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1. Propositional Calculus

Propositional Logic: a Sequent Calculus. Recall: we say that a
sequence β̄ of finitely many formulas, β̄ = (β1, β2, . . . , βn), is a formal

proof of a formula φ from a set Γ of formulas,if βn = φ and for all i,
either

• βi is an axiom;
• βi ∈ Γ;
• (mp) βi = γ, and there are j, k < i such that βj = (α → γ)

and βk = α.

A formula φ is formally provable or derivable from a set Γ of formulas,
written Γ ⊢ φ, if there exists a formal proof β̄ = (β1, . . . , βn) of φ from
Γ.

1.1. Lemma. Let ψ be a formula. Then ∅ ⊢ (ψ → ψ).

Proof: exercise in PS2.

1.2. Lemma. Let Γ be a set of formulas, and let ψ be a formula. If φ

is an axiom, then Γ ⊢ (ψ → φ).

Proof. The sequence β̄:
β1 = (φ→ (ψ → φ)) axiom
β2 = φ axiom
β3 = (ψ → φ) mp, j = 1, k = 2

is a formal proof of (ψ → φ) from Γ. �

1.3. Lemma. Let Γ be a set of formulas, and let ψ be a formula. If

φ ∈ Γ, then Γ ⊢ (ψ → φ).

Proof. The same β̄ as in the proof of Lemma 1.2 will work, but the
justification for β2 now is that φ ∈ Γ. �

1.4. Lemma (Deduction Lemma). Let Γ be a set of propositional for-

mulas, and let ψ, φ be propositional formulas. If Γ ∪ {ψ} ⊢ φ then

Γ ⊢ (ψ → φ).
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Proof. Assume that there is a proof β̄ = (β1, . . . , βℓ) of φ from Γ∪{ψ}.
We will show by induction on i = 1, 2, . . . , ℓ that

(1) Γ ⊢ (ψ → βi)

for all i. For i = ℓ, we get Γ ⊢ (ψ → βℓ), i.e., Γ ⊢ (ψ → φ).

• If βi is an axiom, then (1) follows from Lemma 1.2.
• If βi ∈ Γ, then (1) follows from Lemma 1.3.
• If βi = ψ, then (1) follows from Lemma 1.1.
• (mp) If there are j, k < i such that

βj = (α→ γ),

βk = α,

and

βi = γ,

then by the induction assumption

Γ ⊢ (ψ → (α→ γ))

and

Γ ⊢ (ψ → α).

Let

(δ1, . . . , δm)

be a proof of (ψ → (α→ γ)) from Γ, and let

(ǫ1, . . . , ǫn)

be a proof of (ψ → α) from Γ. Set

δm+i = ǫi.

Then
δ1
...
δm = (ψ → (α→ γ))
δm+1

...
δm+n = (ψ → α)
δm+n+1 = ((ψ → (α→ γ)) → ((ψ → α) → (ψ → γ)) axiom
δm+n+2 = ((ψ → α) → (ψ → γ)) mp on δm and δm+n+1

δm+n+3 = (ψ → γ) mp on δm+n and δm+n+2

Now, (δ1, . . . , δm+n+3) is a proof of (ψ → βℓ) from Γ as
claimed.
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The deduction Lemma is not itself formulated with propositional calculus: it is not

a theorem of propositional calculus, but a theorem about propositional calculus. In this

sense, it is a meta-theorem, comparable to theorems about the soundness or completeness

of propositional calculus.

1.5. Corollary.

{(p→ q), (q → r)} ⊢ (p→ r).

Proof. It follows from the Deduction Lemma with Γ = {(p→ q), (q →
r)} and ψ = p. �

1.6. Corollary (Contraposition). Γ ∪ {φ} ⊢ ¬ψ iff Γ ∪ {ψ} ⊢ ¬φ.

Proof: exercise in PS2.

The Completeness Theorem.

1.7. Theorem (Completeness Theorem). Let Γ be a set of formulas,

and let ψ be a formula. Then

Γ ⊢ ψ if and only if Γ |= ψ.

We will prove the ⇒ direction directly.

Proof that if Γ ⊢ ψ then Γ |= ψ. Let β̄ = (β1, . . . , βn) be a proof of ψ
from Γ. We will show by induction on i = 1, . . . , n that Γ |= βi and
conclude that Γ |= βn since βn = ψ.

• If βi is an axiom then |= βi (as we saw before), hence Γ |= βi.
• If βi ∈ Γ, then, by definition, Γ |= βi.
• (mp) If there are j, k < i such that βj = (α → γ), βk = α

and βi = γ, then by induction assumption, Γ |= (α → γ), and
Γ |= α. By Modus Ponens in Semantics, this implies Γ |= γ.
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