APOLLONIAN STRUCTURE IN THE ABELIAN SANDPILE

LIONEL LEVINE, WESLEY PEGDEN, AND CHARLES K. SMART

ABSTRACT. The Abelian sandpile process evolves configurations of chips on the
integer lattice by toppling any vertex with at least 4 chips, distributing one of
its chips to each of its 4 neighbors. When begun from a large stack of chips, the
terminal state of the sandpile has a curious fractal structure which has remained
unexplained. Using a characterization of the quadratic growths attainable by
integer-superharmonic functions, we prove that the sandpile PDFE recently shown
to characterize the scaling limit of the sandpile admits certain fractal solutions,
giving a precise mathematical perspective on the fractal nature of the sandpile.

1. INTRODUCTION

1.1. Background. First introduced in 1987 by Bak, Tang and Wiesenfeld [1] as a
model of self-organized criticality, the Abelian sandpile is an elegant example of a
simple rule producing surprising complexity. In its simplest form, the sandpile evolves
a configuration 1 : Z2 — N of chips by iterating a simple process: find a lattice point
x € Z? with at least four chips and topple it, moving one chip from z to each of its
four lattice neighbors.

When the initial configuration has finitely many total chips, the sandpile process
always finds a stable configuration, where each lattice point has at most three chips.
Dhar [9] observed that the resulting stable configuration does not depend on the top-
pling order, which is the reason for terming the process “Abelian.” When the initial
configuration consists of a large number of chips at the origin, the final configuration
has a curious fractal structure [3,11,21-23] which (after rescaling) is insensitive to the
number of chips. In 25 years of research (see [20] for a brief survey, and [10,26] for more
detail) this fractal structure has resisted explanation or even a precise description.

If s, : Z*> — N denotes the stabilization of n chips placed at the origin, then the
rescaled configurations

5a(@) = sn([n"/a])

(where [2] indicates a closest lattice point to x € R?) converge to a unique limit s.
This article presents a partial explanation for the apparent fractal structure of this
limit.

The convergence 5, — So, was obtained Pegden-Smart [24], who used viscosity
solution theory to identify the continuum limit of the least action principle of Fey-
Levine-Peres [14]. We call a 2 x 2 real symmetric matrix A stabilizable if there is a
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FIGURE 1. The boundary of I". The shade of gray at location (a, b)
[0,4] x [0,4] indicates the largest ¢ € [2,3] such that M(a,b,c) € I‘
White and black correspond to ¢ = 2 and ¢ = 3, respectively.

function w : Z2 — Z such that

u(zx) > %mtAx and Alu(zr) < 3, (1.1)
for all 2 € Z2, where
Alu(e) = Y (ufy) - u(x) (12)

is the discrete Laplacian of u on Z2. (We establish a direct correspondence between
stabilizable matrices and infinite stabilizable sandpile configurations in Section 3) It
turns out that the closure I' of the set I' of stabilizable matrices determines Suc.

Theorem 1.1 (Existence Of Scaling Limit, [24]). The rescaled configurations S, con-
verge weakly-+ in L (R?) to so = Avs, where

Voo 1= min{w € C(R?) | w > —® and D*(w + ®) € T'}. (1.3)
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Here ®(z) := —(2m) "t log |z| is the fundamental solution of the Laplace equation A® =
0, the minimum is taken pointwise, and the differential inclusion is interpreted in the
sense of viscosity.

Roughly speaking, the sum s, = v + @ is the least function u € C(R?\ {0}) that
is non-negative, grows like ® at the origin, and solves the sandpile PDE

D?u € ar (1.4)

in {u > 0} in the sense of viscosity. Our use of viscosity solutions is described in
more detail in the preliminaries; see Section 2.3. The function us, also has a natural
interpretation in terms of the sandpile: it is the limit e () = limy, 00 ™ u, ([n1/22]),
where u,,(z) is the number of times 2 € Z? topples during the formation of s,. We
also recall that weak-* convergence simply captures convergence of the local average
value of s,,.

1.2. Apollonian structure. The key players in the obstacle problem (1.3) are ® and
I'. The former encodes the initial condition (with the particular choice of —(27) ! log |z
corresponding to all particles starting at the origin). The set T' is a more interesting
object: it encodes the continuum limit of the sandpile stabilization rule. It turns out
that T is a union of downward cones based at points of a certain set P—this is Theorem
1.2, below, which we prove in the companion paper [18]. The elements of P, which we
call peaks, are visible as the locally darkest points in Figure 1.

The characterization of T' is made in terms of Apollonian configurations of circles.
Three pairwise externally tangent circles Ci,Cs,C3 determine an Apollonian circle
packing, as the smallest set of circles containing them that is closed under the operation
of adding, for each pairwise tangent triple of circles, the two circles which are tangent to
each circle in the triple. They also determine a downward Apollonian packing, closed
under adding, for each pairwise-tangent triple, only the smaller of the two tangent
circles. Lines are allowed as circles, and the Apollonian band circle packing is the
packing By determined by the lines {z = 0} and {x = 2} and the circle {(z—1)?+y* =
1}. Tts circles are all contained in the strip [0,2] x R.

We put the proper circles in R? (i.e., the circles that are not lines) in bijective
correspondence with real symmetric 2 x 2 matrices of trace > 2, in the following way.
To a proper circle C' = {(z — a)? + (y — b)?> = r?} in R? we associate the matrix

m(C) == M(a,b,r +2)

where

1

M(a,b,c) ==~ { (1.5)

2 b c—a
We write Sy for the set of symmetric 2 x 2 matrices with real entries, and, for A, B € S,

we write B < A if A — B is nonnegative definite. For a set P C S, we define
Pt:={B €Sy | B< A for some A € P},

the order ideal generated by P in the matrix order.
Now let B = [J,,c5(Bo + (2k,0)) be the extension of the Apollonian band packing
to all of R? by translation. Let

P={m(C)|C € B}.
In the companion paper [18], a function ga : Z? — Z with Algs < 3 for each A € P

is constructed whose difference from %xtAx 4+ by - x is periodic and thus at most a

constant, for some linear factor b4. Moreover, the functions g4 are maximally stable,

c+a b ]
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FicURE 2. An Apollonian triangulation is a union of Apollonian
triangles meeting at right angles, whose intersection structure matches
the tangency structure of their corresponding circles. The solution u
of Theorem 1.3 has constant Laplacian on each Apollonian triangle,
as indicated by the shading (darker regions are where Au is larger).

in the sense that g > g4 and Alg < 3 implies that g — g4 is bounded. We thus have
from [18] the following theorem:

Theorem 1.2. T = P'. O

From the standpoint of comparing results in this paper and [18], note that changing
the integer constant in the condition A'v < 3 in (1.1) results only in a translation
of the set I'. For example, to translate from the condition A'v < 3 to the condition
A'v <1 one can simply subtract the function v(z) = fz1(x1 + 1) + F@2(22 + 1) from
u and subtract M(0,0,2) from A. To translate to the condition Alv < 0, one could
subtract v(z) = 3x1(x1 + 1) from u and M(3,0,3) from A (note that this involves
both horizontal and vertical translation).
1.3. The sandpile PDE. Theorem 1.2 allows us to formulate the sandpile PDE (1.4)
as

D*u € oP*. (1.6)
Our main result, Theorem 1.3 below, constructs a family of piecewise quadratic so-
lutions to the this PDE. The supports of these solutions are the closures of certain
fractal subsets of R? which we call Apollonian triangulations, giving an explanation
for the fractal limit 5.

Of course, every matrix A = M(a,b,c) € Sy with tr(4) = ¢ > 2 is now asso-
ciated to a unique proper circle C = ¢(A4) = m™1(A) in R?. We say two matrices
are (externally) tangent precisely if their corresponding circles are (externally) tan-
gent. Given pairwise externally tangent matrices A, Ao, As, denote by A(A;, As, As)
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FIGURE 3. Left: The sandpile s, for n = 4 -10°. Sites with 0, 1, 2,
and 3 chips are represented by four different shades of gray. Right:
A zoomed view of the boxed region, one of many that we believe
converges to an Apollonian triangulation in the n — oo limit.

(resp. A7 (A1, Ag, A3)) the set of matrices corresponding to the Apollonian circle pack-
ing (resp. downward Apollonian packing) determined by the circles corresponding to
Ay, Az, As.

Theorem 1.3 (Piecewise Quadratic Solutions). For any pairwise externally tangent
matrices Ay, Ay, A3 € Sy, there is a nonempty conver set Z C R? and a function
u € CYY(Z) satisfying

D2'LL € BA(Al,A% Ad)‘L

in the sense of viscosity. Moreover, Z decomposes into disjoint open sets (whose clo-
sures cover Z) on each of which u is quadratic with Hessian in A~ (A1, Aa, As).

This theorem is illustrated in Figure 2. We call the configuration of pieces where D?u
is constant an Apollonian triangulation. Our geometric characterization of Apollonian
triangulations begins with the definition of Apollonian curves and Apollonian triangles
in Section 5. We will see that three vertices in general position determine a unique
Apollonian triangle with those vertices, via a purely geometric construction based on
medians of triangles. We will also show that any Apollonian triangle occupies exactly
4/7 of the area of the Euclidean triangle with the same vertices.

An Apollonian triangulation, which we precisely define in Section 6, is a union of
Apollonian triangles corresponding to circles in an Apollonian circle packing, where
pairs of Apollonian triangles corresponding to pairs of intersecting circles meet at
right angles. The existence of Apollonian triangulations is itself nontrivial and is the
subject of Theorem 7.1; analogous discrete structures were constructed by Paoletti
in his thesis [23]. Looking at the Apollonian fractal in Figure 2 and recalling the
SLy(Z) symmetries of Apollonian circle packings, it is natural to wonder whether
nice symmetries may relate distinct Apollonian triangulations as well. But we will
see in Section 6 that Apollonian triangles are equivalent under affine transformations,
precluding the possibility of conformal equivalence for Apollonian triangulations.
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If Cy, Co, C5 are pairwise tangent circles in the band circle packing, then letting A; =
m(C;) for i = 1,2,3, we have A~ (A1, Az, A3) C P, so the function w in Theorem 1.3
will be a viscosity solution to the sandpile PDE. The uniqueness machinery for viscosity
solutions gives the following corollary to Theorem 1.3, which encapsulates its relevance
to the Abelian sandpile. (Recall that e, = voo + ®, Where v is defined in (1.3).)

Corollary 1.4. Suppose Uy, Us,Us C R? are connected open sets bounding a convex
region Z such that U; N U; = {xy} for {i,j, k} = {1,2,3}, where the triangle Nzix273
is acute. If ueo is quadratic on each of Uy, Us,Us with pairwise tangent Hessians
Ay, Ay, A3 € P, respectively, then us s piecewise quadratic in Z and the domains
of the quadratic pieces form the Apollonian triangulation determined by the vertices
T1,T2,T3.

Note that s, = Avs = Aue, implies 5, is piecewise-constant in the Apollonian
triangulation.

Let us briefly remark on the consequences of this corollary for our understanding
of the limit sandpile. As observed in [11,22] and visible in Figure 3, the sandpile
sy for large n features many clearly visible patches, each with its own characteristic
periodic pattern of sand (sometimes punctuated by one-dimensional ‘defects’ which
are not relevant to the weak-* limit of the sandpile). Empirically, we observe that
triples of touching regions of these kinds are always regions where the observed finite v,,
correspond (away from the one-dimensional defects) exactly to minimal representatives
in the sense of (1.1) of quadratic forms

1
ixtAx + bx

where the A’s for each region are always as required by Corollary 1.4. Thus we are
confident from the numerical evidence that the conditions required for Corollary 1.4 and
thus Apollonian triangulations occur—indeed, are nearly ubiquitous—in so,. Going
beyond Corollary 1.4’s dependence on local boundary knowledge would seem to require
an understanding the global geometry of s, which remains a considerable challenge.

1.4. Overview. The rest of the paper proceeds as follows. In Section 2, we review
some background material on the Abelian sandpile and viscosity solutions. In section
3, we present an algorithm for computing I' numerically; this provided the first hints
towards Theorem 1.2, and now provides the only window we have into sets analogous
to I' on periodic graphs in the plane other than Z? (see Question 1 in Section 8). After
reviewing some basic geometry of Apollonian circle packings in Section 4, we define
and study Apollonian curves, Apollonian triangles, and Apollonian triangulations in
Sections 5 and 6. The proofs of Theorem 1.3 and Corollary 1.4 come in Section 7 where
we construct piecewise-quadratic solutions to the sandpile PDE. Finally, in Section 8
we discuss new problems suggested by our results.

2. PRELIMINARIES

The preliminaries here are largely section-specific, with Section 2.1 being necessary
for Section 3 and Sections 2.2 and 2.3 being necessary for Section 7.

2.1. The Abelian sandpile. Given a configuration 7 : Z? — Z of chips on the integer
lattice, we define a toppling sequence as a finite or infinite sequence 1,2, x3, ... of
vertices to be toppled in the sequence order, such that any vertex topples only finitely
many times (thus giving a well-defined terminal configuration). A sequence is legal if
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it only topples vertices with at least 4 chips, and stabilizing if there are at most 3 chips
at every vertex in the terminal configuration. We say that n is stabilizable if there
exists a legal stabilizing toppling sequence.

The theory of the Abelian sandpile begins with the following standard fact (see [12]
or the introduction to [24]):

Proposition 2.1. Any x € Z? topples at most as many times in any legal sequence
as it does in any stabilizing sequence. O

Proposition 2.1 implies that to any stabilizable initial configuration 1, we can associate
an odometer function v : Z? — N which counts the number of times each vertex topples
in any legal stabilizing sequence of topplings. The terminal configuration of any such
sequence of topplings is then given by 1+ Alv. Since v and so A'v are independent of
the particular legal stabilizing sequence, this shows that the sandpile process is indeed
“Abelian”: if we start with some stabilizable configuration n > 0, and topple vertices
with at least 4 chips until we cannot do so any more, then the final configuration
n + Alv is determined by 7.

The discrete Laplacian is monotone, in the sense that Alu(z) is decreasing in u(z)
and increasing in u(y) for any neighbor y ~ x of z in Z?. An obvious consequence of
monotonicity is that taking a pointwise minimum of two functions cannot increase the
Laplacian at a point:

Proposition 2.2. Ifu,v:Z% = Z, w := min{u,v}, and w(z) = u(x), then Alw(zx) <
Alu(z). O

In particular, given any functions u,v satisfying n + A'(u) < 3 and n + Al(v) < 3,
their pointwise minimum satisfies the same constraint. The proof of Theorem 1.1 in
[24] begins from the Least Action Principle formulated in [14], which states that the
odometer of an initial configuration 7 is the pointwise minimum of all such functions.

Proposition 2.3 (Least Action Principle). If n : Z? — N and w : Z?> — N satisfy
n+ Alw < 3, then n is stabilizable, and its odometer v satisfies v < w.

Note that the Least Action Principle can be deduced from Proposition 2.1 by as-
sociating a stabilizing sequence to w. By considering the function v = v — 1 for any
odometer function v, the Least Action Principle implies the following proposition:

Proposition 2.4. If n : Z? — Z is a stabilizable configuration, then its odometer v
satisfies v(z) = 0 for some x € Z°.

Finally, we note that these propositions generalize in a natural way from Z2 to
arbitrary graphs; in our case, it is sufficient to note that they hold as well on the torus

T, :=7*/nZ* fornecZ".

2.2. Some matrix geometry. All matrices considered in this paper are 2 x 2 real
symmetric matrices and we parameterize the space Sy of such matrices via M : R? — S,
defined in (1.5). We use the usual matrix ordering: A < B if and only if B — A is
nonnegative definite.

Of particular importance to us is the downward cone

At :={BeS,: B<A}.

Recall that if B € 0AY, then A — B = v ® v = vv! for some column vector v. That is,
the boundary 9A* consists of all downward rank-1 perturbations of A.
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Our choice of parameterization M was chosen to make A% a cone in the usual sense.
Observe that
M(a,b,c) >0 if and only if ¢ > (a2 + b2)1/2,

Moreover:
Observation 2.5. We have
v ®@v = M(uy, ug, (u? + u2)/?) (2.1)

if and only if v2 = u, where v? denotes the complex square of v. O
Thus if B € 9AY, then

A—B=(p(A) - p(B)'* @ (p(A) - p(B))"?, (2.2)
where

p(M(a,b,c)) := (a,b),

and v*/2 denotes the complex square root of a vector v € R? = C.

Denoting by I the 2 x 2 identity matrix, we write
A7 =A— (tr(A) — 2)I

for the reflection of A across the trace-2 plane; and
A+ AT
2
for the projection of A on the trace-2 plane. Since the line {A +t(v @ v) | t € R} is
tangent to the downward cone A for every nonzero vector v and matrix A, we see that
matrices A1, Aa, both with trace greater than 2, are externally tangent if and only if

A; — A5 has rank 1 and internally tangent if and only if A; — Ay has rank 1. This
gives the following Observation:

AO

Observation 2.6. Suppose the matrices A;, Aj, A are mutually externally tangent
and have traces > 2. Then there are at most two matrices B whose difference As — B
is rank 1 for each s = i,j,k: B = A, is a solution for any matriz A,, externally

tangent to A;, Aj, Ag, and B = A, is a solution for any Ay, internally tangent to
Aia Aja Ak . O

Note that the case of fewer than two solutions occurs when the triple of trace-2 circles
of the down-set cones of the A; are tangent to a common line, leaving only one proper
circle tangent to the triple.

2.3. Viscosity Solutions. We would like to interpret the sandpile PDE D?u € OT in
the classical sense, but the nonlinear structure of 0" makes this impractical. Instead,
we must adopt a suitable notion of weak solution, which for us is the viscosity solution.
The theory of viscosity solutions is quite rich and we refer the interested reader to [6,7]
for an introduction. Here we simply give the basic definitions. We remark that these
definitions and results make sense for any non-trivial subset I' C Sy that is downward
closed and whose boundary has bounded trace (see Facts 3.2, 3.5, and 3.6 below).

If Q C R? is an open set and u € C(f), we say that u satisfies the differential
inclusion

D?*uecT in, (2.3)

if D2p(z) € T whenever p € C°°(£2) touches u from below at = € Q. Letting I'° denote
the closure of the complement of I', we say that u satisfies

D?u €T° in Q, (2.4)
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if D%y(x) € T whenever ¢ € C*°(Q) touches u from above at x € Q. Finally, we say
that u satisfies
D*u e dl' in Q,

if it satisfies both (2.3) and (2.4).

The standard machinery for viscosity solutions gives existence, uniqueness, and
stability of solutions. For example, the minimum in (1.3) is indeed attained by some
v € C(R?) and we have a comparison principle:

Proposition 2.7. If Q C R? is open and bounded and u,v € C () satisfy
D?ueTl and D*vel° inQ,
then supg (v — u) = supgn (v — ). O

Recall that C11(U) is the class of differentiable functions on U with Lipschitz deriva-
tives. In Section 7, we construct piecewise quadratic C™! functions which solve the
sandpile PDE on each piece. The following standard fact guarantees that the functions
we construct are, in fact, viscosity solutions of the sandpile PDE on the whole domain
(including at the interfaces of the pieces).

Proposition 2.8. If U C R? is open, u € CH1(U), and for Lebesque almost every
zelU

D?*u(x) exists and D*u(x) € OT,
then D*u € OT holds in the viscosity sense. O

Since we are unable to find a published proof, we include one here.

Proof. Suppose ¢ € C*°(U) touches u from below at ¢ € U. We must show D?*p(z) €
I'. By approximation, we may assume that ¢ is a quadratic polynomial. Fix a small
e > 0. Let A be the set of y € U for which there exists p € R? and ¢ € R such that

1
o(a) i= olw) = 3elel +p 0+ g,

touches u from below at y. Since u € C*!, p(y) is unique and the map p : A — R?
is Lipschitz. Since ¢ > 0 and U is open, the image p(A) contains a small ball Bs(0).
Thus we have

0 < [Bs(0)] < |p(A)| < Lip(p)|Al.

In particular, A has positive Lebesgue measure and we may select a point y € A such
that D?u(y) exists and D?*u(y) € T. Since ¢, touches u from below at y, we have
D2, (y) < D*u(y) and thus D?p,(y) = D?p(y) — el = D?*p(xo) — el € T. Sending
e — 0, we obtain D?p(zg) € T O

3. ALGORITHM TO DECIDE MEMBERSHIP IN I’

A priori, the definition of I does not give a method for verifying membership in the
set. In this section, we will show that matrices in I' correspond to certain infinite
stabilizable sandpiles on Z2. If A € I has rational entries, then its associated sandpile
is periodic, which yields a method for checking membership in I" for any rational
matrix, and allows us to algorithmically determine the height of the boundary of I at
any point with arbitrary precision. Although restricting our attention in this section to
the lattice Z2 simplifies notation a bit, we note that this algorithm generalizes past Z2,
to allow the numerical computation of sets analogous to I' for other doubly periodic
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graphs in the plane, for which we have no exact characterizations (see Figure 7, for
example).

If ¢ : Z* — R, write [q] for the function Z? — Z obtained by rounding each value
of ¢ up to the nearest integer. The principal lemma is the following.

Lemma 3.1. A € T if and only if the configuration A [qa] is stabilizable, where
1
qa(z) := ixtAx
is the quadratic form associated to A.
Proof. If u satisfies (1.1), then the Least Action Principle applied to w = u — [ga]|
shows that 7 = A! [g4] is stabilizable. On the other hand, if n = A! [g4] is stabilizable
with odometer v, then u = v + [qa] satisfies (1.1). O

Since A < B implies #t Az < x*Bx for all © € Z2, the definition of I' implies that T
is downward closed in the matrix order:

Fact 3.2. If A< B and BeT, then AcT. O

It follows that the boundary of I' is Lipschitz, and in particular, continuous; thus to
determine the structure of I, it suffices to characterize the rational matrices in I'. We
will say that a function s on Z? is n-periodic if s(x + y) = s(x) for all y € nZ>.

Lemma 3.3. If A has entries in %Z for a positive integer n, then A'[qa] is 2n-
periodic.

Proof. If y € 2nZ? then Ay € 272, so
1
ga(z +y) —qa(z) = («' + §yt)Ay €Z.
Hence [ga] — qa is 2n-periodic. Writing

A'Tga]l = A'(Tqa] — qa) — A'qa

and noting that Alg, is constant, we conclude that Al [g4] is 2n-periodic. O

Thus the following lemma will allow us to make the crucial connection between rational
matrices in I' and stabilizable sandpiles on finite graphs. It can be proved by appealing
to [13, Theorem 2.8] on infinite toppling procedures, but we give a self-contained proof.

Lemma 3.4. An n-periodic configuration n : Z? — 7 is stabilizable if and only if it is
stabilizable on the torus T,, = Z*/nZ?.

Proof. Supposing 7 is stabilizable on the torus 7,, with odometer v, and extending v
to an n-periodic function v on Z? in the natural way, we have that n+ A'v < 3. Thus
7 is stabilizable on Z2 by the Least Action Principle.

Conversely, if 7 is stabilizable on Z?2, then there is a function w : Z2 — N such that
n 4+ Alw < 3. Proposition 2.2 implies that

w(x) := min{w(z +v) : y € nZ?},

also satisfies n + A'w < 3. Since @ is n-periodic, we also have 7+ A}, @ < 3 and thus
7 is stabilizable on the torus T,,. (]
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The preceding lemmas give us a simple prescription for checking whether a rational
matrix A is in I': compute s = Al [g4] on the appropriate torus, and check if this
is a stabilizable configuration. To check that s is stabilizable on the torus, we simply
topple vertices with > 4 chips until either reaching a stable configuration, or until
every vertex has toppled at least once, in which case Proposition 2.4 implies that s is
not stabilizable.

We thus can determine the boundary of I' to arbitrary precision algorithmically.
For (a,b) € R? let us define

co(a,b) = sup{c| M(a,b,c) € T'}.

By Fact 3.2, we have M(a,b,c) € T if and only if ¢ < ¢g(a,b). Hence the boundary oI
is completely determined by the Lipschitz function cg(a,b). In Figure 1, the shade of
the pixel at (a,b) corresponds to a value ¢ that is provably within ﬁ of ¢o(a,b).

The above results are sufficient for confirmation of properties of I' much more basic
than the characterization from Theorem 1.2. In particular, it is easy to deduce the
following two facts:

Fact 3.5. If A is rational and tr(A) < 2, then A €T. O
Fact 3.6. If A is rational and tr(A) > 3, then A ¢ T. O

In both cases, the relevant observation is that for rational A, tr(A) is exactly the
average density of the corresponding configuration = A![ga] on the appropriate
torus. This is all that is necessary for Fact 3.6. For Fact 3.5, the additional ob-
servation needed (due to Rossin [27]) is that on any finite connected graph, a chip
configuration with fewer chips than there are edges in the graph will necessarily stabi-
lize: for unstabilizable configurations, a legal sequence toppling every vertex at least
once gives an injection from the edges of the graph to the chips, mapping each edge to
the last chip to travel across it.

Facts 3.5 and 3.6 along with continuity imply that 2 < ¢o(a, b) < 3 for all (a, b) € R2.
With additional work, but without requiring the techniques of [18], the above results
can be used to show that co(a,b) = 2 for all @ € 2Z and b € R, confirming Theorem 1.2
along the vertical lines * = a for a € 27Z. Finally, let us remark that ¢y has the
translation symmetries

cola+2,b) = coa,b) = coa, b+ 2).

This follows easily from the observation that 1z(z + 1) — y(y + 1) and zy are both
integer-valued discrete harmonic functions on Z2.

4. APOLLONIAN CIRCLE PACKINGS

For any three tangent circles C,Cs,C3, we consider the corresponding triple of
tangent closed discs D1, Do, D3 with disjoint interiors. We allow lines as circles, and
allow the closure of any connected component of the complement of a circle as a closed
disc. Thus we allow internal tangencies, in which case one of the closed discs is actually
the unbounded complement of an open bounded disc. Note that to consider Cy, Co, C3
pairwise-tangent we must require that three pairwise intersection points of the C; are
actually distinct, or else the corresponding configuration of the D; is not possible. In
particular, there can be at most two lines among the C;, which are considered to be
tangent at infinity whenever they are parallel.
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The three tangent closed discs Dy, Dy, D3 divide the plane into exactly two regions;
thus any pairwise-tangent triple of circles has two Soddy circles, tangent to each circle
in the triple. If all tangencies are external and at most one of C7,C5, Cs is a line, then
exactly one of the two regions bordered by the D; is bounded, and the Soddy circle in
the bounded region is called the successor of the triple.

An Apollonian circle packing, as defined in the introduction, is a minimal set of cir-
cles containing some triple of pairwise-tangent circles and closed under adding all Soddy
circles of pairwise-tangent triples. Similarly, a downward Apollonian circle packing is
a minimal set of circles containing some triple of pairwise externally tangent circles
and closed under adding all successors of pairwise-tangent triples.

For us, the crucial example of an Apollonian packing is the Apollonian band packing.
This is the packing which appears in Theorem 1.2. A famous subset is the Ford circles,
the set of circles C),/, with center (%p, q%) and radius q%, where p/q is a rational
number in lowest terms. A simple description of the other circles remains unknown,
Theorem 1.2 provides an interesting new perspective.

An important observation regarding Apollonian circle packings is that a triple of
pairwise externally tangent circles is determined by its intersection points with its
successor:

Proposition 4.1. Given a circle C and points y1,y2,y3 € C, there is exactly one
choice of pairwise externally tangent circles Cy,Cy, Cs which are externally tangent to
C at the points y1, Y2, ys- (I

Proposition 4.1, together with its counterpart for the case allowing an internal tan-
gency, allows the deduction of the following fundamental property of Apollonian circle
packings.

Proposition 4.2. Let C be an Apollonian circle packing. A set C' of circles is an
Apollonian circle packing if and only if C' = p(C) for some Mdbius transformation
L. (Il

The use of Md&bius transformations allows us to deduce a geometric rule based on
medians of triangles concerning successor circles in Apollonian packings:

Lemma 4.3. Suppose that circles C,Cy,Cs are pairwise tangent, with Soddy circles
Co and Cs, and let 2? = p; — ¢, viewed as a complez number, where c is the center of
C and p; is the intersection point of C and C; for each i. If L; is a line parallel to the
vector z; which passes through 0if i = 1,2,3 and does not pass through 0 if i = 0, then
L3 is a median line of the triangle formed by the lines Ly, L1, Lo.

Proof. Without loss of generality, we assume that C is a unit circle centered at the
origin (¢ = 0), and that 22 = —1. The Mdbius transformation

’ (2) = p1+ pip2 — 2(p1 — p2)
ppe 14 p2 + 2(p1 — p2)

sends 0 to p1, 1 to pa, and oo to —1 = pg. Thus, for the pairwise tangent generalized
circles C' = {y = 0}, C = {y = 1}, C] = {2 +(y—3)? = 1}, CL = {(a—1)*+(y—3)* =
11 Cs={(z—3)*+(y—3%)* = &} (these are some of the “Ford circles”), we have that
w maps the intersection point of C’, C/ to the intersection point of C, C; for i = 0,1,2,

thus it must map the intersection point of C’,C% to the intersection point of C,Cs,
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giving fi., -, (3) = ps. Thus it suffices to show that for

p1 + p2 + 2p1p2
f(p1,p2) = ppy p,(1/2) = ———"F———,
(p1,p2) Hp Pz( /2) D1+ pa o+ 2

we have that

(1 N Re(z1)Im(22) + Re(22)Im(z1) Z) 2

2Re(z1)Re(z
F.23) = ERelz2) - (41)
14 Re(z1)Im(z2) + Re(z2)Im(z1)
2Re(z1)Re(z2)
as the right-hand side is the square of the unit vector x whose slope is the average of
the slopes of 21 and z»; this is the correct slope of our median line since 23 = —1 implies

that Lo is vertical. We will check (4.1) by writing z; = cos a+isin«, zo = cos f+isin 3
to rewrite f(2%,23) as

(cosa +isina)? + (cos B+ isin 3)? + 2(cos a + i sin a)?(cos 3 + isin 3)?
(cosa +isina)? + (cos B+ isin §)2 + 2
_ (cos(a+ B) +isin(a + B))(cos(a — B) + cos(a + B) + isin(a + 3)) (4.2)
cos(a — B)(cos(a+ B) +isin(a+ 8)) +1 ’ '

where we have used the identity

(cosx 4 isinxz)? 4 (cosy + isiny)? = 2cos(x — y)(cos(z + y) + isin(z +y)),
which can be seen easily geometrically. Dividing the top and bottom of the right side
of (4.2) by cos(a + 8) + isin(a + 3) gives

5 oy cos(a—p)+cos(a+ B) +isin(a+ )
UCHE cos(a — B) + cos(a + B) —isin(a + B)°
Thus to complete the proof, note that the right-hand side of (4.1) can be can simplified
as

1+ cosasinB+cosBsinaZ- 2
2cosacos 3

(cos(ar + B) + cos(a — ) + isin(a + 8))*
1+ (cosozsin[?—&-cosﬁsinoe)2 N (COS(OZ + B) + COS(Oé — ﬂ))z =+ sin2(a =+ 5)

2cosacos 3

_cos(a+ f3) + cos(a — ) + isin(a + )

~ cos(a + B) +cos(a — B) —isin(a + )
by multiplying the top and bottom by (2cosacos3)? and using the Euler identity
consequences

2cosacos 8 = cos(a + B) — cos(a — )

cosasin § 4 cos fsina = sin(a + (). O

Remark 4.4. By Proposition 4.2, a set of three points {x1,x2,23} on a circle C
uniquely determine three other points {y1,y2,y3} on C, as the points of intersection of
C with successor circles of triples {C, C;, C;}, where C1, Cy, Cs are the unique triple of
circles which are pairwise externally tangent and externally tangent to C at the points
x;. Since the median triangle of the median triangle of a triangle T" is homothetic to
T, Lemma 4.3 implies that this operation is an involution: the points determined by
{y1,¥2,y3} in this way is precisely the set {1, z2,z3}.
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Ch ‘ A Co
’@» 0y
Co
FIGURE 4. The circle arrangement from Proposition 4.5.

We close this section with a collection of simple geometric constraints on arrange-
ments of externally tangent circles (Figure 4), whose proofs are rather straightforward:

Proposition 4.5. Let Cy,Cy,Cy be pairwise externally tangent proper circles with
successor Cs, and let Cy and Cs be the successors of Cy,C1,C3 and Cy,Cs, C3, re-
spectively. Letting c; denote the center of the circle C;, and writing Zcicjc to mean
(among the two possible choices) the angle which faces the successor of C;, Cj, C, we
have the following geometric bounds:

(1) ZLeicpea < .

(2) Zeiese; > 5 fori,j C {0,1,2}.

(3) Zeacoes, Lescoes < 5.

(4) ZLegepes > %4050003 (and vice versa).
(5) Zegeges > 2 - arctan(3/4).

5. APOLLONIAN TRIANGLES AND TRIANGULATIONS

We build up to Apollonian triangles and triangulations by defining the Apollonian
curve associated to an ordered triple of circles. This will allow us to define the Apol-
lonian triangle associated to a quadruple of circles, and finally the Apollonian trian-
gulation associated to a downward packing of circles. We will define these objects
implicitly, and then show that they exist and are unique up to translation and ho-
mothety (i.e., any two Apollonian curves 7,v' associated to the same triple satisfy
v = a7y + b for some a € R and b € R?). In Section 6, we give a recursive description
of the Apollonian curves which characterizes these objects without reference to circle
packings.

Fix a circle Cy with center ¢y and let C' and C’ be tangent circles tangent to Cy
at  and z’, and have centers ¢ and ¢, respectively. We define s(C,C") to be the
successor of the triple (Cy, C, C") and a(C) to be the angle of the vector v(C) := ¢ — ¢
with the positive z-axis. Let v'/2(C) to be a complex square root of v(C), and let
(Y/2(C) = Ro'/2(C) be the real line it spans. (We will actually only use £'/2(C), so
the choice of square root is immaterial.) Note that all of these functions depend on the
circle Cy; we will specify which circle the functions are defined with respect to when
it is not clear from context.

Now fix circles C; and Cs such that Cy, C7, Cy are pairwise externally tangent. Let
C denote the smallest set of circles such that Cy,Cy € C and for all tangent C,C’ € C
we have s(C,C”") € C. Note that all circles in C are tangent to Cp.
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Definition 5.1. A (continuous) curve v : [a(C}), a(Cs)] — R? is an Apollonian curve
associated to the triple (Cy, C, Cy) if for all tangent circles C,C’ € C,

Ye(C)) = v(a(C) € £/2(s(C,C")).

We call y(a(s(C1,C2))) the splitting point of 7. The following Observation implies,
in particular, that the splitting point divides « into two smaller Apollonian curves.

Observation 5.2. For any two tangent circles C,C’ € C, the restriction |(q(c),a(c))
s also an Apollonian curve.

To prove the existence and uniqueness of Apollonian curves, we will need the fol-
lowing observation, which is easy to verify from the fact that no circle lying inside the
region bounded by Cpy, C1,Cs and tangent to Cy has interior disjoint from the family
C:

Observation 5.3. «(C) is dense in the interval [a(Cy), a(C3)]. O
We can now prove the existence and uniqueness of Apollonian curves.

Theorem 5.4. For any pairwise tangent ordered triple of circles (Cy, Cy,Cs), there is
an associated Apollonian curve vy, which is unique up to translation and scaling.

Proof. The choice of the points y(a(C7)) and y(a(Cs)) is determined uniquely up to
translation and scaling by the constraint that v(«(C1)) —v(a(C2)) is a real multiple of
v'/2(s(Cy,Cy)). This choice then determines the image y(a(C)) for all circles C' € C
recursively: for any tangent circles C!, 02 € C with C3 := s(C', C?) the constraints

Ya(Ch)) =7 (AC?)) € £13(s(C, C%)

H(a(C%) = 1(a(C¥) € P2 (5(C?, %)
determine (a(C?)) uniquely given v(a(C*1)) and v(a(C?)). To show that there is a
unique and well-defined curve -, by Observation 5.3 it is enough to show that ~ is a
continuous function on the set «(C). For this it suffices to find an absolute constant
B < 1 and a threshold 7 such that whenever C',C? € C are tangent circles and the
radius of s(C!, C?) is less than 7, we have

[y(@(Ch) = y(a(s(CH,C*))| < B |1(a(C)) = 4(a(C?))] .- (5.1)
This suffices to prove continuity on «(C) since it implies, for example, that beginning
with any tangent C'* and C? and taking successors sufficiently many times, we can find a
circle C’ € C such that all points in y([a(C"), a(C")]) lie within 8% |y(a(C")) — y(a(C?))]
of y(a(C1)) for an arbitrarily large power of k. We get the absolute constant 3 from
an application of the law of sines to the triangle with vertices p; = v(a(C1)),p2 =
v(a(C?)),ps = y(a(s(Ct,C?))): part 4 of Proposition 4.5 implies that 6 := Zp3pap; >
%épgplpg; the Law of Sines then implies that
[7(a(C)) = y(a(s(CF, )] < 2|7 (a(C?) = v(a(s(CH, C%)))| -

By choosing the threshold 7 sufficiently small, we can ensure for any € > 0 that
[7((C)) = (a(s(CT, C2N)] + [1 (A C?)) = y(a(s(CT, C2)))]
< (1 +e) [r(a(Ch) = 1(a(C?)], (5.2)
giving that (5.1) holds with 3 = 2(1 +¢). O
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Theorem 5.5. The image of an Apollonian curve v corresponding to (Cy, Cy,Cs) has
a unique tangent line at each point v(«). This line is at angle «/2 to the positive
x-axis. In particular, v is a convex curve.

Proof. Observation 5.3 and Definition 5.1 give that for any C' € C, there is a unique line
tangent to the image of v at v(«(C')), which is at angle «(C')/2 to the z-axis. Together
with another application of Observation 5.3 and the fact that 3 is a continuous function
of a, this gives that the image v has a unique tangent line at angle 3 to the z-axis at
any point y(«). |

Definition 5.6. The Apollonian triangle corresponding to an unordered triple of ex-
ternally tangent circles C, C5, C3 and circle Cy externally tangent to each of them
is defined as the bounded region (unique up to translation and scaling) enclosed
by the images of the Apollonian curves 712, Y23, 731 corresponding to the triples
(00,01,02), (00702,03), (C(),Cg,cl) such that 'yij(a(Cj)) = 'yjk(a(Cj)) for each
{i,7,k} ={1,2,3}.

Note that Theorem 5.4 implies that each triple {C7,C5, Cs} of pairwise tangent
circles corresponds to an Apollonian triangle 7 which is unique up to translation
and scaling. Theorem 5.5 implies that the curves 712,723,731 do not intersect ex-
cept at their endpoints, and that 7T is strictly contained in the triangle with vertices
712(C2),v23(C3),v31(C1). Another consequence of Theorem 5.5 is that any two sides
of an Apollonian triangle have the same tangent line at their common vertex. Thus,
the interior angles of an Apollonian triangle are 0.

An Apollonian triangle is proper if Cy is smaller than each of C1, Cs, Cs, i.e., if Cy
is the successor of C1,Cs,Cs, and all Apollonian triangles appearing in our solutions
to the sandpile PDE will be proper.

We also define a degenerate version of an Apollonian triangle:

Definition 5.7. The degenerate Apollonian triangle corresponding to the pairwise
tangent circles (C1, Cq, C3) is the compact region (unique up to translation and scaling)
enclosed by the image of the Apollonian curve « corresponding to (C1,Cs,C3), and
the tangent lines to v at its endpoints v(a(Cs)) and v(a(Cs)).

Proper Apollonian triangles (and their degenerate versions) are the building blocks
of Apollonian triangulations, the fractals that support piecewise-quadratic solutions
to the sandpile PDE. Recall that A~ (C1, Cq,C3) denotes the smallest set of circles
containing the circles C, Cs, C'3 and closed under adding successors of pairwise tangent
triples. To each circle C' € A~ (Cy, Cq, C3) \ {C1,C2, C3} we associate an Apollonian
triangle 7o corresponding to the unique triple {C!, 0%, C3} in A= (C}, Cy, C3) whose
successor is C.

Definition 5.8. The Apollonian triangulation associated to a triple {C7, Co, C3} of
externally tangent circles is a union of (proper) Apollonian triangles T¢ corresponding
to each circle C € A= (Cy,Cs,C3) \ {Cy, Ca, C3}, together with degenerate Apollonian
triangles 7¢ for each C' = Cq,Cy, C3, such that disjoint circles correspond to disjoint
Apollonian triangles, and such that for tangent circles C,C’ in A~ (Cy, Cs,C3) where
r(C") < r(C), we have that Tor and To intersect at a vertex of 7¢r, and that their
boundary curves meet at right angles.

Figure 2 shows an Apollonian triangulation, excluding the three degenerate Apollonian
triangles on the outside.
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Remark 5.9. By Theorem 5.5 and the fact that centers of tangent circles are separated
by an angle m about their tangency point, the right angle requirement is equivalent
to requiring that the intersection of 7¢v and T occurs at the point y(a(C’)) on an
Apollonian boundary curve v of T¢.

6. GEOMETRY OF APOLLONIAN CURVES

In this section, we will give a circle-free geometric description of Apollonian curves.
This will allow us to easily deduce geometric bounds necessary for our construction of
piecewise-quadratic solutions to work.

Recall that by Theorem 5.5, each pair of boundary curves of an Apollonian triangle
have a common tangent line where they meet. Denoting the three such tangents
the spline lines of the Apollonian triangle, Remark 4.4, and Lemma 4.3 give us the
following:

Lemma 6.1. The spline lines of an Apollonian triangle with vertices vy, vo,vs are the
median lines of the triangle Avivavs, and thus meet at a common point, which is the
centroid of Avivavs 0.

More crucially, Lemma 4.3 allows us to give a circle-free description of Apollonian
curves. Indeed, letting ¢ be the intersection point of the tangent lines to the endpoints
p1,p2 of an Apollonian curve 7, Lemma 4.3 implies (via Definition 5.1 and Theorem
5.5) that the splitting point s of 7 is the intersection of the medians from p,py of the
triangle Apypac, and thus the centroid of the triangle Apipoc. The tangent line to «y at
s is parallel pypo; thus, by Observations 5.2 and 5.3, the following recursive procedure
determines a dense set of points on the curve v given the triple (p1,p2, ¢):

(1) find the splitting point s as the centroid of Apipac.

(2) compute the intersections c1, ¢y of the pic and pac, respectively, with the line
through s parallel to pps.

(3) carry out this procedure on the triples (p1,c1,s) and (s, co, p2).

By recalling that the centroid of a triangle lies 2/3 of the way along each median,
the correctness of this procedure thus implies that the “generalized quadratic Bézier
curves” with constant % described by Paoletti in his thesis [23] are Apollonian curves.
Combined with Lemma 6.1, this procedure also gives a way of enumerating barycentric
coordinates for a dense set of points on each of the boundary curves of an Apollonian
triangle, in terms of its 3 vertices. Thus, in particular, all Apollonian triangles are
equivalent under affine transformations. Conversely, since Proposition 4.1 implies that
any 3 vertices in general position have a corresponding Apollonian triangle, the affine
image of any Apollonian triangle must also be an Apollonian triangle. In particular:

Theorem 6.2. For any three vertices vy,v2,v3 in general position, there is a unique
Apollonian triangle whose vertices are vy, v, V3. ([

Another consequence of the affine equivalence of Apollonian triangles is conformal
inequivalence of Apollonian triangulations: suppose ¢ : § — S’ is a conformal map
between Apollonian triangulations which preserves the incidence structure. Let 7 and
T’ be their central Apollonian triangles, and « : T — T the corresponding affine map.
By Remark 5.9, the points on 07 computed by the recursive procedure above are the
points at which 7 is incident to other Apollonian triangles of S; thus, ¢ = « on a dense
subset of 0T, and therefore on all of 7. Since the real and imaginary parts of ¢ and «
are harmonic, the maximum principle implies that ¢ = « on T, and therefore on S as
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well, giving that S and &’ are equivalent under a Euclidean similarity transformation.
We stress that in general, even though 7 and 7 are affinely equivalent, nonsimilar
triangulations are not affinely equivalent, as can be easily verified by hand.

It is now easy to see from the right-angle requirement for Apollonian triangulations
that the Apollonian triangulation associated to a particular triple of circles must also be
unique up to translation and scaling: by Remark 5.9, the initial choice of translation
and scaling of the three degenerate Apollonian triangles determines the rest of the
figure. (On the other hand, it is not at all obvious that Apollonian triangulations
exist. This is proved in Theorem 7.1 below.) Hence by Proposition 4.1, an Apollonian
triangulation is uniquely determined by the three pairwise intersection points of its
three degenerate triangles:

Theorem 6.3. For any three vertices vi,vs,vs, there is at most one Apollonian tri-
angulation for which the set of vertices of its three degenerate Apollonian triangles is
{Ul , V2, US}' |:|

To ensure that our piecewise-quadratic constructions are well-defined on a convex
set, we will need to know something about the area of Apollonian triangles. Affine
equivalence implies that there is a constant C' such that the area of any Apollonian
triangle is equal to C'- A(T') where T is the Euclidean triangle with the same 3 vertices.
In fact we can determine this constant exactly:

Lemma 6.4. An Apollonian triangle T with vertices py1,p2,p3 has area %A(T) where
A(T) is the area of the triangle T = Ap1paps.

Proof. Lemma 6.1 implies that the spline lines of 7 meet at the centroid ¢ of T'. Tt
suffices to show that A(T N Apipjc) = 2 A(Apipjc) for each {i,j} C {1,2,3}; thus,
without loss of generality, we will show that this holds for i = 1,5 = 2.

Let 73 = T N Apipac, and let TC = Apipec\ T3. We aim to compute the area of
the complement 7, using our recursive description of Apollonian curves. Step 1 of
each stage of the recursive description computes a splitting point s’ relative to points
pi,ph, ¢/, and TL is the union of the triangles Ap)phs’ for all such triples of points
encountered in the procedure. As the median lines of any triangle divide it into 6
regions of equal area, we have for each such triple that A(piphs’) = $ A(piphc’).

Meanwhile, step 2 of each stage of the recursive construction computes new inter-
section points ¢}, ¢4 with which to carry out the procedure recursively. The sum of the
area of the two triangles Ap), ¢}, s’ and As'chph is

A(Lpy,&h.8') + A(AS' ch, ph) = FA(LPIPyS') — 3A(LPIPyS') = FA(LPIPSS),
Since 3 A(Ap;phs’) is the portion of the area of the triangle pjphs’ which lies between
the lines pips and ¢}, ¢,. Thus, the area A(TF) is given by

2 3
Abppae) - (54 () 5+ () 5+ () 5 +-) = $A(Bpimo). O

We conclude this section with some geometric bounds on Apollonian triangles. The
following Observation is easily deduced from part 5 of Proposition 4.5:

Observation 6.5. Given a proper Apollonian triangle with vertices vy, vs, vs generated
from a non-initial circle C and parent triple of circles (C1, Ca, C3), the angles Zv;vjvy
({7,4,k} = {1,2,3}) are all > arctan(3/4) > % if C has smaller radius than each of
C1,Cs,Cs5. a
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Recall that Theorem 5.5 implies that pairs of boundary curves of an Apollonian
triangle meet their common vertex at a common angle, and that there is thus a unique
line tangent to both curves through their common vertex. We call such lines Ly, Lo, L3
for each vertex vy, vs, v3 the median lines of the Apollonian triangle, motivated by the
fact that Lemma 4.3 implies that they are median lines of the triangle Av;vovs.

Observation 6.6. The pairwise interior angles of the median lines L1, Lo, L3 of a

proper Apollonian triangle all lie in the interval (g, %”)

Proof. Part 2 of Proposition 4.5 gives that the interior angles of the median lines of
the corresponding Apollonian triangle must satisfy o; <7 — 7 = %77. The lower bound
follows from oy + as + ag = 2. ([l

7. FRACTAL SOLUTIONS TO THE SANDPILE PDE

Our goal now is to prove that Apollonian triangulations exist, and that they support
piecewise quadratic solutions to the sandpile PDE which have constant Hessian on
each Apollonian triangle. We prove the following theorems in this section:

Theorem 7.1. To any mutually externally tangent circles Cy,Co, C3 in an Apollonian
circle packing A, there exists a corresponding Apollonian triangulation S. Moreover,
the closure of S is conver.

Theorem 7.2. For any Apollonian triangulation S there is a piecewise quadratic C*+!
map u : S — R such that for each Apollonian triangle To comprising S, the Hessian
D?u is constant and equal to m(C) in the interior of T¢.

Theorem 7.2 implies Theorem 1.3 from the Introduction via Proposition 2.8, by
taking U = S and Z = S, where S = S(Ay, Ay, A3) is the Apollonian triangulation
generated by the triple of circles ¢(A4;) for i = 1,2,3. Using the fact that S has
full measure in S, proved in Section 7.2, this theorem constructs piecewise-quadratic
solutions to the sandpile PDE via Proposition 2.8.

We will prove Theorems 7.1 and 7.2 in tandem; perhaps surprisingly, we do not see a
simple geometric proof of Theorem 7.1, and instead, in the course of proving Theorem
7.2, will prove that certain piecewise-quadratic approximations to w exist and use
constraints on such constructions to achieve a recursive construction of approximations

to S.

7.1. The recursive construction. We begin our construction of u—and, simulta-

neously S, which will be the limit set of the support of the approximations to v we

construct—by considering the three initial matrices 4; = m(C;) for i = 1,2, 3.
Observation 2.6 implies that there are vectors vy, ve, vs such that

A=A, +v;®v; foreachi=1,2,3,

where Ay is the matrix which is internally tangent to A1, Az, A3. We may then select
distinct py, p2, ps € R? such that v; - (p; — px) = 0 for {4,5,k} = {1,2,3}. Observation
2.5 and Definition 5.1 imply that we can choose degenerate Apollonian triangles 7y,
corresponding to (A;, Aj, Ax) ({i,4,k} = {1,2,3}) meeting at the points pi,p2, ps.
Note that the straight sides of distinct T4, meet only at right angles.

It is easy to build a piecewise quadratic map uy € CH(Ta, U Ta, U Ta,) whose
Hessian lies in the set {A1, A2, As}: for example, we can simply define ug as

1 1
up(x) = ixtAZ:r + 5(1)1 (x —pj))2 for x € Ty, and i # j. (7.1)



20 LIONEL LEVINE, WESLEY PEGDEN, AND CHARLES K. SMART
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FIGURE 5. The Apollonian curves ;,~; (i = 1,2, 3) in the claim.

We now extend this map to the full Apollonian triangulation by recursively choosing
quadratic maps on successor Apollonian triangles that are compatible with the previous
pieces. The result is a piecewise-quadratic C1'' map whose pieces form a full measure
subset of a compact set. By a quadratic function on R? we will mean a function of the
form ¢(z) = 2t Az + b -z + ¢ for some matrix A € Sa, vector b € R? and ¢ € R. Letting
(1,2,3)3 denote {(1,2,3),(2,3,1),(3,1,2)}, the heart of the recursion is the following
claim, illustrated in Figure 5.

Claim. Suppose By is the successor of a triple (By, By, Bs), and that for each (¢, j, k) €
(1,2,3)3, we have that +; is an Apollonian curve for (B;, Bj, By) from py to p; (not
from p; to p, as would be the case when constructing an Apollonian triangle from the
vi’s), @i is a quadratic function with Hessian B;, and the value and gradient of ¢;, ¢;
agree at py for each k.

Then there is a quadratic function ¢y with Hessian By whose value and gradient
agree with that of ; at each ¢; := v;(c;(By)), and for each (7,7, k) € (1,2,3)3, there is
an Apollonian curve 7, from g; to g corresponding to the triple (By, B;, Bx). (Here,
the «; denotes the angle function « defined with respect to B;.)

We will first see how the claim allows the construction to work. Defining the level
of each A, A, A3 to be £(4;) = 0, and recursively setting the level of a successor of a
triple (A;, A;, Ar) as max(4(A;), £(A;), £(Ax)) + 1, allows us to define a level-k partial
Apollonian triangulation which will be the domain of our iterative constructions.

Definition 7.3. A level-k partial Apollonian triangulation corresponding to {A;, As, Az}
is the subset Sy C S(Aj1, Ag, A3) consisting of the union of the Apollonian triangles
Ta € S for which ¢£(A) < k.

Note that wug is defined on a level-0 partial Apollonian triangulation.

Consider now a C!! piecewise-quadratic function uy_; defined on the union of
a level-(k — 1) partial Apollonian triangulation Si_;1, whose Hessian on each Ty, €
Sk_1 is the matrix A;. Any three pairwise intersecting triangles TA“TAJ. ,Ta, € Sk
bound some region R, and, denoting by <, the boundary curve of each T4, which
coincides with the boundary of R and by ps the shared endpoint of 7, v, ({s,t,u} =
{i,7,k}), the hypotheses of the Claim are satisfied for (Bi, B2, Bs) = (A;, Aj, Ak),
where ©1, @2, @3 are the quadratic extensions to the whole plane of the restrictions
Uk—1|Ta, s uk—1|74,  Uk—1]74,  TesPectively.
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Noting that the three Apollonian curves given by the claim bound an Apollonian
triangle corresponding to the triple (A;, A;, Ax), the claim allows us to extend wy_1q
to a CM! function u; on the level-k partial fractal Sy by setting up = @g on the
triangle 74, € Sy for the successor Ay of (A;, A;, Ay), for each externally tangent
triple {A;, A;, Ay} in Sp_1. Letting U denote the topological closure of S, we can
extend the limit %@ : S — R of the u; to a C1! function u : U — R. Indeed, since the
matrices Ag used in the construction lie in compact set and the boundary conditions
are fixed, the functions wuj are uniformly C'!. To prove Theorems 7.1 and 7.2, it
remains to prove the Claim, and that S is a full-measure subset of its convex closure
Z, so that in fact U = Z. We will prove that S is full-measure in Z in Section 7.2,
and so turn our attention to proving the Claim. We make use of the following two
technical lemmas for this purpose, whose proofs we postpone until Section 7.3.

Lemma 7.4. Let pi,ps,ps € R? be in general position. If @1, 2,03 are quadratic
functions satisfying

D?p; = Ai,  Doipr) = Dj(pr), and  oi(pr) = 0;(pr)
for each {i,j,k} = {1,2,3}, where A; = B~ +v; ®v; with tr(v; ®v;) > 2(tr(B)—2) >0
for some matriz B and vectors v; perpendicular to p;—py for which the ray p;+sv; (s €
R™) intersects the segment p;py, for each {i,j, k} = {1,2,3}, then there is a (unique)
point Xo in the interior of Ap1paps and points y; = Xo +tv; for t;/(vi-p;) > 1/|vil?,
and b € R?, ¢ € R such that the map

1 1
wo(x) := ixtB*:c + i(tr(B) —2) |z — Xo|* + bz +c

satisfies po(yi) = @i(y:) and Do(y:) = Dei(y:) for each i € {1,2,3}.

Lemma 7.5. Suppose the points p1,ps,p3 € R? are in general position and the qua-
dratic functions o1, P2, 03 : R? — R satisfy

¢i(pr) = @j(px) and - Di(pr) = Dp;j(p),
for {i,j,k} = {1,2,3}. There is a matriz B and coefficients a;; € R such that

D%*p; =B~ + ai(pj; — pe)* © (p; — i)™ (7.2)
fori=1,23.

Observe now that in the setting of the claim, the conditions of Lemma 7.4 are
satisfied for A; := B; (i = 1,2,3), B := By and where v; is the vector for which
B; — By = v; ® v; for each i = 1,2,3; indeed Observations 2.5 and the definition of
Apollonian curve ensure that v; is perpendicular to p; —pj, for each {3, j, k} = {1, 2, 3}.
Let now Xy, t;, and y; be as given in Lemma 7.4. We wish to show that y; = v;(«(By))
for each i. Letting B;; denote the successor of (By, B;, B;) for {i,j} C {1,2,3}, we
apply Lemma 7.5 to the triples {y;,y;, px} of points and {¢;, ¢;, @0} of functions for
each of the three pairs {7, j} C {1,2,3}. In each case, we are given some matrix B for
which

Bi =B~ +aps(pr — i)t ® (pr — yi)*,
Bj =B~ + aps(pr — y;)" ® (pr — y;)*, and (7.4)
Bo =B+ arolyi — ;)" @ (yi —y;)* (7.5)

for real numbers oy, ; € R.
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FIGURE 6. To show that S has full measure in Z, we show that each
Apollonian triangle V; has area which is a universal positive constant
fraction of the area of the region Ry it subdivides. Here, the boundaries
of Ry and V; are shown in long- and short-dashed lines, respectively.

Observation 2.6 now implies that either B = B;; or B = By; the latter possibility
cannot happen, however: if we had B = By, then as p(By — By) = —p(Bo — B),
Observation 2.5 would imply that y; —y; is perpendicular to p; —p;. This is impossible
since the constraint t4/(vs - pr) > 1/|vs|? for {s,t} = {i,j} in Lemma 7.4 implies that
the segment y;y; must intersect the segments p;py and p;pi, yet part 1 of Proposition
4.5 implies that Ap;p;pk is acute. So we have indeed that the matrix B given by the
applications of Lemma 7.5 to the triple (By, B;, B;) is B, for each {i,j} C {1,2,3}.

For each {i,j,k} = {1,2,3}, Observation 2.5, Definition 5.1, Theorem 5.4, and the
constraints (7.3), (7.4) now imply that y; = ¢; := vi(a;(Bo)), as the point v;(a;(Bo))
is determined by the endpoints v;(ax(Bj)),vi(ei(Bg)) and the condition from Def-
inition 5.1 that v;(ci(B;)) — Vk(ai(Bo)) and 7;(a;(By)) — vi(a;(Bo)) are multiples
of vj/Q(Si(Bj,BO)) and vi/Z(Si(Bk, By)), respectively (and so of py — y; and py — y;,
respectively, by (7.3) and (7.4)).

Similarly, the constraint (7.5) implies that ¢; — ¢; is a multiple of vé/z (B;;) for the

function v(l)/ ? defined with respect to the circle By. Definition 5.1 and Theorem 5.4
now imply the existence of the curve 7}, completing the proof of the claim.

7.2. Full measure. We begin by noting a simple fact about triangle geometry, easily
deduced by applying a similarity transformation to the fixed case of L = 1:

Proposition 7.6. Any angle a determines constants Cy, D, such that any triangle A\
which has an angle 0 > a and opposite side length £ < L has area A(A) < C,L?, and
any triangle which has angles 61 > a,02 > a sharing a side of length £ > L has area
> D,L>. O
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We wish to show that the interior of S has full measure in Z, defined as the convex
closure of S. Recall that the straight sides of each pair of incident degenerate Apollo-
nian triangles V;, V; ({i,j} C {1,2,3} intersect at right angles, so the 6 straight sides
of V1, V5, V3 will form a convex boundary for Z.

Letting thus Y; = Z \ S, we have that Y; is a disjoint union of some open sets Ry
bordered by three pairwise intersecting Apollonian triangles, and S;y1 contains in each
such region an Apollonian triangle V; dividing the region further. To prove that the
interior of S has full measure in Z, it thus suffices to show that the area A(V}) is at
least a universal positive constant fraction x of the area A(Ry) for each ¢, giving then
that fu(Y:) < (1 — k)" (Y1) =+ 0.

For Ry bordered by Apollonian triangles V;,V;, Vi, and letting A" = Awz;zjzi be
the triangle whose vertices x; are the points of pairwise intersections V;, V,, for each
{s,t,u} = {i,j,k} of the Apollonian triangles bordering R,, we will begin by noting
that there is an absolute positive constant ' such that A(A’) > &’u(Ry). For each
{s,t,u} = {i,j,k}, the segment x,x; together with the lines L* and L} tangent to
the boundary of V,, at x5 and x;, respectively, form a triangle A, such that R, C
AUA;UA; U A, Observations 6.5, 6.6, and 7.6 now imply that area of each A;
is universally bounded relative to the area of A/, giving the existence ' satisfying
A(A") > &' pu(Ry).

It thus remains to show that the Apollonian triangle V; which subdivides R, satisfies
1(Vg) > k" A(A') for some £”. (It can in fact be shown that u(Vy) = 5 A(A') exactly,
but a lower bound suffices for our purposes.) Considering the triangle A" = Aabe
whose vertices are the three vertices of Vp, there are three triangular components of
A’ lying outside of A”; denote them by A}, A%, A where A includes the vertex
for each s = i, j, k. The bound Zxx,2, > 7 for each {s,t,u} = {i, j, k} together with
Observation 6.5 implies there is a universal constant bounding the ratio of the area of
AL to A for each s =1, j, k. Thus we have that the area of A’ is universally bounded
by a positive constant fraction of the area of A”, and thus via Lemma 6.4 we have
that there is a universal constant s such that u(Vy) > " A(A).

Taking x = k' - k" we have that u(Vs) > su(Re) for all £, as desired, giving that the
measures 1(Y;) satisfy u(Y;) = (1 — &)! " 1u(Y1) — 0, so that u(S) = u(2).

7.3. Proofs of two Lemmas.
Proof of Lemma 7.4. Adjusting by a linear function, we may assume @;(p;) = %pE-B_pj.
We claim now that
1 _ 1
pila) = 5o BT S (v (e py))?
for 7 # j and all x. Since the value and Hessian of the two sides agree at pj, it is

enough to show that the gradients agree. Since the values agree at p; and py (for
{i,3,k} ={1,2,3}) they must agree on the line through p; and pj. This implies that
Dei(p;) - (pk — pj) = (B"pj) - (pr — pj)-

Combined with the compatibility conditions Dg;(p;) = Dyg(p;) and the fact that the
p;s are in general position, we obtain

Dy;(p;) = B pj.

Hence ¢; has the advertised form.
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Fixing any point X inside the triangle p;pops, we define for each ¢ a ray R; =
{Xo+tv; : t > 0}. Our goal is now to choose X such that there are points y; on each
of the rays R; satisfying the constraints of the Lemma.

On each ray R;, we can parameterize @; := p;(z) — %xtB_x as functions f;(t;) =
%ait? (¢ =1,2,3), where t; is the distance from the line p;p; to « € R;. Similarly, for
wo(z) = %xtB’x + %(tr(B) —2) |z — Xo|* +C,
we can parametrize @g := @o(z) — %JitB_.T as g;(t;) = %B(ti +hi)? + C, where h; is the
distance from X to the line p;pg, and a; and 3 are tr(v;®@v;) and tr(B)—2, respectively.
Note that a; > 2 by hypothesis that tr(v; ® v;) > 2(tr(B) — 2). Moreover, since the
gradients of ¢; and @y can both be expressed as multiples of v; along the whole ray
R;, we have for any point z on R; at distance t; from p;pr that f/(t;) = g.(t;) implies
that Dy;(x) = Dgg(z). Thus to prove the Lemma, it suffices to show that there are

Xo and C such that for the resulting values of h;, the systems

fi(ti) = gi(ts) sait? = 58(ti + hi)> +C
fi(ti) = gi(t:) ait; = Bt + hi)
have a solution over the real numbers for each 3.
It is now easy to solve these systems in terms of C; for each 1,

Phi_ nd h; = V¢

_ai_ﬁ %(ﬂ"‘aiﬁjﬁ)

gives the unique solution. The hypothesis a; > 3 ensures that the denominator in the
expressions for h; and t; are positive for each 7. Since v/—C takes on all positive real
numbers and tr(4;) = 2+ a; — 3, there is a (negative) value C for which the distances
h; are the distances from the lines p;pi to a point Xy inside Apipaps; it is the point

1
with trilinear coordinates { (w) : } .
1<i<3

or, more explicitly, {

tr(A;) tr(B)

The Lemma is now satisfied for this choice of C' and X, and for the points y; on R;
at distance h; + t; from Xy for i =1,2,3. (Il

Proof of Lemma 7.5. Let ¢1 = p3 —p2, g2 = p1 — p3, and g3 = po — p1 and A; := D?¢p;.
Since for any individual ¢ = 1,2,3 we could assume without loss of generality that
@; = 0, the compatibility conditions with ¢;, @5 give

(Aj — A)g; + (A — Ai)gr =0, (7.6)
45(Aj — A))gj — (A — Ai)gr = 0

in each case. If we left multiply the first by ¢i and add it to the second, we obtain
q;(Aj — Ai)g; = 0. (7.7)
Since ¢; - ¢; # 0, there are unique o;j, B;5,vi; € R such that
Aj— Ai = ajiqi ® qf + Bjidi ® ¢ + i (6 ® qf +af ®qi),

where (x,7)* = (—y, ). Negating the equation by interchanging the roles of i and j
yields 5;; = —a;j, and (7.7) implies v,; = 0, so in fact we have

Aj = Ai = ajigy @45 — g © g
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If we substitute this into (7.6), we obtain
—Oéij(qiL Q)¢ — air(gt - qr)gi = 0.
Since g;- - ¢; = —q;" - qi, we obtain «;; = ay). Thus there are a; € R such that
A —Aj =41 ® g *ijq;"@q]l"-
In particular, we see that A; — a;g;- ® g;- is constant. O

7.4. Proof of Corollary 1.4. This is now an easy consequence of Theorem 7.2 and
the viscosity theory, via Proposition 2.7.

Proof of Corollary 1.4. Write v = us. Continuity of the derivative and value of v in
U1 U UQ U U3 imply that

1
vy, :§xtAix—|—Dx—|—C for i=1,2,3

for some D € R?, C € R. Let 3; be the portion of the boundary of R between x; and
xp, which does not include x;, and let v; be the vector perpendicular to x; — x) such
that x; + tv; intersects the segment x;xy.

We let V; = B; + tv; for t > 0. The V;’s are pairwise disjoint. Thus, by first
restricting the quadratic pieces Uy, Us, Us of the map v to their intersection with the
respective sets V;, and then extending the quadratic pieces to the full V;’s, we may
assume that U; = V; for each i = 1,2, 3.

We apply Lemma 7.5 to v|y,, v|v,, v|v,; by Observation 2.6 there are up to two
possibilities for the matrix B from (7.2); the fact that Azjzexs is a acute, however,
implies that we have that B is the successor of A;, Ao, A3. Thus letting S denote the
Apollonian triangulation determined by x1, 2, x3, Theorem 7.2 ensures the existence
of a CY! map u which is piecewise quadratic whose quadratic pieces have domains
forming the Apollonian triangulation & determined by the vertices x1, 2, z3. Letting
U/ denote the degenerate Apollonian triangle in S intersecting z; and zj, for each
{3,4,k} = {1,2,3}, we can extend u to a map @ by extending the three degenerate
pieces U/ of S to sets V/ = {z 4+ tv; : * € U/,t > 0}. Now we can find curves ~; from
x;j to zy lying inside V; NV/, and, letting Q be the open region bounded by the curves
Y1, Y2, V3, Proposition 2.7 implies that @+ Dx + C and v are equal in €2, as they agree
on the boundary 09 = v; U2 U~s. ]

8. FURTHER QUESTIONS

Our results suggest a number of interesting questions. To highlight just a few, one
direction comes from the natural extension of both the sandpile dynamics and the
definition of I' to other lattices.

Problem 1. While the companion paper [18] determines I'(Z?), the analogous set
(L) of stabilizable matrices for other lattices £ is an intriguing open problem. For
example, for the triangular lattice Ly; € R? generated by (1,0) and (1/2,v/3/2),
the set I'(Lyyi) is the set of 2 x 2 real symmetric matrices A such that there exists
u : Lyg — Z satisfying

1
u > izz:tA:L' and Au <5, (8.1)
where here A is the graph Laplacian on the lattice. The algorithm from Section 3 can

be adapted to this case and we display its output in Figure 7. While the Apollonian
structure of the rectangular case is missing, there does seem to be a set Py, of isolated
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FIGURE 7. The graph of the function ¢ € C(R?) over the rectangle
[0,6] x [0,6/+/3], where ¢ describes the boundary

i = {3M(a,b,c(a,b)) : a,b € R}
of T't;i. White and black correspond to ¢ = 3 and ¢ = 4, respectively.

“peaks” such that Ty = Ptiri. What is the structure of these peaks? What about
other lattices or graphs? Large-scale images of I'(£) for other planar lattices £ and
the associated sandpiles on G can be found at [25].

Although we have explored several aspects of the geometry of Apollonian triangu-
lations, many natural questions remain. For example:

Problem 2. Is there a closed-form characterization of Apollonian curves?

Apollonian triangulations themselves present some obvious targets, such as the deter-
mination of their Hausdorff dimension.
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