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1. The Set Q

As discussed at the end of the last section, we begin our construction of the rational

numbers with the same kind of motivation that led to our construction of Z. Namely,

we begin with the equations

(1) Ma,b : ax = b.

These are defined for any integers a and b, but, for the reasons already discussed,

we restrict exclusively to the cases in which a 6= 0. We have seen that not all these

equations have integer solutions. So, we seek to enlarge the system of integers so

that unique solutions to these equations always exist in the enlarged system and

† c©February 15, 2009
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so that the enlarged system obeys algebraic rules similar to those described for the

integers. Therefore, in this effort, we may use only the properties of the integers that

we developed in the previous chapter, together with the assumption that our enlarged

system must obey similar rules.

We again postulate the existence of hypothetical solutions to the equations and

conduct thought experiments to determine what requirements there may be, if any,

for such solutions to be unique or for two equations to have the same solution.

Just as before, we can show that hypothetical solutions to the equations (1) are

unique without any conditions other than what we have already stipulated: namely
Hypo-

thetical
solutions

are
unique

that a 6= 0. For example, if both ar = b and as = b, then ar = as, and multiplicative

cancellation (Theorem 5 (h) in The Integers)) would imply that r = s. (Here is where

the condition a 6= 0 is critical, since this is required by the cited Theorem 5 (h).)

This means that the equation Ma,b determines its hypothetical solution uniquely.

Next, if both ar = b and cr = d are valid, then there are two possibilities: (i)

r = 0, or (ii) r 6= 0. In case (i), the given equations, together with Exercise 23

in the Integers notes, imply that b = 0 and d = 0, which immediately imply that

ad = bc. In case (ii), we multiply the first equation by d and the second by b, obtaining

adr = bd = bcr, and then we cancel r from the expressions on the left and right,

again obtaining ad = bc. Consequently, in either case, if Ma,b and Mc,d have the same

hypothetical solution, then
Condition

for two
equations

to have
same

solution
(2) ad = bc.

The following exercise asks you to prove the converse of this implication.

Exercise 1. Suppose that condition (2) holds. Prove that the hypothetical solution

to Ma,b is also the hypothetical solution to Mc,d.
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The analogous result clearly holds with the roles of (a, b) and (c, d) reversed. It

follows that condition (2) is equivalent to the fact that Ma,b and Mc,d have the same

solution.

We may now proceed by analogy with what we did to construct Z.

First, we consider the set of all ordered pairs (b, a), where b ranges over all of Z

and a ranges over all integers except zero. This last set may be denoted as the set-

difference Z \ {0}. Therefore, the set of ordered pairs that we consider is none other

than the Cartesian product Z× (Z \ {0}), which we temporarily call Q for short. We
Constructing
Qthink of the pair (b, a) as a symbol corresponding to the equation Ma,b ( or rather,

corresponding to a hypothetical solution to Ma,b), analogously to what we did when

we constructed the integers. And, just as then, we have to use an equivalence relation

to relate two pairs that should correspond to the same hypothetical solution (which,

in this case, means that they satisfy equation (2)).

The reader will notice that we have “reversed” the order of a and b in this pair: a

precedes b in the notation Ma,b, and it follows b in (b, a). There is no mathematical

reason for this. Rather, it is for later notational ease. Later we are going to want the

solution to Ma,b to correspond to the so-called fraction b/a. In this convention the

so-called “denominator” a follows the so-called “numerator” b. It is easier to visualize

b/a as corresponding to the pair (b, a) than as corresponding to the pair (a, b).

We now define the desired relation ≈ on Q as follows: for any integers a, b, c, d

such that a 6= 0 and c 6= 0,
Multiplicative
solution
equivalence(3) (b, a) ≈ (d, c) ⇐⇒ ad = bc.

We’d like to call this relation “solution-equivalence,” just as we did before. But since

we don’t want to risk any confusion with the earlier usage, we’ll use the awkward name

“multiplicative-solution-equivalence” when we wish to call ≈ something. Mostly,

we’ll use the symbol ≈ when discussing the relation.
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The similarity between the condition for the earlier-defined relation of solution-

equivalence and the condition for ≈ should be obvious: the latter is just the multi-

plicative version of the former.

Exercise 2. Prove that ≈ is an equivalence relation on Q.

Definition 1. The quotient set Q/≈ is denoted Q and is called the set of rationals
Definition

of Q or the set of rational numbers. An element of Q, by definition, is a ≈-equivalence

class of ordered pairs of integers (b, a), with a 6= 0. We would usually denote the ≈-

equivalence class of (b, a) by [(b, a)], but, for now, we’ll use the more efficient notation

< b, a >. Such a class is called a rational number.

Since, as we have confirmed, each equation Ma,b determines a unique hypothetical

solution, and two equations Ma,b and Mc,d determine the same solution if and only if

(b, a) ≈ (d, c), it makes sense to consider using Q as a candidate for the set of solutions

to the equations (1). Just as we did in the case of constructing Z as an extension of N,

however, we face a number of tasks before we can use Q as the appropriate extension

of Z. We begin these tasks by defining addition and multiplication of rationals.

2. Addition and multiplication of rational numbers

2.1. Definitions and properties. The definitions of addition and multiplication of

rational numbers are motivated by the same kind of considerations that led to the

definitions of these operations for integers.

Thus, let r and s be hypothetical solutions to equations Ma,b and Mc,d:

ar = b

cs = d.
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Multiplying the first of these by c and the second by a and adding yields
Adding and
multiplying
hypothetical
solutions

(4) ac(r + s) = ad + bc.

Notice this tells us that r + s is the hypothetical solution to Mac,ad+bc.

Next, multiplying both equations together yields

(5) acrs = bd.

This tells us that rs is the hypothetical solution to Mac,bd.

We now give the formal definitions suggested by these equations.

Definition 2. Let < b, a > and < d, c > be any rational numbers. We define binary

operations + and · for rational numbers by the following equations:

< b, a > + < d, c >=< ad + bc, ac >

< b, a > · < d, c >=< bd, ac > .

Notice that the “+” symbol on the left-hand side of the first equation represents the

new addition operation being defined, whereas the same symbol on the right-hand side

represents the addition of integers. Similarly, “·” on the left-hand side of the second

equation represents the new multiplication, whereas the products on the right-hand

side have already been defined. This time we have not used alternative symbols, such

as ⊗, for the new operations, as we did when first defining multiplication of integers,

trusting that the reader will have no trouble understanding from the context which

are the new operations and which are not. As usual, we often leave out the “·” symbol

when convenient, using simple juxtaposition to denote multiplication.
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Clearly the definition conforms to our usual notions of adding and multiplying

fractions.

Of course, just as before, one must verify that the definitions in Definition 2 are

well-posed. (Instead of saying that the definitions are “well-posed,” we may say that

the operations are “well-defined.”)

Exercise 3. Prove that + and · are well-defined for rational numbers.

We use the result of this exercise from now on. The facts in the following exercise

can be proved directly from the definitions of the operations.

Exercise 4. Verify the following: (a) For any integer a 6= 0, < 0, a >=< 0, 1 >, and

< a, a >=< 1, 1 >. (b)For any < b, a >, < 0, 1 > · < b, a >=< 0, 1 >. (c) For any

< b, a >, < b,−a > is defined, and < −b, a >=< b,−a >. (d) For any < b, a >,

< −b,−a > is defined, and < b, a >=< −b,−a >. (e) For any integers a, b, c, such

that a 6= 0 and c 6= 0, the rational number < bc, ac > is defined, and it equals < b, a >.

(f) For any < b, a > and < d, a >, we have < b, a > + < d, a >=< b + d, a >.

The following theorem lists the basic algebraic properties of the rational numbers.

These follow directly from the definitions, and verification is left to exercises below.

Theorem 1. Let < b, a >,< d, c >,< f, e > be any rational numbers. Then:
Basic

properties
of the

rationals

(a) < b, a > +(< d, c > + < f, e >) = (< b, a > + < d, c >)+ < f, e >. (additive

associative law)

(b) < b, a > + < 0, 1 >=< 0, 1 > + < b, a >=< b, a >. (additive identity law)

(c) < b, a > + < −b, a >=< 0, 1 >=< −b, a > + < b, a >. (additive inverse law)

(d) < b, a > + < d, c >=< d, c > + < b, a >. (additive commutative law)

(e) < b, a > ·(< d, c > · < f, e >) = (< b, a > · < d, c >)· < f, e >. (multiplicative

associative law)

(f) < b, a > · < 1, 1 >=< 1, 1 > · < b, a >=< b, a >. (multiplicative identity law)
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(g) If < b, a > 6=< 0, 1 >, then < a, b > is defined,

and < b, a > · < a, b >=< 1, 1 >. (multiplicative inverse law)

(h) < b, a > · < d, c >=< d, c > · < b, a >. (multiplicative commutativity law)

(i) < b, a > ·(< d, c > + < f, e >) = (< b, a > · < d, c >) + (< b, a > · < f, e >).

(distributive law)

2.2. Comments.

2.2.1. The reader will easily recognize that properties (a)–(f), (h), (i) show that

< Q, +, · > is a commutative ring. The additive identity in this ring is < 0, 1 >,

and the multiplicative identity is < 1, 1 >. We shall refer to these as zero and one,

respectively, in anticipation of their later identification with the integers 0 and 1.

2.2.2. Property (g) is a multiplicative inverse law but restricted to non-zero ratio-

nals. It asserts that, for a non-zero rational number < b, a >, a multiplicative inverse

exists and equals < a, b >.

Exercise 5. Verify that a rational number < b, a > is non-zero if and only if b 6= 0.

Conclude that in that case, < a, b > is a well-defined, non-zero rational number and

that < b, a >< a, b >=< 1, 1 >, i.e., verify property (g) of the theorem.

2.2.3. Let Q∗ denote the set of non-zero rational numbers.

Exercise 6. (a) Show that if < b, a > and < d, c > are non-zero, then < b, a >< d, c >

is non-zero. Therefore, Q∗ is closed with respect to the operation of multipli-

cation. That is, we can consider multiplication of non-zero rationals to be a

binary operation on Q∗.

(b) Verify that < Q∗, · > is a commutative group.
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(c) Using only the properties listed in Theorem 1, prove that Q satisfies a mul-

tiplicative cancellation law: i.e., if < b, a >< d, c >=< b, a >< f, e > and if

< b, a > 6=< 0, 1 >, then < d, c >=< f, e >.

Therefore, the commutative ring Q cannot have zero-divisors (cf. the comments

after Definition 8 in The Integers for a short discussion of zero-divisors).

2.2.4. A commutative ring without zero-divisors is called an integral domain in the
Concept

of an
integral
domain

mathematical literature. Therefore, both the ring Z and the ring Q are integral

domains.

But Q is more than a mere integral domain because of the multiplicative inverse

law for non-zero elements.
Concept

of a
field Definition 3. A commutative ring with identity is called a field provided it has

non-zero elements and each such non-zero element possesses a multiplicative inverse.

Therefore, the commutative ring < Q, +, . > is a field. Other examples of fields

are the real numbers R and the complex numbers C, both with respect to their

usual addition and multiplication operations. Another example is provided by the

set {0, 1}, together with the operations of mod 2 addition and multiplication. The

reader should verify this last example for himself/herself.

Using the same argument that works for Exercise 6 (c), it is easy to show that a field

satisfies a multiplicative cancellation law (for multiplication by non-zero elements).

So, a field is an integral domain. However, Z is an example of an integral domain

that is not a field.

Exercise 7. Verify properties (a)–(f), (h), (i), listed in Theorem 1.
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2.2.5. We usually denote additive inverses by prefixing a − sign. Theorem 1 (c)

above can then be phrased as: − < b, a >=< −b, a >. By Exercise 4, this also equals

< b,−a >.

2.2.6. We sometimes denote multiplicative inverses by adjoining an exponent −1.

Theorem 1 (g) above can then be phrased as < b, a >−1=< a, b > . Of course, as

stated in Theorem 1 (g), this is only meaningful when < b, a > 6=< 0, 1 >.

Exercise 8. Let r and s be any rational numbers, with s 6= 0. Verify each of the

following. a) −(−r) = r. b) (s−1)−1 = s. c)(−s)−1 is defined and equals −(s−1).

Because of this last equality, we may write the expression as −s−1—i.e., with no

parentheses—without fear of ambiguity.

2.3. Connections with Z. At this point, we have an algebraic object, namely Q,

with properties that resemble those that we are familiar with from our earlier expe-

rience with rational numbers. However, we have not yet connected this construction

with the integers. The facts in the following exercise allow us to do this.

Exercise 9. Let a and b be any integers. (a) Prove that < a, 1 >=< b, 1 >⇔ a = b.

(b) Prove that < a + b, 1 >=< a, 1 > + < b, 1 >. (c) Prove that < ab, 1 >=< a, 1 >

· < b, 1 >. (d)Verify that < b, a >=< b, 1 > · < 1, a >=< b, 1 > · < a, 1 >−1.

This exercise can be used to show that Q contains a copy of Z, with the operations

of Q restricting to the analogous operations of Z. To make this more precise, define

a function j : Z→ Q by the rule

j(a) =< a, 1 >,
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for any a ∈ Z. Assertion (a) of Exercise 9 implies that j is injective. It maps the set

Z injectively onto the subset of Q consisting of all rationals of the form < n, 1 >,

where n ranges over Z. Assertions (b) and (c) of the exercise can be rephrased as:

j(a + b) = j(a) + j(b) and j(ab) = j(a) · j(b).

That is, the function j preserves the two operations. Therefore, we may use j to

identify Z with this subset of Q, i.e., Q is an extension of Z and the operations of Q
Q

extends
Z

extend those of Z. Shortly, we’ll show that the order relation in Z may be extended

to an order relation in Q.

2.4. Better notation. As in our earlier construction of the integers, we now mod-

ify and simplify our notation to reflect this identification of Z with a subset of Q.

Specifically, we do the following:

2.4.1. We identify any integer b with the rational number j(b) =< b, 1 >, writing b

instead of < b, 1 >. Among other things, this means that the additive identity of Q

is now written as 0 and the multiplicative identity of Q is written as 1. This allows

us to rewrite Exercise 4 (b) as the following important and familiar identity, valid for

any rational number r:

(6) 0 · r = 0.

Other useful rewrites are also possible. For example, using Exercise 9 (d), we see

that an arbitrary rational number < b, a > can be written as

(7) < b, a >= b · a−1.

Division,
at last
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2.4.2. We now introduce the operation of division and the usual fraction notation.

Definition 4. For any rational numbers r and s such that r 6= 0, we define s divided

by r to be s · r−1, and we denote this by s/r. Clearly, then 1/r = r−1, so this gives

the usual reciprocal notation for the multiplicative inverse. It follows, using equation

(7), that any rational number < b, a > can be written in the familiar fraction form

b/a.

From now on, we shall use the new notation, except when it is necessary to use the

old notation to prove a point.

Exercise 10. Restate the results of Exercise 4 (a), (c)–(f), and Exercise 9 in the

fraction notation.

2.4.3. The foregoing is analogous to what we did when we introduced the − symbol

in order to write m + (−n) more efficiently as m − n and then regarded this as

defining the operation of substraction of integers. Incidentally, we now apply the

same considerations to extend this − notation further: We let s−r stand for s+(−r),

for any rational numbers r and s.

2.4.4. Therefore, we have arrived at the situation in which we can legitimately

regard Q, together with its operations of addition and multiplication, as an extension

of Z, with corresponding operations and corresponding notational conventions. In

short, we now have our standard picture of the rationals. We conclude by restating

Theorem 1 in the new (of course, well-known) notation:

Theorem 2. Let b/a, d/c, f/e be any rational numbers. Then:

(a) b/a + (d/c + f/e) = (b/a + d/c) + f/e. (additive associative law)

(b) b/a + 0 = 0 + b/a = b/a. (additive identity law)
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(c) b/a + (−b)/a = 0 = (−b)/a + b/a. (additive inverse law)

(d) b/a + d/c = d/c + b/a. (additive commutative law)

(e) b/a · (d/c · f/e) = (b/a · d/c) · f/e. (multiplicative associative law)

(f) b/a · 1 = 1 · b/a = b/a. (multiplicative identity law)

(g) If b/a 6= 0, then a/b is defined, and b/a · a/b = 1. (multiplicative inverse law)

(h) b/a · d/c = d/c · b/a. (multiplicative commutativity law)

(i) b/a · (d/c + f/e) = (b/a · d/c) + (b/a · f/e). (distributive law)

2.5. Solving the equations Ea,b and Ma,b. We are now in a position to attain the

main goal of this construction:

Exercise 11. Let a, b, c, d be any rational numbers, with c 6= 0. Verify that each of

the following two equations has a unique solution in Q:
Solving

equations
in Q Ea,b : a + x = b

Mc,d : cy = d.

Specifically, verify that Ea,b has the unique solution x = b−a and Mc,d has the unique

solution y = d/c. (Be sure you prove this for all rational numbers a, b, c, d such that

c 6= 0, not just for integers.)

Comments:

• One benefit of this method of constructing Q is that it can be extended well

beyond this context. In general, we can start with any integral domain R

and construct an extension of R that essentially consists of all “fractions”

of elements in R (allowing only non-zero denominators, of course). These

fractions form the so-called field of fractions of R. Readers of these notes have

encountered this process in calculus courses when they start with polynomials

(which form an integral domain) and then consider rational functions (which
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are fractions with a polynomial in the numerator and a non-zero polynomial

in the denominator). These rational functions form a field which is the field

of fractions corresponding to the ring of polynomials.

• Exercise 11 shows that if we are interested in first-order equations involving

one unknown and rational coefficients, we do not have to look beyond the

rationals for solutions. This is also true when there are more unknowns. Such

first-order equations are often called linear equations. Hence, all the results
Linear
equationsand techniques of linear algebra (except those involving eigenvalues) are valid

using any scalar field, in particular, the field of rationals.

The story changes, however, when we want to solve higher order equations,

as we’ll shortly discuss. First, however, we want to show how to introduce the

standard order relation into Q.

3. Ordering the rational numbers

To define an order relation on Q extending that of Z and having the standard

properties, we begin by defining Q+, the set of positive rationals, and Q−, the set of

negative rationals.

Definition 5. Let a and b be any integers, with a 6= 0. We say that the rational

number b/a is positive ⇐⇒ ab > 0. Let Q+ denote the set of all positive rationals.

We say that b/a is negative ⇐⇒ ab < 0, and we denote the set of negative rationals
Positive
and
negative
rationals

by Q−.

Exercise 12. Verify that if the rational number r is neither positive nor negative,

then r = 0.

Note that we have not yet defined an order relation on Q. We have only proposed

a definition of certain subsets Q+ and Q− of Q.

Exercise 13. Prove the following:
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(a) The sets Q+ and Q− are well-defined. (This means that you have to show that

the definitions of positive and negative rational numbers are well-posed.)

(b) Prove that b/a ∈ Q+ ⇐⇒ −(b/a) ∈ Q−.

(c) Prove that Q+ is closed with respect to addition, multiplication, and the op-

eration of multiplicative inversion.

(d) Prove that Q− is closed with respect to addition and multiplicative inversion.

(e) Prove that the product of two negative rationals is positive and the product

of a negative rational and a positive rational is negative.

This exercise shows that the concepts of positive and negative as defined above are

compatible with the standard meaning of these terms.

Definition 6. We define a relation≺ onQ as follows: Given any two rational numbers

r and s, we say that r is less than s (or strictly less than s) written r ≺ s, provided
Ordering

Q that s−r is positive. In this case, we may also say that s is greater than r (or strictly

greater than r) and write s Â r.

The definition is designed to be compatible with our normal use of the words “posi-

tive” and “negative.” Thus, the assertions “r is positive” and “r Â 0” are equivalent,

according to our definitions, as are “r is negative and “r ≺ 0.” We use these inter-

changeably from now on.

Exercise 14. Prove that if m and n are integers, then m < n ⇐⇒ m ≺ n. (Note:

< is the order relation on Z defined in The Integers. Since, now, we are regarding

Z as a subset of Q, it makes sense to apply the relation ≺ to integers. This exercise

asserts that, for integers, the two relations are the same.)

Since this exercise tells us that the new order relation ≺ on Q is an extension of the

standard order < on the integers, it is no longer necessary to use a separate symbol
14



for it. From now on, therefore, we dispense with the symbol ≺ for the ordering of the

rationals and instead use the familiar symbol <.

The following theorem summarizes the main features of the ordering.

Theorem 3. Let r, s, and t be any rational numbers. Then, we have the following:

(a) r < s ∧ s < t ⇒ r < t. (transitivity of <).

(b) ¬(r < r). (irreflexitivity of <)

(c) Exactly one of the following holds: r < s, r = s, or r > s.

(d) r < s ⇔ r + t < s + t.

(e) If r > 0 and s < t, then rs < rt.

(f) r < s ⇔ −s < −r.

(g) If r < 0 and s < t, then rs > rt.

(h) If r, s ∈ Q+ and r < s, we have s−1 < r−1. The same holds when r, s ∈ Q−.

(i) There exist non-empty subsets of Q that are bounded below but contain no

smallest element. Similarly, there exist non-empty subsets of Q that are bounded

above but contain no largest element.

(j) For any r ∈ Q+, there is a natural number n such that r < n.

We shall prove properties (a), (d),and (e), and (j) to illustrate how these proofs go.

Proof. (a) The hypothesis states that r < s and s < t, so the rational numbers s− r

and t− s are positive. Since Q+ is closed under addition, the sum (t− s) + (s− r) is

positive. Since this quantity equals t− r, it follows that r < t.

(d) Since s− r = (s + t)− (r + t), one side of the equation is positive if and only if

the other is. By definition, this means that r < s if and only if r + t < s + t.

(e) The hypothesis tells us that both r and t − s are positive. Since Q+ is closed

under multiplication, it follows that r(t − s) is positive. But, the distributive law

implies that r(t− s) = rt− rs, hence rs < rt, as desired.
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(j) Suppose first that r = a/b, with a and b natural numbers, b 6= 0. Set n = a + 1.

Then r = a/b ≤ a/1 = a < a + 1 = n, proving the desired result in this case. If

r = a/b, where a and b are negative integers, then observe that r = (−a)/(−b), and

−a and −b are natural numbers with −b 6= 0. So, we may apply the first argument

to −a and −b, again proving the desired result. Finally, since r is assumed to be

positive, we know that ab > 0. Therefore, by Exercise 24 of The Integers, either both

a and b are positive and hence natural numbers, or they are both negative. We have

proved the result in both these cases, so the proof is complete.

¤

Exercise 15. Prove the remaining properties listed in Theorem 3.

Exercise 16. Use Theorem 3 to prove the following: For any positive rational number

r, there is a natural number n such that 1/n < r.

Exercise 17. Use Theorem 3 to prove the following: For any positive rational num-

bers r and s, there is a natural number n such that s < nr.

Exercise 18. Use Theorem 3 to prove the following: For any positive rational num-

bers r and s satisfying r < s, the inequalities r < (r + s)/2 < s are true.

Exercise 19. Use Theorem 3 to prove the following: For any rational numbers r and

s, r < s ⇐⇒ r2 < s2. (Caveat: Only use the results of this chapter preceding

this problem. In particular, you may not use the usual properties of the square-root

function. This has not been defined and its properties have not been established.)

Comments:

• Theorem 3(a), (b), and (c) together imply that < is a strict linear order on Q.

Any field with a strict linear order that also satisfies Theorem 3 (d) and (e) is

known as an ordered field. Thus, Theorem 3(a)-(e) assert that Q is an ordered
16



field. It is possible to derive Theorem 3(f)-(i) from Theorem 3(a)-(e)—a good

exercise. Thus, every ordered field satisfies Theorem 3(a)-(i).

• Theorem 3(b)— (h) are closely analogous to properties already stated for the

order relation on Z.

• Theorem 3 (i) is different from what we have encountered earlier. It is worth

giving an explicit example to illustrate this. Choose any rational number s

and hold it fixed. Define the set S to consist of all rational numbers r > s.

Clearly S is bounded below by s. Moreover, s + 1 ∈ S, so S is not empty.

However, for any r ∈ S, there is a strictly smaller element in S, for example

(r + s)/2, as in the exercise above. So, S has no smallest element. A closely

similar construction shows that there are non-empty subsets of Q that are

bounded above but have no largest element.

• Theorem 3 (j) is a version of the so-called Archimedean property of Q. Two

other versions of this property are given in Exercises (16) and (17). All three

are logically equivalent to one another, as the reader can easily check.

This property may seem obvious for the field Q, and it may be difficult to

imagine an example of a linearly ordered field for which this property fails. (For

example, it holds for the field of real numbers.) However, there are important

examples of so-called non-Archimedean fields, i.e., ordered fields for which the

Archimedean property does not hold. These play important roles in some

parts of algebra and in a version of analysis known as non-standard analysis.

• Exercise (18) illustrates a feature of the ordered field Q known as a density

property: namely, given any two rational numbers r and s with r < s, there

exists another rational number t such that r < t < s. In the exercise, t

is chosen to be the average of r and s, but the reader will find it easy to

construct many other examples. The density property implies that we may

choose sequences of distinct rational numbers that “cluster” closer and closer
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together, something we cannot do, for example, with the integers. We look at

this property more closely in the next section.

4. Sequences and limits in Q

As defined in Set Theory, §2.6, a sequence of rational numbers (which we may also

call a sequence in Q) is simply a function a : N → Q. Convention has it that the

function values a(n) are called the terms of the sequence and written as an. The

sequence itself is usually written as {a0, a1, a2, . . .}, or {an}, or sometimes as {an}∞n=0.

To define a limit of a sequence, it is convenient to use the standard absolute value

notation, bearing in mind that we are still dealing only with rational numbers. For

r ∈ Q, the absolute value |r| is the non-negative rational number defined as follows:

|r| =




r, if r ≥ 0

−r, if r < 0.

Definition 7. All numbers appearing in this definition are assumed to be rational.

Let {an} be a sequence in Q. We say that a number L is a limit of {an}, written

limn→∞ an = L, if and only if, for every positive ε, there is an N ∈ N, such that for

all n ∈ N,

n > N ⇒ |L− an| < ε.

This is precisely the definition of limit used (in the case of real numbers) in many

calculus courses. The reader will already have seen numerous examples of such se-

quences and limits, so we do not give any examples here.

When {an} has a limit L, we may say that {an} converges to L. If we do not

want to mention the limit L, we may simply say that {an} converges or is convergent.

Note that the sequence {an} has no intrinsic feature that characterizes it as being
18



convergent, since the definition of convergence makes reference to a specific limit L,

which is in some sense external to {an}.
The French mathematician Augustin Cauchy (pronounced KÓH SHEE)searched

for such an intrinsic feature in the early 1800’s. He noticed that sequences of real

numbers that converged to some limit always clustered more and more closely together

the further one went out in the sequence. He proved that, in the case of real numbers,

a sequence with such a property did always converge to a (real) limit. We now define

this property in the case of sequences of rational numbers.

Definition 8. A sequence {an} has the Cauchy Property if and only if, for every

positive ε, there is an N ∈ N, such that, for all m ∈ N and for all n ∈ N,

m > N and n > N =⇒ |am − an| < ε.

We may also say that such a sequence is a Cauchy sequence.

Theorem 4. Every convergent sequence is a Cauchy sequence.

Proof. Suppose that {an} is convergent with limit L. Choose any positive rational

number ε. We shall apply the definition of convergence twice with respect to ε/2:

there exists an N ∈ N such that for all m ∈ N and for all n ∈ N,

m > N =⇒ |am − L| < ε/2, and

n > N =⇒ |an − L| < ε/2.

It follows that |am − L|+ |an − L| < ε. The reader should now check that

|am − an| = |(am − L)− (an − L)| ≤ |am − L|+ |an − L|.

Combining this with the preceding inequality, we can conclude that |am − an| < ε,

for all m and n greater than N , as required.
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Cauchy goes on to prove the converse of Theorem 4 in the context of the real

numbers, thus showing that the Cauchy Property truly does give an intrinsic charac-

terization of those sequences of real numbers that converge (to a real number). In the

context of the rational numbers, however, this converse is no longer true. We present

two examples of this in the next section.

5. Non-convergent Cauchy sequences of rationals

5.1. An irrational sequence of rationals. There are many polynomials p(x) with

rational coefficients such that the equation p(x) = 0 has no rational root. The

construction that we present in this section could be adapted to any of these. However,

for definiteness and simplicity, we choose p(x) = x2 − 2, making use of the following

well-known

FACT: No rational number satisfies x2 − 2 = 0.

Of course, this simply asserts the irrationality of
√

2, which has been proved earlier

in this course.

We now define two sequences {an} and {bn} in Q as follows:

Choose an arbitrary n ∈ N, and keep it fixed throughout this definition. Consider

the rational numbers

xk,n = 1 +
k

10n
, k = 0, 1, 2, . . . , 10n.

Notice that x0,n = 1 < x1,n < x2,n < . . . < x10n,n = 2, and also notice that x2
0,n < 2

and x2
10n,n > 2. Let Sn be the set of all k such that x2

k,n < 2 and Tn the set of all k

such that x2
k,n > 2. (Of course, we cannot have x2

k,n = 2 for any k, since otherwise,
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this xk,n would be a rational number satisfying x2 − 2 = 0, contradicting the above

fact.) Therefore, Sn ∪ Tn = {0, 1, 2, . . . , 10n}. There must exist a smallest k in Tn,

say k = ` + 1. The reader should then check that ` is the largest k in Sn. Therefore,

we have x2
`,n < 2 < x2

`+1,n. Define an = x`,n and bn = x`+1,n. Then an and bn have

the following properties, which we verify below:

(a) a2
n < 2 < b2

n.

(b) For any natural numbers m and n, am < bn.

(c) bn − an = 10−n.

(d) For every n > 0, an−1 ≤ an and bn ≤ bn−1.

Items (a) and (c) follow immediately from the construction. To see why item (b)

is true, just apply inequality (a) to the cases of indices m and n: a2
m < 2 < b2

n. Thus,

a2
m < b2

n. An earlier exercise then implies that am < bn.

Item (d) requires a more detailed verification.

We shall verify that an−1 ≤ an. Go through the same construction as before, except

for the case of n − 1 instead of n. The result will be, as before, two sets, Sn−1 and

Tn−1. The largest element in Sn−1 is, say `′, and an−1 is defined to be x`′,n−1. Of

course, x`′,n−1
2 < 2. Now compute x`′,n−1 = 1 + `′/10n−1 = 1 + 10`′/10n = x10`′,n.

Therefore, x2
10`′,n < 2. It follows that 10`′ ∈ Sn, and since ` is the largest element

of Sn, 10`′ ≤ `. Since the sequence of xk,n’s is increasing as k increases, we have

an−1 = x`′,n−1 = x10`′,n ≤ x`,n = an. A similar discussion shows that bn ≤ bn−1.

Lemma 1. Pick any N ∈ N, and choose natural numbers m and n both > N . Let

x and y be any two of the four quantities am, an, bm, bn, defined as in the foregoing

construction. Then |x− y| < 1/10N .

Exercise 20. Prove the lemma.

Exercise 21. Prove that {an} and {bn} are Cauchy sequences.
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Exercise 22. Prove that the sequence {an − bn} converges to 0.

Exercise 23. Prove that if limn→∞ an = L, then limn→∞ bn = L. Here L is some

number in Q. (Hint: You may use the inequality |bn − L| ≤ |an − L| + |an − bn|,
together with the previous exercise and the definition of limit. If you want to prove

the result by using the fact that the limit of a sum is the sum of the limits, then you

must prove that fact. That proof, in fact, is almost the same as the method suggested

in the hint.)

Suppose that, for some rational number L, limn→∞ an = L. Then, by Exercise

23 we also have limn→∞ bn = L. From these two facts, we can argue just as in

an introductory calculus course, that limn→∞ a2
n = L2, and limn→∞ b2

n = L2. Since

a2
n < 2 < b2

n, it follows, again by a standard argument in calculus, that in the limit,

we get L2 ≤ 2 ≤ L2. These two inequalities imply that L2 = 2 or L2 − 2 = 0,

contradicting the fact that x2 − 2 = 0 has no rational root.

Therefore, {an} is a Cauchy sequence of rational numbers that does not converge

(to a rational number). Similarly for {bn}.

Exercise 24. Despite the fact that {an} does not converge, the sequence {a2
n} does

converge. Prove that limn→∞ a2
n = 2. (Comment: You may not use any fact about

irrational numbers, etc., only facts that we have proved about Q. The proof should

use only the definition of limit given above, together with the facts established about

the construction of {an}. Deduce enough information about the numbers a2
n to enable

you to prove convergence directly from the definition.)

It is not hard to verify that the construction we have given results in the following

values for the first few terms of the sequence {an}: a0 = 1, a1 = 1.4, a2 = 1.41, a3 =

1.414, ..., a17 = 1.41421356237309504. Of course, these are precisely the first few

terms in the decimal expansion of
√

2.
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It will be useful to introduce some terminology to summarize what the foregoing

construction shows.

We may call a non-convergent Cauchy sequence in Q irrational. This is motivated
Irrational
sequences
in Q

by the idea that, if we skip ahead and imagine the reals already constructed, then

this Cauchy sequence does converge to some real number, by the result proved by

Cauchy. But this real number cannot be in Q, since the sequence is assumed to be

non-convergent in Q.

Next, let {an} be a Cauchy sequence in Q, and suppose that there is some polyno-

mial p(x) with coefficients in Q such that limn→∞ p(an) = 0. Then we shall describe

this by saying that {an} is algebraic. This is motivated by the idea that, again skip-
Algebraic
sequences
in Q

ping ahead to the reals, if limn→∞ an = r, for some real number r, it follows that

p(r) = 0. In other words, the “limiting value” r satisfies an algebraic restriction.

Using these terms, we can say that the Cauchy sequence {an} constructed above

is irrational, since it is non-convergent. And it is also algebraic, since, as you have

shown (Exercise 24), limn→∞ p(an) = 0, where p(x) = x2 − 2.

In the next section, we construct a Cauchy sequence in Q which is irrational but

not algebraic.

5.2. An irrational sequence in Q that is not algebraic. For any n ∈ N, let

(8) an = 1 + 1 +
1

2!
+

1

3!
+ . . . +

1

n!
.

Clearly {an} is a sequence in Q, and an < an+1, for every n.

The reader may recall from a calculus course that the sequence {an} converges to

the real number e. Here, we wish to analyze the sequence {an} using only methods

that arise from what we have proved about Q. In particular, we shall not refer

explicitly to e, to Taylor series, or the like.
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We recall the finite geometric sum

(9) 1 +
1

2
+ . . . +

1

2k
=

1− 1
2k+1

1− 1
2

= 2(1− 1

2k+1
),

which is easily verified by induction or direct algebraic manipulation.

Equation (9) immediately implies the following inequality,

1 +
1

2
+ . . . +

1

2k
< 2,

which is valid for every k ∈ N.

Proposition 1. {an} is a Cauchy sequence.

Proof. Choose any natural numbers m and n, with notation chosen so that m ≤ n.

Then,

0 < an − am =
1

(m + 1)!

[
1 +

1

m + 2
+

1

(m + 2)(m + 3)
+ . . . +

1

(m + 2) · . . . · n
]

≤ 1

(m + 1)!

[
1 +

1

2
+

1

22
+ . . . +

1

2n−m−1

]
<

2

(m + 1)!
.(10)

Now let any positive rational number ε be given, and choose N ∈ N so that

2/(N + 1)! < ε. (For example, use the Archimedean Property of Q to choose an

N > 2/ε. Then (N + 1)! ≥ N + 1 > N > 2/ε, and so 2/(N + 1)! < ε.) Pick any

natural numbers m and n, with notation chosen so that m ≤ n. Then, |an − am| =

an − am < 2/(m + 1)! < 2/(N + 1)! < ε.

¤

Proposition 2. {an} does not converge (to a rational number).

Proof. We suppose that {an} does converge to some limit L ∈ Q, and we derive a

contradiction. An inspection of the definition of the terms shows that each an is ≥ 1.

It then follows by an easy argument familiar to students who have taken calculus

that limn→∞ an ≥ 1. That is, L ≥ 1. For our purposes, we need only conclude from
24



this that the rational number L is positive, which means that we can write it as a

quotient p/q, where p and q are both positive integers.

Since {an} is a strictly increasing sequence, we can conclude that, for n ≥ m + 1,

an − am ≥ am+1 − am > 0. These inequalities still hold when we let m remain fixed

and allow n to get arbitrarily large. That is, for fixed m, we have

(11) 0 < am+1 − am ≤ lim
n→∞

(an − am) = ( lim
n→∞

an)− am =
p

q
− am.

Now we use the earlier computation that an − am < 2/(m + 1)! to conclude that

p

q
− am = lim

n→∞
(an − am) ≤ 2

(m + 1)!
.

Therefore, combining this with (11), we get

0 <
p

q
− am ≤ 2

(m + 1)!
, for every m.

Multiply this equation by m! to obtain

(12) 0 <
m!p

q
−m! am ≤ 2

m + 1
.

The product m!am is an integer, since the factor m! cancels all the denominators in

am. Moreover, if we choose m to be ≥ max(q, 2), then m! cancels q, and the middle

term in (12) is an integer I satisfying

0 < I ≤ 2

m + 1
≤ 2

3
< 1,

which is impossible. This is the desired contradiction that proves the result.

¤

If we leap ahead and suppose that the real numbers R have been constructed, then

we could use Cauchy’s result to conclude that the sequence (8) converges to a real

number, known as “e.” Then Proposition 2 can be interpreted as saying that e is
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irrational. (This was first proved by the Swiss mathematician Leonard Euler in 1737,

who was also the first mathematician to use the letter “e” to denote this quantity.)

Unlike our previous example, however, the sequence (8) is not algebraic (i.e., e is not
e is

irrational
and not

algebraic

algebraic). This fact is much more difficult to establish. It was proved in 1873 by the

French mathematician Charles Hermite. The more well-known quantity π is also an

example of an irrational number that is not algebraic, facts that, perhaps surprisingly,

were even harder to prove for π than for e.

6. Extending Q to the real and complex numbers: a summary

In this section, we give brief, intuitive outlines of how to construct the fields of

real numbers and complex numbers, R and C. Most verifications or proofs will be

omitted, but there will be enough descriptive detail to allow us to use R and C in the

next chapter, Impossibility Proofs. A systematic development with all the details is

given in a separate chapter that is independent of Impossibility Proofs.

6.1. The real numbers R. In the previous section, we have seen two examples of

irrational Cauchy sequences in Q. The first is algebraic, corresponding to a zero of the

polynomial x2−2; the second, corresponding to the base e of the natural logarithms, is

not algebraic. Both represent gaps in our number system Q, which we seek to remedy

by suitably extending Q. The first example suggests a technique similar to what we

have done earlier in constructing Z and Q. Namely, we might use the equation to

guide us in the construction of the extension. This has the obvious problem that

there are many other equations which also reveal gaps in Q, so a method must be

found that incorporates all of these. This can be done, but it requires a substantial

amount of preliminary abstract algebra. A more serious problem, though, involves

the second example, which does not correspond to any polynomial equation (with
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rational coefficients). Ideally, one wants a single method that fills all gaps, algebraic

or not.

In a nutshell, the idea is to start with the set C of all Cauchy sequences in Q,
Definition
of Rand then to define the following relation ∼ on C: Two Cauchy sequences {an} and

{bn} are said to be ∼-related if and only if the sequence {an − bn} converges to 0.

One verifies that this is an equivalence relation on C and then defines the set of real

numbers R to be the quotient set C/ ∼.

We want the set R to be a field, so we need to define operations of addition and

multiplication on R. That’s done as follows: For any equivalence classes of Cauchy

sequences [{an}] and [{bn}], define:

[{an}] + [{bn}] = [{an + bn}]

[{an}] · [{bn}] = [{an · bn}].

One has to prove that this definition is well-posed and that the operations defined

satisfy all the axioms of a field. The result is, indeed a field, in which the additive

identity is the equivalence class of the sequence that is constantly equal to 0, and

the multiplicative identity is the equivalence class of the sequence that is constantly

equal to 1. Of course, we call these 0 and 1, as usual.

Next, one has to show how this newly constructed field can be regarded as an

extension of Q. We do this by a procedure that should by now be fairly familiar to

the reader.

Choose any rational number r, and consider the sequence that is constantly equal to

r: i.e., it is the sequence {an} such that an = r for every n. Temporarily denote this

sequence by {r}∞n=0. Then define a function f : Q→ R by the rule f(r) = {r}∞n=0, for

every r ∈ Q, and verify that f is an injection. Finally, check that f(r+s) = f(r)+f(s)

and f(r · s) = f(r) · f(s), for all rational numbers r and s, as well as that f(0) = 0
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and f(1) = 1. This allows us to use f to identify Q with its image in R, just as we

used a certain injection ` : Z→ Q to identify Z with a subring of Q. And so we may

consider the set of rationals as being a subset of the set of reals, in such a way that

real addition and multiplication extend the corresponding operations on Q. Express

this by saying that Q is a subfield of R.

But Q is not simply a field, it is an ordered field. So the next task is to show how to

extend the linear order on Q to a linear order on R. Recall that the order on Q was

defined by first defining Q+, the set of positive rationals. We can do the same for the

reals. Let us say that a real number [{an}] is positive provided there exists a positive

rational number s and a natural number N such that an > s for every n > N . One

checks that this definition is well-posed and then denotes the set of positive reals R+.

The next task is to show that R+ satisfies properties analogous to those in Exercises

12 and 13. Once that is done, one can use R+ to define an order relation on R just
Linear
order
on R

as we used Q+ to define an order relation on Q. Just as before, it turns out to be a

linear order.

How does the new order compare with the old? Well, to see that the order relation

on R extends the one already defined on Q, it’s clearly enough to show that the

positivity property for reals extends the positivity property for rationals. So, choose

any positive rational r and consider the corresponding constant sequence {r}∞n=0. It is

easy to check that this sequence is positive in the sense described above. Conversely,

if the sequence {r}∞n=0 is positive, it follows that the rational number r must be

positive. (Reader, please note: all these assertions do require some work to verify;

we are giving a very quick Cook’s tour of the construction, and so we are skipping

all of the verifications.) So, the new notion extends the old, and, therefore, the linear

order on Q extends to a linear order on R. Of course, once all the properties of R are

established and we recognize what we have constructed as being the familiar field of
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reals, then we recognize that the order relation for R described above is exactly the

standard linear order.

One final step is needed. We need to define the notions of convergent sequence, limit,

and Cauchy sequence. These are defined almost verbatim as were their counterparts in

Q. One shows that every convergent sequence in Q is also convergent in R, and every

Cauchy sequence inQ is also a Cauchy sequence in R. The proof that every convergent

sequence is Cauchy (see the proof of Theorem 4) translates almost verbatim from the

case of the rationals to the case of the reals. As already noted, however, the converse—

namely, that every Cauchy sequence is convergent—fails in the rationals but holds in

the reals. The proof is substantially harder than that of Theorem 4. An ordered field
Complete
ordered
field

in which every Cauchy sequence converges is called complete.

Theorem 5. The field R is an extension of Q that is ordered, complete, and Archimedean.

This theorem is proved in a later chapter. There is also an addendum to this

theorem to the effect that, in a certain sense, R is the only field with the properties

listed in the theorem. In other words, these properties completely characterize the

field of real numbers. To make the phrase “a certain sense” precise can easily be done

but would take us too far afield at this point (pardon the pun), so we stop here.

6.2. The complex numbers C. Although the field R is complete, it still falls short

of our goal of finding a number system that will contain solutions to all polynomial

equations we can express using coefficients in the system. The equation x2 + 1 = 0 is

probably the simplest and best known equation that fails to have a real solution. The

reader can no doubt write down many other quadratic equations with real coefficients

but without real solutions, and there are equations of every higher degree with this

property. We begin to remedy this by enlarging R so as to contain a root of x2+1 = 0.
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Start with the Cartesian product R2, which we think of as the usual Cartesian

plane. We shall make R2 into a field by defining addition and multiplication. In

fact, addition is the well-known vector addition, but multiplication is a bit more

complicated:

(a) (a, b) + (c, d) = (a + c, b + d).

(b) (a, b) · (c, d) = (ac− bd, ad + bc).

Exercise 25. (a) Verify the associative law for multiplication. (b) Verify that the

pair (1, 0) satisfies the multiplicative identity law. (c) Let (a, b) be any pair other than

(0, 0). Let c = a/(a2 + b2) and d = b/(a2 + b2). Verify that (c, d) is a multiplicative

inverse of (a, b). (d) Verify the distributive law. (e) Verify the commutative law for

multiplication.

This exercise, combined with facts about vector addition that the student knows

well, imply that R2 is a field with additive identity (0, 0) and multiplicative identity

(1, 0).

Exercise 26. (a) Verify that, for any pairs (a, 0) and (c, 0) in R2, (a, 0)·(c, 0) = (ac, 0).

(b) Verify that (0, 1)(a, b) = (−b, a), for any (a, b) in R2. (c) Show that, for any (a, b),

we have (a, b) = (a, 0) + (b, 0)(0, 1).

Using part (b) of this exercise, one sees immediately that

(13) (0, 1)2 + (1, 0) = (0, 0).

Call the field just constructed the field of complex numbers and denote it by C. At

the moment, it does not look exactly like the familiar field of complex numbers, but

this can be remedied by changing some notation.
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First, define a function j : R→ C by the rule j(r) = (r, 0). One easily checks that

this is injective and that it satisfies j(r) + j(s) = j(r + s) and j(r) · j(s) = j(rs),

for any r and s in R. Therefore, as in previous such constructions, we can use j to

identify R with a subfield of C. That is, the set R is a subset of C, and the operations

of the field R coincide with the restrictions of the operations of the field C. So, instead

of writing (r, 0) (= j(r)), from now on we write simply r. In particular, the additive

and multiplicative identities of C are now denoted by the usual 0 and 1.

Next, abbreviate (0, 1) to i. Equation (13) then becomes the well-known equation

(14) i2 + 1 = 0.

Thus, i is a desired root of the equation that motivated this construction (as is −i).

Finally, item (c) of the above exercise shows that every complex number (a, b) can

be written as a + bi, which is the promised familiar form.

So, this simple construction extends R to a field containing a solution to a particular

equation. But what about other equations and other roots? Will we have to do this

same construction infinitely often?

And here is where a miracle happens! The answer is no. C contains all the roots

of all polynomial equations with complex coefficients. We pause to write this down

explicitly. It is the most important (and deepest) theorem in this entire course.

Theorem 6 (The Fundamental Theorem of Algebra). Let p(x) be a polynomial

with coefficients in C and having degree n > 0. Then, there are complex numbers

c1, c2, . . . , cn and a non-zero complex number A, such that p(x) = A(x− c1)(x− c2) ·
. . . · (x− cn).
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This theorem was proved in 1799 by Karl Friedrich Gauss as part of his doctoral

thesis. It can be proved by a variety of methods, many of them using the methods of

topology (a branch of geometry). The proofs are beyond the scope of this course.

Note that the theorem does not give a method for constructing or even approximat-

ing these zeros of p(x). It simply asserts that they exist. Any field that possesses the
C is

algebraically
closed

property of C described in the Fundamental Theorem is called algebraically closed.

This would seem to bring our search to an end, except that we have to deal with one

more detail. Although C has the beautiful property of being algebraically closed, it is

not an ordered field. Therefore, we can no longer define convergent sequences,Cauchy

sequences, and completeness as we did for R. This turns out to be easy to fix, but

before we do, let us make sure that C does not admit a linear order extending that

of Q (the way R does).

Suppose that C does admit a linear order extending that of Q. We derive a contra-

diction from this assumption. An earlier exercise about Q showed that every rational

number r satisfies r2 ≥ 0. The same proof applies in any ordered field. So, if C
C is not
linearly
ordered

has the stated linear order, every complex number c satisfies c2 ≥ 0. In particular,

1 = 12 ≥ 0 with respect to this order. It follows, just as in the case of Q, that −1 ≤ 0.

Therefore, i2 = −1 ≤ 0 and i2 ≥ 0 (by what we just proved for any complex number).

So, i2 = 0, which contradicts i2 = −1. So, C does not have a linear order extending

that of Q. How, then, can we define convergence, limits, Cauchy sequences, and the

like?

The answer to this question is provided by recalling that the set C is defined to be

R2, the Cartesian plane, and each complex number a + bi may be identified with the

ordered pair (a, b). Students know from earlier courses that each such vector has a

length, defined as (a2 + b2)1/2. We call this length the absolute value of the complex

number a + bi and write it as |a + bi|. That is, we define
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(15) |a + bi| = (a2 + b2)1/2.

The distance between two vectors in R2, say u and v, is, of course, the length of

the difference u− v (or v− u) Therefore, the distance between two complex numbers

w and z is just the absolute value |w − z| (or |z − w|).
Using this definition of the absolute value of a complex number, we can now define

Cauchy
sequences
in C

limits of sequences in C and the Cauchy Property for sequences in C exactly as we

did before for sequences in Q or in R. The reader should go back and read Definitions

7 and 8 with numbers in C substituted for rational numbers

The upshot of all this is that we can deal with sequences of complex numbers just as
C is
completewe did with sequences of real numbers, and we conclude that C is, indeed, complete

(i.e., a sequence in C converges if and only if it has the Cauchy Property.)

So, we have finally finished what we set out to do. We have constructed an ex-

tension of the natural numbers in which all polynomial equations have zeros and all

Cauchy sequences converge. This is, then, an ideal number system for doing analysis,

geometry and algebra. In the next chapter, we use the fields R and C to study some

classical geometric problems by algebraic means.
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