then, we let the set

of vectors be F , the field of scalars be E, and we let the operations be the obvious

ones: vector addition is the field addition of F and scalar multiplication comes from

the field multiplication of an element of E times an element of F .

As in example (c), it is easy to check in this example that the axioms for a field

imply that the conditions for an E-vector space are met. That is, F is a vector space

over the field E.

Notation: To indicate that E is a subfield of F (or F is an extension of E), we

sometimes write E < F .

(e) A small generalization of example (d) will also be useful. Suppose R is a

commutative ring with identity and E is a subring of R that happens to be a field.

That is, every non-zero element of E has a multiplicative inverse in E. In this case,

we may call the ring R an extension of E. If we define vector addition in R to be

ring addition, and we let scalar multiplication of an element of R by an element of E

to be defined by ring multiplication, then, just as in example (d) above, R becomes

a vector space over E.

We’ll see examples of this in a later section.

(e) Every subfield F of the complex numbers C is itself an extension of the field Q

of rational numbers. Hence, every such F is a vector space over Q.

To see this, observe that F must contain the complex numbers 0 and 1, the additive

and multiplicative identities. Since F is closed under addition, it contains arbitrary
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long sums of 1 with itself: that is, it contains every positive integer. It also contains

the negative integers, because it is closed under additive inversion. Finally, it contains

all quotients of integers (with non-zero denominators, of course), because it is closed

under the operation of division by non-zero elements. Thus, the set Q is contained in

the set F . As far as the operations go, both the operations of Q and the operations

of F are restrictions of the operations of C, the former by construction and the latter

by assumption. Therefore, the operations of Q are restrictions of the operations of

F , so Q is a subfield of F .

Definition 2. Suppose that E < F . We call F a finite extension of E if the dimen-
Definition
of finite
field extensions

sion of F as a vector space over E is finite. We denote this dimension by [F : E].

(Sometimes this is called the degree of the extension.) To indicate that the extension

F is not finite, we may sometimes write [F : E] = ∞. To indicate that it is finite, we

may write [F : E] < ∞.

Lemma 1. Suppose that D, E, and F are fields with D < E < F . Assume that

[F : D] < ∞. Then: (a) [E : D] < ∞; (b) [F : E] < ∞.

Proof. Assume [F : D] < ∞.

(a) It follows easily from the definition of a subfield and the axioms of a field that

E is a D−vector subspace of F . Therefore, since F has finite dimension over D, so

does E.

(b) Choose any y ∈ F . Let {x1, . . . , xm} be a basis of F over D. Then we may

write y as a1x1 + . . . + amxm, for some a1, . . . , am ∈ D. Since D < E, the elements

a1, . . . , am ∈ E. Therefore, y is expressed as a linear combination of x1, . . . xm with

coefficients in E. Since y was chosen arbitrarily, this means that x1, . . . , xm span F

over E. It follows from standard arguments of linear algebra that some subset of

{x1, . . . , xm} is a basis of F over E. Therefore, [F : E] < ∞. ¤
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Theorem 1. Suppose that D, E, and F are fields with D < E < F . Assume that
Multiplicative
property
of
dimensions

[F : E] < ∞ and [E : D] < ∞. Then [F : D] < ∞. In fact, [F : D] = [F : E][E : D].

Proof. Let {u1, . . . , um} be a basis of E over D, and let {v1, . . . , vn} be a basis of F

over E. We first show that {uivj : i = 1, . . . , m, j = 1, . . . , n} is linearly independent

over D and then that the set spans F over D. This will prove that {uivj : i =

1, . . . , m, j = 1, . . . , n} is a basis of F over D, and since it has mn elements, the

dimension of F over D is [F : E][E : D], as required.

Suppose that there exist scalars aij ∈ D, i = 1, . . . , m, j = 1, . . . , n such that

(1)
m∑

i=1

n∑
j=1

aijuivj = 0.

Rewrite the left-hand side of equation (1) so as to factor out the vj’s:

(2)

(
m∑

i=1

ai1ui

)
v1 +

(
m∑

i=1

ai2ui

)
v2 + . . . +

(
m∑

i=1

ainui

)
vn = 0.

Since {v1, . . . , vn} is a basis of F over E, and each of the coefficients in equation (2) is

in E, we may conclude that each
∑m

i=1 aijui = 0, for j = 1, . . . , n. But {u1, . . . , um}
is a basis of E over D. Therefore, each aij = 0.

This proves that the set of all uivj’s is linearly independent.

Now choose any y ∈ F . Since {v1, . . . , vn} is a basis of F over E, there are elements

c1, . . . , cn ∈ E such that y = c1v1 + . . . + cnvn. Since {u1, . . . , um} is a basis of E over

D, each cj may be written as follows: cj = a1ju1 + . . . + amjum, where the aij belong

to D. Substituting these into the previous equation and collecting terms, we get

y =
m∑

i=1

n∑
j=1

aijuivj.

Since y was chosen arbitrarily in F , this shows that the products uivj span F over D.

Therefore, as argued above, this completes the proof. ¤
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An example of this multiplicative property for degrees of field extensions is given

in Exercise 9 below.

We close this section with a construction that is often used for fields.

Proposition 1. Let F be a field, and let S be any subset of F such that 1 ∈ S.

Starting with the elements of S, repeatedly form all sums, differences, products and

quotients. The resulting set of all of these is a subfield of F .

The field constructed in this proposition is called the field generated by S.

That the constructed set is closed under the operations of addition, multiplication,

subtraction, and division is true virtually by definition. It obviously contains the

additive and multiplicative identities of F . The remaining field axioms obviously

hold for the constructed set, since they hold for all elements of the field F .

2. Polynomials

We shall assume that the reader is familiar with polynomials in one variable having

coefficients in the field C. In particular, we assume that he/she is familiar with the

usual operations of polynomial addition and multiplication, the concept of the degree

of a polynomial, the notion of a monomial, and the fact that each polynomial is a

sum of monomials. In this section, we develop a few more of the basic concepts of

the algebra of polynomials.

Definition 3. Let R be any subring of the field C. We allow the possibility that R is

a subfield of C, but we do not restrict to that case. For example, the ring R may be

the ring of integers Z. We denote the set of all polynomials in one variable x having

coefficients in R by R[x]

Lemma 2. The operations of polynomial addition and multiplication make R[x] into

a commutative ring with identity. Its additive identity is the constant polynomial 0

and the multiplicative identity is the constant polynomial 1.
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We leave the verification of this fact to the reader. Note, in particular, that it signi-

fies that R[x] is closed with respect to the operations of addition and multiplication.

Note: The same notation is commonly used for an element a of the ring R and

for the constant polynomial a. One way in which this might occasionally lead to

misunderstandings is when we write the equation p(x) = a. Unless otherwise stated,

this is intended to signify that the polynomial p(x) equals the constant polynomial a.

Occasionally, however, we use the same notation when we are trying to “solve” the

equation p(x) = a. In this case, a denotes an element of R, and the equation expresses

our interest in finding a value of x, say x = b, for which the equation holds as an

equality in R, i.e., p(b) = a. The context should always indicate which interpretation

is being used.

If R and S are both subrings of C, such that R is a subring of S, then it is immediate

that the ring R[x] is a subring of S[x]. So, R[x] is a subring of the ring C[x] of all

polynomials with complex coefficients.

Definition 4. (a) Let p(x) be any non-zero polynomial in C[x]. We may write

p(x) = anxn + . . .+a1x+a0, where a0, a1, . . . , an are complex numbers, with an 6= 0.

The degree of p(x) is the natural number n and is denoted by deg(p(x)). The degree

of the 0 polynomial is not defined. (b) The monomials ajx
j comprising p(x) are called

Degree and
terms of a

polynomial

the terms of p(x). We call anxn the leading term of p(x). A term with 0 coefficient

will be called a trivial term. Usually trivial terms do not appear in the expression

for p(x), but occasionally it is convenient to add trivial terms. This doesn’t affect

the polynomial. For example, x2 − 2 and 0 · x3 + x2 + 0 · x − 2 represent the same

polynomial.

Lemma 3. Let R be any subring of C, and let a(x) and b(x) be polynomials in R[x].
Degree of

the product
of poly-
nomials

If either a(x) or b(x) is the 0 polynomial, then a(x)b(x) is the zero polynomial. If
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neither equals the zero polynomial, then the same is true for a(x)b(x). Moreover, in

this case, deg(a(x)b(x)) = deg(a(x)) + deg(b(x)).

The proof of this lemma uses the definition of polynomial multiplication, together

with properties of multiplying complex numbers. For example, if, say, a(x) is the 0

polynomial, then a(x)b(x) is computed by multiplying each term of b(x) by 0 and

then summing. But 0 · (bjx
j) = (0 · bj)x

j = 0 · xj. Since these are all trivial, their

sum is the 0 polynomial. For the equation involving the degrees, look at the leading

terms amxm of a(x) and bnx
n of b(x), and verify that (ambn)xm+n is non-trivial and

is the leading term of a(x)b(x). We leave further details to the reader.

Simple as this lemma is, it does state something important about the ring R[x]:

namely, it shows that the ring R[x] has no zero-divisors. (See The Integers, Definition

8 and the following comments, for the definition of zero-divisor.)

In the next results, it will be important that the subring R actually be a subfield

of C.

Lemma 4. Let F be a subfield of C, and let a(x) and b(x) be non-zero polynomials

in F [x] of degrees m and n, respectively, such that n ≥ m. Then, there exists a

polynomial e(x) ∈ F [x] such that either b(x) = e(x)a(x) or deg(b(x)− e(x)a(x)) < n.

Proof. The simple idea of this proof is to find some polynomial e(x) so that e(x)a(x)

has the same leading term as b(x). We may write a(x) = amxm + . . . + a0 and

b(x) = bnx
n + . . . + b0, where all the coefficients are in the field F . Let c = bn/am,

and define e(x) to be the monomial cxn−m. Then, a simple calculation shows that

e(x)a(x) does indeed have the same leading term as b(x). Therefore, in the difference

b(x) − e(x)a(x), these leading terms cancel. If this difference is not zero, then it

clearly has degree strictly less than n, as desired. ¤

The following theorem gives a precise version of the common “long-division” pro-

cedure for dividing one polynomial by another. The reader familiar with this will
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recognize the polynomials q(x) and r(x) in the theorem as being the “quotient” and

“remainder” in this procedure.

Theorem 2 (The Division Theorem). Let F be a subfield of C, and let a(x) and b(x)
Division

of
polynomials

polynomials in F [x], with a(x) non-zero. Then, there exist unique polynomials q(x)

and r(x) in F [x] with the following properties: (a) b(x) = a(x)q(x) + r(x), and (b)

either r(x) is the zero polynomial or deg(r(x)) < deg(a(x)).

Proof. We first prove the existence of polynomials q(x) and r(x) with the stated

properties.

If b(x) = 0 (the zero polynomial) or deg(b(x)) < deg(a(x)), we let q(x) = 0 and

r(x) = b(x). These satisfy conditions (a) and (b), so the result holds in these cases.

Henceforth, we assume b(x) 6= 0 and deg(b(x)) ≥ deg(a(x)). Denote deg(b(x)) by n.

We proceed by strong induction on n.

(i)The base case n = 0: In this case, b(x) is a non-zero constant, say b. Since

deg(a(x)) ≤ deg(b(x)) = 0, a(x) must also be a non-zero constant, say a. Let q(x) be

the constant polynomial b/a, and set r(x) = 0. Clearly, b(x) = a(x)q(x) + r(x), with

r(x) satisfying condition (b). Therefore, the base case n = 0 is verified.

(ii) The induction step: Choose any natural number k, and assume the desired

result for all non-zero polynomials b(x) with deg(b(x)) < k + 1 and all non-zero

polynomials a(x) of degree ≤ deg(b(x)). Let any polynomial b(x) of degree k + 1 be

given, together with a non-zero polynomial a(x) such that deg(a(x)) ≤ k + 1. Apply

Lemma 4 to find a polynomial e(x) such that either b(x) = e(x)a(x) or

deg(b(x) − e(x)a(x)) < deg(b(x)) = k + 1. In the first case, the result is verified by

setting q(x) = e(x) and r(x) = 0. In the second case, apply the strong induction

hypothesis to the polynomial b(x)− e(x)a(x). We obtain polynomials p(x) and s(x)

such that b(x) − e(x)a(x) = a(x)p(x) + s(x) and s(x) is either 0 or of degree <

deg(a(x)). Solve for b(x): b(x) = a(x)(p(x) + e(x)) + s(x), and set q(x) = p(x) + e(x)
10



and r(x) = s(x). Then b(x) = q(x)a(x) + r(x), with r(x) = 0 or deg(r(x)) <

deg(a(x)), as required. This completes the induction step and hence the proof that

the desired polynomials q(x) and r(x) exist.

The uniqueness part of the proof is given by the next exercise ¤

Exercise 1. We continue with the notation used in the statement of Theorem 2.

Suppose that there are polynomials Q(x) and R(x) such that b(x) = a(x)Q(x)+R(x)

and R(x) is either 0 or has degree < deg(a(x)). Prove that q(x) = Q(x) and r(x) =

R(x). (Hint: Show that r(x)−R(x) = a(x)(Q(x)− q(x)), and then deduce that each

side of this equation must equal 0.)

Definition 5. Suppose that R is a subring of C and that a(x), b(x), and c(x) are

polynomials in R[x] such that c(x) = a(x)b(x). Then we say that a(x) (or b(x))

divides c(x), and write a(x)|c(x). We may also say that a(x) is a divisor or factor of

c(x) or c(x) is a multiple of a(x).

If the only divisors of c(x) are constant polynomials or non-zero constant multiples
Irreducible
polynomials
and
common
divisors

of c(x), then we say that c(x) is irreducible (in R[x]).

If p(x) and q(x) are in R[x] and a(x) is a divisor of both p(x) and q(x), it is called

a common divisor of p(x) and q(x) (in R[x]).

Suppose that a(x) is a common divisor of p(x) and q(x), and suppose further that
Greatest
common
divisors

every common divisor of p(x) and q(x) is also a divisor of a(x). Then a(x) is called a

greatest common divisor of p(x) and q(x) (in R[x]). We may abbreviate this and call

it the g.c.d. of a(x) and b(x), or, simply, g.c.d.(a(x), b(x)).

Example: Suppose that R = Z, p(x) = x2 − 1, and q(x) = x2 + 2x − 3. Then,

g.c.d.(p(x), q(x)) = x− 1.
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Exercise 2. Prove that if a(x) and b(x) are both greatest common divisors of p(x)

and q(x), then there is an element c of R such that (a) c has a multiplicative inverse

in R, and (b) b(x) = ca(x).

Greatest common divisors of two polynomials are clearly not unique, because one

can multiply any one of these by an invertible constant and get another greatest

common divisor. The exercise shows, however, that this is the only way in which two

greatest common divisors of two polynomials can differ. If we want to nail down a

specific one of these, we just have to specify the coefficient of its leading term. This

is often taken to be equal to 1. We do not usually need to concern ourselves with this

modest ambiguity.

Comment: Everything in the above definition is to be regarded as relative to the

ring R[x]. For example, the polynomial x2 + 1 is irreducible in R[x], but it is not

irreducible in C[x]! For, in C[x], x2 + 1 = (x− i)(x + i).

Similarly, 2x + 2 is a divisor of x2 − 1 in Q[x], but it is not a divisor of x2 − 1 in

Z[x]. Thus, in Q[x], 2x + 2 is a greatest common divisor of the polynomials x2 − 1

and 2x + 2, whereas in Z[x] it is not.

Theorem 3. Let F be a subfield of C, and let p(x) and q(x) be polynomials in F [x],
Expression

for the
greatest
common

divisor

not both zero. Then p(x) and q(x) have a greatest common divisor, and it may be

expressed as a(x)p(x) + b(x)q(x), for some polynomials a(x), b(x) ∈ F [x].

Proof. If either p(x) or q(x) equals 0, then we may take the other to be the greatest

common divisor. The reader can easily check that this can be written in the desired

form. So, from now on, we assume that neither p(x) nor q(x) equals 0.

We consider the set S of all non-zero polynomials of the form a(x)p(x) + b(x)q(x).

Since p(x) = 1 · p(x) + 0 · q(x), S is non-empty. Let D be the set of degrees of

all such polynomials, and let d be the smallest natural number in D. Set f(x) =
12



a(x)p(x)+ b(x)q(x), where the right hand side has degree d. We shall show that f(x)

is a greatest common divisor of p(x) and q(x).

In fact, it is sufficient to show simply that f(x) is a common divisor of p(x) and

q(x). For if g(x) is any other common divisor of p(x) and q(x), i.e. p(x) = m(x)g(x)

and q(x) = n(x)g(x), for some polynomials m(x) and n(x) in F [x], then f(x) =

a(x)p(x)+ b(x)q(x) = (a(x)m(x)+ b(x)n(x))g(x), so g(x)|f(x). This then shows that

f(x) is a g.c.d. of p(x) and q(x)

We show that f(x) divides p(x). Using the Division Theorem, we can find unique

h(x) and s(x) in F [x] such that p(x) = f(x)h(x) + s(x), with s(x) either 0 or of

degree strictly less than that of f(x), i.e., < d. If s(x) 6= 0, so that deg(s(x)) < d, we

compute

s(x) = p(x)− f(x)h(x)

= p(x)− (a(x)p(x) + b(x)q(x)) h(x)

= (1− a(x)h(x))p(x) + (−b(x)h(x))q(x).

This is a polynomial in the set S, and so deg(s(x)) is in D. But this contradicts the

fact that d is the smallest member of D. Therefore, s(x) must be the zero polynomial,

which implies that p(x) = f(x)h(x), as desired.

The proof that f(x) divides q(x) goes the same way. Therefore, f(x) is a common

divisor of p(x) and q(x), and by the argument given above, it is a g.c.d., completing

the proof.

¤

Example: Consider the polynomials x2 − 2 and x2 − 5x + 6 in Q[x]. Since the first

polynomial has no rational roots, it has no linear factors. Therefore, it is irreducible.

Furthermore, the first polynomial clearly does not divide the second. Therefore, the

greatest common divisors of these two polynomials must be constant polynomials,

i.e., 1 is a greatest common divisor. Therefore, there exist polynomials a(x) and b(x)
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in Q[x] such that

(3) a(x)(x2 − 2) + b(x)(x2 − 5x + 3) = 1.

Note: We are not solving for a value of x that makes this equation true. We are

asserting that there exist polynomials a(x) and b(x) such that the equation holds for

all x ! That is, it is an equality of polynomials.

Exercise 3. Construct polynomials a(x) and b(x) so as to satisfy equation (3). (Hint:

Substitute a(x) = cx+d and b(x) = ex+f into equation (3), multiply out, and group

all coefficients with like powers of x together. Then solve some linear equations for

c, d, e, f .)

3. Fields and Polynomials

In this section we examine the close relationship between subfields F of C and

polynomials p(x) in F [x].

Let p(x) = anxn + . . . + a1x + a0 be any polynomial in F [x], and let c be any

complex number. We evaluate p(x) at c by using p(x) as a recipe for applying the

field operations to c, obtaining ancn + . . . + a1c + a0 ∈ C. We call this the value of

p(x) at c and write it as p(c). This is doubtless standard for the reader.

Next, we consider the set of all values p(c) with c held fixed but p(x) ranging over

the entire ring F [x].

Exercise 4. Verify that this set of values is closed with respect to addition and

multiplication, and that it contains all the elements of F .

The exercise implies that the set of all values p(c) forms a subring of C which

extends the subfield F . Let us denote this subring by F [c].

Definition 6. Let F be a subfield of C, and let c be any complex number. We say

that
14



c is algebraic over F if there exist non-zero polynomials p(x) ∈ F [x] such that
Algebraic
elements
and
minimal
polynomials

p(c) = 0. Among all these polynomials, let q(x) be one of minimal degree. Then q(x)

is called a minimal polynomial of c (in F [x]).

Thus, every c algebraic over F has a minimal polynomial.

Exercise 5. Suppose that p(x) is a minimal polynomial of c and b(x) is any polyno-

mial of F [x] such that b(c) = 0. Prove that p(x) is a divisor of b(x) in F [x]. (Hint:

Use the Division Theorem to divide b(x) by p(x), and show that the remainder must

be 0.)

Exercise 6. Prove that if both p(x) and q(x) are minimal polynomials of c, then

there is a non-zero constant a ∈ F such that q(x) = ap(x). (Hint: Use Exercise 5.)

Exercise 7. Suppose that F is a subfield of C, c is an element of F , and b(x) is a
Irreducible
polynomials
are minimal

polynomial in F[x] such that b(c) = 0. Prove that if b(x) is irreducible, then it is a

minimal polynomial of c. (Hint: Use Exercise 5.)

We call the degree of a minimal polynomial of c the degree of c and sometimes
Notation
deg(c)write it as deg(c) (or as degF (c), if we wish to emphasize the role of F ).

Lemma 5. Let c be algebraic over F , and suppose that p(x) is a minimal polynomial
Minimal
polynomial
is
irreducible

of c in F [x]. Then p(x) is irreducible in F [x].

Proof. The proof is by contradiction. Suppose that p(x) is not irreducible. Then,

we can write p(x) = a(x)b(x), where both a(x) and b(x) are polynomials in F [x] of

positive degree. It is easy to check that p(c) = a(c)b(c). Since p(c) = 0, at least

one of the two complex numbers a(c) or b(c) must be zero, since C, being a field,

does not have zero divisors. Say the notation is chosen so that a(c) = 0. Then,

a(x) is a polynomial with c as a zero and having smaller degree than p(x), which is

impossible. ¤
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Exercise 8. Let D be any natural number that is not a perfect square. We use the

well-known fact that
√

D is irrational. Verify that {1,√D} is a basis of Q[
√

D ]

over Q and that Q[
√

D ] is a subfield of R.

This exercise illustrates a more general situation described by the following theorem.

Theorem 4. Let c be algebraic over F . Then the subring F [c] is a subfield of C

which is a finite extension of F . Moreover, [F [c] : F ] = degF (c).

Proof. We shall first show that, as a vector space over F , the ring F [c] has dimension

= degF (c). Then we show that F [c] is a field.

Suppose that a(x) is a minimal polynomial of c of degree n. Let b(x) be any

polynomial in F [x] such that b(c) 6= 0, and divide by a(x): b(x) = a(x)q(x) + r(x),

as in the Division Theorem. Evaluate at c: b(c) = a(c)q(c) + r(c) = r(c), using the

fact that a(c) = 0. Therefore, r(c) = b(c) 6= 0 implying that r(x) 6= 0. So, r(x) is

a polynomial of degree < n, by the Division Theorem. This means that the value

b(c) = r(c) is a linear combination (over F ) of the elements 1, c, . . . , cn−1. Since b(c)

is an arbitrary non-zero element in F [c], this implies that {1, c, . . . , cn−1} spans the

subring F [c] as a vector space over F . But {1, c, . . . , cn−1} is linearly independent,

because, if an−1c
n−1 + . . . + a1c + a0 · 1 = 0, then an−1x

n−1 + . . . + a1x + a0 · 1 would

be a polynomial in F [x] of degree < n having c as a zero, contradicting the fact that

a(x) is a minimal polynomial of c. It follows that {1, c, . . . , cn−1} is a basis of F [c]

over F , so the dimension of F [c] over F is n, as desired.

It remains to show that F [c] is a field, that is, that every non-zero element in F [c]

has a multiplicative inverse in F [c].

Again choose any polynomial b(x) in F [x] such that b(c) 6= 0. This inequality shows

that a(x) is not a divisor of b(x). (The reader should check this.) Therefore, since a(x)

is irreducible, each greatest common divisor of a(x) and b(x) is a non-zero constant,

which we may take to be 1. By Theorem 3, there exist polynomials e(x) and f(x) in
16



F [x] such that a(x)e(x) + b(x)f(x) = 1. Now evaluate at c: a(c)e(c) + b(c)f(c) = 1.

Since a(c) = 0, this reduces to b(c)f(c) = 1. So, we have found a multiplicative

inverse for b(c) in F [c], completing the proof.

¤

Exercise 9. Let F = Q[
√

2 ], and let α be the unique real root of x3 − 2 = 0. (a)

Prove by contradiction that α is irrational. (b) Use (a) to verify that no element of

F is a root of x3− 2 = 0 (Hint: Again argue by contradiction. If a root of x3− 2 = 0

is in F , then it can be expressed as a linear combination of 1 and
√

2 with rational

coefficients. Show that this is impossible in light of (a).) (c) Conclude that x3 − 2 is

irreducible over F and, hence, is a minimal polynomial of α in F [x].

It follows from the preceding theorem that {1, α, α2} is a basis of the field F [α] over

F .

We now designate α by more standard notation: α = 3
√

2.

Using Theorem 1, together with the preceding two exercises, we see that the field

F [3
√

2] has degree 6 over Q. A basis for this field as a vector space over Q, is given

by

{1,
√

2, 3
√

2, (3
√

2 )2,
√

2 · (3
√

2 ),
√

2 · (3
√

2 )2}.

We can obtain a slightly nicer basis in the following way. By using the standard law

of exponents, the product
√

2 · (3
√

2 ) can be rewritten as 25/6, so this is in F [3
√

2].

But then, so is 2/25/6 = 21/6, which we label β, for short. Consider the powers of

β: 1, β, β2, β3, β4, β5. Each of the basis elements given above, except the last, is

exactly one of the powers 1, β2, β3, β4, β5. And for the last basis vector, we have
√

2 · (3
√

2 )2} = 2β. Therefore, the powers of β listed can also be used for a basis of

F [3
√

2] over Q. Higher powers of β still belong to F [3
√

2], so they can be expressed

as unique linear combinations over Q of the powers 1, . . . , β5. It follows easily that
17



the field F [3
√

2] and the field Q[β] are the same, and that the minimal polynomial of

β over Q has degree 6.

Exercise 10. Prove that x6 − 2 is a minimal polynomial of β in Q[x]. (Hint: Use

Exercise 5).

Comment: When c is not algebraic over F , the subring F [c] is definitely not a

subfield of C. For, suppose it were. Then, the non-zero element c would have a

multiplicative inverse in F [c]. That is, there would be a non-zero polynomial p(x)

in F [x] such that 1 = c · p(c). If we set q(x) = 1 − xp(x), then q(x) is a non-zero

polynomial in F [x] such that q(c) = 0, which is impossible.

Theorem 5. Suppose that E and F are subfields of C, with F a finite extension of E.
Divisibility

of
degrees

Let c be any element of F . Then c is algebraic over E, and degE(c) divides [F : E].

Proof. We first prove that c is algebraic. Since c ∈ F , so is every power cn, n ∈ N. If

two powers cm, cn,m < n, are equal, then cm − cn = 0, so c is a zero of the non-zero

polynomial xn − xm, and, therefore, c is algebraic. So, suppose all the powers cn are

distinct. Since F is a finite-dimensional vector space over E, some finite subset of the

infinite set {1, c, c2, . . . } is linearly dependent over E. Therefore, there exist a natural

number k and elements, a0, . . . , ak ∈ E, not all zero, such that a0+a1c+. . .+akc
k = 0.

This means that c is a zero of the non-zero polynomial a0 + a1x + . . . + akx
k ∈ E[x].

So, c is algebraic in this case as well.

Next we show that degE(c) divides [F : E]. Since c is algebraic, the preceding

theorem implies that E[c] is a subfield of C, and [E[c] : E] = degE(c). Obviously

E[c] < F , so we have field extensions E < E[c] < F . By hypothesis, [F : E] < ∞,

hence [F : E[c]] < ∞, by Lemma 1. Theorem 1 then yields that

[F : E] = [F : E[c]] · [E[c] : E] = [F : E[c]] · degE(c).
18



This shows that degE(c) divides [F : E], as desired. ¤

Comment: We can use this last result in the following way. Suppose F is a subfield

of C which is a finite extension of Q. Suppose, further, that c is complex number that

is algebraic over Q, such that degQ(c) does not divide [F : Q]. Then we can conclude

that c does not belong to F . We apply this idea in the next section, in which it is

shown that ruler and compass constructions correspond to certain kinds of subfields

of C.

4. The Impossibility of Certain Ruler and Compass Constructions

This section will have a flavor that is different from those of other sections in these

notes. Partly this will be because of the subject matter, plane geometry, and partly

it will be because we are viewing the geometry, not as a subject that we wish to

develop, but rather as providing a beautiful set of examples to which the algebra of

the previous sections can be applied. The general plan will be first to describe some of

the geometry, then to connect the geometry to the algebra of fields and polynomials,

and finally to focus specifically on the classical ruler and compass problems that we

shall show are unsolvable.

4.1. Geometric constructions. Because the author did not have time to do the

desired graphics for this section, the reader is urged to read this section with pencil

and paper at hand. The text will describe a number of constructions and will ask

the reader to supply others. It won’t be necessary for the reader to actually do the

constructions but rather to describe how they are done, using illustrations to help

with the descriptions.

We shall be working on the Euclidean plane, assuming about it no more and no

less than what appears in the Elements of Euclid. As equipment, we are given an

unmarked straight edge capable of drawing straight lines of arbitrary length in the
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plane. We also have a compass, used for drawing circles. To use the straight edge,

we require two points through which the straight edge allows us to draw a line. To

use the compass, we also need two points: one for the center of the circle, the other

to mark off the length of the radius. Therefore, we can do the following:

Elementary constructions:

(a) Through any two points we can draw a line.
(b) Through either of two points, we can draw a circle

centered at the other point. The radius of the circle is
defined as the distance between the two points.

(c) Given two lines, we can construct their point of intersec-
tion, if there is one.

(d) Given two circles, we can construct their points of inter-
section, if there are any.

(e) Given a line and a circle, we can construct their points
of intersection, if there are any.

We call these constructions elementary. Using them in appropriate combination,

many more elaborate constructions can been shown to be possible. Here are some

simple examples: (i) Given a line and two points on a line, one can construct through

either of the points a second line perpendicular to the first. (ii) Given two points

on a line, which determine a line segment between them, one can construct the

perpendicular bisector of that segment. (iii) There is also a construction for bisecting

the angle formed by two intersecting lines, and (iv) a construction for drawing a line

parallel to another line and passing through a point not on the other line. (v) As a

final example, given a circle and a point outside the circle, there is a construction for

drawing a line through the point and tangent to the circle.

Exercise 11. Describe how one would do constructions (i)–(v), using pictures to

illustrate your descriptions. Some of the constructions may require that you assume

given additional points. If you do so, explain this explicitly.
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The above list of constructions can be greatly extended, but that is not our purpose

here. We observe that however clever or elaborate the construction, it is, by definition,

a sequence of elementary steps taken from the above listed (a) – (e).

4.2. Constructing numerical quantities and points in the plane. If we look at

the list of elementary constructions, we see that no construction can proceed without

some initially given set of points, lines, or circles. In general, a construction problem

starts with such a set, and the challenge is to produce other points, lines, or circles

with appropriate properties.

We shall begin with what is perhaps the simplest of given data. Namely, we start
Constructible
points, lines
and circles

with two distinct points in the plane Π. Any point, line, or circle obtained from these

initial ones by a sequence of elementary constructions will be called constructible.

We arbitrarily choose one of the points, call it the origin, and denote it by O.

Call the second point P . Next, we draw the infinite line determined by O and P ,

oriented from O to P . Let us call the line the X-axis in anticipation of what we are

constructing. The length of the segment OP will be called our unit (distance). We
Unit
of
distance

then construct the line through O perpendicular to the X-axis and call it the Y -axis.

The circle centered at O and going through P intersects the Y -axis in two points.

Choose one and call it Q. Of course the length of OQ also is one unit. All of these

points, lines and circles are constructible.

Next, we shall identify points along the X-axis with the real numbers in the standard

way, so that P is identified with the number 1. Similarly with points along the Y -axis.

We then use these identifications to assign a unique ordered pair of real numbers to

each point in the plane, again in the standard way. Notice that this means, for each

pair of real numbers, say a and b, that we construct a perpendicular from the X-axis

at a and from the Y -axis at b, and call their point of intersection (a, b). If a and

b correspond to constructible points on the axes, then this shows that (a, b) is also

a constructible point. Conversely, it is equally easy to see that if (a, b) represents a
21



constructible point in the plane, then its perpendicular projections to a point a units

from O on the X-axis and b units from O on the Y -axis are also constructible.

Definition 7. A real number a is said to be constructible if and only if the point
Constructible

real
numbers

corresponding to it on the X-axis (or Y -axis) is constructible.

So, the foregoing discussion shows that a point in the plane is constructible if and

only if it has constructible coordinates.

Now use P on the X-axis as the center of a circle that passes through O, and mark

the second point of intersection of this circle with the X-axis. Call this point P ′. The

length of OP ′ is, of course, twice the unit distance. We repeat this procedure with

P ′ replacing P and P replacing O, obtaining a fourth equally spaced point along

the X-axis. In this way, we can construct points along the X-axis in the selected
Constructing

the
integers

direction whose distance from O is an arbitrary number of units. It is clear that we

are constructing points along the axis corresponding to the natural numbers. If we

do this in the opposite direction, we get points that represent the negative numbers.

In terms of coordinates, these points are represented by pairs of the form (a, 0), for

a ∈ Z. Since all of these points are constructible, it follows that all the integers are

constructible.

Next, we describe a construction that allows us to introduce points on both axes

corresponding to all the rational numbers. It is recommended that the reader use a

pencil and paper and follow the description with an illustration. Suppose that we are
Constructing

the
rationals

given a rational number a/b. For simplicity of visualization, assume that both a and

b are positive integers.

We shall use coordinates to describe the points in the construction. Let A = (a, 0)

and B = (0, b). Draw the line AB, and then construct the line parallel to it passing

through Q = (0, 1). Since AB meets the X-axis, it is not parallel to it, hence neither is

the line just constructed. Therefore, it meets the X-axis at some point, say R = (r, 0).
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The claim is that r = a/b. To see this, observe that the two triangles OAB and ORQ

are similar right triangles. The sides of OAB have lengths a and b, by construction,

whereas the sides of OQR have lengths 1 and, say, r, respectively. Using facts about

similar triangles, we obtain the equality of ratios r : 1 = a : b, which proves the claim.

Therefore, since all of the foregoing is accomplished via a sequence of elementary

constructions, all rational numbers are constructible.

Notice that although we describe the above construction in the case that a and b

are positive integers, it works in the same way when a and b are any constructible

quantities.

Exercise 12. Use a modification of the method demonstrated to construct a/b to

show how to construct ab in the case that both a and b are any constructible quantities.

Let us now ask: what kind of additional points in the plane are we able to construct?

Of course, this amounts to determining what kind of quantities arise as coordinates

of points resulting from some construction.

Suppose that a and b are constructible quantities. Here is one way to see that a+ b

is constructible. Suppose, for definiteness, that both a and b are positive. Construct

lines L1 and L2 through (a, 0) and (b, 0), respectively, perpendicular to the X-axis.

The point (a, a) on L1 is constructible, since it represents the point of intersection

of L1 and the circle centered at (a, 0) and passing through O. Draw a line through

(a, a) parallel to the X-axis. It meets L2 at (b, a), so that’s constructible. Finally,

draw the circle centered at (b, 0) that passes through (b, a). It meets the X-axis at

(b + a, 0) and (b− a, 0), showing that both b + a and b− a are constructible.

Comment: A short digression is in order to clarify one point. The reader, if asked

to construct a + b from a and b may have been tempted to simply “pick up” the

segment of length a and translate it over to the end of the segment of length b, thus

extending the latter to a segment of length a + b. What is missing from this process,
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however, is a demonstration that this procedure can be accomplished by a sequence

of elementary constructions. The foregoing construction shows how to do this.

The issue here amounts to interpreting what is meant by using the compass. El-

ementary construction (b) tells us that, given two points, we may use the compass

to draw a certain circle. It does not allow us then to pick up the compass, keep it

rigid, and move it to another point on some line and mark off the same distance on

that line. Euclid showed, however, that we can do this via a sequence of elementary

constructions, of which the foregoing construction is one part. Other steps that are

used to verify Euclid’s conclusion are given in the next two exercises.

Exercise 13. Suppose that L1 and L2 are two parallel lines oriented in the same

direction. Let Z1 and Z2 be two points on line L1. Describe a construction that

produces two points A1 and A2 on L2 such that the directed distance from A1 to A2

is the same as the directed distance from Z1 to Z2.

Exercise 14. Suppose that L1 and L2 are two non-parallel lines that meet at some

point, say, B. Orient each line in one way or another. Let Z1 and Z2 be two points

on L1. Describe a construction that produces two points A1 and A2 on L2 such that

the directed distance from A1 to A2 is the same as the directed distance from Z1 to

Z2.

Once it is shown that some segment on a given line can be “moved” to some other

segment of the same length on another given line, by the above exercises, then the

construction described above for constructing b+a and b−a, shows how to move this

last segment along the second line so as to have a given endpoint. This combination

of constructions constitutes a demonstration of Euclid’s result. Therefore, if we wish,

we can now use a compass as a rigid instrument in the way described above.
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Returning from our digression to the question about what quantities are con-

structible, we see that the sum, difference, product and quotient of constructible

quantities are constructible. Therefore, if we look at any set S of constructible quan-

tities and throw in the number 1 if it’s not already included, any quantity in the

subfield of R generated by S can be constructed. This means that when we ask about

sets of constructible quantities, we may as well ask about subfields of R consisting of

constructible quantities.

Let us, therefore, look at any subfield F of R consisting of constructible quantities

and determine what restrictions there are, if any, in constructing additional quantities

(i.e., those not in F ).

We first note that if c ∈ F , and c > 0, then we can construct
√

c. Here’s how.
Constructing√

cSince c ∈ F , so is (1 + c)/2. Construct the circle C with center ((1 + c)/2, 0) passing

through O. Let T be the point (1 + c, 0). Then raise the perpendicular from (1, 0)

in a positive direction until it meets the circle C at a point, say U . By elementary

geometry, the triangle OUT is a right triangle. The Y -coordinate of U is precisely

the height of the altitude of this right triangle. Call it h. Now, use the well-known

ratio 1 : h = h : c. It follows that h =
√

c. So
√

c is constructible.

Of course, once we have constructed
√

c, we can also construct any quantity of the

form e+f
√

c, where e and f range over F . This quantity should have a familiar look

to those who recall the Quadratic Formula. For suppose that Ax2 + Bx + C = 0 is

any quadratic equation with coefficients in F . Then, the roots of this equation are

(−B/2A)± (1/2A)
√

B2 − 4AC. Since B/2A, 1/2A, and B2 − 4AC are all in F , the

two roots of the given quadratic are both constructible, provided they are real, i.e.,

provided B2 − 4AC ≥ 0.

This means that any real solution to a quadratic equation with coefficients in F is

constructible. Of course, if the quadratic equation already has its roots in F , that is,

if the quadratic polynomial is reducible in F [x], then nothing new is obtained. But,
Real
solutions
to
quadratic
equations
are
constructible
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as we know, this is not always the case.

Choose any irreducible quadratic polynomial p(x) ∈ F [x]. Let F1 be the field

extending F that is generated by F , together with a real zero r of p(x). Then r is not

in F , and p(x) is a minimal polynomial of r. By the previous section, [F1 : F ] = 2.

Furthermore, we have seen that every quantity in F1 is constructible, since it can

be written as a linear combination of 1 and r, with coefficients in F , and all such

combinations are constructible.

We can now repeat the procedure, with F1 in place of F , obtaining a degree-two

extension field F2 of F1, all of whose elements are constructible. And so on. Let us

summarize this in the following theorem.

Theorem 6. Suppose we have a sequence of degree-two field extensions

Q = F0 < F1 < . . . < Fn

with each Fi a subfield of R. (That is each extension Fi+1 = Fi[r], where r is a real

zero of some irreducible quadratic polynomial in Fi[x].) Then, all of the quantities in

Fn are constructible.

There remains an important question, however. Namely: Is every constructible

quantity contained in some subfield Fn of R that corresponds to a sequence of degree-

two field extensions as in Theorem 6? In other words, is that the only way in which
Constructible

quantities
come from

sequences of
degree 2

field
extensions

we can obtain constructible quantities?

The answer is “yes”! To see why, we have to return to the description of the

elementary constructions with which we began.

Consider some point (α, β) that has been constructed from our initial two points

via a sequence of elementary constructions. At any stage in the process, there are

three ways in which new points can be obtained, labeled (c), (d), (e) in the above list

of elementary operations.
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• In (c), the new point is obtained by intersecting two lines. Each of these in

turn is determined by two previously constructed points. Suppose the two

previously constructed points determining one of the lines are (a, b) and (c, d),

with a, b, c, d in a field generated by previously constructed quantities F . The

two-point formula for a straight line yields one of the following equations for

the line through (a, b) and (c, d): If a = c, the equation is x = a. If a 6= c, set

m = (d− b)/(c− a). Then the equation is y − b = m(x− a). Clearly, all the

coefficients in these equations belong to F . Given another, non-parallel line,

it has a similar equation, and the methods of linear algebra easily produce a

unique solution x = e, y = f , in which e and f are expressed in terms of sums,

differences, products and quotients of the coefficients of the two equations.

That is, e and f belong to F , so no new quantity is obtained.

Exercise 15. Solve explicitly for e and f , and thus verify that they belong to

F .

• In (e), the new points are constructed by intersecting a line and a circle. Again,

the line itself is determined by two previously constructed points, and so it

can be represented by a linear equation in x and y having coefficients in the

field F generated by the previously constructed quantities. The circle is also

determined by two points. Let us denote them by (g, h) and (i, j) with (g, h)

the center of the circle and (i, j) on the circle. set R = (g − i)2 + (h − j)2.

Then, the circle is given by (x − g)2 + (y − h)2 = R. If y does not appear in

the equation for the line, then that line has an equation of the form x = e, for

some e ∈ F . We then substitute e for x in the equation of the circle, reducing

it to a quadratic equation in y. Again, it is easily checked that the coefficients

are in F . If y does appear in the equation for the line, then solve for y in terms

of x and substitute the result for y in the equation of the circle. We then get
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a quadratic in x with coefficients in F . In either case, as argued before, if this

quadratic has any real solutions at all, these solutions are in F , or they belong

to a degree-two extension of F .

Exercise 16. Consider the case of a circle and a non-vertical line that in-

tersects the circle in two points. Write explicit equations for the line and

circle, and use the above-described procedure to obtain explicit solutions for

the coordinates of the two points of intersection.

• Finally, in (d), we are dealing with two circles. That is we are given two

equations for circles like the one in the previous paragraph. If we subtract

one equation from the other, we cancel the quadratic terms and are left with

a linear equation. Take this equation, together with the equation for the first

circle, and proceed as in the preceding paragraph.

In all cases, then, the coordinates of the new point or points, if any, will either be

in F or in some subfield of R which is a degree-two extension of F .

Since (α, β) has been constructed from our initial two points via a sequence of steps

of types (c), (d), or (e), the quantities α and β must belong to a field Fn of the type

described in Theorem 6.

Definition 8. Any subfield of R of the type described in Theorem 6 will be called a
Constructible

subfields constructible subfield.

We can then summarize the foregoing discussion as follows:

Theorem 7. A quantity r ∈ R may be constructed by a ruler and compass construc-

tion if and only if it belongs to a constructible subfield of R.

The reader can easily deduce the following corollary.
Degree of a

constructible
quantity

Corollary 6. If r is a constructible quantity, then degQ(r)|2n, for some natural num-

ber n.
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Corollary 7. Suppose that p(x) is a degree-three polynomial in Q[x] that does not

have a rational zero. Then no root r of p(x) is constructible.

Proof. Suppose that p(x) is reducible. That is, p(x) = a(x)b(x), for some a(x) and

b(x) in Q[x] of positive degree. Since the degrees of a(x) and b(x) must sum to three,

one of them must equal 1 and the other must equal 2. Say, deg(a(x)) = 1, so that

a(x) = cx + d, with c 6= 0, and c, d ∈ Q But then, −d/c would be a rational zero of

p(x), which is impossible. Therefore, p(x) is irreducible.

Let r be any root of p(x). According to Exercise 7, p(x) is a minimal polynomial

of r, so that degQ(r) = 3. If r is not real, then, by definition, it is not constructible.

So, suppose that r is real. Since 3 does not divide a number of the form 2n, for any

n, r cannot be constructible, by the previous corollary. ¤

5. Three classical problems

We have now provided the groundwork for resolving the trisection, doubling, and

squaring problems.

5.1. The Angle Trisection Problem. An angle α is formed in the plane Π when

two lines `1 and `2 intersect at a point A. Draw a unit circle with center at A. It

meets `1 and `2 in a total of four points. Choose two of these points, one on `1, say

B, and one on `2, say C. Corresponding to this choice, there is a triangle ABC and

an angle at A in ABC. This is α. 2 Of course, there are three other choices for the

points B and C, resulting in three other possible choices for α.

If the lines `1 and `2 have been constructed, using the initial points and sequences

of elementary constructions, the points A, B and C are all constructible. In this case

we say that α is constructible.

2We shall ignore the question of the direction of the angle α, since it will not matter for our purposes
and will involve a non-trivial discussion about orientation of the plane.
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Given α, we may construct another copy of α by drawing a circle with center B and

passing through C. This circle intersects the original unit circle in one other point,

say D. The angle at A in the triangle ADB is equal to α. The angle at A in the

triangle ADC equals twice α (or 2α). If we repeat this procedure, adjoining another

copy of α to 2α, of course we obtain 3α.

Recall that two angles are said to be equal if they can be translated or rotated in

the plane so as to coincide.

The problem Given any angle α, construct an angle β such that α equals 3β.

Notice that this problem does not ask for a trisection of some specific, given angle.

It asks for a general trisection procedure that will give an exact trisection for all

angles. For example, it is known how to construct an angle of 30◦. That is, right

angles can be trisected. It follows that an angle of 45◦ can be trisected, since an angle

of 30◦ can be bisected, yielding a construction of 15◦. Continuing this process, we

can trisect any angle of (90/2n)◦, for any n ∈ N. Finally, we can add any of these

together, so we can trisect any angle of (90m/2n)◦, with m and n ranging over N.

Given any angle α, and any order of approximation that you like, there exist m
Approxi-
mations

of
trisections

and n such that an angle of (90m/2n)◦ approximates α to that order. A trisection of

of the latter gives an approximate trisection of α to the stated order. That is, it is

trivial to get an arbitrarily good approximate solution to the trisection problem. For

practical purposes, that is all that is ever needed.

Exercise 17. Write a short essay taking a pro or con position on the following

statement: “An exact solution to the trisection problem is unimportant.”

The 60◦

angle
cannot be
trisected

In this subsection, we shall show that there is no solution to the trisection problem.

To do this, we must produce some angle that does not admit a ruler and compass

trisection.
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We shall do this for a 60◦ angle, which we’ll call—yes—α. Assume that α issues from

the origin O and has one edge on the X-axis. It is easy to see that α is constructible.

Just draw the unit circle with center at O. It goes through P on the X-axis, as

described earlier. Then draw a unit circle centered at P . It meets the original circle

at two points. We pick the one that lies in the “first quadrant.” (We have such

a quadrant because we have selected positive directions on our axes.) Call it R.

This determines the desired 60◦ angle α, since, by construction, the triangle OPR is

equilateral. In the usual coordinate notation, R is, of course, (1/2,
√

3/2), both of

which are constructible quantities. We shall show that 20◦ is not constructible. Let

S be the point on the unit circle that is in the first quadrant such that the angle at O

between OP and OS is 20◦. Let (a, b) = S. We shall show that a is not constructible.

Of course a = cos(20◦).

For the proof, we must make use of a formula from trigonometry: namely the triple

angle formula

(4) cos(3θ) = 4cos(θ)3 − 3cos(θ).

If we set 3θ = 60◦, then cos(3θ) = 1/2, θ = 20◦, and equation 4 becomes 1/2 =

4a3 − 3a, which simplifies to

(5) 8a3 − 6a− 1 = 0.

We now define p(x) = 8x3 − 6x − 1, a cubic polynomial in Q[x], observing that

equation (5) asserts that the X-coordinate a of S is a zero of p(x).

Lemma 8. p(x) does not have a rational zero.
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Proof. The proof is by contradiction. Suppose that m/n is a zero of p(x), where m

and n are integers. We may assume that m and n have no common factors greater

than 1, since if they did, we could cancel them. We thus have

8(m/n)3 − 6(m/n)− 1 = 0.

Multiply both sides by n3, and do some further algebraic moves to get

m(8m2 − 6n2) = n3.

If m 6= ±1 then m has a prime factor, say q. Since q divides the left hand side of

the equation, it must divide the right hand side. It follows from elementary number

theory that q must divide n, which contradicts the assumption that m and n have no

common factors greater than 1. It follows that m = ±1.

Suppose first that m = 1. Then the above equation becomes 8 − 6n2 = n3, which

implies that n is even, say n = 2k. Substituting into the equation and simplifying,

we get 1− 3k2 = k3, or 1 = k3 + 3k2. However, this is impossible, because the right

hand side is even no matter what value the integer k has, whereas the left hand side

is odd. When m = −1, the argument is similar and will be left to the reader.

This contradiction establishes the lemma.

¤

Corollary 9. The quantity a = cos(20◦) is not constructible. Hence, there is no ruler

and compass construction for trisecting 60◦ and thus no general ruler and compass

construction for trisecting angles.

Proof. Combine the above lemma with Corollary 7. ¤

5.2. Doubling the cube. This problem asks whether one can construct a cube that

has exactly twice the volume of a given cube. Suppose the given cube has edge of
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length u, and let v denote the length of the edge of the sought-after doubling cube.

That is u and v are some positive real numbers related by the equation v3 = 2u3.

To be given the original cube means, at the very least, that we are given a line in

the plane on which there are two points that are u units apart. The segment between

them represents one of the edges of the given cube. Applying all the construction

methods we have discussed, we are to determine whether the quantity v satisfying

the above equation can be constructed, starting with the given line and points.

It is clear that we may re-scale the problem so that the segment between the two

given points has unit length. That is, we may take u = 1 without affecting the

generality of whatever answer we get. So, set u = 1 and write s instead of v. The

problem now becomes one of determining whether there is a constructible quantity

s, which satisfies s3 = 2.

Let p(x) be the polynomial in Q[x] given by p(x) = x3−2. By Exercise 9, this does

not have a rational zero. This, together with Corollary 7, implies that no zero of p(x)

is constructible. To summarize:

Theorem 8. No cube can be doubled by a ruler and compass construction.
No cube
can be
doubled
by a
construction

Comment: Note that the theorem applies to any given cube. By way of contrast,

the angle-non-trisectibility result applies only to a subset of the set of all angles.

Exercise 18. Discuss this difference between the non-trisectibility and doubling re-

sults.

5.3. Squaring the circle. This problem starts with a circle and asks whether it is

possible to construct, by ruler and compass, a square that has the same area as the

circle.
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Using the same scaling considerations discussed in the preceding section, we may

assume that the circle has radius 1. The problem then becomes one of starting

with our originally given two points, X-axis, etc., and constructing a quantity s that

satisfies s2 = π. This quantity then would represent the side of a square that has the

same area as the circle.

Suppose that such a quantity s exists and is constructible. Then, by Theorem 7,

there exists a constructible subfield F of R such that s ∈ F . Since F is a field, we

have s2 ∈ F , which implies that π ∈ F .

But, by definition of a constructible field, F is a finite extension of Q. Therefore,

by Theorem 5 the element π ∈ F must be algebraic over Q.

However, it is a well-known (but very-hard-to-prove) fact that π is not algebraic

(over Q). Even though the quantity π has been known in one form or another for

thousands of years, and has attracted myriad scholars over the centuries to compute

its decimal expansion to thousands of places (currently to more than two billion

places), the proof that π is not algebraic was not discovered until 1882 by the German

mathematician Ferdinand von Lindemann. The proof is beyond the scope of this

course. But, as a consequence of the foregoing argument and Lindemann’s result, we

have the following answer to the circle squaring problem:

Theorem 9. No circle can be squared by ruler and compass construction.
No circle

can be
squared by

construction

Note that, similarly to our comment above, this theorem applies to all circles.

5.4. Postlogue. We have already mentioned that there are other renowned impossi-

bility proofs in the realm of algebra. Perhaps the most famous of these was the proof

by F. Abel that there is no formula in terms of radicals for the roots of the general 5th

degree equation. Such formulas had been found for all equations of lower degree, and

for special equations of degree 5. Abel’s method used elaborations of the concepts

involving fields discussed in this chapter. Shortly after Abel, E. Galois spent one
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night sketching a vast extension that covered all equations of degree ≥ 5 and many

other problems as well. He died the next day in a duel at the age of twenty-one.

The method of Galois added enormous power to the sort of arguments developed in

this chapter by introducing group theory into the picture. As a result, for exam-

ple, he achieved a deep and far-ranging analysis of exactly what sort of polynomial

equations did admit solutions by radicals. Most algebra courses at the beginning

graduate level spend some weeks presenting this “Galois Theory,” and it has become

an indispensable tool for doing modern algebra.
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