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Chapter 1

From Discrete to Continuous Trees

In this chapter, we first explain how discrete random trees can be coded by discrete paths
called the height function and the contour function of the tree. We then prove that the
rescaled height function associated with a forest of independent Galton-Watson trees con-
verges in distribution towards reflecting Brownian motion on the positive half-line. This has
several interesting consequences for the asymptotic behavior of various functionals of Galton-
Watson forests or trees. We also discuss analogous results for a single Galton-Watson tree
conditioned to be large. In particular we recover a famous theorem of Aldous showing that
the suitably rescaled contour function of a Galton-Watson tree conditioned to have n vertices
converges in distribution towards the normalized Brownian excursion as n — oo.

1.1 Discrete trees

We will be interested in (finite) rooted ordered trees, which are also called plane trees in
combinatorics (see e.g. [31]). We first introduce the set of labels

o0
u=|Jn
n=0
where N = {1,2,...} and by convention N° = {()}. An element of U is thus a sequence u =
(u',...,u") of elements of N, and we set |u| = n, so that |u| represents the “generation” of
w. Ifu=(u,...u™) and v = (v',...,v") belong to U, we write uv = (u',...u™ v, ... v")

for the concatenation of u and v. In particular uf) = Qu = u.

The mapping 7 : U\{0} — U is defined by w(u'...u") = u'... " (7(u) is the
“father” of u).

A (finite) rooted ordered tree t is a finite subset of U such that:

(i) 0 € t.
(i) u € t\{0} = 7(u) € t.

(iii) For every u € t, there exists an integer k,(t) > 0 such that, for every j € N, uj € t if
and only if 1 < j < k,(t)



The number k,(t) is interpreted as the “number of children” of  in t.

We denote by A the set of all rooted ordered trees. In what follows, we see each vertex
of the tree t as an individual of a population whose t is the family tree. The cardinality
#(t) of t is the total progeny.

We will now explain how trees can be coded by discrete functions. We first intro-
duce the (discrete) height function associated with a tree t. Let us denote by uy =

0, ur, ug, ..., us)—1 the elements of t listed in lexicographical order. The height function
(ht(n);0 < n < #(t)) is defined by

he(n) = |u,|, 0<n<#(t).

The height function is thus the sequence of the generations of the individuals of t, when
these individuals are listed in the lexicographical order (see Fig.1 for an example). It is easy
to check that hy characterizes the tree t.
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Figure 1

The contour function (or Dyck path in the terminology of [31]) gives another way of
characterizing the tree, which is easier to visualize on a picture (see Fig.1). Suppose that
the tree is embedded in the half-plane in such a way that edges have length one. Informally,
we imagine the motion of a particle that starts at time ¢ = 0 from the root of the tree and
then explores the tree from the left to the right, moving continuously along the edges at unit
speed, until it comes back to its starting point. Since it is clear that each edge will be crossed
twice in this evolution, the total time needed to explore the tree is ((t) := 2(#(t) — 1). The
value Cy of the contour function at time ¢ is the distance (on the tree) between the position
of the particle at time ¢ and the root. By convention Cy; = 0 if ¢ > ((t). Fig.1 explains the
definition of the contour function better than a formal definition.

We will introduce still another way of coding the tree. We denote by S the set of all
finite sequences of nonnegative integers my, ..., m, (with p > 1) such that

emy+mo+---+m;>1 ,ViE{l,...,p—l};



em;+mg+---+m,=p—1

Recall that wg = 0, u1, ug, . . ., ugt)—1 are the elements of t listed in lexicographical order.

Proposition 1.1.1 The mapping

Ot — (kg (t), kuy(6), -+ s (1))

1 Buge(n)-1

defines a bijection from A onto S.

Proof. We note that if #(t) = p, the sum k() + Ky, (t) + - - - + Ky, , () counts the total
number of children of all individuals in the tree and is thus equal to p — 1 (because () is not
counted !). Furthermore, if ¢ € {0,1,...,p — 2}, kyy, + - - - + ky, is the number of children of
Ug, - - ., u; and thus greater than or equal to ¢, because uy,...,u; are counted among these
children (in the lexicographical order, an individual is visited before his children). There is
even a strict inequality because the father of u;;; belongs to {uy,...,u;}. It follows that ®
maps A into S. We leave the rest of the proof to the reader. O

Let t € A and p = #(t). Rather than the sequence (my,...,m,) = ®(t), we will often
consider the finite sequence of integers

xn:Z(mi—l), 0<n<p
i=1
which satisfies the following properties
e 7p=0and z, = —1.
ez, >0forevery 0 <n<p-—1.

o, —x; 1> —1forevery 1 <i<np.

Such a sequence is called a Lukasiewicz path. Obviously the mapping ® of the proposition
induces a bijection between trees (in A) and Lukasiewicz paths.

We now observe that there is a simple relation between the height function of a tree and
its Lukasiewicz path.

Proposition 1.1.2 The height function hy of a tree t is related to the Lukasiewicz path of
t by the formula

h¢(n) = Card{j € {0,1,...,n—1}:x; = inf x4},

J<l<n

for everyn € {0,1,...,#(t) — 1}.



Proof. Obviously,
he(n) = Card{j € {0,1,...,n— 1} : uj; < u,}

where < stands for the genealogical order on the tree (u < v if v is a descendant of u). Thus
it is enough to prove that for j € {0,1,...,n — 1}, u; < u, holds iff

r; = inf x,.
T j<i<n

To this end, it suffices to verify that
inf{k > j:ax <x;}

is equal either to #(t), in the case when all u; with k& > j are descendants of u;, or to the
first index k& > j such that wuy is not a descendant of u,.

However, writing
k

T — T = Z (m; — 1)

i=j+1

and using the same arguments as in the proof of Proposition 1.1.1 (to prove that ® takes
values in §), we see that for every ¢ > j such that uy is a descendant of u;, we have xy—z; > 0,
whereas on the other hand zj, —x; = —1if £ is the first £ > j such that u, is not a descendant
of j (or k = p if there are no such ¢). This completes the proof. O

1.2 Galton-Watson trees

Let p be a critical or subcritical offspring distribution. This means that p is a probability
measure on Z, such that

i ku(k) < 1.

We exclude the trivial case where p(1) = 1.

We will make use of the following explicit construction of Galton-Watson trees: Let
(K., u € U) be a collection of independent random variables with law p, indexed by the
label set U. Denote by 8 the random subset of U defined by

O={u=u'... u"cU:w < K, . forevery 1 <j <n}.
Proposition 1.2.1 0 is a.s. a tree. Moreover, if
Z, = Card{u € 0 : |u| = n},
(Zn,n > 0) is a Galton-Watson process with offspring distribution p and initial value Zo = 1.

6



Remark. Clearly k,(0) = K, for every u € 6.

The tree 0, or any random tree with the same distribution, will be called a Galton-Watson
tree with offspring distribution y, or in short a pu-Galton-Watson tree. We also write II,, for
the distribution of 6 on the space A.

We leave the easy proof of the proposition to the reader. The finiteness of the tree 6
comes from the fact that the Galton-Watson process with offspring distribution p becomes
extinct a.s., so that Z,, = 0 for n large.

If t is a tree and 1 < j < ky(t), we write T}t for the tree t shifted at j:
Tit={uel: juect}

Note that T;t is a tree.
Then II,, may be characterized by the following two properties (see e.g. [25] for more
general statements):

() Wulko = J) = n(d), J € Zy.

(ii) For every j > 1 with u(j) > 0, the shifted trees Tit, ..., T;t are independent under the
conditional probability I1,(dt | ky = j) and their conditional distribution is II,,.

Property (ii) is often called the branching property of the Galton-Watson tree.
We now give an explicit formula for II,,.

Proposition 1.2.2 For every t € A,

() = [ n(ka(t)).

uct

Proof. We can easily check that

{6 =t} = {Ku = ku(t)},

uct

so that

M,(t) = P(0 = t) = [ PUKu = ku(t)) = [ ] ulku(t)).

uct uct
Recall from Proposition 1.1.1 the definition of the mapping ®.
Proposition 1.2.3 Let 0 be a pu-Galton-Watson tree. Then
(d)
@(9) - (Mla M27 e MT)7

where the random variables My, My, ... are independent with distribution u, and

T=inf{n>1:M +---4+ M, <n}.



Remark. The fact that T' < oo a.s. is indeed a consequence of our approach, but is also
easy to prove directly by a martingale argument.

Proof. We may assume that 6 is given by the preceding explicit construction. Write Uy = 0,
Ui, ..., Uyg)-1 for the elements of 0 listed in lexicographical order, in such a way that

®(0) = (Ky,, Kuy,y - - - KU#(e)_l).

We already know that Ky, + - -+ Ky, > n+ 1 for every n € {0,1,...,#(0) — 2}, and
Kyy+---+ KU#(o)A = #(9) — L
It will be convenient to also define U, for p > #(#), for instance by setting
Up — U#(g)_ll |

where in the right-hand side we have added p — #(6) + 1 labels 1. Then the proof of the
proposition reduces to checking that, for every p > 0, Ky, ..., Ky, are independent with
distribution p. We prove this by induction on p (for p = 0 or p = 1 this is obvious since we
have always Uy = () and U; = 1).

Fix p > 2. Use the notation u < v for the lexicographical order on U (in contrast with
u < v for the genealogical order !). As usual v < v if u < v and u # v. The point is to
observe that, for every fixed u € U, the random set

oNn{veld :v<u}

is measurable with respect to the o-field o(K,,v < u). This readily follows from the con-
struction of #. As a consequence, the event

{Up = u} 0 {7#(0) > p}

is measurable with respect to o(K,,v < u). It is also easy to see that the same measurability
property holds for the event

{Up = u} 0 {7#(0) < p}.
Hence {U, = u} is measurable with respect to o(K,,v < u).
Finally, if go, g1, . - ., gp are nonnegative functions on {0,1, ...},

Elgo(Kuv,)91(Kr) - - - 9p(Ku,)]
= Z E |:1{Uo=uo,...,Up:up} gO(Kuo) o gp(Kup)]

ug<ul <---<up

= Y B[ttt 90K g1 (Ko, )| Elgy(Ku,)]

uo<ui<--<up

because K, is independent of o(K,,v < u,), and we use the preceding measurability prop-
erty.

Then Elg,(K,,)] = p(gp) does not depend on uy,, and taking g, = 1 in the preceding
formula we see that

Elgo(Kuvy)91(Kuv,) - - - 9p(Ku,)] = Elgo(Kuy)g1(Kv,) - - - gp1(Ku,_,)] 11(9p)-

An application of the induction assumption completes the proof. O
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Corollary 1.2.4 Let (S,,n > 0) be a random walk on Z with initial value Sy and jump
distribution v(k) = p(k + 1) for every k > —1. Set

T=inf{n>1:5, =—-1}.

Then the Lukasiewicz path of a p-Galton-Watson tree 0 is distributed as (So, Si,...,Sr). In
particular, #(0) and T have the same distribution.

This is an immediate consequence of the preceding proposition.

1.3 Convergence to Brownian motion

Our goal is to show that the height functions (or contour functions) of Galton-Watson
trees (or Galton-Watson forests) converge in distribution (modulo a suitable normalization)
towards Brownian excursions or reflected Brownian motions.

We fix a critical offspring distribution p with finite variance o? > 0. Note that the
criticality means that we now have

> kp(k) = 1.

Let 601,65, ... be a sequence of independent u-Galton-Watson trees. With each 6; we can
associate its height function (hy,(n),0 < n < #(6;) — 1)). We then define the height process
(Hp,n > 0) of the forest by concatenating the functions hy,, he,, . . .:

H, = hg,(n— (#(61) + -+ #(0;—1))) i #(01) + -+ #(0—1) <n < #(01)+ -+ #(6;).

Clearly, the function (H,,n > 0) determines the sequence of trees. To be specific, the “k-th
excursion” of H from 0 (more precisely, the values of H between its k-th zero and the next
one) is the height function of the k-th tree in the sequence.

By combining Corollary 1.2.4 with Proposition 1.1.2, we arrive at the following result (cf
Corollary 2.2 in [22]).

Proposition 1.3.1 We have for everyn >0
H, =Card{k € {0,1,...,n—1}: Sy = inf S;}. (1.1)
k<j<n
where (S,,n > 0) is a random walk with the distribution described in Corollary 1.2.4.

This is the main ingredient for the proof of the following theorem. By definition, a
reflected Brownian motion (started at the origin) is the absolute value of a standard linear
Brownian motion started at the origin. The notation [z] refers to the integer part of x.

9



Theorem 1.3.2 Let 01,60, ... be a sequence of independent j-Galton- Watson trees, and let
(Hp,m > 0) be the associated height process. Then

where 7y 1s a reflected Brownian motion. The convergence holds in the sense of weak conver-

gence on the Skorokhod space D(Ry, Ry).

Let us establish the weak convergence of finite-dimensional marginals in the theorem.

Let S = (Sp,n > 0) be as in Proposition 1.3.1. Note that the jump distribution v has
mean 0 and finite variance o2, and thus the random walk S is recurrent. We also introduce

the notation
M, = sup Sy, I,= inf Sj.

0<k<n 0<k<n
Donsker’s invariance theorem gives

1 (d)
— S, t >0 B,,t>0 1.2
/P pt]) U = )é:;; (0 By, t > 0) (1.2)

where B is a standard linear Brownian motion started at the origin.
For every n > 0, introduce the time-reversed random walk S™ defined by

(

Sp =S, — Syt

and note that (S?,0 < k < n) has the same distribution as (S,,0 < k < n). From formula
(1.1), we have

H, =Card{k €{0,1,....n—1}: S, = inf S;} =®,(5"),
k<j<n

where for any discrete trajectory w = (w(0),w(1),...), we have set

O, (w) = Card{k € {1,...,n} :w(k) = sup w(j)}.

0<j<k

We also set
K, =®,(5)=Card{k € {1,...,n}: Sp = My}.

Lemma 1.3.3 Define a sequence of stopping times T, j = 0,1,... inductively by setting
To = 0 and for every j > 1,

T; =inf{n > T;_1: S, = M,}.

Then the random variables St;, — St,_,, j = 1,2,... are independent and identically dis-
tributed, with distribution

P[Sr, = k] = v([k,00)) , k> 0.

10



Proof. The fact that the random variables Sy, — Sz,_,, j = 1,2,... are independent and
identically distributed is a straightforward consequence of the strong Markov property. It
remains to compute the distribution of St .

The invariant measure of the recurrent random walk .S is the counting measure on Z. By
a standard result, if Ry = inf{n >1:5, = 0}, we have for every i € Z,

Ro—1

Bl smy| = 1
n=0

Notice that T} < Ry and that the random walk takes positive values on |1, Ry[. It easily

follows that for every ¢ <0
-1

Bl Y smn| =1
n=0

Therefore, for any function g : Z — Z.,

T1—1 —00
ELY (80] =D, (13)
n=0 =0
Then, for any function f :7Z — Z_,
E[f(Sn)] = E{ Lik<riy f (Skt1) 1{Sk+120}:|

b

o0

0
= f: E [1{k<TI}f(Sk+1> 1{Sk+120}]
[

= Z E\ler) Z v(j)f(Sk + jﬂ{sﬁﬂ?o}}

- iZu(j)f(Hj)l{HpO}
_ Zf(m)ZV(J),

which gives the desired formula. In the third equality we used the Markov property at time
k and in the fourth one we applied (1.3). O

Note that the distribution of Sz, has a finite first moment:

2

Blsn) = Y kwlh o) = 3 2D = T

j=0

The next lemma is the key to the first part of the proof.

11



Lemma 1.3.4 We have
H, ®) 2

S, — I, n— o

where the notation &) means convergence in probability.

Proof. From our definitions, we have

Ky
M, Z STk STk 1) = Z(STk - Skal)' (1.4)
Te<n k=1

Using Lemma 1.3.3 and the law of large numbers (note that K,, — o0), we get

Mn (as 0'2
— S :
K [ Tl]

n n—oo

By replacing S with the time-reversed walk S we see that for every n, the pair (M,, K,)
has the same distribution as (S, — I,,, H,). Hence the previous convergence entails

Sn - In (P) 02
% _’
H, n—oo 2

and the lemma follows. O
From (1.2), we have for every choice of 0 < t; <ty < -+ <,

1 d .
<S[Pt1] _Iﬁptl]w”vs[ptm] _I[ptm}> g O'<Bt1 — inf BS,...,Btm — inf BS)

\/]_9 p—00 0<s<ty 0<s<tm

Therefore it follows from Lemma 1.3.4 that
1

Nz

However, a famous theorem of Lévy states that the process

(Hipus -+ Higty) (Btl— inf B,,....B, — inf B,).

p—oo O 0<s<t 0<5<tm

'Yt:Bt— lnf Bs

0<s<t

is a reflected Brownian motion. This completes the proof of the convergence of finite-
dimensional marginals in Theorem 1.3.2.

We will now discuss the functional convergence in Theorem 1.3.2. To this end, we will
need more precise estimates. We will give details of the argument in the case when p has
small exponential moments, that is there exists A > 0 such that

Z e u(k) < oo
k=0

Our approach in that case is inspired from [23]. See [21] for a proof in the general case. We
first state a lemma.

12



Lemma 1.3.5 Let e € (0, i) We can find € > 0 and an integer N > 1 such that, for every
n>N and (€ {0,1,...,n},

2
P[|M, — %Kd > nite] < exp(—n®).

We postpone the proof of the lemma and complete the proof of Theorem 1.3.2. We apply
Lemma 1.3.5 with € = 1/8. Since for every n the pair (M, K,) has the same distribution
as (S, — I, Hy,), we get that, for every sufficiently large n, and ¢ € {0,1,...,n},

’

).

2 )
P[S, — I, — %HA > ns] < exp(—n°

Hence

0.2

P[sup ‘Sg—]g— l

3
Hy| > n§] < n exp(—n°
0<t<n 2

).

Let A > 1 be a fixed integer. We deduce from the preceding bound that, for every p
sufficiently large,

2
g 3 ’
P[ sup [Spy — I — 5 Hipa| > (Ap)g] < Ap exp(—(Ap)*). (1.5)

0<t<A

A simple application of the Borel-Cantelli lemma gives

sup St — Ly 0% Hipy

0<t<A /P 2 \/p

It is now clear that the theorem follows from the convergence

— 0, a.s.
p—00

p—00

1 () .
(%(S[pt} =), t 2 0) —> (o( By — inf B,),t>0),

which is an immediate consequence of (1.2). O
We still have to prove Lemma 1.3.5. We first state a very simple “moderate deviations”

lemma for sums of independent random variables.

Lemma 1.3.6 Let Y1,Ys, ... be a sequence of i.1.d. real random variables. We assume that
there exists a number A > 0 such that Elexp(A|Y1])] < oo, and that E[Y,] = 0. Then, for
every a > 0, we can choose N sufficiently large so that for everyn > N and ¢ € {1,2,...,n},

Py + -+ + Y| > n#te] < exp(—n®/?).

Proof. The assumption implies that E[e*] = 14+¢A?+0(A\?) as A — 0, where ¢ = Lvar(Y}).
Hence we can find a constant C' such that for every sufficiently small A\ > 0,

E[eM] < e

13



It follows that, for every sufficiently small A\ > 0,

1 «@ 1 «
PYi+---4+Y, > n%“‘] < et B[t +Y0] < g n? T (Ond?,

If n is sufficiently large we can take A = n~'/? and the desired result follows (after also
replacing Y; with —Y;). O
Let us now prove Lemma 1.3.5. We choose a € (0,£/2) and to simplify notation we put
My = [n27]. Then, for every ¢ € {0,1,...,n},
2 2

PIM, = K| > 03] < P[K > my) + P[M, = K| > ni 5 K <my]. - (L6)

Recalling (1.4), we have first

2 k 2
P[| M, — %KA >nits Ky <m,) < P[ sup ‘Z((STj —S1,_,) — %)\ > niﬂ}
0<k<mn =
k 2
o %4‘6
< P|: sup ‘Z((STJ - ijl) - ?)‘ > Mn :|

0<h<mn =
< my eXp(_miL/2)7
where the last bound holds for n large by Lemma 1.3.6. Note that we are assuming that

1 has small exponential moments, and the same holds for the law of S7, by Lemma 1.3.3,
which allows us to apply Lemma 1.3.6.

We still need to bound the first term in the right-hand side of (1.6). Plainly,
P[K; > m,| < PIK, >m,] < P[Sy, < M,],

and so

Applying again Lemma 1.3.6, we get that for n large,

P[M,, > n%+%] <n sup P[S,> n%+%] < n exp(—n®/*).
1<(<n

Finally,

a?

and since St,, — %-m,, is the sum of m,, i.i.d. centered random variables having small expo-
nential moments, we can again apply Lemma 1.3.6 (or a classical large deviations estimate)
to get the needed bound. This completes the proof of Lemma 1.3.5. O

14



1.4 Some applications

Let us first recall some important properties of linear Brownian motion. Let 3 be a standard
linear Brownian motion started at 0. Then there exists a continuous increasing process
LY = LY(3) called the local time of 3 at 0 such that if N.(¢) denotes the number of positive
excursions of § away from 0 with height greater than £ and completed before time ¢, one has

lim 2¢ Ne(t) = LY

for every t > 0, a.s. The topological support of the measure dL coincides a.s. with the zero
set {t > 0: 0y = 0}. Moreover, the above-mentioned Lévy theorem can be strengthened in
the form

)

(By — B, ,—By;t > 0) = (18], L(B); t > 0)

where B, = info<s<¢ Bs. See e.g. [28] Chapter VI, Theorem VI.2.3.

Keeping the notation of Section 3, we set for every n > 0,

Ny =k E#01) 4+ #(0r—1) <n < #(01)+ -+ #(6)

in such a way that k is the index of the tree to which the n''-visited vertex belongs.
The convergence stated in Theorem 1.3.2 can now be strenghtened in the following form:

1 1
(—=Hpy, A[ptt>0)(

VP VP poo

This is a simple consequence of our arguments: It is easily seen that

( 18], o L7 (B);t = 0). (1.7)

Ap=1—1infS;=1—-1,
Jj<n

On the other hand, we saw that, for every A > 0,

Stpr — 1 H,
sup S I o L) — 0, a.s.

0<t<A /P 2 /P | p=oo
Combining with Donsker’s theorem, we get

1 2
(\f pt],f pt],t>o>p%o(g(3t—§t),—a§t;t20)

and an application of Lévy’s theorem in the form recalled above yields (1.7).

We will now apply (1.7) to study the asymptotics of a single Galton-Watson tree condi-
tioned to be large. We write h(f) = sup{|v| : v € 0} for the height of the tree 6. Let us fix
x > 0 and for every integer p > 1 denote by 1*vP} a random tree with distribution

[, (da | h(a) = z\/p)

where we recall that II,, is the law of the Galton-Watson tree with offspring distribution f.

We denote by H{*vP} the height function of 6%v#. By convention, HL™V? = 0 if

15



Corollary 1.4.1 We have

1 x 20'50
(=Hp ™ 12 0) 2 (S > 0)
/P p—oo O

ox/2

where e is a Brownian excursion conditioned to have height greater than ox /2.

ox/2

The excursion e can be constructed explicitly in the following way. Set

=inf{t > 0: |6 > ox/2}
G=sup{t <T:p =0}
Then we may take
ox/2
e, " = |Ba+tapl-

Proof. We rely on (1.7). From the Skorokhod representation theorem, we may for every
p > 1 find a process (Ht(p), Aﬁ”’) such that

@ 1
(H", A0 = (—= Hipa), A[pt )iz0
VP VP
and 5
(H”, A 20 2 (1A, oL} (B))e=0- (1.8)
uniformly on every compact set, a.s.
Set
T@ =inf{t > 0: |H"| > 2}
G(p = sup{t < T )'H —0} p
DW) —inf{t > T = 0}.
By construction, (H ((g)@) coapet 2 0) has the distribution of the (rescaled) height process

of the first tree in the sequence 01,0, ... with height greater than z,/p, which is distributed
as 1#vP} Therefore,

() @ 1 eym
(H( (®)+t)ADP)? tZO) (\/Z_)H[Pt] bz O)

The corollary will thus follow from (1.8) if we can prove that

GW 22 ¢ pWP) 22D

Using the fact that immediately after time T' the process || hits levels strictly larger
than ox /2, we easily get from (1.8) that

T®) 25 7

p—00
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From this and (1.8) again it follows that

liminf D® > D as.
lim sup GP) > G as.

Let us prove that we have also limsup D® < D as. (the same argument works for
lim inf G®)). Let us fix ¢ > 0. From the support property of local time, we have

LY > LY as. on{D <t}
Thanks to (1.8), we get
AP > L9 for p large, a.s. on {D < t}.

Now note that L% = LY. Since T®) converges to T', (1.8) also shows that Ag()p) converges to
o LY., and it follows that

AP > Agf’()p) for p large, a.s. on {D < t}.

Observing that A®) stays constant on the interval [T(p), D®), we conclude that
t>DW  for p large, a.s. on {D < t}.

This is enough to prove that limsup D® < D a.s. O

Replacing p by p? and taking = 1, we deduce from the corollary (in fact rather from
its proof) that

where (;2 = D — G is the length of excursion /2. Indeed this immediately follows from
the convergence of D® — G®) towards D — G and the fact that, by construction

#(0h Q 2" _ Gy 41

in the notation of the preceding proof.
Notice that the Laplace transform of the limiting law is known explicitly :

Elexp(=A(op2)] = Sinfl—(\£2_—)\\/2/_j/2) exp(—oV/2)/2).

This basically follows from the Williams decomposition of [t6’s excursion measure (Theorem
XII.4.5 in [28]) and the known formulas for the hitting time of o/2 by a three-dimensional
Bessel process or a linear Brownian motion started at 0 (see e.g. [28]).

Exercise. Show the convergence in distribution of p~'h(#{}) and identify the limiting law.
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We will now discuss “occupation measures”. Rather than considering a single tree as
above, we will be interested in a finite forest whose size will tend to oo with p. Precisely, we
fix b > 0, and we set

I — H, ?f A, < bp,
n 0 if A, > bp,

in such a way that H? is the height process for a collection of [bp] independent Galton-Watson
trees. Then it easily follows from (1.7) that
1 a 2
(b2 0) 22 (Bl 2 0), (1.9)

[p2t] ’ p—00

where, for every r > 0,
7= inf{t >0: L) >r}.

Indeed, we can write
1 1
p - _
o = D Hpennoy)

where Tb(p) = # inf{n >0: A, >bp} =inf{t >0: %A[p%] > b}. Then we observe from (1.7)
that

1 @ ,,2
((Z_QH[ththO, Tb(p)) p_)—og ((; ‘ﬂt‘)th; Tb/a)

and (1.9) follows.
Taking b = 1, we deduce from (1.9) that, for every z > 0,

P[ sup h(6;) >p.r] z:op[ sup g\ﬁt| >zl =1 —exp(—i),

1<i<p t<m/s O o’

The last equality is a simple consequence of excursion theory for linear Brownian motion
(see e.g. Chapter XII in [28]). Now obviously

P| sup h(6:) > pe| =1~ (1= P[n(6) > pa])”

1<i<p
and we recover the classical fact in the theory of branching processes

Plh(0) > n] ~ ——

n—oo o2n ’

We now set Z! = p and, for every n > 1,

P
Zh = ZCard{u €0;:|ul=n}=Card{k >0: H} =n}.
=1

1=

From Proposition 1.2.1, we know that (Z?,n > 0) is a Galton-Watson branching process
with offspring distribution pu. We can thus apply the classical diffusion approximation to
this process.
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Theorem 1.4.2

ZP >0 X, t>0
(2t 2 0) 22 (Xt 2 0)

2, d?

where the limiting process X is a diffusion process with infinitesimal generator io Tos,

which can be obtained as the unique solution of the stochastic differential equation

2

dXt =0\ Xt dBt
Xo =1

For a proof, see e.g. Theorem 9.1.3 in Ethier and Kurtz [13]. It is easy to see that, for
every p > 1,

e /P is a martingale,
o (Z8)2 — 0?37, Z¥ is a martingale,

which strongly suggests that the limiting process X is of the form stated in the theorem.
The process X is called Feller’s branching diffusion. When o = 2, this is also the zero-
dimensional squared Bessel process in the terminology of [28]. Note that X hits 0 in finite
time and is absorbed at 0.
To simplify notation, let us fix p with o = 2. Let fi,..., f; be ¢ continuous functions
with compact support from R, into R,. As a consequence of (1.9) we have

7_l(p)

< 0 fl( [PQt)dt)1<i<q p—oo / fillB) dt>l<z<q

On the other hand,

() 00
i 1 1 n > [pa], 1
fz‘ —Hp dt = — ngz — :/ dafz Zpa
R = 5>z = [ a5 2,

p

By using Theorem 1.4.2, we see that

([ asna) @[ dos@x)

In other words, the occupation measure of |3| over the time interval [0, 75|, that is the

measure
T1/2

f— f(|Bi]) dt

0

has the same distribution as the measure X,da. We have recovered one of the celebrated
Ray-Knight theorems for Brownian local times (see e.g. Theorem XI1.2.3 in [28]).
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1.5 Galton-Watson trees with a fixed progeny

We can also use Theorem 1.3.2 to recover a famous result of Aldous concerning Galton-
Watson trees conditioned to have a large (fixed) number of vertices (see [2]). We will follow
an idea of [23]. We assume as in the end of Section 3 that u has a small exponential moment.
Our results hold without this assumption, but it will simplify the proof.

For every p > 1 we denote by 8®) the u-Galton-Watson tree conditioned to have #(6) = p.
For this to make sense we need P(#(#) = p) > 0 for every p > 1, which holds if p(1) > 0 (in
fact, we only need P(#(#) = p) > 0 for p large, which holds under an aperiodicity condition
on p).

We denote by (H ,ﬁp ))nggp the height process of 8®), with the convention H) = 0.

We also need to introduce the normalized Brownian excursion (e;)o<t<i. This is simply
the Brownian excursion conditioned to have length 1. For instance, we may look at the
first positive excursion of 5 (away from 0) with length greater than 1, write [G, D] for the
corresponding time interval, and set

Eiy = BG+oap t>0
and
_ 1 5
\/m (D—G)t )

A more intrinsic construction of the normalized Brownian excursion will be presented in the
next chapter.

o = 0<t<l

Theorem 1.5.1 We have

1 2
(—=HP 0<t<1) % (Ze,0<t<1).
NG p—oo O

This is obviously very similar to our previous results Theorem 1.3.2 and Corollary 1.4.1.
However, because the present conditioning “degenerates in the limit” p — oo (there is no
Brownian excursion with length exactly equal to 1), we cannot use the same strategy of
proof as in Corollary 1.4.1.

Proof. Let (H,,n > 0) be as in Theorem 1.3.2 the height process associated with a sequence
of independent p-Galton-Watson trees. We may and will assume that H is given in terms
of the random walk S as in (1.1).

Denote by T} the number of vertices of the first tree in the sequence, or equivalently

Ty =inf{n>1:H,=0} =inf{n >0: 5, = —1}.

A simple combinatorial argument (consider all circular permutations of the p increments of
the random walk S over the interval [0, p]) shows that, for every p > 1,



On the other hand classical results for random walk (see e.g. P9 in Chapter II of [30]) give

lim \/p P(S, = —1) = —

)
p—00 oV 21

and it follows that ]

P) poo or\/2mp®
Recall from the end of the proof of Theorem 1.3.2 (see (1.5)) that we can find £ > 0 so
that, for p large enough

P(Ty = (1.10)

H 2 Spy — 1
P[ sup | ] = [pt] — Llpt
0<t<1 /P O VP

By comparing with (1.10), we see that we have also for p large

}| > p_l/g] < exp(—p°).

/

H 2 Spy — 1
P[ sup |20 _ 2 Slot = T )

o<t<1 /P 02 VP

for any ¢’ < . Since I,, = 0 for 0 < n < T, we have also for p large

| > p_l/8 ‘ Ty :p} < exp(—p°

H 2 S
P[sup |—[pt] ——2M
0<t<t /P 0% /D

Now obviously (H. ,ﬁ” ), 0 < k < p) has the same distribution as (Hg,0 < k < p) under
P(-| T\ = p). Therefore Theorem 1.5.1 is a consequence of the last bound and the following
lemma which relates the normalized Brownian excursion to the random walk excursion with
a fixed long duration.

| >p /8 ) Ty =p} < exp(—p7).

Lemma 1.5.2 The distribution of the process (= Sy, 0 < t < 1) under the conditional

oVF
probability P(- | Ty = p) converges as p tends to oo to the law of the normalized Brownian

eTCcursion.

We omit the proof of this lemma, which can be viewed as a conditional version of
Donsker’s theorem. See Kaigh [17].
See also Duquesne [7] for generalisations of Theorem 1.5.1.

Applications. We immediately deduce from Theorem 1.5.1 that, for every x > 0,

lim P(h(0) > 2/p | #(0) = p) = P(sup e; > —). (1.11)

p—00 0<t<1 2

There is an explicit (complicated) formula for the right side of (1.11).

This also has interesting combinatorial consequences. Note that if u is the geometric
distribution with parameter 3 (u(k) = 27%71'), then II,(da | h(a) = p) is the uniform
distribution on the set A, of all rooted ordered trees with p vertices (this follows from

Proposition 1.2.2). Thus (1.11) shows that the height of a tree chosen at random in A, is of
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order ,/p, and more precisely it gives the asymptotic proportion of those trees in A, with
height greater than z,/p.

Similar observations apply to other functionals than the height. Often the convergence
in distribution of Theorem 1.5.1 is not good enough to deduce rigorously the desired com-
binatorial asymptotics (this is the case for instance if one looks at the height profile of the
tree, that is the number of vertices at every level in the tree). Still Theorem 1.5.1 allows one
to guess what the limit should be in terms of the normalized Brownian excursion.

1.6 Convergence of contour functions

In this section, we briefly explain how the preceding results can be stated as well in terms of
the contour processes of the trees rather than the height processes as discussed above. The
contour function of a tree was discussed in Section 1.1 (see Fig.1). Notice that in contrast to
the height process it is convenient to have the contour function indexed by a real parameter.

We will give the result corresponding to Theorem 1.3.2. So we consider again a sequence
01,05, ... of independent p-Galton-Watson trees and we denote by (Cy,t > 0) the process
obtained by concatenating the contour functions of 61, 65, . .. Here we need to define precisely
what we mean by concatenation. In Fig.1 and the discussion of Section 1.1, the contour
function of a tree  is naturally defined on the time interval [0, (0)], where ((0) = 2(#(6)—1).
This has the unpleasant consequence that the contour function of the tree consisting only of
the root is trivial. For this reason we make the slightly artificial convention that the contour
function Cy(#) is defined for 0 < t < £(0) = 2#(0) — 1, by taking C; = 0 if ((0) < t <
£(0). We then obtain (Cy,t > 0) by concatenating the functions (Cy(61),0 < t < £(61)),
(Ci(02),0 <t <£(6)), ete.

For every n > 0, we set

J,=2n—H, + I,.

Note that the sequence J, is strictly increasing and J,, > n.

Recall that the value at time n of the height process corresponds to the generation of the
individual visited at step n, assuming that individuals are visited in lexicographical order
one tree after another. It is easily checked by induction on n that [J,, J,11] is exactly the
time interval during which the contour process goes from the individual n to the individual
n + 1. From this observation, we get

sup |Cy— H,| <|Hpy1 — Hp| + 1.

te[Jn7Jn+1]

A more precise argument for this bound follows from the explicit formula for C; in terms of
the height process: For t € [J,,, Jn11],

Cy=H,— (t—J,) it € [Ty, Jusr — 1],
Cy = (Hysr — (Jugr — 1)) if € [Ty — 1, Jos].

These formulas are easily checked by induction on n.
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Define a random function ¢ : Ry — {0,1,...} by setting ¢(t) = n iff t € [J,, Jui1).
From the previous bound, we get for every integer m > 1,

sup |Cy — Hypy| < sup [Cy — Hypy| < 14 sup [Hpr — Hyl. (1.12)
te[0,m)] te[0,Jm] n<m

Similarly, it follows from the definition of J,, that

t 1
sup |p(t) — 5| < sup [(t) — —\ < gsup Hyt g IIm\ + 1L (1.13)
te[0,m] t€[0,Jm] n<m

Theorem 1.6.1 We have

(d)
(fczpt,wo)p (—W t>0). (1.14)

— 00

where 3 is a standard linear Brownian motion.

Proof. For every p > 1, set ¢,(t) = p~*p(pt). By (1.12), we have for every m > 1,

1 1
sup | —Copt — — + — sup |Hpg1 — Hpy| — 0 (1.15)

—H. 9
t<m \/1_7 \/1_7 pep(2t) \/— \/I_jt [

in probability, by Theorem 1.3.2.
On the other hand, the convergence (1.2) implies that, for every m > 1,
1 @ .
— I, — o inf By. (1.16)

\/ﬁ p—oo  t<m

Then, we get from (1.13)

1 2
sup |g0p(2t) —t| <= sup Hp+ — |Igmp| +-—0 (1.17)
D k<2mp P p—

in probability, by Theorem 1.3.2 and (1.16).
The statement of the theorem now follows from Theorem 1.3.2, (1.15) and (1.17). O

Remark. There is one special case where Theorem 1.6.1 is easy, without any reference to
Theorem 1.3.2. This is the case where y is the geometric distribution u(k) = 2751 which
satisfies our assumptions with 02 = 2. In that case, it is not hard to see that away from
the origin the contour process (C,,n > 0) behaves like simple random walk (indeed, by the
properties of the geometric distribution, the probability for an individual to have at least
n+ 1 children knowing that he has at least n is 1/2 independently of n). A simple argument
then shows that the statement of Theorem 1.6.1 follows from Donsker’s invariance theorem.

Clearly, Corollary 1.4.1 and Theorem 1.5.1 can also be restated in terms of the contour
process of the respective trees. Simply replace H éﬁ]} by C’é’; };] (with an obvious notation) in

Corollary 1.4.1 and H; (p | by C'[th] in Theorem 1.5.1.
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1.7 Conclusion

The various results of this chapter show that the rescaled height processes (or contour pro-
cesses) of large Galton-Watson trees converge in distribution towards Brownian excursions.
Still we did not assert that the trees themselves converge. In fact, a precise mathematical
formulation of this fact requires a formal definition of what the limiting random trees are
and what the convergence means. In the next chapter, we will give a precise definition of
continuous trees and discuss a topology on the space of continuous trees. This will make it
possible to reinterpret the results of this chapter as convergence theorems for random trees.

Bibiographical notes. The coding of discrete trees by contour functions (Dyck paths) or
Lukasiewicz words is well known: See e.g. [31]. Theorem 1.3.2 can be viewed as a variant
of Aldous’ theorem about the scaling limit of the contour function of Galton-Watson trees
[2]. The method that is presented here is taken from [21], with an additonal idea from [23].
Much more general statements can be found in Chapter 2 of the monograph [8].
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Chapter 2

Real Trees and their Coding
by Brownian Excursions

In this chapter, we first describe the formalism of real trees, which can be used to give a
precise mathematical meaning to the convergence of rescaled discrete trees towards contin-
uous objects. We then show how a real tree can be coded by a continuous function in a
way similar to the coding of discrete trees by their contour functions. Aldous’ Continuum
Random Tree (the CRT) can be defined as the random real tree coded by a normalized
Brownian excursion. For every integer p > 1, we then compute the p-dimensional marginal
distribution (that is the law of the reduced tree consisting of the ancestral lines of p indi-
viduals chosen uniformly at random) of the tree coded by a Brownian excursion under the
[t6 excursion measure. Via a conditioning argument, this leads to a simple derivation of the
marginal distributions of the CRT.

2.1 Real trees

Definition 2.1.1 A compact metric space (T ,d) is a real tree if the following two properties
hold for every a,b € T.

(i) There is a unique isometric map fup from [0,d(a,b)] into T such that f,;,(0) = a and
fap(d(a, b)) =b.

(i) If q is a continuous injective map from [0, 1] into T, such that q(0) = a and q(1) = b,
we have

Q([Ov 1]) = fa,b([()? d(a, b)])

A rooted real tree is a real tree (T, d) with a distinguished vertex p = p(T) called the root.
In what follows, real trees will always be rooted, even if this is not mentioned explicitly.

Let us consider a rooted real tree (7,d). The range of the mapping f,; in (i) is denoted

by [[a,b]] (this is the line segment between a and b in the tree). In particular, [[p, a] is the
path going from the root to a, which we will interpret as the ancestral line of vertex a. More

25



precisely we define a partial order on the tree by setting a < b (a is an ancestor of b) if and
only if a € [[p, b]].

If a,b € T, there is a unique ¢ € 7 such that [[p, al]] N [p, 0] = [[p,c]. We write c=a Ab
and call ¢ the most recent common ancestor to a and b.

By definition, the multiplicity of a vertex a € 7 is the number of connected components
of T\{a}. Vertices of T\{p} which have multiplicity 1 are called leaves.

Our goal is to study the convergence of random real trees. To this end, it is of course
necessary to have a notion of distance between two real trees. We will use the Gromov-
Hausdorff distance, which has been introduced by Gromov (see e.g. [15]) in view of geometric
applications.

If (E,§) is a metric space, we use the notation d s (K, K') for the usual Hausdorff metric
between compact subsets of E :

Straus (I, K') = inf{e > 0: K C U.(K") and K' C U.(K)},

where U.(K) :={x € E:d(x,K) < ¢}.
Then, if 7 and 7" are two rooted real trees with respective roots p and p’, we define the
distance dgy(7,7") by

dan(T,T') = nf{0maus(P(T), ' (T) V 6(0(p), ¢'(0) }

where the infimum is over all choices of a metric space (F,d) and all isometric embeddings
0: T — Fand ¢ : 7' — E of 7 and 7" into (F,9).

Two rooted real trees 7(;) and 73 are called equivalent if there is a root-preserving
isometry that maps 71y onto 7(3). Obviously dgu(7,7") only depends on the equivalence
classes of 7 and 7’. We denote by T the set of all equivalence classes of rooted compact
real trees. Then dgy defines a metric on T (cf [15] and [14]).

Theorem 2.1.1 The metric space (T,dgy) is complete and separable.

For a proof, see Theorem 2 in [14]. Furthermore, the distance dgg can often be evaluated
in the following way. First recall that if (F4,d;) and (Es,ds) are two compact metric spaces,
a correspondence between E; and Fs is a subset R of E; x Ej such that for every x; € E;
there exists at least one o € Fy such that (z1,22) € R and conversely for every y, € Es
there exists at least one y; € Fj such that (y1,y2) € R. The distorsion of the correspondence
R is defined by

dis(R) = sup{|di(z1,y1) — da(x2,%2)| : (21, 22), (y1,92) € R}.

Then, if 7 and 7" are two rooted real trees with respective roots p and p’, we have

dGH(T, T’) = inf dlS(R), (21)

1
5 ReC(T,T"), (p,p')ER

where C(7,7") denotes the set of all correspondences between 7 and 7' (see Lemma 2.3 in
[14]).
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2.2 Coding real trees

In this section, we describe a method for constructing real trees, which is particularly well-
suited to our forthcoming applications to random trees. We consider a (deterministic) con-
tinuous function ¢ : [0, 00) — [0, 00) with compact support and such that g(0) = 0. To
avoid trivialities, we will also assume that g is not identically zero. For every s,t > 0, we set

t)= inf
myg(s,t) re[iﬁ,svt]g(r)’

and
dy(s,t) = g(s)+ g(t) — 2my(s,t).

Clearly dy(s,t) = d,(t, s) and it is also easy to verify the triangle inequality
dy(s,u) < dg(s,t) + dy(t,u)

for every s,t,u > 0. We then introduce the equivalence relation s ~ ¢ iff d,(s,t) = 0 (or
equivalently iff g(s) = g(t) = my(s,t)). Let 7, be the quotient space

T, = [0,00)/ ~ .

Obviously the function d, induces a distance on 7;, and we keep the notation d, for this
distance. We denote by p, : [0, 00) — 7, the canonical projection. Clearly p, is continuous
(when [0, 00) is equipped with the Euclidean metric and 7, with the metric d,).

We set p = py(0). If ¢ > 0 is the supremum of the support of g, we have p,(t) = p for
every t > (. In particular, 7, = p,([0, (]) is compact.

Theorem 2.2.1 The metric space (1,,d,) is a real tree.

We will view (7, d,) as a rooted tree with root p.
Before proceeding to the proof of the theorem, we state and prove the following root
change lemma.

Lemma 2.2.2 Let sq € [0,(). For any real v > 0, denote by T the unique element of [0, ()
such that r — T is an integer multiple of . Set

g'(s) = g(s0) + g(s0 + 8) — 2my(so, So + 5),

0 for s > (. Then, the function g’ is continuous with compact

for every s € [0,(], and ¢'(s) =
= 0, so that we can define the tree T,. Furthermore, for every

support and satisfies ¢'(0)
s,t € [0,(], we have
dy(s,t) =dgy(so+s,50+ 1) (2.2)

and there exists a unique isometry R from Ty onto T, such that, for every s € [0, (],
R(py(s)) = py(so + s). (2.3)
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Proof. It is immediately checked that ¢ satisfies the same assumptions as g, so that we can
make sense of 7. Then the key step is to verify the relation (2.2). Consider first the case
where s,t € [0, — sp). Then two possibilities may occur.

If my(so+s,s0+1t) > my(so, So+s), then mgy(so, so+ 1) = my(so, S0+ 5) = my(so, So+1)
for every r € [s,t], and so

my (s,t) = g(s0) + mgy(so + 5,50 +t) — 2my(so, o + 5).
It follows that

dy(s,t) = ¢'(s)+g(t) —2my(s,t)
= g(so+s) — 2my(so, S0 + ) + g(so +t) — 2my(so, So + 1)
—2(my(so + 5,50 +t) — 2my(sg, So + 5))
= g(so+s)+g(so+1t)—2my(so+s,s0+1)
= dy(so+ 5,50+ 1).

If my(so+ 5,80 + 1) < my(so, So + s), then the minimum in the definition of my (s, t) is
attained at ry defined as the first € [s, ] such that g(so + r) = m,(se, so + s) (because for
r € [r1,t] we will have g(so + 1) — 2my(so, So + 1) > —my(So, So + 1) > —my(so, So + 71))-
Therefore,

my (s,t) = g(so) — mgy(so0, S0 + ),

and

dy(s,t) = g(so+s)—2my(so,so+s)+ g(so+1t) —2my(so, so + t) + 2my(se, So + 5)
= dg(S() + 8,80 + t)

The other cases are treated in a similar way and are left to the reader.

By (2.2), if s,t € [0, (] are such that dy(s,t) = 0, we have dy(so + s, so + t) = 0 so that
Pg(So +5) = py(so +1t). Noting that 7, = py([0,(]) (the supremum of the support of ¢’ is
less than or equal to (), we can define R in a unique way by the relation (2.3). From (2.2),
R is an isometry, and it is also immediate that R takes 7, onto 7. 0

Proof of Theorem 2.2.1. Let us start with some preliminaries. For o,0’ € 7, we set
o < o if and only if dy(0,0") = dy(p,0') — dy(p,0). If 0 = p,(s) and o’ = p,(t), it follows
from our definitions that o < o’ iff m,(s,t) = g(s). It is immediate to verify that this defines
a partial order on 7.

For any o0g,0 € 7,, we set

[0, 0| = {0’ € T, : dy(00,0) = dy(00,0") + dy(0’,0)}.

If 0 = py(s) and o’ = p,(t), then it is easy to verify that [p, o] N [p,d’] = [p, 7], where
v = py(r), if r is any time which achieves the minimum of g between s and ¢. We then put
vy=oAdo'.

Weset Tylo| :={0" € T, : 0 < 0'}. lf Tj[o] # {0} and o # p, then T\ 7 (o] and T [o]\{c}
are two nonempty disjoint open sets. To see that 7,\7,[c] is open, let s be such that py(s) = o
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and note that 7, [o] is the image under p, of the compact set {u € [0, (] : my(s,u) = g(s)}.
The set T,[c]\{c} is open because if ¢/ € T (o] and o' # o, it easily follows from our
definitions that the open ball centered at o’ with radius dy(o, o) is contained in 7 [o]\{c}.

We now prove property (i) of the definition of a real tree. So we fix oy and oy in 7; and
we have to prove existence and uniqueness of the mapping f,, 5,. By using Lemma 2.2.2
with s¢ such that p,(sg) = o1, we may assume that oy = p. If 0 € 7, is fixed, we have to
prove that there exists a unique isometric mapping f = f,, from [0,dy(p, o)] into 7, such
that f(0) = p and f(dy(p,0)) = 0. Let s € p;*({o}), so that g(s) = dg4(p, o). Then, for
every a € [0,dy(p, 0)], we set

v(a) = inf{r € [0, s] : my(r,s) = a}.

Note that g(v(a)) = a. We put f(a) = py(v(a)). We have f(0) = p and f(d,(p,0)) = o, the
latter because my(v(g(s)), s) = g(s) 1mphes pa(v(g(s))) = py(s) = o. It is also easy to verify
that f is an isometry: If a,b € [0, d,(p, 0)] with a < b, it is immediate that my(v(a),v(b)) = a,
and so
dg(f(a), f(b)) = g(v(a)) + g(v(b)) — 2a = b —a.
To get uniqueness, suppose that f is an isometric mapping satisfying the same properties
as f. Then, if a € [0,d,(p, 0)],

dy(f(a),0) = dy(p,0) — a= dy(p, o) — dy(p, f(a)).

Therefore, f(a) < 0. Recall that o = p,(s), and choose t such that p,(t) = f(a). Note that
g(t) =d (p pe(t)) = a. Since f(a) < o we have g(t) = my(t,s). On the other hand, we
also know that a = g(v(a)) = my(v(a),s). It follows that we have a = g(t) = g(v(a)) =
my(v(a),t) and thus d,(t,v(a)) = 0, so that f(a) = py(t) = py(v(a)) = f(a). This completes
the proof of (i).

As a by-product of the preceding argument, we see that f([0,d,(p,0)]) = [[p,o]: Indeed,
we have seen that for every a € [0,d,(p,0)], we have f(a) < o and, on the other hand, if
n < o, the end of the proof of (i) just shows that n = f(d,(p,n)).

We turn to the proof of (ii). We let ¢ be a continuous injective mapping from [0, 1] into
7,, and we aim at proving that ¢([0,1]) = fy0),¢1)([0,d4(q(0),¢(1))]). From Lemma 2.2.2
again, we may assume that ¢(0) = p, and we set o = ¢(1). Then we have just noticed that
fo.0 (10, dy(p, )]) = [Ip, o).

We first argue by contradiction to prove that [[p,o] C ¢([0,1]). Suppose that n €
[, o]\q([0, 1]), and in particular, n # p, 0. Then ¢([0, 1]) is contained in the union of the two
disjoint open sets 7,\ T, [n] and 7y[n]\{n}, with ¢(0) = p € Zy[n]\{n} and ¢(1) = o € T\ T [n].
This contradicts the fact that ¢([0, 1]) is connected.

Conversely, suppose that there exists a € (0, 1) such that ¢(a) ¢ [p,c]]. Set n = ¢(a) and
let ¥ = o An. Note that v € [[p,n] N [n, o] (from the definition of o A 7, it is immediate to
verify that dy(n, o) = dy(n,v)+dy(v,0)). From the first part of the proof of (ii), v € ¢([0, a])
and, via a root change argument, v € ¢([a, 1]). Since ¢ is injective, this is only possible if
v = q(a) = n, which contradicts the fact that n ¢ [p, o] O

Once we know that (7, d,) is a real tree, it is straightforward to verify that the notation
o <0, [o,0'], o Ao’ introduced in the preceding proof is consistent with the definitions of
Section 1 stated for a general real tree.
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Let us briefly discuss multiplicities of vertices in the tree 7,. If o € 7, is not a leaf then
we must have ¢(c) < r(o), where

l(o) :=inf p;'({o}) . r(0) =sup p,"({c})

are respectively the smallest and the largest element in the equivalence class of ¢ in [0, (].
Note that m,(¢(0),r(0)) = g(l(o)) = g(r(c)) = d4(p,o). Denote by (a;,b;),i € T the
connected components of the open set (¢(0),r(c))N{t € [0,00) : g(t) > dy(p,0)} (the index
set Z is empty if o is a leaf). Then we claim that the connected components of the open set
T,\{o} are the sets p,((a;,b;)), i € T and T,\7T,[o] (the latter only if o is not the root). We
have already noticed that 7,\7;[o] is open, and the argument used above for 7,[c]\{c} also
shows that the sets p,((ai, b;)), ¢ € Z are open. Finally the sets py((a;, b;)) are connected as
continuous images of intervals, and 7,\7,[o] is also connected because if ¢',0” € T,\7,[o],
[p, o'l U lp, "] is a connected closed set contained in 7,\7,[o].

We conclude this section with a lemma comparing the trees coded by two different func-
tions g and ¢'.

Lemma 2.2.3 Let g and ¢’ be two continuous functions with compact support from [0, 00)
into [0,00), such that g(0) = ¢’(0) = 0. Then,

dGH(,]Vga,Z;]') S 2”9 - g/H7
where ||g — ¢'|| stands for the uniform norm of g — ¢'.

Proof. We rely on formula (2.1) for the Gromov-Hausdorff distance. We can construct a
correspondence between 7, and 7, by setting

R ={(0,0") : 0 = py(t) and o' = py(t) for some t > 0}.

In order to bound the distortion of R, let (0,0’) € R and (n,n ) € R. By our definition of
R we can find s,t > 0 such that p,(s) = o, py(s) = o’ and p,(t) =1, py(t) =n'. Now recall
that

dg(o,m) = g(s) +g(t) — 2my(s, 1),
dg(',n') = g'(s)+g'(t) = 2mg(s,1),

so that
|dy(0,n) — dy (0", 0)| < 4llg — gl|
Thus we have dis(R) < 4||g — ¢'|| and the desired result follows from (2.1). O

2.3 The continuum random tree

We recall from Chapter 1 the notation e = (e;,0 < ¢t < 1) for the normalized Brownian
excursion. By convention, we take e, = 0 if ¢t > 1.
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Definition 2.3.1 The continuum random tree (CRT) is the random real tree T, coded by
the normalized Brownian excursion.

The CRT 7 is thus a random variable taking values in the set T. Note that the measur-
ability of this random variable follows from Lemma 2.2.3.

We can restate many of the results of Chapter 1 in terms of weak convergence in the
space T. Rather than doing this in an exhaustive manner, we will give a typical example
showing that the CRT is the limit of rescaled “combinatorial” trees.

Recall from Section 1 of Chapter 1 the notation A for the set of all (finite) rooted ordered
trees, and denote by A, the subset of A consisting of trees with n vertices. We may and will
view each element t of A as a rooted real tree: Simply view t as a union of line segments
of length 1 in the plane, in the way represented in the left part of Figure 1 of Chapter
1, equipped with the obvious distance (the distance between ¢ and ¢’ is the length of the
shortest path from o to ¢’ in the tree). Alternatively, if (Cy, ¢ > 0) is the contour function
of the tree, this means that we identify t = 7¢ (this is not really an identification, because
the tree t has an order structure which which disappears when we consider it as a real tree).

For any A > 0 and a tree 7 € T, the tree A7 is the “same” tree with all distances
multiplied by the factor A (if the tree is embedded in the plane as suggested above, this
corresponds to replacing the set 7 by \7).

Theorem 2.3.1 For every n > 1, let T(,) be a random tree distributed uniformly over A,,.
Then (2n)~Y27,) converges in distribution to the CRT Te, in the space T.

Proof. Let 6 be a Galton-Watson tree with geometric offspring distribution p(k) = 27571,
and for every n > 1 let 6,, be distributed as # conditioned to have n vertices. Then is is easy
to verify that 6,, has the same distribution as 7(,). On the other hand, let (C*,t > 0) be the
contour function of 6,,, and let

Cr=(2n)"V2Cy,, t>0.

From Theorem 5.1 in Chapter 5 (restated in terms of the contour function as explained in
Section 6 of the same chapter), we have

€t >0) Y (e, t>0).
On the other hand, from the observations preceding the theorem, and the fact that 6,, has
the same distribution as 7(,), it is immediate that the tree 7z, coded by C™ has the same
distribution as (2n)~'/27(,). The statement of the theorem now follows from the previous
convergence and Lemma 2.2.3. O

We could state analogues of Theorem 2.3.1 for several other classes of combinatorial trees.
For instance, we could consider discrete trees chosen uniformly among the binary trees with n
vertices (replace the geometric distribution of the previous proof with the binary distribution
w1(0) = p(2) = 1/2). Or we can consider a random tree 7, distributed uniformly among all
rooted trees with n labelled vertices (by a famous formula due to Cayley, there are n"!
such trees). Then (4n)~'/27, converges in distribution to the CRT 7g, in the space T. To
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see this, take a Galton-Watson tree § with Poisson offspring distribution u(k) = 6_1%. Let
0,, be defined as above by conditioning 6 to have n vertices. By affecting randomly labels
1,2,...,n to the vertices of 6, and then “forgetting” the order structure of 4, we get a tree

distributed as 7,,. We can then argue as in the preceding proof.

2.4 The ItO excursion measure

Our goal is to derive certain explicit distributions for the CRT, and more specifically its so-
called finite-dimensional marginal distributions. For these calculations, we will need some
basic properties of Brownian excursions. Before dealing with the normalized Brownian ex-
cursion, we will consider It6’s measure.

We denote by (By,t > 0) a linear Brownian motion, which starts at z under the proba-
bility measure P,. We set

S; = sup By, I, = inf B,
s<t s<t

and, for every a € R, T, = inf{t > 0: B, = a}. The reflection principle gives the law of the
pair (S, By): If a > 0 and b € (—o0, al,

PQ[Stza,BtSb]:PO[BtZQCL_b].
It follows that, for every ¢ > 0, the density under P, of the law of the pair (S, By) is
2(2a —b) ( (2a — b)?
V23 2t

The reflection principle also implies that S; and | B;| have the same distribution. Let a > 0.
Observing that {7, <t} = {S; > a}, Py a.s., we obtain that the density of T, under P, is
the function

%(a> b) = ) 1{a20,b§a}- (24)

a a?

oo P gp):
Notice the relation v(a, b) = 2 qaq—p(t) for a > 0 and b < a.

For every € > 0, denote by v. the law of the first excursion of B away from 0 that hits
level e. More specifically, if G. = sup{t < 7. : B, = 0} and D. = inf{t > T. : B; = 0},
Ve is the law of (B 4yap.,t > 0). The measure v, is thus a probability measure on
the set C = C(R,,R,) of all continuous functions from R, into R,, and is supported on
C.={ee€C:supe(s) >c}. If 0 <e <€, we have

qa(t) =

v.(Co) = PTw < Ty) = 85

and

For every € > 0, set

= — ..
2¢
Then no = n.(-NC.) for every 0 < € < &’. This leads to the following definition.
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Definition 2.4.1 The o-finite measure n on C defined by

n=I1lim7Tn
awT c

15 called the Ito measure of positive excursions of linear Brownian motion.

Let us briefly state some simple properties of the Itd6 measure. First n(de) is supported
on the set £ consisting of all elements e € C which have the property that there exists
o = o(e) > 0 such that e(t) > 0 if and only if 0 < ¢ < o (the number o(e) is called the
length, or the duration of excursion e). By construction, n. is the restriction of n to C.,
and in particular n(C.) = (2¢)~!. Finally, if T.(e) = inf{t > 0 : e(t) = e}, the law of
(e(T-(e) +t),t > 0) under n(- | 7. < 00) = v, is the law of (Birr,,t > 0) under P.. The last
property follows from the construction of the measure v, and the strong Markov property of
Brownian motion at time 7.

Proposition 2.4.1 (i) For every t > 0, and every measurable function g : Ry — Ry such
that g(0) =0,

/ n(de) gle(t)) = / " degu(t) g(a). (2.5)

In particular, n(oc > t) = n(e(t) > 0) = (2wt) "2 < co. Moreover,

n</0°0 dtg(e(t))) = /000 dz g(x). (2.6)

(i) Let t > 0 and let ® and ¥ be two nonnegative measurable functions defined respectively

on C([0,t],R,) and C. Then,
/n(de) B(e(r),0 < r < OW(e(t + 1), > 0)
= /n(de) Pe(r),0 <r < t) Eewy[Y(Brar,, m > 0)].

Proof. (i) We may assume that g is bounded and continuous and that there exists a > 0
such that g(z) = 0 if x < a. Then, by dominated convergence,

/n(de) g(e<t)) = lalﬁ)l n(de) .g(TE(e) + t) 1{T5(e)<oo} = lglﬁ)l %Ea[g(Bt/\To)]a

using the property stated just before the proposition. From formula (2.4) we now get

E[g(Biar,)] = E:g(By) Li<myy] = Eolg(e — By) 1(s,<c}] = /08 da /_a db f (e — b) yu(a, b).

The first assertion in (i) now follows, observing that ¢, (¢) = $7:(0, —). The identity n(e(t) >
0) = (27t)~1/? < oo is obtained by taking g(z) = 1{;s0p. The last assertion in (i) follows

from (2.5), recalling that the function ¢ — ¢,(t) is a probability density.

(ii) We may assume that ® and ¥ are bounded and continuous and that there exists a > 0
such that F(e) = 0 if e(a) = 0. The proof then reduces to an application of the Markov
property of Brownian motion stopped at time Tj, by writing
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/n(de) D(e(r),0 <r <t)¥(e(t+r),r >0)
=lim [ n(de) 1z (e)<oo} P(e(T2(e) +7),0 <r < )W(e(T:(e) +t+7),r > 0)

1
= lim 5. [ (B, 0 < 7 < ) W(Biesgnzy, s = 0)|

1
—lim —E. [(I)(BMTO, 0 <7 <t) Epyy [W(Bonry, s > 0)]]

=lim [ n(de) 1y, (e)<o0) P(e(T:(€) +7),0 < 7 < ) Bz (e)+) (¥ (Bsnzy, 5 2 0)]

e—0

= /n(de) P(e(r),0 <7 <t) B[V (Brar, 7 > 0)].

2.5 Finite-dimensional marginals under the It6 mea-
sure

If (7,d) is a real tree with root p, and if z4,...,2, € T, the subtree spanned by z1,...,z,
is simply the set
p

T(x1,...,2,) = Jllp ]

=1

It is easy to see that 7 (zy,...,z,), equipped with the distance d, is again a real tree, which
has a discrete structure: More precisely, 7 (z1,...,x,) can be represented by a discrete
skeleton (which is a discrete rooted tree with p labelled leaves) and the collection, indexed
by vertices of the skeleton, of lengths of “branches”.

Rather than giving formal definitions for a general real tree, we will concentrate on the
case of the tree 7, coded by ¢ in the sense of Section 2.

Recall that C denotes the set of all continuous functions from R, into R;. We consider
a general continuous function g € C (in contrast with Section 2, we do not assume that
g(0) = 0 and ¢ has compact support). If 0 <¢; <ty <--- <t,, we will define a “marked
tree”

9(97 tl; s atp) - (T(ga tl? <. 7tp)> (hv)UGT(g;tl ..... tp)>

where 7(g;t1,...,t,) € A (A is the set of all rooted ordered trees as in Chapter 1) and
h, > 0 for every v € 7(g;t1,...,t,). To do this, we proceed by induction on p.

Ifp=1, 7(g;t1) = {0} and hy(g; t1) = g(t).
Let p > 2 and suppose that the “marked tree” 6(g;t1,...,t;) has been constructed up to
order p — 1. Then there exists an integer k € {1,...,p — 1} and k integers 1 < iy < iy <
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-+ < < p—1such that my(t;, tis1) = my(t1,t,) iff i € {i1,... 9k} Set i =0 and iy =p
by convention. For every ¢ € {1,2,...,k+ 1}, define g* € C by the formula

g'(t) = g((tV tiy_y 1) Ati,) — my(ts, ).

We then let 7(g; 1, ..., t,) be the concatenation of the trees 7(g%t;, ,11,...,t;,) for 1 < £ <
k + 1: Precisely,

k+1
7(g;t1,...,t,) = {0} U U{Eu cu € T(ght, 1, ts,) )
=1
Furthermore, if 0(g%t;, 41, ti,) = (T(g% tiy_ 41, -+ i,), (hﬁ)veT(gz;t%ﬁl,m’ti[)), we define

the marks (hy)ver(gits,...1,) Dy setting

hy=h,ifv="»lu, uec T(ge;tie_1+1, oo tiy)s

u

and hyp = my(t1,1,)

This completes the construction of the tree by induction. Note that k + 1 is the number
of children of @ in the tree 6(g;t1,...,t,), and m(t1,t,) is the mark of (.

If now g satisfies the conditions in Section 2, it is easy to see that 6(g;t1,...,%,) corre-
sponds to the tree 7,(p,(t1), ..., p,y(tp)) spanned by the vertices py(t1), ..., py(t,) in the tree
7,. More precisely, if we attach to every v € 7(g;t1,...,t,) a line segment in the plane with
length h,, in such a way that the line segments attached to v and to its children share a
common end (the same for all children of v) and that the line segments otherwise do not
intersect, the union of the resulting line segments will give a representative of the equivalence
class of Ty(py(t1),...,py(t,)). (Note that the order structure of 7(g;t1,...,t,) plays no role
in this construction.)

We let A, be the set of all rooted ordered trees with p leaves (a leaf of a tree 7 € A is
a vertex u € 7 with no child, i.e. such that k,(7) = 0, with the notation of Chapter 1). We
denote by ©(,) the set of all marked trees with p leaves: Elements of O, are of the form
0 = (7, (hv)ver) where 7 € A, and h, > 0 for every v € 7. The set O, is equipped with
the obvious topology and the associated Borel o-field. We also consider the corresponding
sets of binary trees: A}();)‘ is the set of all binary rooted trees with p leaves (and hence 2p — 1

vertices), and @?;‘)1 is the set of marked trees 8 = (7, (hy)ver) Whose skeleton 7 belongs to

A}éig’. Recall that
(2p — 2)!

biny __ .
Card(A(p)) = m = Cp

is the Catalan number of order p — 1.
Theorem 2.5.1 The law of the tree §(e;ty, ..., t,) under the measure
n(de) Lio<s <<t <o(e)pdls - . - dtp

is 271N, where A, is the uniform measure on @?;‘)1, defined by

/Ap(de) Fo) = Y /Hdhv F(r, {ho,v € 7}).

TEA‘(“E‘ VET
p
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It should be clear from our construction by induction that the tree 6(e; 4, ..., t,) only de-
pends on the values of e(t1),. .., e(t,) and of the successive minima me(t1,t2), me(ta, t3), .. .,
me(tp—1,1p). The key tool in the proof of Theorem 2.5.1 will thus be the following proposition.
To simplify notation we write m(s,t) = me(s,1t).

Proposition 2.5.2 Let ' be nonnegative and measurable on Rip_l. Then

n(/ by dty [t ), ol ), e(t), o elty) )
{0<t1 < <tp<o}

p—1
— 2?‘1/RQP1(ZO(1 . dap_ldﬁl . dﬁP(H 1[075m5i+1}(ai)>f(a1, s Qp, 51, . ,ﬂp).
7 i=1

The following lemma is an immediate consequence of (2.4). Recall that B is a Brownian
motion that starts from x under the probability P,, and that I = (I;,¢ > 0) is the associated
minimum process.

Lemma 2.5.3 If g is a nonnegative measurable function on R? and x > 0,

To T o) o)
0 0 Y 0

In particular, if h is a nonnegative measurable function on R?,

E(/OT dth(lt,Bt)> :2/; dy/yoo dz h(y, 2). (2.8)

Proof of Proposition 2.5.2. This is a simple consequence of Lemma 2.5.3. For p = 1, the
result is exactly formula (2.6) in Proposition 2.4.1. We proceed by induction on p using the
Markov property under n (property (ii) in Proposition 2.4.1) and then (2.8):

n(/ dty .ty f(m{tr, 1) omtyn, ). et elt)
{0<t <<ty <o}

:TL</ dtl...dtp_l
{0<t:1 <<ty 1 <0}

To
B, ) (/0 dt f(m(ti,ts), . ...m(ty_s,ty_1), Iy e(tr), ... e(ty_1), Bt)>>

:2n</ dtl...dtp_l
{0<t:1 <<ty 1 <0}

e(tp—1) )
/ day / A8y J(mlts, 1), .ty 2.ty 1), s e(tr), o elty 1), By) ).
0 Qp_1

The proof is then completed by using the induction hypothesis. O

Proof of Theorem 2.5.1. Let ', be the measurable function from R~ into O(p) such
that

O(e;tr,....t,) =Lp(m(ty, ta), ..., m(tp—1,tp),e(t1),. .., e(tp)).
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The existence of this function easily follows from our construction by induction of the marked
tree O(e;ty, ..., t,).
Denote by A, the measure on ]Rip_l defined by

Ay(dey . .. doydBy ....dB,) = (Hl[wmﬁm](al))dal .doy_1dBy ... dB,.

=1
In view of Proposition 2.5.2, the proof of Theorem 2.5.1 reduces to checking that I',(A,) =
A,. For p =1, this is obvious.

Let p > 2 and suppose that the result holds up to order p—1. For every j € {1,...,p—1},
let H; be the subset of R* " defined by

H; ={(a1,...,0p_1,01,...,0); a; > «j for every i # j}.
Then,

On the other hand, it is immediate to verify that 1y, - A, is the image of the measure

Aj(daly. .. dB) @ 1igeey(h)dh @ A,_;(da ... dF!_)

p

under the mapping ® : (o, ..., 05, h,af ..., 8_) — (a1,...,,) defined by

77 p=J
Oéj = h,
a=a,+h forl<i<j-—1,
=B +h forl<i<j
a=a ;+h forj+1<i<p-—1,
G = Z{'_j—i-h for j+1<1i<p.
The construction by induction of the tree 6(e;ty,...,t,) exactly shows that, a.e. for the
measure Aj(da) ... dB3}) ® 1(oe0)(R)dh @ Ap_j(day ... dB] ), we have

Tyo®(ay,....0hhaf ..., 3 ;) =Ti(,....05) * Ty jlal.... 0 ).

where if § € O(;) and ¢ € ©,_}), the tree 0 * 0" is obtained by concatenating the discrete

skeletons of § and €' (as above in the construction by induction of §(g; ¢4, . . ., t,)) and affecting
the mark A to the root ().

Together with the induction hypothesis, the previous observations imply that for any
nonnegative measurable function f on ©,),

[ A 1w 1) = [ an [ [ A, 5@ n )
= [an [ aaa, sy s £, 00)

= [an [ asan @ s



where we write A; * A,_; for the image of A;(df)A,_;(df") under the mapping (6,60") —
0 * #'. To complete the proof, simply note that

p—l o0
A, = Z/O dhAj* Ay j.
j=1

O

Remark. The fact that we get only binary trees in Theorem 2.5.1 corresponds to the
property that local minima of Brownian motion are distinct: If 0 < ¢; < --- < ¢, and if the
local minima my(t;, t;+1) are distinct, the tree 6(g;t1,...,t,) is clearly binary.

2.6 Finite-dimensional marginals of the CRT

In this section, we propose to calculate the law of the tree (e; ¢y, ..., %,) when e is a normal-
ized Brownian excursion. This corresponds to choosing p vertices independently uniformly
on the CRT (the uniform measure on the CRT 7. is by definition the image of Lebesgue
measure on [0, 1] under the mapping p.) and determining the law of the tree spanned by
these vertices. In contrast with the measure A, of Theorem 2.5.1, we will get for every p a
probability measure on OPF, which may be called the p-dimensional marginal distribution of

the CRT (cf Aldous [1], [2]).

We first recall the connection between the [t6 measure and the normalized Brownian
excursion. Informally, the law of the normalized Brownian excursion (e in the notation of
Chapter 1) is n(de | o(e) = 1). More precisely, using a standard desintegration theorem for
measures, together with the Brownian scaling property, one easily shows that there exists a
unique collection of probability measures (n(),s > 0) on the set £ of excursions, such that
the following properties hold:

(i) For every s > 0, n¢)(oc = s) = 1.
(i) For every A > 0 and s > 0, the law under n(de) of ex(t) = VAe(t/A) is nps).

(iii) For every Borel subset A of £,
1 o0
n(4) = (2m) P /0 532 ) (A) ds.

The measure n) is the law of the normalized Brownian excursion e which was considered
in Chapter 1 and in Section 3 above.

Our first goal is to get a statement more precise than Theorem 2.5.1 by considering the
pair (0(e;tq,...,t,),0) instead of O(e; ty,...,t,). If @ = (7,{hy,v € T}) is a marked tree, the
length of @ is defined in the obvious way by

L) =) h,.

vET
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Proposition 2.6.1 The law of the pair (6(e;t1,...,t,),0) under the measure

n(de) Ljo<t <<t <o(e)}dts . . . dtp
18
2P71 A, (dB) gar ) (s)ds.

Proof. Recall the notation of the proof of Theorem 2.5.1. We will verify that, for any
nonnegative measurable function f on Rip

n</ ity dty fm(tr, 1), m(tyr ) e(t). o ety) bt — o — 1))
{0<t; <-<t, <o}

= 2p_1/Ap(dOél . dOép_ldﬁl . dﬁp) / dSl e d3p+1 4s, (81)Qﬁ1+52_2a1 (82) e

R
e By +By—20y1 (5p) 48, (Sp1) flan, .o ap_1, Biy o By 15 - Spy)- (2.9)

Suppose that (2.9) holds. It is easy to check (for instance by induction on p) that

p—1
2L(Cp(ay, ..., 0p1,01,...,8)) = b1+ Z(ﬁz + Bi-1 — 20i) + By

i=1

Using the convolution identity ¢, * ¢, = ¢y+, (Which is immediate from the interpretation of
¢. as the density of T, under Fp), we get from (2.9) that

n(/ dty .ty [t ), ol ), o). elly), o))
{0<t <--<tp<o}

As in the proof of Theorem 2.5.1, the statement of Proposition 2.6.1 follows from this last
identity and the equality I',(A,) = A,.

It remains to prove (2.9). The case p = 1 is easy: By using the Markov property under
the Itd6 measure (Proposition 2.4.1 (ii)), then the definition of the function ¢, and finally
(2.5), we get

/n(de)/ogdtf(e(t),t,a—t) = [ de/th \(F(e(t). £, Th)
:/ de/dt/ dt’ Geqry (') f(e(t), £, 1)
— / dx/ dt g, (t /dt/Qz(>f(x>t7t/)'

Let p > 2. Applying the Markov property under n successively at ¢, and at ¢,_;, and then
using (2.7), we obtain
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n(/ dt: ...dt,
{0<t1 < <tp<o}

s f(m(ty,ta), . m(tyer,ty),e(tr), ... e(ty) tr, s — ..,o——t,,))
To
:n</ dty...dt,—1 Eeq, ) < dt / ds qp,(s)
{0<t; <---<tp_1<0} 0
XSt ), oo mlty 2ty 1), T elt), ety 1), Butis oo byt = b2 ts5) )

:2n</ Cdt,_ 1/ dy/ dz/ dt/ A5 Ge(ty—1)+2-2y (1) 4= (5)
{ogt1§~~~§tpfléff}

s f(mlty,ta), o mltyosty 1)y ys e(t)s oo e(tyor) 2ott, o byt — tyoa,t, s)).

It is then straightforward to complete the proof by induction on p. O

We can now state and prove the main result of this section.
Theorem 2.6.2 The law of the tree 6(e;ty,...,t,) under the probability measure
p' 1{0§t1§~~~§tp§l}dtl dt 7’L (d€)

: p! 2P L(0) exp (— 2 L(0)?) A,(dF).

Proof. Let F' be a nonnegative bounded continuous function on ©,) and let h be bounded,
nonnegative and measurable on R, . By Proposition 2.6.1,

/ (de) h(o >/o<t1< o PO, )
_ g / ds (s / J(d6) qor0)(5) F(6).

On the other hand, using the properties of the definition of the measures n(,), we have also

/ n(de) h(c) / dty . dt, F0(estr, ... 1))
{0<t <<ty <o)
= %(27r)‘”2/ ds 5732 h(s) /n(s)(de) / dty...dt, F(0(e;ty, ..., t,)).
0 {0<t; < <tp<s}

By comparing with the previous identity, we get for a.a. s > 0,

/n(s)(de)/ dty...dt, F(0(e;tr,... 1))
{0<t1 < <tp<s}

2L(0)?

g / A, (d9) L(6) exp (— 22O

) F(6).

S
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Both sides of the previous equality are continuous functions of s (use the scaling property of
n(s) for the left side). Thus the equality holds for every s > 0, and in particular for s = 1.
This completes the proof. O

Concluding remarks. If we pick ¢4, ..., independently according to Lebesgue measure on
[0, 1] we can consider the increasing rearrangement t; < ¢, <-.- <t of t1,...,t, and define
Oe;ty, ... t,) = 0(e;th, ..., t,). We can also keep track of the initial ordering and consider
the tree f(e;ty, . .. .t,) defined as the tree 6(e;tq,...,t,) where leaves are labelled 1,...,p,
the leaf corresponding to time t; receiving the label i. (This labelling has nothing to do with
the ordering of the tree.) Theorem 2.6.2 implies that the law of the tree O(e;ty, ..., t,) under
the probability measure
1[071]17 (tl, e ,tp)dtl dt 7’L (de)

has density
2P L(6) exp(—2L(0)?)

with respect to é&? (df), the uniform measure on the set of labelled marked (ordered) binary
trees with p leaves.

We can then “forget” the ordering. Define f(e;ty,...,t,) as the tree O(e;ty,. .. ,tp) with-
out the order structure. Since there are 2P~1 possible orderings for a given labelled binary
tree with p leaves, we get that the law (under the same measure) of the tree (e;t;, ... t,)
has density

2% () exp(—2L(H)?)

with respect to (:)}();)‘(dé), the uniform measure on the set of labelled marked (unordered)
binary trees with p leaves.

For convenience, replace the excursion e by 2e (this simply means that all marks h, are
multiplied by 2). We obtain that the law of the tree 6(2e;t;,...,t,) has density

L(6)”

L(#) exp(— )

with respect to @?;?(d@). It is remarkable that the previous density (apparently) does not
depend on p.

In the previous form, we recognize the finite-dimensional marginals of Aldous’ continuum
random tree [1], [2]. To give a more explicit description, the discrete skeleton 7(2e;ty, ..., t,)
is distributed uniformly on the set of labelled rooted binary trees with p leaves. This set has
b, elements, with

by =27 P Ve, =1 x3x---x (2p—3).

Then, conditionally on the discrete skeleton, the marks h, are distributed with the density
h
(3 s (— (20

. .. - . 2p—1
(verify that this is a probability density on R ).
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Bibliographical notes. The coding of real trees described in Section 2 is taken from [9],
although the underlying ideas can be found in earlier papers (see in particular [2] and [18]).
See e.g. Chapter XII of [28] or the last section of [29] for a thorough discussion of the It6
excursion measure. The CRT was introduced and studied by Aldous [1], [2]. The direct
approach to finite-dimensional marginals of the CRT which is presented in Sections 5 and 6
above is taken from [19].
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Chapter 3

The Brownian Snake
and i1ts Connections
with Partial Differential Equations

Our goal in this chapter is to combine the continuous tree structure studied in the previous
chapter with independent spatial motions: In additional to the genealogical structure, “in-
dividuals” move in space according to the law of a certain Markov process £. This motivates
the definition of the path-valued process called the Brownian snake. We study basic proper-
ties of the Brownian snake, and we use our previous calculation of marginal distributions of
random real trees (Chapter 2) to give explicit formulas for moment functionals. We then in-
troduce the exit measure of the Brownian snake from a domain, and we derive a key integral
equation for the Laplace functional of this random measure. In the case when the spatial
motion ¢ is Brownian motion in R?, this integral equation leads to important connections
with semilinear partial differential equations, which have been studied recently by several

authors.

3.1 Combining the branching structure of a real tree
with a spatial displacement

We consider a Markov process (&,11;)i>0.cp with values in a Polish space E. We will
assume that £ has continuous sample paths and that there exist an integer m > 2 and
positive constants C' and € such that for every x € E and t > 0,

Hz< sup 5(93,&)’”) < Ot*re, (3.1)

0<r<t

where 0 denotes the distance on E. This assumption is not really necessary, but it will
simplify our treatment. It holds for Brownian motion or for solutions of stochastic differ-
ential equations with smooth coefficients in R? or on a manifold. Later & will simply be
d-dimensional Brownian motion, but for the moment it is preferable to argue in a more
general setting.
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We denote by W the set of all finite E-valued paths. An element of W is a continuous
mapping w : [0,¢] — E, where ( = () > 0 depends on w and is called the lifetime of w.
The final point of w will be denoted by w = w(({). If z € E, the trivial path w such that
Cw) = 0 and w(0) = x is identified with the point x, so that E is embedded in W. The set
W is a Polish space for the distance

d(w, ') = 1¢ = ¢+ sup Sw(t A O, W(EAC)).

For € E we denote by W, the set W, = {w e W: w(0) = z}.

If g: Ry — R, is a continuous function with compact support such that g(0) = 0, we
saw in Section 2.2 that g codes a real tree 7,. Our goal is now to combine this branching
structure with spatial motions distributed according to the law of the process £. To this end,
we will not make an explicit use of the tree 7, but rather give our definitions in terms of the
coding function. It will be convenient to drop the compact support assumption on g, and to
consider instead a general function f € C(R,,Ry).

Notation. Let w : [0,(] — E be an element of W, let a € [0,(] and b > a. We denote by
R, ,(w,dw') the unique probability measure on W such that

(i) ¢ =b, Rop(w,dw’) as.
(11> W/(t) = W(t)a vt S a, Ra,b(W, dW/) a.s.

(iii) The law under R,u(w,dw’) of (w'(a +1),0 < ¢t < b — a) coincides with the law of
(&,0 <t <b—a) under ITy 4.

Under R, p(w,dw’), the path w' is the same as w up to time a and then behaves according
to the spatial motion £ up to time b.

Let (W, s > 0) denote the canonical process on the space C(R., W) of continuous
functions from R, into W.

Proposition 3.1.1 Let f € C(R,,R}). Assume that f is locally Hélder continuous with
exponent n for every n € (0, %) Let w € W with () = f(0). Then, there exists a unique
probability measure TS on C(R, W) such that Wy = w, T'{. a.s., and, under T’ , the canonical
process (Ws, s > 0) is (time-inhomogeneous) Markov with transition kernel between times s
and s' given by

Ry (s,50.55) (W, dW')
where my(s,s') = inf[s o) f(r). We have in particular {aw,) = f(s) for every s >0, T'{ a.s.

The intuitive meaning of this construction should be clear : At least when f(0) = 0 and
f has compact support (so that we can use the theory of Section 2.2), the vertices p¢(s)
and py(s’) in the tree 7; have the same ancestors up to generation m(s, s’). Therefore, the
corresponding spatial motions W and Wy must be the same up to time my(s, s’) and then
behave independently. This means that the path Wy is obtained from the path W, through
the kernel Rmf(sys/),f(s/)(Ws, dW,).
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Proof. We give the detailed argument only in the case when f(0) = 0, which implies
that w = z € E. We leave the general case as an exercise for the reader (cf the proof of
Proposition IV.5 in [20]).

For each choice of 0 <t} <ty <--- <t,, we can consider the probability measure 7
on WP defined by

z?f

t1,...tp

71';;01{__7% (dWl Ce de) = Ro,f(tl)(.iE, dWl)Rmf(tl,tg),f(tg)(Wb de) Ce Rmf(tp,l,tp),f(tp)(wp—b dwp)
It is easy to verify that this collection is consistent when p and ¢4,...,¢, vary. Hence the
Kolmogorov extension theorem yields the existence of a process (W, s > 0) with values in

W (in fact in W,) whose finite-dimensional marginals are the measures 7Tflf oty

We then verify that (/VIV/S, s > 0) has a continuous modification. Thanks to the classical
Kolmogorov lemma, it is enough to show that, for every T > 0 there are constants 3 > 0
and C' such that

E[d(W,, W)™ < C|s — §'|'+7, (3.2)

for every s < s’ <T. (Here m is as in assumption (3.1).)
Our assumption on f guarantees that for every n € (0,1/2) there exists a finite constant
C,r such that, for every s,s" € [0, 7],

|f(s) = f(s)] < Cyrls — " (3.3)
By our construction, the joint distribution of (W, Wy) is
RO,f(s) (ZL’, dW>Rmf(s,s’),f(s’) (W, dW,)

This means that W, and W, are two random paths that coincide up to time my(s, s’) and

then behave independently according to the law of the process £. Using the definition of the

distance d, we get for every s,s" € [0,7], s < ¢/,

E(d(W,, Wy)™) < cm<|f(s) — f(sH™+ 210, (HEm (SVS,)( sup (&, &)m)))
T 0t () (8) =my (5.5")

e (11(s) = F()I™ 4 2C1(F(5) V () = mg(s, 8)[2+°)
< Cm<07777,1T|3 _ S"mn + QCCS:’;‘S . S/|(2+a)n) ’

IN

where we used assumption (3.1) in the second inequality, and (3.3) in the third one. We can
choose 7 close enough to % so that mn > 1 and (2 + ¢)n > 1. The bound (3.2) then follows.

We then define I'/ as the law on C(R.., W) of the continuous modification of (W, s > 0).
The fact that under I'/ the canonical process is Markov with the given transition kernels
is obvious from the choice of the finite-dimensional marginals. The form of the marginals
also readily shows that (w,,) = f(t1),...,Cw,) = f(tp), '/ a.s., for every finite collection
of times ty,...,t,. The last assertion of the proposition then follows from a continuity
argument. 0
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The process (W, s > 0) under the probability measure I'Y, is sometimes called the snake
driven by the function f (with spatial motion ¢ and initial value w). From the form of the
transition kernels, and an easy continuity argument we have, I'] a.s. for every 0 < s < s/,

W (t) = Wy (t) for every t < my(s,s').

We sometimes refer to this property as the snake property. Note in particular that if z = w(0)
we have W,(0) = z for every s > 0, I'{ a.s.

3.2 The Brownian snake

We now randomize f in the construction of the previous section. For every r > 0, we denote
by P.(df) the law of reflected Brownian motion started at r (the law of (|Bs|,s > 0) if B
is a linear Brownian motion started at ). Then P.(df) is a probability measure on the set
C(R4,R,). Note that the assumption of Proposition 3.1.1 holds P.(df) a.s.
For every s > 0, we denote by p%(da db) the law under P, of the pair
(inf f(u), f(s)).

0<u<s

The reflection principle (cf Section 2.4) easily gives the explicit form of pf(da db):

., 2(r+b—2a r—+b—2a)?
pi(dadb) = W exp ( - %) Lio<a<brr) dadb
b 2
+2 (27‘(8)_1/2 exXp ( — (T _2:) ) ) 1(0<b)50(da) db.

Theorem 3.2.1 For every w € W, denote by Py, be the probability measure on C(R,, W)
defined by

P, (d) /C o Peldn L@

The process (W, Py)s>0.wew S a continuous (time-homogeneous) Markov process with values
m W, with transition kernels

Qs(w,dw') = /pﬁ“” (dadb) Ry p(w, dw').

This process is called the Brownian snake with spatial motion &.

Proof. The continuity is obvious and it is clear that Wy, = w, P, a.s. The semigroup
property for the kernels Q, is also easy to verify. As for the Markov property, we write

Ew[F(Wey, ..., W, )G(W,, )]

= /PC(W) (df) /VV » Rmf(0y51)7f(51)(1’, dWl) .. 'Rmf(sp,sp+1),f(sp+1)(wpa de_H) F(Wl, Ce ,Wp)G(Wp_H)
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C(w 1 P
= [ P i) ()l ()

/ Ry, (W, 1)+« Ry (W, dsy) (W, o w,)G(wy11)

= / i P50 (dardby) g%, (dasdbs) . .. p~%  (daydb,)
RAPH!

/ Ry iy (W, d1) . Ry, (W1, dwy) (Wi, o 30,) Qs 1o G)
Wp
B [F(Way, .o W )Qs,y ey GOW,)].

This completes the proof. O

We denote by (; = (uw,) the lifetime of W,. Under Py, the process (¢s,s > 0) is a
reflected Brownian motion started at (). This property is obvious from the last assertion
of Proposition 3.1.1 and the very definition of Py,.

The snake property can then be stated in the form

Wi(t) = W (t) for all t < inf (.,

s<r<s’

for every s < ¢, P, a.s.
In particular, if w(0) = = we have W, € W, for every s > 0, P, a.s.

We now state the strong Markov property of W, which is very useful in applications.
We denote by F, the canonical filtration on C'(R,, W) (Fs is the o-field generated by W,
0 <r < s) and as usual we take

Foo={F.

r>s

Theorem 3.2.2 The process (W, Py)s>0wew is strong Markov with respect to the filtration
(Fas)-

Proof. Let T be a stopping time of the filtration (Fs, ) such that 7' < K for some K < oc.

Let F' be bounded and Fr,; measurable, and let ¥ be a bounded measurable function on
W. It is enough to prove that for every s > 0,

EW(F\D(WT-FS)) = EW(FEWT(\I](WS)))

We may assume that W is continuous. Then,

n—oo

Eo(FU(Wrey) = lim Y Ey(leop wy FU(Wen )
k=0
= Y}LI&ZEWO{%ST<%}FEWﬁ(\I](WS)))'
k=0 "
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In the first equality, we used the continuity of paths and in the second one the ordinary
Markov property, together with the fact that 1y /m<r<@i1)m) F i F(ry1)/n-measurable. At
this point, we need an extra argument. We claim that

lim ( sup  |Ew, (U(W)) — Ewt(\P(WS))\) =0, P, a.s. (3.4)

el \4< K t<r<tte

Clearly, the desired result follows from (3.4), because on the set {k/n < T < (k+1)/n} we
can bound

[Ewys, (T(Ws)) = Ew, (P(W5))[ < sup (B, (T(W5)) — Ew, (T (W)

t<K t<r<t+21

To prove (3.4), we write down explicitly

Ew, (T(W;)) = / pS (da db) / Rap(W,, dw') W(w'),
and a similar expression holds for Ey, (W(Wj)). Set
cle)= sup |G — Gl

t<K,t<r<t+4e

and note that ¢(¢) tends to 0 as € — 0, P, a.s. Then observe that ift < K and t <r <r+e¢,
the paths W, and W; coincide at least up to time ((; — ¢(¢))4. Therefore we have

Ra,b(Wra dW,) = Ra,b(Wta dW,)

for every a < (¢; — ¢(¢))+ and b > a. The claim (3.4) follows from this observation and the
known explicit form of p$ (da db). O

Remark. The strong Markov property holds for W even if the underlying spatial motion &
is not strong Markov.

3.3 Excursion measures of the Brownian snake

For every x € E, the excursion measure N, is the o-finite measure on C'(R,, W) defined by
N, (dw) = / n(de) T (dw), (3.5)
C(R4,Ry)

where n(de) denotes Itd’s excursion measure as in Chapter 2. As in Chapter 2, we will use
the notation o for the duration of the excursion under N, (dw):

o =inf{s > 0: ¢ = 0}.

Note that W, € W, for every s > 0, N, a.e.

Remark. We know that the process (W, Py )s>0.wew is a continuous strong Markov process.
Furthermore, every point x € E (viewed as an element of W) is regular for W, in the sense

48



that P, (T{;y = 0) = 1 if T,y = inf{s > 0,W, = x}. This last property is immediate from
the analogous property for reflected linear Brownian motion. Thus it makes sense to consider
the excursion measure of W away from x, in the sense of the general It6 excursion theory
(see e.g. Blumenthal [4]), and this excursion measure is easily identified with N,.

We will make use of the strong Markov property under N,. To state it, it will be
convenient to introduce the following notation. For every w € W, we denote by P the
distribution under Py, of the process

Wg* - Ws/\ou s> 0
where o :=inf{s > 0: (, = 0} as above.

Theorem 3.3.1 Let T be a stopping time of the filtration (Fsi). Assume that 0 < T < o,
N, a.e. Then, if F and G are nonnegative measurable functionals on C(Ry, W), and if F
is Fr, -measurable, we have

N, <F G(Wrysr s> 0)) ~N, <FIE*WT(G)>.

If we interpret N, as the excursion measure away from = (as explained in the remark
above), the preceding theorem becomes a well-known fact of the theory of Markov processes:
See e.g. [4]. Alternatively, it is also easy to give a direct proof of Theorem 3.3.1 using the
same method as in the proof of Theorem 3.2.2, together with the simple Markov property
under the It6 excursion measure (cf Proposition 4.1 (ii) of Chapter 2).

We will now use Theorem 2.5.1 to derive some important formulas under the excursion
measure N,. Ler p > 1 be an integer. Recall from Section 2.5 the notation @'(35’ for the set
of all marked trees with p leaves, and let 6 € @?;)‘. For every x € E, we associate with 6 a
probability measure on WP, denoted by I1%, which is defined inductively as follows.

If p=1, then @ = ({#}, h) for some h > 0 and we let I1? = TI" be the law of (&,0 <t < h)
under II,,.

If p > 2, then we can write in a unique way

0:91*9/17
h

(p—3)
nation of #" and #” with root mark h, was introduced in the proof of Theorem 2.5.1) . We
then define I1? by

where 0’ € @'(’;?, 0" € ©Pn | and j € {1,...,p— 1} (the notation &’ * 0", for the concate-

/HZ(dwl, o dwy)F(wy, oo wy,) = 10 (// Hg; (dwi, ..., dW})H?:(dW’{, o dw, )
F(&on © W, -5 &on © Wy, Eon @ Wi, -, Eon © w;’_j))

where &) © w denotes the concatenation (defined in an obvious way) of the paths (&,0 <
t < h) and (w(t),0 < t < Ci)-
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Informally, T1% is obtained by running independent copies of ¢ along the branches of the
tree 6.

Finally, we recall the notation 6(f;t,...,¢,) from Section 2.5, and we let A, be as in
Theorem 2.5.1 the uniform measure on @?;‘)1.

Proposition 3.3.2 (i) Let f € C(Ry,Ry) such that f(0) =0, and let 0 < t; <ty < --- <
tp. Then the law under T'L of (Wy,, ..., W) is TI5U 3t ote)

(ii) For any nonnegative Borel measurable function F' on VWP,
N, (/ dsl...dspF(Wsl,...,Wsp)) - 2”‘1/Ap(d9) °(F) .
{0<s1 < <sp <o}

Proof. Assertion (i) follows easily from the definition of I'J and the construction of the trees
O(f;t1,...,t,). A precise argument can be given using induction on p, but we leave details
to the reader. To get (ii), we write

Nx</ dt; .. .dth(th,...,th))
{0<t:1 < <tp <o}

:/n(de)/ dt1...dth§<F(Wt1,...,th))
{0<t; <-<tp<a}

- / n(de) / dty .. dt, Tt ()
{0<t: <

...Stpgo'}

_ g / A, (d6) T (F),

The first equality is the definition of N,, the second one is part (i) of the proposition, and
the last one is Theorem 2.5.1. 0

The cases p = 1 and p = 2 of Proposition 3.3.2 (ii) are of special interest. Let us rewrite
the corresponding formulas in a particular case. Recall that we denote by w the terminal
point of w. For any nonnegative Borel measurable function g on E, we have

([ asati)) = [ deate)
Nx((/o"dsgm)z) :4Hz(/ooodt (H&(/Ooodrg(@))f)-

Remark. In addition to (3.5), we could also consider the associated normalized excursion
measure

and

N (d) = / ne(de) T (dw), (3.6)
C(R4,Ry)

where n(y) is as in Chapter 2 the law of the normalized Brownian excursion. Let Z be the
random probability measure on E defined under NG by

<Z,g):/0 dsg(Ws).

50



In the case when ¢ is Brownian motion in £ = R? and = 0, the random measure Z is
called ISE (Aldous [3]) for Integrated Super-Brownian Excursion. ISE and its variants play
an important role in various asymptotics for statistical mechanics models (see e.g. [5], [16]).

We conclude this section with an important technical lemma. We fix w € W, with
Cw) > 0 and consider the Brownian snake under P,,. Recall that

o=inf{s >0:( =0}

and denote by (o, 3;), © € I the excursion intervals of (; — infy 4 ¢, before time o. In other
words, (a;, 3;), i € I are the connected components of the open set [0,0] N {s > 0,(; >
inflo 5 ¢ }. Then, for every i € I we define W* € C(R, W) by setting for every s > 0,

W;(t) = W(Oéi+3)/\/8i(<-ai + t) ) 0<t< C; = <(ai+3)/\,6i - <04i .
From the snake property we have in fact W* € C(Ry, Wac,.))-

Lemma 3.3.3 The point measure

> O, W)

iel

is under Py, a Poisson point measure on Ry x C(R4, W) with intensity
2 1[0,<(W)}(t)dt Nw(t) (dw) .

Proof. A well-known theorem of Lévy (already used in Chapter 1) states that, if (8;,¢t > 0)
is a linear Brownian motion started at a, the process 3; — infjg 4 3, is a reflected Brownian
motion whose local time at 0 is ¢ — 2(a — infjg4 3,). From this and excursion theory, it
follows that the point measure

D 0cac)

i€l

is under P, a Poisson point measure with intensity
2 Lo (1)t n(de)

It remains to combine this result with the spatial displacements.

To this end, fix a function f € C(R4,Ry) such that f(0) = (w), o(f) = inf{t > 0 :
f(t) = 0} < oo and f is locally Holder with exponent 3 — v for every v > 0. Recall the
notation I'/, from Section 1 above. Denote by e;, j € J the excursions of f(s) — infjg 4 f(r)
away from 0 before time o(f), by (a;,b;), j € J the corresponding time intervals, and define
for every j € J

WI(t) = Wia,spm, (f(a;) +1), 0<t < f((a;+5) Aby) — flay),

From the definition of ', it is easily verified that the processes W7, j € J are independent
under I'{ | with respective distributions Fjvj( fay)”

Let F' be a bounded nonnegative measurable function on R, x C(R,, W), such that
F(t,w) = 0 if sup (s(w) < 7, for some v > 0. Recall the notation P,.(df) for the law
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of reflected Brownian motion started at r. By using the last observation and then the
beginning of the proof, we get

Ey(oxp— Y F(Ca, W) = / P, (df)TY, <eXp 3 F(f( WJ))

i€l jeJ

_ €j —F f aj),
= /PC<w)(df>HFw(f(aj)) <€ W )))

jedJ

C‘(w)
= exp-— 2/ dt/ (de)T5 (1 —e” Bty

<(w)
= exp —2/ dt Ny (1 — e 70y
0

The third equality is the exponential formula for Poisson measures, and the last one is
the definition of N,. This completes the proof. O

3.4 The exit measure

Let D be an open set in E and fix z € D. For every w € W, set
7(w) = inf{t € [0, (], w(t) & D},
where inf () = +00. Define
P = {Wi(r(Wy));s 2 0,7(W;) < o0},

so that £P is the set of all exit points from D of the paths W, for those paths that do
exit D. Our goal is to construct N, a.e. a random measure that is in some sense uniformly
spread over £P. To avoid trivial cases, we first assume that

M,(3t>0,6&D)>0. (3.7)

We start by constructing a continuous increasing process that increases only on the set

{s20:7(W,) = ¢}
Proposition 3.4.1 The formula

S

1
LSD:hm— d’f’lTWr Cr<t(Wy)+e
s ) <t <r W)

defines a continuous increasing process (LP s > 0), N, a.e. or Py a.s. for any w € W,.

Proof. Since N, can be viewed as the excursion measure of W away from z, it is enough to
prove that the given statement holds under P,,. Indeed, if follows from the construction of
the construction of the It6 measure that, for every h > 0, N, (:| sup (s > h) is the law under

P, of the first excursion of W away from z with “height” greater than h, and so the result
under N, can easily be derived from the case of P,.

We use the following lemma, where w € W, is fixed.
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Lemma 3.4.2 Set v, = ((; — 7(W))" and o, = inf{fo > 0 : [dr 1(,~0p > s}. Then
os < o0 for every s > 0, Py, a.s., and the process I's = v, is under Py, a reflected Brownian
motion started at (¢, — 7(w))T.

Proposition 3.4.1 easily follows from Lemma 3.4.2: Denote by (¢, s > 0) the local time
at 0 of I'. Then, P, a.s. for every s > 0,

s

1
ly = l{% g ; dr 1{0<Fr<e}‘

Set A, = [; dr 145,50y and LY = €4, We get

As s

1
LP =1lim - dr 1 =lim- [ drl
s Eli(r)l A T Lio<r, <e} 61{(1)1 : T Ho<yr<e} s
which is the desired result. O

Proof of Lemma 3.4.2. For every € > 0, introduce the stopping times
S; =inf{s >0:(; > 7(Ws) + ¢} T; =inf{s > S7:( < 7(Wy)}
e =inf{s >T7: (> 7(W,) +¢} Te,, =inf{s> S5, : ¢ <7(Wy)}

We first verify that the stopping times S; and 7 are finite P, a.s. By applying the
strong Markov property at inf{s > 0, (s = 0}, it is enough to consider the case when w = z.
Still another application of the strong Markov property shows that it is enough to verify
that S§ < oo a.s. To this end, observe that P,((; > 7(W;) +¢) > 0 (by (3.7) and because,
conditionally on (;, W is a path of £ with length (;) and apply the strong Markov property
at inf{s > 1,(; = 0}.

From the snake property and the continuity of s — (,, one easily gets that the mapping
s — 7, is also continuous. It follows that vs: =&V (((w) — 7(W)) and vg: = ¢ for n > 2.

We then claim that, for every n > 1, we have
T, =inf{s > S; : ¢, =7(Ws:)} .
Indeed the snake property implies that for
S5 < <infs > 851, = T(Was)},

the paths W, and Wg: coincide for ¢ < 7(Ws:), so that 7(W,) = 7(Wg:). This argument
also shows that v, = ¢, — 7(Ws: ) for S5 <r <Tr:.

From the previous observations and the strong Markov property of the Brownian snake,
we see that the processes

(V(Sgw)ATg,?” >0), n=12,...

are independent and distributed according to the law of a linear Brownian motion started
at € (at € V (Cw) — 7(w)) for n = 1) and stopped when it hits 0. Hence, if

o = inf{s : / Z Lise 7oy (u)du > 7’} :
0 n=1
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the process (7,<,r > 0) is obtained by pasting together a linear Brownian motion started at
eV ({w) — 7(w)) and stopped when it hits 0, with a sequence of independent copies of the
same process started at . A simple coupling argument shows that (v,:,7 > 0) converges in
distribution as e — 0 to reflected Brownian motion started at ((w) — 7(w))". The lemma
follows since it is clear that o | o, a.s. for every r > 0. O

Definition. The exit measure Z° from D is defined under N, by the formula
)
(2°.9) = [ dLPgOV).
0

From Proposition 3.4.1 it is easy to obtain that L increases only on the (closed) set
{s€[0,0]: ¢ =T7(W,)}. It follows that ZP is (N, a.e.) supported on EP.

Let us consider the case when (3.7) does not hold. Then a first moment calculation using
the case p = 1 of Proposition 3.3.2 (ii) shows that

/ ds 1{T(WS)<oo} =0 N Nx a.c.
0

Therefore the result of Proposition 3.4.1 still holds under N, with L? = 0 for every s > 0.
Consequently, we take Z” = 0 in that case.

We will need a first moment formula for L”. With a slight abuse of notation, we also
denote by 7 the first exit time from D for &.

Proposition 3.4.3 Let TI? denote the law of (¢,,0 < r < 7) under the subprobability mea-
sure Il,(- N {r < oo}) (M2 is viewed as a measure on W, ). Then, for every bounded
nonnegative measurable function G on W,,

N, ( / dLSDG(WS)> —11°(G) .
0
In particular, for every bounded nonnegative measurable function g on F,

Na((27,9)) = Ta(1{r<cc}9(67)) -

Proof. We may assume that G is continuous and bounded, and G(w) = 0 if () < K~ or
Cw) = K, for some K > 0. By Proposition 3.4.1,

/ dLP? G(W,) = lim E
0

e—0 &

/ ds 1{T(Ws)<<s<T(Ws)+€} G(WS) (38)
0

N, a.e. If we can justify the fact that the convergence (3.8) also holds in L'(N,), we will get
from the case p = 1 of Proposition 3.3.2 (ii):

N /0 Ca2Gw)) = it [T (1 G0 < 7 < )

e—0 € 0

T+e
= 1im I, (1reoe) 5—1/ hGlE,0<r < h))
= Hz<1{7<oo}G(§r>0 <r< 7_)) .
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It remains to justify the convergence in L'(N,). Because of our assumption on G we may
deal with the finite measure N, (- N {sup(; > K~'}) and so it is enough to prove that

1 o 2
sup Nx<<g/ ds 1{T(Ws)<<s<T(Ws)+5}G(WS)> )
0

€€(0,1)

is finite. This easily follows from the case p = 2 of Proposition 3.3.2 (ii), using now the fact
that G(W) =0if C(W) > K. 0

Let us give an important remark. Without any additional effort, the previous construc-
tion applies to the more general case of a space-time open set D C R, x E, such that
(0,7) € D. In this setting, Z” is a random measure on D C R, x E such that for
g9 € Gy (9D)

o

o1 .
(ZP,g) =lim - i ds 1irw,)<co<r(wa)+239(Cs, Wo)

e—0 ¢

where 7(w) = inf{t > 0, (t,w(t)) ¢ D}. To see that this more general case is in fact
contained in the previous construction, simply replace £ by the space-time process &, = (t, &),
which also satisfies assumption (3.1), and note that the Brownian snake with spatial motion
¢ is related to the Brownian snake with spatial motion ¢ in a trivial manner.

We will now derive an integral equation for the Laplace functional of the exit measure.
This result is the key to the connections with partial differential equations that will be
investigated later.

Theorem 3.4.4 Let g be a nonnegative bounded measurable function on E. For every x €
E, set
u(‘r):Nm(l_eXp_<ZD7g>)7 rebD.

The function u solves the integral equation

)+ 20 ([ 0l ds) = TL(1 a6 (3.9)

Our proof of Theorem 3.4.4 is based on Lemma 3.3.3. Another more computational proof
would rely on calculations of moments of the exit measure from Proposition 3.3.2 above.

Proof. For every r > 0 set n” = inf{s > 0: L? > r} with the usual convention inf () = cc.
By the definition of Z”, we have

u(xr) = 1—exp /dLD W

d?” 1{nD<oo}g ) /
np
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The second equality is the simple identity 1 — exp(—A4;) = fot dAs exp(—(A; — Ay)) valid
for any continuous nondecreasing function A. The third equality is the change of variables
s = nP and the fourth one follows from the strong Markov property under N, (cf Theorem
3.3.1) at the stopping time n”.

Let w € W, be such that () = 7(w). From Lemma 3.3.3, we have

E, (exp - / “agi) = Eu(ew-Y |

iel V&

= exp<—2 /OC(W) dt Ny (1 —exp — /0" dL,Pg(W»))
— oxp(-2 /0 " g u(w(t))) .

ﬁ L, g(Wr)>

Hence,
Gs

uz) = N, /0 " AL (W) exp(—2 0 at u(W,(1)))

= Hm<1{7<oo}g(é¥) exp(—2 /T dt“('gt)))

0

by Proposition 3.4.3. The proof is now easily completed by the usual Feynman-Kac argu-
ment:

W) = T(Lay (&) = T (Lremral€) (1 = exp =2 [t i)
= M(remy(6) = 20 (ampgl6) [ dtu(exp(=2 [ dr ulé,)
= TL(1eaya(€)) = 2 ([t (@) (1 cspgt&exp(=2 [ drue)))

0

— IL(1ayg(€) — 2L [ dr a6

0

3.5 The probabilistic solution of the nonlinear Dirich-
let problem

In this section, we assume that ¢ is Brownian motion in R?. The results however could easily
be extended to an elliptic diffusion process in R? or on a manifold.

We say that y € 9D is regular for D¢ if
inf{t >0:& ¢ D} =0 , I, as.

The open set D is called regular if every point y € 9D is regular for D¢. We say that a
real-valued function u defined on D solves Au = 4u? in D if u is of class C? on D and the
equality Au = 4u? holds pointwise on D.
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Theorem 3.5.1 Let D be a domain in RY and let g be a bounded nonnegative measurable
function on OD. For everyx € D, setu(x) = N (1—exp —(ZP, g)). Then u solves Au = 4u?
in D. If in addition D is reqular and g is continuous, then u solves the problem
— Any2 -
Au = 4u i D (3.10)
Ulpp = 9

where the notation ugp = g means that for every y € 0D,

pim () =g(y) -

Proof. First observe that, by (3.9),

u(x) < Hw(1{7'<oo}g(§‘r)) < sup g(y) )
yedD

so that u is bounded in D. Let B be a ball whose closure is contained in D, and denote by
7p the first exit time from B. From (3.9) and the strong Markov property at time 75 we get
forx € B

u(z) + 211, ( /0 v u(§8)2d5> +2I, (HgTB ( /0 ' u(£5)2d3>> — L, (TTe, (1{r<o09(&)))-

By combining this with formula (3.9) applied with x = &, we arrive at

u(z) + 211, / " u(E)?ds) = T (u(s,) (3.11)

The function h(z) = 1, (u(&,,)) is harmonic in B, so that h is of class C? and Ak =0 in B.
Set

fla) =10 ( [ uieras) = [ dyGatamuto)’

where G is the Green function of Brownian motion in B. Since w is measurable and
bounded, Theorem 6.6 of [27] shows that f is continuously differentiable in B, and so is u
since u = h — 2f. Then again by Theorem 6.6 of [27], the previous formula for f implies
that f is of class C? in B and —%A f =u? in B, which leads to the desired equation for w.

For the second part of the theorem, suppose first that D is bounded, and let y € 0D be

regular for D¢. Then, if g is continuous at y, it is well known that

lim IT,(g(&)) = g(y) -

D3z—y

On the other hand, we have also

lim sup I1,, (/OT u(£3)2d8> < (sup u(z))? limsup E, (1) =0 .

D3z—y zeD D>z—y

Thus (3.9) implies that

pim u(x) =g(y) .
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When D is unbounded, a similar argument applies after replacing D by D N B, where B is
now a large ball: Argue as in the derivation of (3.11) to verify that for x € DN B,

u(w) + 211, /0 T ()P = 1y 9(6:)) + L1y ryu(6ry)

and then follow the same route as in the bounded case. ([l
The nonnegative solution of the problem (3.10) is always unique. When D is bounded,
this is a consequence of the following analytic lemma.

Lemma 3.5.2 (Comparison principle) Let h : R, — R be a monotone increasing function.
Let D be a bounded domain in R? and let u,v be two nonnegative functions of class C* on
D such that Au > h(u) and Av < h(v). Suppose that for every y € 0D,

l}jnslxslli)(u(x) —ov(z)) <0.

Then u < v.
Proof. Set f =u—wvand D' ={z € D, f(x) > 0}. If D’ is not empty, we have
Af(x) = hu(z)) = h(v(z)) = 0
for every x € D’. Furthermore, it follows from the assumption and the definition of D’ that

limsup f(z) <0
D'sx—z

for every z € 9D’. Then the classical maximum principle implies that f < 0 on D’, which is
a contradiction. U

Corollary 3.5.3 (Mean value property) Let D be a domain in R? and let U be a bounded
reqular subdomain of D whose closure is contained in D. Then, if u is a nonnegative solution
of Au = 4u? in D, we have for every x € U

U(Qf) = Nz(l — €Xp _<ZU>U>)'
Proof. For every x € U, set
o) = No(1 - exp —(27, u)).

By Theorem 3.5.1, v solves Av = 4v? in U with boundary value vipu = Ujpy. By Lemma
3.5.2, we must have v(x) = u(zx) for every x € U. O

The last proposition of this section provides some useful properties of nonnegative solu-
tions of Au = 4u? in a domain. For x € R? and € > 0, we denote by B(x,¢) the open ball
of radius e centered at x. We also denote by

R={W,0<s<o}

the range of the Brownian snake.
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Proposition 3.5.4 (i) There erists a positive constant cq such that for every x € R and
e >0,
N.(RN B(z,6) # 0) = cqe? .

(i) Let u be a nonnegative solution of Au = 4u? in the domain D. Then for every x € D,
u(z) < cq dist(z,0D) 72 .

(iii) The set of all nonnegative solutions of Au = 4u? in D is closed under pointwise con-
vergence.

Proof. (i) By translation invariance we may assume that z = 0. We then use a scaling
argument. For A > 0, the law under n(de) of ex(s) = A7'e(A%s) is A™'n (exercise !). It easily
follows that the law under Ny of Wi(t) = e !W.s,(e2t) is e 2Np. Then, with an obvious
notation,

No(RNB(0,e)° #0) = No(R® N B(0,1)° #0)
= e Ng(RN B(0,1)° #0) .

It remains to verify that No(R N B(0,1)¢ # () < co. If this were not true, excursion theory
would imply that Py a.s., infinitely many excursions of the Brownian snake exit the ball
B(0, 1) before time 1. Clearly this would contradict the continuity of s — W under Py.
(ii) Let 2 € D and r > 0 be such that B(x,r) C D. By Corollary 3.5.3, we have for every
y € B(x,r)
u(y) = Ny(1 — exp —(ZB@7) ) .

In particular,
u(z) < N(ZB@) £ 0) < NJRNB(x, 1) #0) = cqr 2.

In the second inequality we used the fact that Z5(®") is supported on £@7) ¢ RN B(x,r)e.

(iii) Let (u,) be a sequence of nonnegative solutions of Au = 4 u? in D such that u, (z) —
u(z) as n — oo for every x € D. Let U be an open ball whose closure is contained in D. By
Corollary 3.5.3, for every n > 1 and z € U,

Un(x) = Ny(1 — exp —(ZY,u,,)).

Note that N (ZY # 0) < oo (by (i)) and that the functions u, are uniformly bounded
on QU (by (ii)). Hence we can pass to the limit in the previous formula and get u(z) =
N, (1 — exp —(ZY,u)) for z € U. The desired result then follows from Theorem 3.5.1. [

Let us conclude this section with the following remark. Theorem 3.4.4 could be applied as
well to treat parabolic problems for the operator Au —4u2. To this end we need only replace
the Brownian motion £ by the space-time process (¢,&;). If we make this replacement and
let D C R, x R? be a space-time domain, then for every bounded nonnegative measurable
function g on 0D, the formula

u(t,z) = Ny (1 —exp—(2”, g))
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gives a solution of

ou 1
Z L Au—2u% =
8t+2 U U 0

in D. Furthermore, u has boundary condition g under suitable conditions on D and g. The
proof proceeds from the integral equation (3.9) as for Theorem 3.4.4.

3.6 Solutions with boundary blow-up

Proposition 3.6.1 Let D be a bounded reqular domain. Then uy(z) = N,(ZP #0), 2 € D
1s the minimal nonnegative solution of the problem

Au = 4u? mn D

Ujgp = +00.

(3.12)

Proof. First note that ui(xz) < oo by Proposition 3.5.4 (i). For every n > 1, set v,(z) =
N,(1 — exp—n(ZP,1)), z € D. By Theorem 3.5.1, v, solves (3.10) with ¢ = n. By
Proposition 3.5.4 (iii), u; = lim | v, also solves Au = 4u? in D. The condition u;|sp = oo
is clear since u; > v, and v,|gp = n. Finally if v is another nonnegative solution of the
problem (3.12), the comparison principle (Lemma 3.5.2) implies that v > v,, for every n and
SO U > uy. ]

Proposition 3.6.2 Let D be any open set in R? and uy(z) = N,(R N D¢ # () for x € D.
Then usy is the mazimal nonnegative solution of Au = 4u? in D (in the sense that u < us
for any other nonnegative solution u in D).

Proof First note that R is connected N, a.e. as the range of the continuous mapping
s — W,. It follows that we may deal separately with each connected component of D, and
thus assume that D is a domain. Then we can easily construct a sequence (D,,) of bounded
regular subdomains of D, such that D = lim T D,, and D,, C D, for every n. Set

Un(2) = No(2° #0), a(2) = No(R N D}, # 0)

for x € D,. By the support property of the exit measure, it is clear that v, < v,. We
also claim that 0,41(x) < v,(x) for € D,. To verify this, observe that on the event
{RN D, # 0} there exists a path W that hits D¢ ;. For this path W, we must have
7p, (Ws) < (s (here 7p, stands for the exit time from D,,), and it follows from the properties
of the Brownian snake that

AZ = / d/r ]‘{TDn(Wr)<<r} > O ’
0

N, a.e. on {RNDS, | # 0}. However, from the construction of the exit measure in Section 4
above, (2P 1) is obtained as the local time at level 0 and at time A" of a reflected Brownian
motion started at 0. Since the local time at 0 of a reflected Brownian motion started at 0
immediately becomes (strictly) positive, it follows that {R N DS, # 0} C {ZP» # 0}, N,
a.e., which gives the inequality 0, 1(z) < v,(x).
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We have then for x € D

ua(w) = lim | 5,() = lim | v, () (3.13)
This follows easily from the fact that the event {R N D¢ # (} is equal N, a.e. to the
intersection of the events {R N D¢ # 0}. By Proposition 3.6.1, v,, solves Au = 4u? in D,,. Tt
then follows from (3.13) and Proposition 3.5.4 (iii) that us solves Au = 4u? in D. Finally, if
u is another nonnegative solution in D, the comparison principle implies that v < v, in D,
and it follows that u < wus. O

Example. Let us apply the previous proposition to compute N,(0 € R) for z # 0. By
rotational invariance and the same scaling argument as in the proof of Proposition 3.5.4
(i), we get N,(0 € R) = C|z|™? with a nonnegative constant C. On the other hand, by
Proposition 3.6.2, we know that u(x) = N,(0 € R) solves Au = 4u?® in R\{0}. A short
calculation, using the expression of the Laplacian for a radial function, shows that the only
possible values of C'are C' =0 and C' =2 — %l. Since u is the maximal solution, we conclude
that if d < 3,

N,(0eR) =(2— g)\xr?

whereas N, (0 € R) = 0 if d > 4. In particular, points are polar (in the sense that they are
not hit by the range) if and only if d > 4.

Let us conclude with some remarks. First note that, if D is bounded and regular (the
boundedness is superfluous here), the function uy of Proposition 2 also satisfies us|sgp = +00.
This is obvious since us > u;. We may ask the following two questions.

1. If D is regular, is it true that u; = us? (uniqueness of the solution with boundary
blow-up)

2. For a general domain D, when is it true that us|gp = +00? (existence of a solution
with boundary blow-up)

A complete answer to question 2 is provided in [6] (see also [20]). A general answer to 1 is
still an open problem (see [20] and the references therein for partial results).

Bibliographical notes. Much of this chapter is taken from [20], where additional references
about the Brownian snake can be found. The connections with partial differential equa-
tions that are discussed in Section 5 and 6 were originally formulated by Dynkin [10] in the
language of superprocesses (see Perkins [26] for a recent account of the theory of superpro-
cesses). These connections are still the subject of an active research: See Dynkin’s books
[11], [12]. Mselati’s thesis [24] gives an application of the Brownian snake to the classification
and probabilistic representation of the solutions of Au = u? in a smooth domain.
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