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Appendix A contains results on the support recovery of T for both known
A and unknown A. Appendix B contains the data analysis of the IMDB
data set while its supplementary results are collected in Appendix C. Sim-
ulation results on estimation of 7% and I« are presented in Appendix D
while semi-synthetic simulations to compare document-distance estimation
rates are stated in Appendix E. All the proofs are collected in Appendices
F — 1. Appendix J contains the algorithm used for estimating the word-topic
matrix A. Appendix K states guarantees on estimation of A based on some
existing results. Finally, discussion on the /9 convergence rate of estimating
T is stated in Appendix L.

APPENDIX A: RECOVERY OF THE SUPPORT OF T

A.1. Support recovery when A is known. We discuss the consistent support recovery
of the estimator fmle, and introduce another simple consistent estimator of S, = supp(7%) in
the presence of anchor words.

In light of Theorem 5, establishigg consistent support recovery for fmle also requires the

other direction, supp(7%) C supp(Zime), for which we provide a simple sufficient condition
below in the presence of anchor words.

PROPOSITION A.1 (Consistent support recovery of fmle). Suppose there exists at least
one anchor word ji, for each topic k € S such that I1,;, > 2¢;, with €, defined in (7). Then,

with probability 1 — 2p_1,

~

supp(7%) S supp(Tine)-
Furthermore, if additionally (24) holds, then, with probability 1 —2p~! — 6s~! — 2K 1,

~

supp(T%) = supp(Timte)-

Proposition A.1 imposes a signal condition on the frequency of the anchor words corre-
sponding to the non-zero topics. Recall €, from (7) that the signal condition simply requires

-, log(p)

*jk ~ N )

II for one anchor word j of topic k € S,.

In addition to the above signal condition, if Assumption 1 holds (or equivalently, there
exists at least one anchor word for each of the zero topics, that is, the topic k£ € S¢), then the
following simple estimator
(A.1) S:={ke[K]: 3X; > 0 corresponding to anchor word j of topic k}

consistently estimates S, as stated in the following proposition.
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PROPOSITION A.2. Under Assumption I, we have S C S, with probability one. Further-
more, if additionally there exists at least one anchor word jy. for each topic k € Sy such that
IL,j, > 2¢;, with €j, defined in (7). Then,

P{S=35,}>1-2p "

PROOF. To show S cS,,ifke § then we must have k € S,. This is because if k£ & S,
with probability one, we couldn’t have observed any anchor word X; > 0 of topic k as
IL.; = AT, = 0. Conversely, to show S, C §, if k € S, and there exists a IL,;, > 2¢;,,
then on the event £, X, > I1,;, — | X, —ILj, | >¢€;, >0, thatis, k € S. This completes the
proof. 0

The estimator S simply collects the topics for which we have observed anchor words.
Proposition A.1 ensures that we always have S C S, under Assumption 1. In practice, this
property is helpful to check whether &g, holds. Specifically, if Assumption 1 holds and we
find supp(fmle) C S, then we necessarily have supp(fmle) C supp(Ty).

A.2. Support recovery when A is unknown. Regarding the consistent support recov-
ery of T, we remark that the results in Section A.1 continue to hold provided that the anchor
words can be consistently estimated. Consistent estimation of the anchor words has been fully
established in Bing, Bunea and Wegkamp (2020a). Also, see, Bittorf et al. (2012); Arora et al.
(2013) for other procedures of estimating anchor words.

APPENDIX B: APPLICATION: IMDB MOVIE REVIEWS

In this section we demonstrate our proposed approach of estimating topic proportions for
use in document distance estimation. Using a popular movie-review dataset (Maas et al.,
2011), we perform the following steps:

1. Estimate the word-topic matrix A using the method in Bing, Bunea and Wegkamp
(2020b). For the reader’s convenience, we restate the procedure in Appendix J. Use anchor
words defined via A to give an initial interpretation of each topic.

2. Estimate the topic distributions T® from A and X, for each document i € [n], by
solving (29). Use these estimates, in the context of the corpus, to adjust and refine the
initial topic interpretation.

3. Calculate document distances (51) — (53), along with other candidate distances, and com-
pare their ability to capture similarity between the documents.

Data and preprocessing. We use a collection of S0K IMDB movie reviews designed
for unsupervised learning from the Large Movie Review Dataset (Maas et al., 2011). We
preprocess the data by removing stop words and words that have document frequency of less
than 1%. Among the remaining 1685 words, we keep only the 500 most common (by term
frequency), for ease of interpretation of the topics (we found qualitatively similar results and
reached the same conclusions when including all 1685 words). We also only keep documents
with greater than 50 words. After preprocessing, we end up with a p X n word-count matrix
X, where p =500, n = 20,605.

REMARK B.1.

(1) We recall from Section 1.1 that one motivation of our theoretical analysis of the esti-

mation of T\ is to address the case when HS]) = 0 for a document ¢ and word j. After
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TABLE 1
Excerpts from documents that are estimated to be exclusively generated from Topics 3 and 5 (formally,

@) _ 1 for each topic k). The third column gives the ID number in the original dataset (Maas
etal, 2011). See Table 6 in Appendix C for further excerpts for all 6 topics.

documents with T’

Topic Interpretation | Movie ID | Document excerpt
. . 23,753 This game really is worth the ridiculous prices out there. ..
Topic 3 | Video Games 12,261 I remember playing this game at a friend. . .
Topic 5 | TV Shows 32,315 1 used to watch this show when I was a little girl. ..
P 10,454 I've watched the TV show Hex twice over and I still can not get enough
of it. The show is excellent. ..

preprocessing, the total number of distinct words in each review in this dataset is 63 on
average, much less than the vocabulary size p = 500. Thus, for each document : there are

typically many words j with X ](-Z) = 0. For at least some of these words, it is possible that

Hizj) = 0. For example, we find reviews of films in genres such as horror and comedy that

have no relation to ‘war’, one of the 500 words in the vocabulary: for these reviews, it is

reasonable to expect the word ‘war’ to have cell probability Hfj} = 0. These observations

provide a real-data example further motivating the need for a theoretical analysis allowing

for this case.
(2) We also emphasize that our discrete mixture probability estimates allow us to construct
Sfj) , even when X j@ = 0. In fact, we find that the average
number of non-zero entries in the estimator I1(9), over all documents i € [n], is 490, much
larger than the average number of non-zero entries of X (*) (which we recall was 68). In
most cases, we found zero entries of I1(?) correspond to anchor words for topics that are
not present in document ¢. This demonstrates that I1 is able to produce zero estimates for
words that we expect to have no chance of occurring in document %, while still producing
non-zero estimates corresponding to words that could occur in that document, but were
not observed in that particular sample.

non-zero estimates of non-zero 11

B.1. Estimating topic distributions for a refined understanding of the topics covered
by a document corpus. We run the method in Bing, Bunea and Wegkamp (2020b) on X
to estimate A for this dataset, with tuning parameter C'; = 4, and denote the output A. The
number of topics is estimated to be K =6.In Table 4 in Appendix C, we show the anchor
words for each of the 6 topics, from which we can give an initial interpretation to the topics
(shown in the third column of the table). In particular, the only anchor words for Topics 3
and 5 are ‘game’ and ‘episode’ respectively, despite this dataset nominally being composed
of reviews of full-length movies.

To further interpret the topics (in particular Topics 3 and 5), we compute the estimated
topic proportions T@ from A and X for each document i € [n] using (29). Table 6 in

Appendix C shows, for each k € [IA( |, examples of documents such that 7j, = 1; namely,
documents that are generated entirely from topic k. This table demonstrates the usefulness
of estimating the topic proportions T, inspecting these topic-specific documents provides
detailed information on what each topic captures. For space limitations, we only give an
excerpt of Table 6 here in Table 1, featuring Topic 3 and 5. We find that the documents
displayed for Topics 3 and 5 are in fact not movie reviews, but reviews of video games and
TV shows, respectively.

Besides these non-movie reviews, we confirm that the examples from Topics 1, 4, and 6
are indeed book adaptations, horror films, and films related to war and history, respectively.
We see that Topic 2 is indeed related to sentiment in these examples, with both reviews being
very negative. All details can be found in Table 6 in Appendix C.



In summary, we have demonstrated that the estimated topic proportions T are useful tools
for topic interpretation, and a needed companion to the estimation of A, on the basis of which
one gives the initial definition of the topics.

B.2. Estimating the 1-Wasserstein distance between documents. We recall that, by
abuse of terminology, but for clarity of exposition, we refer to distances between probabilistic
representations of documents as distances between documents.

We now compare a set of candidate document distance measures, including our proposed
methods. We select several representative documents among the documents kept from the
IMDB dataset after preprocessing, and compute the distance between them. We recall that
in order to compute the 1-Wasserstein distance between two documents represented via their
respective topic-distributions, we need to first calculate the distance between elements on
their supports, the topics, which in turn are probability distributions on words, estimated by
the columns of A. Therefore, with K= 6, we first compute (52) and (53), which we repeat
here for clarity:

Atopic TR wor Atopic I~ N
(B.1) DiPe(k,1) = Wi (Aug, Ay; DY), D}%(k,l):iuA.k—A.lul,

for all k,l € {1,...,6}. To compute D", we use open-source word embeddings from
Google! that come pre-trained using the word2vec model (Mikolov et al., 2013) on a Google
News corpus of around 100 billion words. These word embeddings contain a word vector z;
for each the 500 words in our dictionary, except one item in the vocabulary (the number ‘10,
common in movie ratings out of 10), for which we remove the corresponding row from A
(then re-normalize to have unit column sums) when computing pr ¢. We follow standard
practice of normalizing all word-embeddings to unit length. The dlstance DY°"(i, j) between
words 4 and j is then computed as D" (4, j) = ||z; — xj||2/ max; j ||x; — x;||]2. We divide
by the normalizing factor max; j ||z; — 2|2 so that the elements of DY are in the range
[0, 1]. This results in DW also being in the range [0, 1], and so on the same scale as D;?I‘)}C.
See Table 2 for details on each document, including the estimated topic proportions, and
Table 3 for the computed distances. We make several remarks based on the results in Table 3.

1. Consider the distance between documents D1 and DQ/,\ whichAhave TW) = T2) and are
both entirely generated from the Horror topic. Since 7() = T(2) all distances between
the topic proportions (panels (a), (b), and (e)) are equal to zero. Since 71 =72
oo = ﬁ(g), the distance based on the latter estimators is also zero (Table 3, panel (d)).
The only distance that does not capture this underlying topical similarity is the Word
Mover’s Distance (WMD), which has a value of 0.56 between D; and D-.

2. Compare the distances between D, (a video game review) and each other document (all
movie reviews) to the distances between pairs of movie reviews. For the two Wasserstein
distances between the topic proportions, as well as the distance based on II (Table 3,
panels (a), (b), and (d), respectively), the distance between the video game review Dy
and any other review is much greater than the distance between any two movie reviews.
(The one exception is that the distance between D, and Dyg is not large, since Dg has
substantial weight on the Video game topic). Thus, these methods are able to detect the
difference between video game and movie reviews. We similarly find that these methods
detect documents from the TV show topic as outliers from full-length movie reviews, but
don’t include this in Table 3 for simplicity of presentation.

implies

lhttps://code.google.com/archive/p/wordZvec/
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In contrast, the WMD in panel (c) computes the distances between all pairs of distinct
documents to be all relatively close together. In fact, based on the WMD, the Horror
film review D is the same distance to the Video game review D, as the War & History
film review Ds; we note that this is perhaps unsurprising, given that the WMD is not
designed to capture similarity based on topics. On the other hand, the TV distance in
panel (e) computes the distance between any two documents with disjoint topics to be the
maximum value of 1, not distinguishing between topics that are more or less similar.

3. The Wasserstein distance based on ﬁfﬁ%’}c (panel (a) of Table 3) gives qualitatively similar
results to the other two model-based Wasserstein distances (panels (b) and (d)), while ob-
viating the need for the pre-trained word embeddings used to compute D¢ and ﬁ;}}”c,
and the calculation of any p-dimensional Wasserstein distances, which are computation-

ally expensive.

In summary, the three Wasserstein-based distances defined with the estimated parameters
of the topic model (panels (a), (b), (d) in Table 3) are the most successful in capturing topic-
based document similarity, and the distance based on D;??}C (panel (a)) has the further benefit

of not requiring the use of pre-trained word embeddings or p-dimensional optimization.

TABLE 2
For each document in Table 3, we give the document ID from the original IMDB dataset, the topic proportions
(estimated using (29)), and the interpretations of each topic in the document.

Document ID Topic proportions Topic interpretations
Dy 29,114 | T =1(0,0,0,1,0,0) Horror
Dy 3,448 T =(0,0,0,1,0,0) Horror
D3 26,918 T= (0,0,0,0,0,1) War & History
Dy 23753 | T'=1(0,0,1,0,0,0) Video games
Ds 4,058 | T=(0,0,0,0.5,0,0.5) | Horror + War & History
Dg 5977 | T= (0,0,0.5,0.5,0,0) | Horror + Video games

APPENDIX C: SUPPLEMENTARY RESULTS ON IMDB DATA

In this section we present further details of our analysis in Section B of the IMDB movie
review dataset. We first give Table 4, which gives an initial interpretation to each estimated
topic based on its anchor words.

TABLE 4
Anchor words for each topic in the IMDB dataset, along with an initial interpretation of each topic.
Topic | Anchor words Initial interpretation
1 book, read, version Book adaptations
2 crap, talent Sentiment
3 game Game-related
4 blood, dark, dead, evil, fans, flick, genre, gore, horror, house, Horror films

killer, sequel, strange
episode TV Shows
6 history, war History & war films

)]

Table 5 gives the computed values of the two topic-distance matrices (B.1) and shows that

these distances qualitatively capture the same similarity relationships between the topics. This
is despite the fact that D;‘{}”C incorporates word similarity from pre-trained word embeddings,
whereas D;ﬂ"‘a}c depends only parameters estimated directly from the IMDB corpus.



TABLE 3
Distances between documents using various metrics.

(a) Wl(f(i)7f(j)7ﬁ§‘3§’/ic) (b) Wy (f(@}f(j),ﬁ;;’[;’ic)
Dy | Dy | D3 | Dy | D5 | Dg Dy | Dy | D3 | Dy | D5 | Dg
Dy 0 0 0.14 | 0.21 | 0.07 | 0.10 Dy 0 0 0.10 | 0.16 | 0.05 | 0.08
Doy . 0 0.14 | 0.21 | 0.07 | 0.10 Doy . 0 0.10 | 0.16 | 0.05 | 0.08
D3 . . 0 0.23 | 0.07 | 0.18 D3 . . 0 0.17 | 0.05 | 0.13
Dy | - : : 0 |022]0.10 Dy | - : : 0 | 016 008
Ds . . . . 0 0.11 Ds . . . . 0 0.09
(©) Wy (T1®, 110), p¥ordy (WMD) (@) Wy (1@ 1100) | pwerd)
Dy | Dy | D3 | Dy | D5 | Dg Dy | Dy | D3 | Dy | D5 | Dg
Dy 0 0.56 | 0.62 | 0.62 | 0.56 | 0.60 Dy 0 0 0.10 | 0.16 | 0.05 | 0.08
Dy | - 0 | 066 | 0.68 | 0.63 | 0.64 Dy | - 0 | 0.10 | 0.16 | 0.05 | 0.08
D3 . . 0 0.71 | 0.61 | 0.67 D3 . . 0 0.17 | 0.05 | 0.12
Dy . . - 0 0.65 | 0.63 Dy . . . 0 0.16 | 0.08
D5 | - : : : 0 | 059 D5 | - : : ~ 0 | 0.09
Dg . . . . . 0 Dg . . . . . 0

(e) Tv(f(i) , f(j))

Dy | Dy | D3 | Dy | Dy Dg
Dq 0 0 1 1 0.50 | 0.50
Do . 0 1 1 0.50 | 0.50
D5 . 0 1 0.50 1
Dy . . . 0 1 0.50
Dy . . . . 0 0.50
Dg . 0

Finally, we give Table 6, which gives excerpts of two documents for each topic that are
estimated to be exclusively generated from that topic. These excerpts allow for further inter-
pretation of the topics.

APPENDIX D: SIMULATIONS ON THE ESTIMATION OF T, AND II,

In this section we present a simulation study of the estimation of topic proportions 7} and
word-distribution II, to accompany our theoretical analysis in Section 2.

We perform simulations to study the performance of the MLE in (4) (known A) and the
estimator in (29) (unknown A) for estimating T}, and compare to the Restricted Least Squares
(RLS) estimator,

(D.1) Ty = min | X — AT||3,

as well as the iterative weighted restricted least squares (IWRLS) estimator, both mentioned
in Remark 5. To compute the IWRLS estimator for known A, we use the following steps (for
unknown A, we just replace A by A estimated using the Sparse-TOP method of Bing, Bunea
and Wegkamp (2020b)). We use the parameter € = 10~° to avoid division by zero, § = 10~*
as a stopping criterion, and m;; = 1000 as the maximum number of iterations.

1. Compute ﬁls from (D.1) and set T= IA}IS.
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TABLE 5
The two K X K matrices of distances between topics.

Atopic
(@ DY)

Topic 1 | Topic2 | Topic3 | Topic4 | Topic5 | Topic 6
Topic 1 0 0.14 0.22 0.13 0.20 0.14
Topic 2 0.14 0 0.22 0.14 0.22 0.17
Topic 3 0.21 0.22 0 0.21 0.22 0.23
Topic 4 0.13 0.14 0.21 0 0.21 0.14
Topic 5 0.20 0.22 0.22 0.21 0 0.22
Topic 6 0.14 0.17 0.23 0.14 0.22 0

~topic
(b) DW

Topic 1 | Topic2 | Topic3 | Topic4 | Topic 5 | Topic 6
Topic 1 0 0.10 0.16 0.10 0.15 0.10
Topic 2 0.10 0 0.17 0.10 0.16 0.12
Topic 3 0.16 0.17 0 0.16 0.17 0.17
Topic 4 0.10 0.10 0.16 0 0.16 0.10
Topic 5 0.15 0.16 0.17 0.16 0 0.17
Topic 6 0.10 0.12 0.17 0.10 0.17 0
2. Let
1

D =diag(dy,...,d,),  with dj = —u—.

3. Update T as

T <+ argmin || D(X — AT)|[3.
TeAx
4. Repeat Steps 2 and 3 until either the ¢; distance between T from the current step and the
previous step is less than §, or a maximum of my; iterations have been completed, then
take Tiwrs = 1 as the final estimator.

We then compare model-based estimators of 11, based on estimates of 7% to the empirical
estimate of II,. In terms of notation, recall that /N is the number of words in a document, n
is the number of documents in the corpus, K is the number of topics, and p is the dictionary
size.

Data generating mechanism. For fixed anchor word sets I1,...,Ix C [p], we generate
the p x K matrix A as follows. We set A;, = K /p forall i € I}, and k € [K]. Draw all entries
of non-anchor words from Uniform(0, 1), then normalize each sub-column Aj.j, to have sum
1 — > ier, Aix where 1€ = [p] \ (UyIy). We choose balanced anchor word sets such that
|I;| = manc for all k € [K]. We choose mg,. = 5, K = 20, and p = 1500 for all experiments
in this section.

For fixed support size s, we generate T*(l), RO fn) identically and independently as fol-
lows. For each T, select a subset S C [K] with |S| = s by drawing elements from [K]
uniformly at random without replacement. Set [T,EZ)] se = 0 and generate each entry of [T*(’)] S
independently from Uniform(0, 1). Finally, normalize T," so its entries sum to 1. The result

is that 7" has support s for all i € [n].



TABLE 6

Excerpts from documents that are estimated to be exclusively generated from Topics 3 and 5 (formally,

documents with T’

(%)

= 1 for each topic k). Excerpts from two separate documents with this property are given

for each topic. The third column gives the ID number in the original dataset (Maas et al., 2011) for reference.
We find that the “movie reviews" corresponding to Topics 3 and 5 are in fact reviews of video games and TV

shows, respectively.

Topic Interpretation Movie ID | Document excerpt
. Book Adaptations | 37,123 This was an OK movie, at best, outside the context of the book. But hav-

Topic 1 . . . . . .
ing read and enjoyed the book quite a bit it was a real disappointment
in comparison. . .

15,709 This has always been one of my favourite books. I was thrilled when 1
saw that the book had been made into a movie, for the first time since it
was written, over 50 years before. ..

. Negative reviews 12,445 This was the most disappointing films I have ever seen recently. And 1

Topic 2 . . ;
really hardly believe that people say goods things about this very bottom
Sfilm!. ..

32,442 Acting was awful. Photography was awful. Dialogue was awful. Plot
was awful. (I’'m not being mean here...It really was this bad.). . .

Topic 3 Video Games 23,753 This game really is worth the ridiculous prices out there. The graph-
ics really are great for the SNES, though the magic spells don’t look
particularly great. ..

12,261 1 remember playing this game at a friend. Watched him play a bit solo
until we decided to try play 2 and 2, which we found out how to do. ..

. Horror 29,114 After watching such teen horror movies as Cherry Falls and I know what

Topic 4 . . L
you did last summer; I expected this to be similar. . .

3,448 Being a HUGE fan of the horror genre, I have come to expect and ap-
preciate cheesey acted, plot-holes galore, bad scripts. ..

Topic 5 TV Shows 32,315 1 used to watch this show when I was a little girl. ..

10,454 I'v watched the TV show Hex twice over and I still can not get enough
of it. The show is excellent. ..

Topic 6 War & History 6,709 Carlo Levi, an Italian who fought against the arrival of Fascism in his
native Torino, was arrested for his activities. . .

26,918 As directed masterfully by Clint Eastwood, “Flags of Our Fathers"
plays both as a war film and a sensitive human drama. . .

For each choice of A and T*(l), .. ,T*("), we then set Hg) = ATf) for 1 <7 <n and

generate NV .X (@) ~ Multinomial,, (N, Hgf)). We report the ¢; error of the estimation of T} by
each method averaged over all 100 repetitions of the simulation.

Estimation of Ty with known A. We first compare the MLE in (4), RLS, and IWRLS

when A is known. In this case we can take n = 1 and drop the superscript on 7}, X, and
II.. To see the impact of sparsity in these methods, we also include a baseline estimator for
each method that corresponds to the support of T being exactly known. To be precise, let
S, be the support of T}, and A.g, the p X |Si| submatrix of A with columns restricted to the
support of T.. The baseline estimators are computed by estimating T, using the MLE, RLS,
or IWRLS with A.g, and X as input, and estimating T’s- by zeroes. We plot the ¢; error of
estimation of 7, as a function of N and s = |S,| in Figure 1.

Results. In the left panel Figure 1 we see how the ¢; error of all estimators decays as the
document length increases. On the other hand, we see in the right panel that the error in-
creases as the support size of T, increases. We observe in both panels the remarkable feature
that the MLE with unknown support has nearly identical risk to the MLE with exactly known
support, empirically illustrating Theorem 5. In contrast, the RLS with unknown support per-
forms substantially worse than with known support, illustrating that the RLS does not enjoy
the same support recovery properties as the MLE. Comparing the MLE and RLS, both with
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unknown support, we also observe that the risk of the MLE is uniformly lower than that of
the RLS. This gives support to the MLE being a clearly superior estimator of 7.

For the simulation parameters in Figure 1, IWRLS has approximately equal risk to that
of the MLE. This in line with the fact the IWRLS is asymptotically (as N — oo) equivalent
to the MLE; see, for instance, Bishop, Fienberg and Holland (2007) and Agresti (2012).
However, in Figure 2, we plot the error of the MLE and IWRLS for smaller values of IV,
where the asymptotic equivalence of these two methods breaks down. We see that the MLE
has lower error for small IV, a regime of practical interest corresponding to short documents.
Furthermore, from Table 7, we observe that in the worst case, the IWRLS has a computation
time of around two orders of magnitude more than that of the MLE (while the RLS has the
lowest computation time of all). Lastly, from Table 8 we see that for small N, the IWLS
did not converge within 1000 iterations for a large proportion of runs (we found similar
results, with even longer run times, when increasing the maximum allowed iterations for the
IWRLYS). The increased computation time of the IWRLS relative to the MLE, along with our
observation that the error is either equal (for large N) or greater (for small N), give strong
support for the MLE being preferred as an estimator of 7.

p = 1500, K = 20, n_sim = 100, s = 5, A_true N = 800, p = 1500 K= 20, n_sim = 100, A_true

—¥— IWRLS
0.301 —¥- IWRLS sup known 0.354
—— MLE

—+- MLE sup known
0.254 —— RLS
—-§- RLS sup known

—¥— IWRLS
=¥~ IWRLS sup known
—— MLE

—¥%- MLE sup known
—4— RLS

-4~ RLS sup known

Estimation error of T
o
o
5]
Estimation error of T

660 860 1600 1260 14‘00 16‘00 18‘00 2600 é 4‘1 (IS fli 1‘0 1‘2 1‘4

N s
Fig 1: ¢; error of the estimation of T} for the MLE, RLS, and IWRLS, as a function of docu-
ment length IV (left) and support size s (right), when A is known. Dashed lines correspond to

the predictors when the true support of T is known. The error for the MLE and IWRLS are
approximately equal for these simulation settings, for both known and unknonwn support.

p = 1500, K = 20, n_sim = 100, s = 10, A_true

1.4 —¥— IWRLS

=¥- IWRLS sup known
—— MLE

=%=- MLE sup known

o g =
o o [N}
-

Estimation error of T

o
o

o
IS

50 100 150 200 250 300

Fig 2: ¢1 error of the estimation of T} for the MLE and IWRLS, for small values of N, when
A is known. Dashed lines correspond to the predictors when the true support of T is known.
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Method | N=30 | N=50 | N=100 | N =200 | N =300

MLE 0.68 0.64 0.60 0.57 0.54

RLS 0.08 0.08 0.08 0.08 0.08

IWRLS 61.87 43.31 31.19 9.63 3.44
TABLE 7

Average computation time for each method (in seconds) from the simulation in Figure 2.

N=30 | N=50 | N=100 | N =200 | N =300
40% | 31% | 23% | 5% | 0%
TABLE 8
Percentage of IWRLS runs from the simulation in Figure 2 that reached the maximum number of iterations
(1000) and did not converge.

Estimation of T, with unknown A. We next compare the estimator in (29), RLS, and
IWRLS when A is unknown and estimated by A from the Sparse-TOP method Bing, Bunea
and Wegkamp (2020b). For all values of n, we choose the first document T*(l) to estimate
(this choice is arbitrary, as T*(i) is drawn from an identical distribution for all 7 € [n]). In
Figure 3, we plot the average ¢; error of estimating 7, *(1) as a function of IV and s. We also

include the MLE in (4) with known A for comparison. We refer to the estimator (29) as
MLE-A-hat in the plot.

Results. Similarly to the case with known A, we see in Figure 3 that the estimator (29)
uniformly outperforms the RLS, and for the (large) values of IV in the plot, the IWLS has
approximately equal risk to estimator (29). Comparing the MLE with known and unknown
A, we observe in the left panel that the impact of not knowing A decreases as the document
length increases, which is expected as longer documents improve the estimate A. We also
observe in the right panel that not knowing A has less impact for T that are more sparse.

p = 1500, K = 20, n_sim = 100,s =5 N = 800, p = 1500 K = 20, n_sim = 100
—¥— IWRLS-A_hat 0.4 —¥ IWRLS-A_hat
0.304 —4— MLE-A_hat " | =+ MLE-A_hat

—— RLS-A_hat —4— RLS-A_hat
-%- MLE-A

-%- MLE-A

Estimation error of T
Estimation error of T
o
N

0.0
600 800 1000 1200 1400 1600 1800 2000 2 4 6 8 10 12 14
N s

Fig 3: /1 error of the estimation of 7} for the MLE, RLS, and IWRLS, as a function of
document length N (left) and support size s (right). Solid lines correspond to estimators
using A, and the dashed line corresponds to the MLE with known A. The error for the MLE
and IWRLS (both for unknown A) are approximately equal in these plots.

Estimation of 1. We compare the three estimators of IL, presented in Section 2.3: the
empirical estimate H and the model-based estimators II A= ATmle and H = AT. Setting
n = 1000, we repeat the simulation 100 times and plot the average ¢; error in estimating

the first document I'L(kl) as a function of document length NV in the top left panel of Figure
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4. Note that II™V is a function only of the first document vector X (1), and ignores the other

n — 1 documents in the corpus. In contrast, the model-based estimator with unknown A, H(l)

uses all n documents in the corpus via the estimation of A. We drop the superscript 1 in the
remainder of this discussion for ease of notation.

Recall the definitions J := {j : IL,; > 0} and J := {j : X; > 0} from Section 2.3. As dis-
cussed in that section, a particular advantage of the model-based estimators II4 and II 4 over
the empirical estimate II is their ability to non-trivially estimate non-zero cell probabilities
with zero counts (IL,; with j € J '\ J), while still estimating the zero cell probabilities j € J¢
nearly as well as II. We here conduct a simulation to empirically study the ability of each
method to estimate these two classes of cell probabilities. In each simulation run, we com-
pute for each estimator IT" among 11, IT4, and H the quantities ;. 7, ; [II5* — IL;| and
> jede Hj“ I1,;|; we plot their average values over 100 runs as a function of N in the top
right and bottom panels of Figure 4, respectively.

n = 1000, K = 20, p = 1500, s = 5, n_sim = 100 07 n = 1000, K = 20, p = 1500, s = 5, n_sim = 100
1.4 4 .
—— Pi-emp —— Pi-emp
1.2 —t— Pi-tilde-A-hat 0.6 —— Pi-tilde-A-hat

—— Pitilde-A —— Pi-tilde-A

1.0 0.5

0.8 0.4

0.6 031
0.4+ 0.2 1
o2y — oo 011 \
0.0 1 0.0
600 800 1000 1200 1400 1600 1800 2000 600 800 1000 1200 1400 1600 1800 2000
N N

n = 1000, K =20,s =5, p=1500, n_sim = 100

—— Pi-emp
0.00175 —— Pitilde-A
—}— Pi-tilde-A-hat

0.00200

0.00150 A
0.00125 4
0.00100 1
0.00075 A

0.00050 -
0.00025 A

0.00000 -

660 860 10‘00 12b0 14‘00 16‘00 18‘00 20‘00
N
Fig 4: Top left: £, error of the estimation of I1, as a function of document length N Top right:
Error in estimating the cell probabilities I1,; with j € J '\ J. Bottom: Error in estimating IL,;
with j € J¢. Error bars are present in top plots but too small to observe.

Results. 'We observe from the left panel of Figure 4 that while the error of all three estima-
tors decays with IV, the error of the empirical estimator is substantially larger than that of the
model-based estimator 11 1> Which is in turn larger than the error of model-based estimator
with known A, I14, while being very close to it. This demonstrates the basic motivation of
the model-based estimation approach: by borrowing statistical strength from across the full
corpus, I, and II 4 provide a far superior estimate of the frequencies for an individual docu-
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ment. The difference between II 4 and Il 7 on the other hand reflects the effect of estimating
A.

In the top right panel of Figure 4, we verify that the two model-based estimators are able
to estimate the non-zero cell probabilities with zero counts (II,; with j € J \ J) much better
than the trivial estimate of ﬁj = 0. We note for clarity that for IT* = IT, 3 jen 5 = IL|
reduces t0 3. 1~ x,—o11«;. While we see that this quantity decreases with V' from the
red line in the top right panel of Figure 4, this is simply due to the fact that |{j : X; = 0}
decreases with V. N

Lastly, in the bottom panel of Figure 4, we see that while for small N (IV < 1500 for 11 3)
the error in estimating the zero cell probabilities by the model-based estimators is non-zero,
it is several orders of magnitude smaller than the overall ¢; error in the top left panel, and
in any case quickly decays to zero as IV increases. As expected, ﬁj =0 forall j € J, so the
error for II is exactly zero in this bottom panel.

In summary, by borrowing statistical strength across the corpus of n documents, the two
model-based estimators II 4 and Il 4 perform substantially better than the empirical estimator
at estimating I1, in ¢ error and estimating non-zero cell probabilities with zero counts, while
still having nearly the same performance as the empirical estimator at estimating the zero cell
probabilities.

APPENDIX E: SEMI-SYNTHETIC SIMULATIONS TO COMPARE
DOCUMENT-DISTANCE ESTIMATION RATES

We perform semi-synthetic simulations to empirically study the rate of estimation of the
topic-based document distance (48) for the choice (50) of D'Pi¢, by the estimator (53). We
also ran the same simulations for the choice (49) of D'"P' with the estimator (52) and found
similar results, which we do not report here due to space limitations.

Data and preprocessing. We work with the NIPS bag-of-words dataset (Dua and Graff,
2017). We preprocess the data by removing stop words, removing documents with less than
150 words, and removing words that appear in less than 150 documents. We are left with
1490 documents and dictionary size p = 1270. From this data we estimate a loading matrix
Ag using the Sparse-TOP algorithm (Bing, Bunea and Wegkamp, 2020b) and find K = 21
topics. We then treat this estimated Ag as our ground truth for semi-synthetic experiments.

Semi-synthetic data generation. We generate topic distributions T*(l),...,T*(") with

K = 21 exactly following the procedure in Section D. In particular, T*(l), . ,Tfn) all have
the same support size, which we denote as s. We choose n = 2000 for all simulations. For

each i € [n], we set I = 497" and draw X @ ~ Mutlinomial, (N, 1%)).

For each simulation, we form the estimate A using Sparse-TOP Bing, Bunea and
Wegkamp (2020b), and form estimates 7(1), T?) of the topic distributions of the first two
documents using the MLE (29). From A, we compute the estimated topic-distance metric

s 1. ~ ~

D’fl(zg/lc(li):iHAk’_AlHl Vk7l€{172>"'121}7
and its population counterpart with A replaced by Agy. We then compute the error
(E.1) W@, T DRy — w1V, 72 D).

We repeat this simulation ng;, = 50 times for different values of N and s, and plot the
average error in Figure 5.
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Results. 'We see from Figure 5 that the error (E.1) grows significantly as the support size s
of T*(l) and T*(Q) increases. This is can be understood by the fact that the error in estimating

T*(l) and T*(z) also increases with s; recall Figure 3 for an empirical demonstration of this.
For all values of s, we observe the error decaying as N increases.

n = 2000, K= 21, p=1270, n_sim = 50

—+—s=15
4= s=10

0.05
—+=s=5

—+s=1
0.04 1 s

0.03 4
0.014 F"——’+\\"\\\\+______________4______________4

0.00

1600 1800 2000 2200 2400 2600 2800 3000
N

Fig 5: Error (E.1) as a function of N, for different values of support size s of the synthetically
generated topic distributions T*(l) and T*(Q).

APPENDIX F: PROOFS FOR SECTION 2.1: ESTIMATION WITH KNOWN A
Throughout the proofs, we will suppress the subscript * for notational simplicity. Corre-

spondingly, we write ST = S, to denote its dependency on 7.

F.1. Proof of Theorem 1: The general finite sample bounds of the £; norm conver-
gence rate of the MLE. Recall ¢; is defined in (7). Define the event

p
(F.1) €= {1X; - | <¢;}

j=1

which, according to Lemma I.1 in Appendix I, holds with probability at least 1 — 2p~!. On
the event £, we have

JCJCJ.

Indeed, J C J follows by noting that, for any j € J, X; > II; — | X; — IL;| > ¢;. The other
direction J C J holds trivially since II; = 0 implies X; = 0 for all j € [p]. We work on the
event £ for the remainder of the proof.

For notational simplicity, we write T= fmle. Recall that

T:= arg maxNZXj log <A;-|—,T) .
11€ZX1{ jéEJ

From the KKT conditions of this optimization problem we have

A
(E2) NY X;,—Z + A4+ plg=0,
LN

(F3) A >0, MTp=0,VkelK], 1,T=1.
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After taking the inner-product with T on both sides of (F.2), we get
—_N Z X; =

Plugging this into (F.2) gives the expression

N> XigmTA=N1x.
jeJ J
Next, we take the inner-product on both sides with A := 7' — T and use the fact that 1.A=0
to obtain

A+)\TA 0.

jeJ ]

By adding and subtracting terms, we have

ATA  ATA X
0=N X, |L_ -2 _|+N I ATA+ATA
S0 (37 ) S e

ATA  ATA
=N P A S— X; ATA ATA
>x (5555 ) N T s

jeJ ]

ATA  ATA ATA
_ B i et T T T
~NY X, (ATT ATT)JFNZ(X - AjT) AT +NS ATA£ATA.
J J jeJ jeJ
In the second equality, we used IT; = AT >0 for j € J and X; =0 for j € J \ J. Since
T T TA)2
ATA ATA (AlA)
T T T, AT’
Al AT ATT-AT

we conclude

T 2 T
3 A)‘(ro (‘Zé) =N (X, -AlT) iTA +NY ATA+ATA
jeJ jeT jeJ
ATA
(F4) <Ny ( ATT) AT +NY AlA
jeJ jeJ

by using ATA = —A\TT < 0 from (F.3) in the last step. For the left hand side in (F.4), use
J C J to obtain
X (AJAP (X, (AJAP X (< (4]A)

J >m
Z T T —Z T T T Tm
jEJAT AT JGJAT AT jGJAT I, Aj.T

Since Z§:1 AjT,T =1, we further observe that

(ATA)2 (A]A)?
Z ZTf - Z ATT ZATT+ Z ATT

jed J: jed jeJ jeJ®
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jed Jjed
2

> olAfA]

jed
> k3 (A, 8)| AT

Here we use the Cauchy-Schwarz inequality in the third line and the definition (9) of the /1 —
1 condition number (A, s) together with A € C(St) in the last line. From the inequality

Xjo o I — |1 XG — 11 & o1 :
> >1-2L>-  VjeJ
AT ™ 0, =TI, T2 7€y

we can now conclude

3 X; (AJA)? 1 e

JEJATT ATT = 9"

(A, s) A5

It remains to bound from above the right-hand side

Al A
NI (x5 - AlT) ATt Ny AlA
jeJ jeJ
of (F.4). The identity >¥_; AT A =1;A =0 implies

(F.5) S AA=->"AJAY AT =) T;=0.

= igs igJ igJ

The last equality uses the definition of .J. The inequality u " v < |Jul|1]|v]|c gives

.
Z (X ATT> i? ke[ K] Z <X ATT) jTT

jed jeJ

By invoking Lemma 1.2 in Appendix I with a union bound over k € [K] to bound the above
term, we conclude that, for any ¢ > 0,

1

20108(K/1) | 2plog(K/1)
N 3N
with probability 1 — 2¢. The proof is complete. 0

5 (Ans) Al <

F.2. Proof of Theorem 2: Fast rates of the MLE. To prove Theorem 2, we first work
on the event under which Theorem 1 holds, that is,

T, 2 2plog(K 2plog(K
| Tite — Tll1 < { plog(K/e) | 2plog( /e)}_

~ Kk2(Ay,s) N N

We write T = fmle for notational ease for the remainder of the proof. Condition (19) together
with p < (1V ) /Tmin then ensures that

[AJ(T - 1T)|
maxX ———=————

<Pl e — Tl < ¢
e < ol = 7]
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for some sufficiently small constant ¢ > 0. As a result, we can deduce
(F.6) 1-)AT < AT < 1+c)AlT, Vjel.
Recall from (F.4) that
Xj (AJT- A) ’ T T
jed jeJ jeJ

By (F.6), AJT_T > (1—¢)II; >0forall j € J\ J. Together with X; =0 forall j € J\ J, the
above display implies

X (Al A)? ATA
Z AT]T fin <3 (X ATT) AT +3 47,
jeJ 7 J: jed jed

which, by (F.6) again, further implies

1 X; ATA
(A} A)? X, —AlT) L.
1+cZ(ATT) Z( T >AT_T
jeJ eJ J
Define
(F.7) H= Z A Al H= Z ”A Al
jed jeJ j
Notice that, for any v € RE,
(A0 (A]0)?
(E.8) UTHUZZ ﬁ — Z ZH > || A5v||3 > K2 (A5, K)||v]3.
jer jeg 1 jel

The first inequality uses the Cauchy-Schwarz inequality. Condition (19) implies (A7, K) >
0, hence H is invertible. We thus have

ATHA o\ HY24;,
< P ) 7-7 1/2 .
. < E:(Xj A],T) AT |H2Al,

jeJ 9
By invoking Lemma 1.3 with ¢t = 4K log(5) and Lemma 1.4 in Appendix I concludes

K (1v§) K
HY2AI2 < |HY2A \/> T A N
ARSI Al \ 5+ 5500 &) Tom N

K
(F9) SIH A2\ by (19)
with probability 1 — 2K 1 — 2e =X Since (F.8) also implies
(F.10) IH'?Alls > 5(Ag, 5)|| Al

by using A € C(St), the result follows. The proof is complete.

F.3. Proof of Corollary 4: Fast rates of the MLE when it is sparse. On the event
Esupp. for any T' € T (s) with | S| = s, we observe

[Thte] s, = arg maxNZ X;log (Ags TST) , [fmle]s% =0.
TeA, -
Since || Tte — Tll1 = [Tt — T ”1> the result follows immediately from Corollary 3 with

K = s. If we take log(s V n) instead of log(s) in (21) and take slog(1/¢) instead of log(s)
in the bound, the resulting probability tail becomes 1 — 2p~! —4(s VvV n)~! — 2¢5.
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F.4. Proof of Theorem 5: One-sided sparsity recovery of the MLE. For any 7" with
supp(T') = S, our proof of supp(Tmle) C supp(T') consists of two parts:

(i) we show that there exists an optimal solution 7 to (4) such that supp(T’) C supp(T');

(i) we show that if there exists any optimal solution T to (4) that is different from T, then
supp(T') C supp(7T).

Proof of step (i). Our proof of step (i) uses the primal-dual witness approach by first con-
structing an oracle estimator 7' with supp(7) C supp(T’), and then proving that 7T is an
optimal solution.

Towards this end, we first notice that any pair (f, A, i) is an optimal solution to (4) if and

only if it satisfies the KKT condition in (F.2) — (F.3). Having this in mind, we define T. s: =0
and

(F.11) TST—argmaxNZX log( ;—ST5> .
BEA,

The KKT condition corresponding to (F.11) states

j St
(F.12) N> X, ATJ +AsT+uls—0
jeJ jST
(F.13) M >0, MTp=0,VkeSy, Tdl,=1

Note that (F.12) and (F.13) together imply it = —N by multiplying both sides of (F.12) by
Ts,.. We thus define

_ ~ Aj
i=-N, M\=N 1—ZXAT7]~ , ke [K].
jed ]ST
Clearly, supp( T') C supp(T) by definition. It remains to verify (7', , 72) satisfies (F.2) — (F.3)
in lieu of (7', A u) By constructlon we only need to prove
(F.14) N >0, VkeSS.

Pick any k£ € S7. Adding and subtracting terms yields

A'k A'k ik
X;—1 = X; 1 A; +y X;—2—
> - 3 ()

JjeJ jeJ ]STTST
_ ZX A]kAjST (Ts, — TST ZX
= J IAT
o A T, Alg Ts, AJSTTST
A kA TST — TST A
= ZXJ J jST( ) Z(X AjSTTST) ok Ak +ZAjk
: ATy Ts, Alg Ts — Ajs, Tsr <=
JedJ JoT T RT g oT T PT jeT JST jeT
= R+ Roy+ ZAjk’
jeJ

ZWe in fact only need a non-strict inequality for proving (i). The strict inequality is used to prove (ii).
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where in the second step we used 11; = A;—STTST >0forj€eJand X;=0forjeJ\J.
Since > 7_; Aji, = 1, it suffices to show

|Rigl+[Rokl < Ajp,  VkeSE.
jeJ*
To bound Rj , by writing A = TST — Tg,. for simplicity, we observe

AjpAle A
Bl = DXy
jer  AjsiTsrAjs Ty

AjiAja
a;sT > JGX; " Als, Ts, Als, Ts,
éjkAja
Ajs. Ts:Aj5, Ts,
A

A .
jeJ Ajg Tsp a€ T i AjSTTST

<] > X,
<l1Almax > X;
JjeJ

From the KKT conditions (F.12) — (F.13), we deduce that

A.
m%x Xj%
€ .
aseT jeJ A]ST

— <1.
Ts,
Also by A;FST Ts, =1II;, we conclude

Ajr (13)
o R ] < 1A e max 5 AL

Regarding Rj j, invoking Lemma 1.2 with an union bound over k € S7. yields

| Ro| < \/2ps;log<<K—s)/t> | 205, log((K —5) /%)
kess |kl = N 3N

with probability 1 — 2p~! — 2¢. The desired result follows, provided that

Al + \/2p5; log(](VK —3)/) |, 2s; logé(]f]( - 5)/75)’

. A .
woin ) Ajk > ps;
jeJ
which is ensured by (24) in Theorem 5 coupled with the rate of ||A||; in Corollary 4 and the
bound pge < &/Thin from (13) of Remark 2.

Proof of step (ii). Suppose there exists T + T such that T is also an optimal solution to (4).
Then, the fact that both T and T are optimal solutions implies

f(I)=f(T), with  f(I)=N> X;log(A]T).
JjeJ

Let Vf (T) denote the gradient of f(T") at T. By adding and subtracting terms, we obtain
F(T) = F(I) +(VH(T), T = T) = (VHT), T - T).
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The concavity of f(7') ensures that the left hand side of the above equality is positive. We
thus have

(Vf(T), T -T)<0.

Since T satisfies the KKT condition in (F2), 1}(? —T)=0and XTT =0 from the restric-
tions (F.3), we further deduce that

0:<Vf(f)+X+ﬁ1K,T—T)

= (VA(T),T=T)+ \T—T)+ (ilg,T—T)
:<Vf(iﬁ),f—T> +(\T-T)

<(\T-T)

=-\'T

<0

tllat 1S, AT = 0. We conclude tl_lat since (F.14) holds, that is, Xs; = 0, then we must have
Tse = 0. This shows that supp(7") C supp(1') = St and completes our proof. O

E.5. Proof of Theorem 7: Minimax lower bounds of estimating 7}, in £; norm. We
start by constructing the hypotheses. Pick any 1 < s < K. We choose

1

7O =-(1] 00"
s 87

For now, suppose s is even. Let M = {0, 1}8/ 2. Following Tsybakov (2008, Lemma 2.9),
there exists w/) € M for j =1,...,|M]| such that w®) = 0, log(|]M|) > slog(2)/16 and
s

> Vi#j]
22, Vi
Forall 1 <j <|M|, let V) = ([w?]T, —[w@]T,07)T and

T =70O) 4 50)

with 4 = \/co/(sN) for some constant ¢q > 0. It is easy to see that 7)€ T7(s) for all
0 <j <|M]|, under s < ¢N for sufficiently small ¢ > 0. We aim to invoke Tsybakov (2008,
Theorem 2.5) by proving the following:
(@) KL(Pru),Pro) <log(|M|)/16, forall 1 < j < |M|;
) |7 —TO|y > /s/nforall 1 <i#j<|M]|.

Write I1U) = ATU) for 0 < j < | M| and 79 = {i: 10 (0) > 0} for simplicity. To prove (a),
since

[|wt) — w®

. . D
e =T JATED)
icT” % A A;—T(O) B 7

i
and Hz(j > 0forallic j(o), invoke Bing, Bunea and Wegkamp (2020b, Lemma 12) with
n =1 to obtain

KL(Pro),Pro) < (1+")y* N Z
icT”

(1+")y*No(Go)ll@a |3

ATw(J)]
ATT0)

(A

IN

IN

(1+")eo 01(Go) by @3 < s
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where 01 (G) denotes the largest eigenvalue of G with

1
GO = Z ATT( )AZSO'A’LSO
icg"’

Here we write Sy = supp(7'(?)). The result of part (a) then follows by showing o1(Gy) < s.
To this end, by using the inequality o1 (M) < || M ||o0,1 for any symmetric matrix M, we have

AzaAzk
71(Go) <pax D D ATTO

a€So ;7
Aisy |l
= smax Asx ATT( ) = | ZSOH
keSy "o S
icT”
p
<s by Z Azk =1.

We proceed to prove (b) by noting that

. C
T~ T 202 = [ 2 iz

This concludes the proof when s is even. When s is odd and s > 3, the same arguments hold
by defining M’ = {0, 1}(s=1)/2,

APPENDIX G: PROOFS FOR SECTION 2.2: ESTIMATION WITH UNKNOWN A

G.1. Proof of Theorem 8: The general bound of the ¢;-norm convergence rate of T.
We work on the intersection of events defined in (30) and (31), and defined in (F.1). Without
loss of generality, we assume (30) and (31) hold for the permutation P = Ik . First, we recall
that

1 T + ~ 3
(G.1) ST <0 — |(4; —Ap)'T| < AT < T+ (A — A;)'T| < 1
for all j € J, see (32). The proof resembles the proof of Theorem 1. The KKT conditions are
now

~

Aj.
(G.2) N Xi=—=4+X +pul 0;
2% /TFT S
jedJ J
(G.3) M >0, MI,=0,Vke[K], T lg=1.
Using the same reasoning in the proof of Theorem 1, we arrive at
(G.4)
Ny X; (A]8)? Z XJTAHTA
“r AT
il AT AT Aj T
ATA
<2N )Y X;-Z%
Z J I,
jeJ
ATA (A, —A;)TA
=2N X 11 —]'
> -1)

jeJ jeJ jeJ
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with A := T — T. For the left hand side of (G.4), use J C J to obtain

> AN, o X (AR, L, X s e
“r AT “r ATT AT
S AT AT T AlT AT T el AT AIT

We argue as before in the proof of Theorem 1 to obtain

E ( ) > K (21] 8)
/xl—/\ - ’

and use (33) to prove n(gl, s) > $k(Ay, s), cf. (34). Since the inequality

X (G>'1) 2XJ >2 I — |X; — 1| >2 1 54 >}
AT 3 I; =3 ;) =3
holds for all j € J, we conclude
X; (AJA?
G.S5 ~k*(Ay, s)||All.
(G.5) Z ﬁT AT > 2k Az 9)|Alf
Next, for the right hand side of (G.4), we have shown in the proof of Theorem 1 that
ATA 2plog(K/t)  2plog(K/t)
. X;—1I;)—2—| <A
je

with probability 1 — 2¢, for any ¢ > 0. Furthermore, invoking the event £ defined in (F.1) and
using the expression of ¢; in (7) gives

)TA
E X <||A||1 max 1+ |AJ;C jk|
1<k<K j
jeJ jeJ
log(p) | 4log(p)
<:HZX”1 max ’14 ik — k‘ 1+2 + .
1<k<K JGZJ J J I;N 31, N

Recall that J C J and IT; > 8log(p)/(3N) for all j € J. We have, for any k € [K],

N log(p) , 4log(p)
g Ajp — Al | 1+2
,J' 7" Jk’( TN T EmN
VIS

> > 7log(p)
S A = Al + > Az, — Ajil <2+ 3TN

jeJ je\J
~ ~ 7log(p)
<3 E |Ajr — Aji| + E |Ajr — Ajil TN
JjeJ JeJINJ
implying
(G.7)
.>TA + I14;. A oo 710g(p)
> X j <[IA[: [ 3147 = Aglliee + D N

jed jeI\J
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Finally, by collecting terms (G.5), (G.6) and (G.7) and using > €T AjTA <0 from (E.5), we
conclude

— Aj.|loo Tlog(p)

. i i
SE2(ALs) AL < 2347 - Agfliee + 14;

— I1; 3N
JeINI
2plog(K/t) | 4plog(K/t)
2
+ N + 3N
with probability 1 — 2¢, for any ¢ > 0. Take ¢ = p~! to complete the proof. U

G.2. Proof of Theorem 9: Fast rates of T. We work on the intersection of the events,
defined in (30) and (36), and the event £ in (F.1), so we can assume that the conclusion of
Theorem 8 holds for P = I'x without loss of generality, that is,

= 6 2p1 2p1 -
1T =Tl < { plog(p) | 2plog(p) L3)A, -4

K2(Ay,s) N 3N 7”1,00

7 IA;. — Aj||oc log(p)
3 2 SN
jeJ\J

1 plog(p)  plog(p L
S ta (VR4 28 - gl )

The last step also uses (30) and |J \ J| < C” to collect terms. Similar to the arguments of
proving Theorem 2, we notice that (30), (35) and (36) guarantee that

(G.8) Q- <AT<(1+0I;, VjeJCl.
From (G.4) and (F.5), we have

(A A)? AJA (A;. —A))TA
N <aNS (X, —IL) L= 42N X—J.
> 2 G v - R e S B

jeJ jeJ jeJ

By the arguments in the proof of Theorem 2, one can deduce that

AjTA AIH*1/2H1/2A
DX - T) =L — | < D (X - 1) A
I I,

jed J jeJ

X; —1I;
< ||H1/2A||2 Z T ]H 1/2A
jer )
Klog(p)
N

with probability 1 — 2p~!. With the same probability, by using (G.7) together with (F.10), we
conclude

(G.9)

S|HY2A

e
>
jGJ Aj'T

X; (ATA)2
T
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Klog(p) | |HY2All,

SIHZAL N k(A7,s)
Jo

2 3 14;. = Aj[|os log(p)
||A7_A7||1700+ s H'] = N
= J
JeINJ
We proceed to bound from below the left hand side. Since (36) together with (G.8) implies
(1/2 =Ty < AJT — ||4). — Aj ||| Tl

<AT
(G.10) <SAIT+ 145 = Ajlloo| Tl < (3/2+ )T
and
(G.11) I1;/2 < A] T < 311;/2,
forall j € J C.J. We have
X; (A]A)? X; (AJA?

D Fir ats — X ip A RATHA

S AT AT = AT AJT
where we write

-~ Xj> 27
jeg 7

Recall the definition of A from (F 7). It follows that

Al L —A)TA| |ATAL (A — A;)TA
T 17 > T 13 |( ]‘) . 17y J: J- )
A HA>A"HA — E X I, E X; I, I,

jeJ jeJ

By using

i | 4;: 1l oo <pim A = Aj o

1
<p+ = <2p,
JjeJ 7 ]eJ J 2

we first have

ZX,IEM [(A;. = A;)7A
T 1;

jeJ

<2pHAH1maXZ \Ajk Ajie|

X, — 11,
< 2PHAH%£€1% > <1+ I ) A — Al
. = J
JjeJ

Tlog(p) \ |+
§4/>HAH?]§€1?KX]§ <1+ 3H,EV ) |Aji — Ajil
. = J
jeJ

R 4. — Aj.]loo log(p)
SoIAIR | 147 - Azleo+ - FEE= =0
. = J
jeJ\J

p log(p) 1/2 A (|12
< _ = _
S shs (HA Aglly oo+ = )HH All
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where the last line uses (F.10) and | J \ J| < C”. A similar argument also gives the same upper
bound for

o, AT ATA 4574
T I1; '

jeJ

Under condition (35) and (36), and also by invoking Lemma 1.4, we readily have
P{AU}A > ||H1/2A||§} >1 2K,

which together with (G.9) gives

K log(p) 1 ~ A, — Aj.||oo log(p)
HY2A|5 < A= A- E : J J
H H2 ~ N + H(Aj,S) H J JHLOO + ' 7\J H] N
JEINJ

Invoke (F.10) and use (35) and |.J \ J| < C” to simplify the expression to complete the proof.
O

G.3. Proof of Theorem 10: One-sided sparsity recovery of T. The arguments resem-
ble the proof of Theorem 5. The proof of step (ii) follows exactly from the same argument by

replacing A;. by A . We therefore only prove step (i): there exists an optimal solution T to
(29) such that supp(T ) C supp(7T). Similarly, we define T se. = 0 and

(G.12) TST = arg maxNZX log (EJTSTﬁ> .
BEA,

The KKT condition corresponding to (G. 12) states

(G.13) NZX ]ST +Ag, +fily =0;
jeJ jST St
(G.14) X >0, MTp=0,VkeSy, Tdl,=1

By similar reasoning as the proof of Theorem 5, we define

fi=—N, M\=N 1=y Xj=—="— |, Vke[K]
JjeJ jSTTS

The verification that (T', X, i) satisfies (G.2) — (G.3) in lieu of (T, A, 1) boils down to show
(G.15) \e>0,  VkeSh

We show this on the event defined in Theorem 10. Notice that conditions in Theorem 10
imply that both (G.10) and (G.11) hold.
Pick any k € S7. Adding and subtracting terms yields

X X X, A]k‘A]ST (TST - TST)
> —=2.% »Tv DI
jeJ JST Sr o jeJ gsT Sr jeJ §SptSr4jSp LS
— T
30 Al =) Ty 5 A5
jed JS TSTAJS Ts, jed jeJ

=Ry +Rop+ Rz + Ryp+ ZAjk‘
JjeJ
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We bound each term separately. For Ry k., using (G.10), J C J and the proof of Theorem 9
gives, on the event £ in (F.1),

|R1k|<z |Ajk_ Jk|

JjeJ ]
~ I14;. — Aj. |l log(p)
Sy — Azl + > L0 28
jENS J
I _
(G.16) O%p ) by [T\ J| < C".

To bound Rj i, by writing A = TST — T, for simplicity and using similar arguments in the
proof of Theorem 5, we have

~ —~
AgA o A A A
|R2’]€| ZX {, JST <||AH1maXNr7kaaX X]ﬁiji
jeJ ]S TSTAJS Ts, i€l Ajg, Tsy 0€5r 527 " Ajg, Ts,

From (G.13) — (G.14), we deduce that

~

A.
m.%x Xjkrijcigl
ae TjeJ AjSTTST

Also, by using (G.11) together with

slog(p)
181 S 5 4 ) A7 — Agl e

deduced from Theorem 9 with K = s and K*I(Aj, s) < C”, we conclude that

slog(p ~
S os; ( 80 1 )45 - AJHLOO> .

holds with probability at least 1 — 8p~!. For R3 1., by the arguments of bounding R; ;, and
Ry 1, it is easy to see that

n log(p)
(G.18) |R3k1<pscmax2 j\Aja—Aja|<psc (!AJ—AJ\LOO+ N )

(G.17)

Regarding Ry j, invoking Lemma 1.2 with ¢ = 1/p and taking a union bounds over k € S%.
yields

2psg log(p) | 2pss log(p)
1 < T T
(G19 max Rl < N 3N

with probability 1 — 2p~!. Finally, since
1= Az ) A
JjeJ jeJ’
by collecting terms in (G.16), (G.17), (G.18) and (G.19), the desired result follows provided
that

log(p)

slog(p) L ]Pss log(p)
N

N N

| A5 — A7|l1,00 +

min Air 2 pge
keSs. Tk = pST
jeT*

+ (1 +ps;)

which is ensured by the condition in Theorem 10 coupled with the fact pge < &/Tinin. The
proof is then complete. O
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G.4. Proof of Corollary 11. The result follows from Theorem 9 and Theorem 10 after
we verify its conditions (30), (35), (36) and (37). Condition (35) simplifies to (40). The
rate on [|4;. — (AP);.||co in (39), condition (41) and the inequality max ;7 || A;. [oo/TLs; <

p< (1VE)/Tmin < 1/Tomin imply (30). The rate on || A — AP||1,00 in (38) and the bounds

m_l(Aj, K)=0(1) and £ = O(1) together with conditions (41) and (42) imply (36) and

(37). O
APPENDIX H: PROOF OF PROPOSITION 12 IN SECTION 3.2

We prove (54) and (55) — (56) separately in this section. We collect technical lemmas that

are used in the proofs at the end of this section.

Proof of (54). Using the triangle inequality for W; (Lemma H.2 below),
W (I, TI0; oy <y (O, 1l Do)+ (0, 15 Do)+ W (U, 16, prord),
and thus
Wi (IO, 10, prordy — W (i, I prodty < N7 (@), o prerd),
kedi.j}

Combining this with a second application of the triangle inequality with the roles of II® and
11(%) switched for k € {7, j}, we find

WA, T10; Do) w0, 1 D) <3 wa I, s pro

ke{i.g}

(H.1) < | DYoo = Z I® — 1)y,
k‘E{U}

where the second step follows from Lemma H.2 below. For k € {4, j }, we find
I =Ty = AT — A7)
= | AT® — AT® 4 AT®) — AT®|y
< A= HTO )y + AT — TP,

(H.2) < max ||[A; — A1 |T®]1 + max || A1 |T® — 7P,
le[K] le[K]

= max || A; — Al + ||T® - T,fk)Hl,
l€[K]

where (H.2) follows from the fact that for any v € RE,

[ Avl|y = Z ZAzk'Uk

=1 (k=1

= Z\%\Z\Am\ < maxl Aol

=

and in the final step we use that A.; € A, for all [ € [K] and Tk e Ag. Plugging this into
(H.1) we find

WA (T, TTD; Do) — (1, 1 D )|

(H3) <D o § max (A= e +5 3 170 =70,
ke{m}
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Finally, note that for any P € Hy, PP = I, so for k € {i, j},
' = ar¥ = appPTT®.

Furthermore, AP € A, and PTT*( ) € A k. Thus, (H.3) holds when A and Tfk) are replaced

by AP and PTT*(k), respectively, for any P € Hy. We can thus take the maximum over
P € H g, which completes the proof of (54). O

Proof of (55) and (56). We will prove the bound

W (T, T, Dopiey — w, (Tﬁgi)7T*(j);Dt0piC)

(H4) <2 max d(Ap, Ap) + | DV o= STr® -y,
ke[K] 2 belid)

where d is any metric on A, and

(H.5) DY (k. 1) :=d(Ay, Ay), D°P°(k,1):=d(Ay, A;) Vk,l€[K].

Combining this with Lemma H.1 below, (H.4) yields

Wi (T, TG, prriey — yy (79, 79, propie)

R 1 —~
‘ < topic - (k) _ pTm(k)
(H.6) < max 21?61‘[3}>(<]d(14k7(f4p) k) + || D IIOOQkEE{U}IT P TV

Equation (56) follows immediately from (H.6) using d(a,b) = $lla — bl1 for a,b € A,
and noting that for this choice of d, ||[D"P¢|| < 1. To prove (55), choose d(a,b) =
Wi (a,b; DY) for a,b € A,, and note that by Lemma H.2,

—~ 1 ~
(HT) WA, (AP) 5 D™ < [ D"|oo S [ Ak — (AP) 4] VE € [K],

and for this choice of d,

(H.8) | D"||oo = max Wi(Ay, Ag; D) < ||D¥| max [|Ag — Ayl < || DY
 klE[K] k,l€[K)

Combining (H.7) and (H.8) with (H.6) proves (55).

Proof of (H.4). We first find

Wi(TO,TO; D) = inf  t(wD")
wel (T TG))

= inf {tr(thOPiC) + tr(w[ﬁtopic _ Dtopic])}
)

wel(T® TG

(H.9) = iAIlf R tr(thOPiC) + ||ﬁt0pic _ DtopicHOO
wel (T, TW)

(H.10) _ Hﬁtopic - DtopicH + Wl( ( ) T(]) DtOplC)

where in (H.9) we use that for any w € T'(T®, T()),

topic top1c toplc top]c
tr(w[ D" — D E wy (D D;"™)
t,l=1
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< Hﬁ“’pic — D"P¢| - Z wy  since wy > 0 for ¢,1 € [K]

t,l=1
(H.11) — ”ﬁtopic _ Dtopic”oo'
Using the triangle inequality for W; (Lemma H.2), we find
Wl( () ( ). DtoPm) <W (T(z) () DtOplC) W,y ( fl),T(j) Dtopm) +W1( (9) T( 7). Dmpic).
Plugging this into (H.10) we find

%% (f(l) , f(j); ﬁtopiC) - (T£Z)7 T*(j); DtopiC)

@.12) <D Dt Y W (F, 7, Do)

ke{i,g}
Using the triangle inequality again,
Wl (Tﬂg)’T( J). DtOPlC) < Wl (T(Z) (j);DtOpiC) 4 Z W]_ (T(k) ( ). D[Oplc)

ke{i,g}

< Hﬁtopic . DtopicHOo + Wl(ﬁj‘vj;ﬁtopic) + Z W1(fk,Tk;Dt°pi°)7
ke{i,g}

where in the second line we used the same argument as in (H.10) with the roles of Dpic and
D"r¢ reversed. Combining this with (H.12), we find

I/V1 (f(l)’f(ﬂ), ﬁtopiC) _ W1 (Tf),T( 7). Dtoplc)

< Hﬁtopic o I)topicHOo + Z 147 (fk7Tk;Dt0piC)
kefi.g}
. . . 1 N
(H.13) < HDtoplc _ DtopchOO + HDtopch005 Z HT*(k‘) _ T*(k)Hl’
ke{i,g}
where we use Lemma H.2 in the last line.
Next, we find by the triangle inequality and (H.5) that

ﬁi})pic < d(Ay, Ag) +d(Ag, Ag) +d(Ag, Ay),
and

D™ <d(Ay, Ag) +d(Ag, Ag) +d(A, Ay),
which together give

|| D°Pe — Dlorie|| < 2 max d(A., A.).
te[K]

Plugging this into (H.13) completes the proof of (H.4).

We use the following simple lemma in the proof of (55) and (56).

LEMMA H.1. For any metric d : Ap x A, = R, T, T € Ak, and A € RP*E with
columns in A, and any P € H,

inf Z wid(Ag, Ay) = inf Z wid((AP).k, (AP).).

wel (T, T") wel (PTT,PTT") Py
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PROOF. Fix P € Hg and let 7 : [K]| — [K] be the associated bijection, so Py = 1[k =
w(1)] for all k, ! € [K]. From this it follows that

(H.14) (P'T)k="Try, (P'TVk=Trpy (AP)= Ay
Letw € I'(T,T"), and define w™ by wf; = wy(x)=()- Then for | € [K],

K K
DW= D Wa ()
k=1 k=1

= TT/I'(Z) since w € I'(T, T")
=(P'T'),. by (H.14)

A similar calculation shows >, wT, = (PTT), and we thus conclude that w™ € T(PTT, PTT").
Next note that

K K
Z wid(Ag, Ay) = Z Wre (k) () A(Ar (i), Art)) since 7 is a bijection
k=1 k=1
K
= > whd((AP)., (AP),) by (H.14)
k=1

K
> inf d((AP)., (AP),). sincew™ eT(P'T,P'T’
_wer(PlTnT,PTT')kglwkl ((AP).x, (AP).) w™ e T( )

Since this holds for all w € I'(T',T"), we find

K K
H.15 inf d(Ag, Ap) > inf d((AP) . (AP).).
(1 well?T,T')kglwkl Aeddz A8 ) g::lw“ (AP)4, (AP)0)

Applying (H.15) with P, T, T" and A replaced by P", P'T, PTT’, and AP, respectively,
gives the opposite inequality. Combined with (H.15), this completes the proof. O

We also use the following standard results on the 1-Wasserstein distance in the proofs in
this section (see, for example, (Gibbs and Su, 2002; Villani, 2003)).

LEMMA H.2. Let D be a metric on a finite, non-empty, set X. Then,
1. Wi(:,+; D) is a metric on A\ ).
2. Forany a,be Ay,

1
Wi(a,b: D) < D Zla—b;.
1(a,b; )_Irgg, (z,y) 2Ha ll1

APPENDIX I: TECHNICAL LEMMAS
LEMMA L.1.  For any t > 0, with probability 1 — 2pe~"/2,

IL;¢ 2t . .
| X; — 11| < Wj—i—g—N, uniformly over 1 < j < p.
PROOF. The proof follows by a simple application of the Bernstein’s inequality for
bounded random variables (see, for instance, the proof of Lemma 15 in Bing, Bunea and
Wegkamp (2020a)). O
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LEMMA L2.  Pick any k € [K]. For any t > 0, with probability 1 — 2e*/2,

X; —11; Pt | 2pit
et A | it
Z m, SV N TN

jed

with py, = maxjejAjk/Hj.

PROOF. For any j € J, notice that

where B;; ~ Bernoulli(II;) and (B;1, ..., Biy)" ~ Multinomial(1,11;) for i € [N]. Let

X;—1I
I, ]AJ’“_NZZ
jGJ J i=1

with
A
Zi=) (Byj —1)—
jeJ /

such that E[Z;] =0, | Z;| < 2maxj€jAjk/Hj = 2py and

E[Z?] = Var Z jé i <Z ]k<kaAjk<pk

jeJ jeJ jeJ

Then an application of Bernstein’s inequality gives

/ 2Pkt —t/2
—_— <2 t>
{ g Z;| > SN}_ e , Vt>0,

which completes the proof.

Recall that

>2
jed
LEMMA L.3. Forany t > 0, with probability 1 — 2¢~t/2+K1og5

X;—1 1 [ 21vE) ¢t
H2A; | <24 -+ 20—
:E: IIj B ZV'+-3K<flj,}()jhﬁn N

PrOOF. First note that

ZX H]H 1/2A = sup Xj— HJATH—I/Q
11; , vlele=t i 1

jed jeJ
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Let A be a minimal (1/2)-net of {v : ||v||2 = 1}. By definition and the property of (1/2)-net,
we have

ZX H]H 124 SQSUPZX H]ATH 1/2,,
; 11, veN | 11,
Pick any v € A/. By similar reasoning as in the proof of Lemma 1.2, we have

N
X; —11;
T JATH 1/2 ZZz
jeT J i
with

Z; = Z w ]ATH—1/2

jEJ
Note that E[Z;] = 0 and
ATH /2y
|Z;| < max maﬁxp, ZAIH_I/QU
jel 11 —
jeJ
|ATH=1/2y) ATH/2y
< max maxj'i, max [ ——— j
jel I1; jel 11; —~
jeJ
B 0 N i
T jed 11;
<p||H 0|1,
Since, for any u € R, one has
Alu)?
T (4;.
Hu—
W Hu Z o
j€T
by D _TI; =
jeT 1 jeT jeT
()
jeJ
> k% (Az, K)|lull7, by (9)
from which, we deduce that
(L1) |H Y 2ull; <k Y (A5, K)|julla,  VueRE.

We thus conclude | Z;| < pr~! (A, K). Furthermore, observe that

B..
E[Z?] = Var ZH—?AJTH*/% <v'H~ 1/22 Ay H %=1,
jeJ J jeJ
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An application of the Bernstein’s inequality gives

1 t pt —t/2
P{ > <o vt > 0.
{N = N+3KJ(AJ,K)N}_ e V20

The proof follows immediately by using p < (1 V &) /T, and taking a union bound over
v € N together with |V| < 5%, O

n

>

i=1

Recall that
7 X; T
H=) =544
jeg 7

The following lemma provides a concentration inequality of H—1/2 (f[ — H)H ~1/2 via an
application of the Matrix Bernstein inequality (Tropp, 2015).

LEMMA 1.4. Foranyt >0, one has

P HH—1/2 - ma-/2?
{ ( ) op N 3N

B 2Bt+Bt}21_2K6-m,

with
1
B—;5 (1+§\/K—s).
(AJ’ K) min
Moreover, if
N >CBlogK

for some sufficiently large constant C > 0, then, with probability 1 — 2K ', one has
Amin(fj) > C/\min(H)

for some constant c > 0.

PROOF. By similar arguments in the proof of Lemma 1.2, we have
HV2(H - HyH /2 = ZZ

with
7, = Z ZJ ]H 24, ATH—1/2
j€T
Notice E[Z;] = 0. To apply the Matrix Bernstein inequality, we first find the bound for || Z; ||,

as

H_1/2Aj.A;H_1/2 H_I/QA]'.A;—.H_I/2

| Zillop < max { max

2 9
e 112 - 11,
J 7 op GeT J op
A;F_HflAj.
<max{ max ——5——, 1.
jedJ



SUPPLEMENT TO “LIKELIHOOD ESTIMATION OF SPARSE TOPIC DISTRIBUTIONS” 33

Since
ATHT A <A oo | H 2 1o | H 2 A1,
by using (I.1), we obtain
ALH A < Aj ool Aj lar 2 (A7, K).
Since I1; > Tinin||Ajs, ||1, we conclude
ATH1AS A,
max ——— < pr” (A7, K) max 45 ]
jed 115 jes 1L

A; Ajse
< o (Ll 14512
w2 (A7 K)o 53 sl " 1z,

14 c
= (A7, K) Tom (1+£v |5l )

1ve B
_W(1+§VK—S)—B.

min

(1.2)

We used the definition (14) in the penultimate step and used p < (1V &) /Tnin in the last step.
Thus, || Z;||op < B. For the second moment of Z;, we have

By; — 11, By; — 11,
= 2 : J J r—1/2 Tg—1 22 ij j
Lje] J jeT J

H_1/2Aj.AIH_1/2

Bij —1/2 Tr7—1/2 Bz’j —1/2 Trr—1/2
Do HT A ATHTIRY g H T P A A Y
| jeT 7 jeJ

I
&=

1 1
+E\Y o HPAGALHTYR Y D H A AT
jed J jed J
B;; H=12A; ATH1/?
<E Z:H—QjH_I/QAJ-.A;»le_l/2 max ol

+ Ik
. = 2
jeJ J ged Hj
HY2A; ATH1/?
= I'x max 5 z + Ig.
JjeJ H]
Since
H=Y24; AT H1/? ATHA;
max 7 =max ——5——,
jeJ 115 jeJ 117
by (1.2), we conclude
HIE[ZZ-ZZT] - HIE[ZZ-TZi] <1+ B<2B.
op op

The first result then follows from an application of the Matrix Bernstein inequality. The
second result follows immediately by using the first result with ¢t = 2log K and noting that

Nunin (1) 2 A () i (2L H2) 2 A (H) (1= |2~ HYH2op)

We use Weyl’s inequality in the second step. O
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APPENDIX J: ALGORITHM OF ESTIMATING THE WORD-TOPIC MATRIX A

We recommend the following procedure for estimating the word-topic matrix A under
Assumption 1. It consists of two parts: (a) estimation of the partition of anchor words, and (b)
estimation of the word-topic matrix A. Step (a) uses the procedure proposed in Bing, Bunea
and Wegkamp (2020a), stated in Algorithm 1 while step (b) uses the procedure proposed in
Bing, Bunea and Wegkamp (2020b), summarized in Algorithm 2.

Recall that X = (X M. .., X™) with N; denoting the length of document i. Define

~ 1 N N .
_ 2 i) ()T _ ; (i)
(J.1) 0 n; {Ni—lX X Ni_ldlag(X )
and
J.2) R=Dy'6D!

with Dx = n~ldiag(X1,).

J.1. Estimation of the index set of the anchor words, its partition and the number of
topics. We write the set of anchor words as I = Uy¢(] /), and its partition Z = {I1,..., Ik }
where

In={jelp]: Ajr >0, Ay, =0, VL#j}.

Algorithm 1 estimates the index set I, its partition Z and the number of topics K from the
input matrix R. The choice C; = 1.1 is recommended and is empirically verified to be robust
in Bing, Bunea and Wegkamp (2020a). A data-driven choice of d, is specified in Bing, Bunea
and Wegkamp (2020a) as
J.3)

2

~ n ~ ~ flogM | n I~ X;;i\ n 1< Xy
0=~ e et 2050 —— - + -

X Xl ] Vo X (nzzl Ni ) 1 Xelh nzzl N;
with M =n V pV max; N; and

J.4)

R 1 1 logM (1<~ XjiXu \”
e = 3v6 (11X, 015 + 1 X2 1% ) <n§IJ> +

(o9

n N;

n

9log M 11 (log M)* (1 &~ Xji+ X |
Xjlloo + 1 Xelloe) - 30 814/ [ SN SI A
# S 0 e+ 1) 30 a1y (D3

J.2. Estimation of the word-topic matrix A with a given partition of anchor words.
Given the estimated partition of anchor words Z = {I1,...,1z} and its index set [ =

U Ec Algorithm 2 below estimates the matrix A.

ke[K]

Bing, Bunea and Wegkamp (2020b) recommends to set A = 0 whenever M is invertible
and otherwise choose A large enough such that M + Al is invertible. Specifically, Bing,
Bunea and Wegkamp (2020b) recommends to choose A as

Klog(nV p)
. 1=0.01-t"-K
(1.5) A(t*)=0.01-t ([mm D)l nZN>
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Algorithm 1 Estimate the partition of the anchor words Z by 7

Require: matrix R € RP*P, Cy and Q € RP*P such that Qlj, 0 :=C1d5
1: procedure FI/I\\IDANCHORWORDS(R Q)
2 initialize 7 = @
3 for i € [p] do
4 al :argmaX1§j<pR<j
5: set 1) ={¢€[p]: Rz, — Ry < Q[i,a;] + Q[i, €]} and ANCHOR(i) = TRUE
6 for j € I¥) do ~
7 a; = argmax|<p<p Ik
8

if | Ryj — Rja,| > Qli.] + QU] then

9: ANCHOR(z) = FALSE
10: break

11: if ANCHOR( 1) then

12: 7= MERGE(T(Z),

13: returnZ = {1}, 15,..., 15}

14: procedure M\ERGE(ﬂi), f)
15: for G € Z do

16: if GN T £ & then

17: replace GG in 7 by GN 7
18: ) return 7

19: TWeZ

20: return 7

where

* = arg min {t €{0,1,2,...}: M+ A(t)I is invertible} .

Algorithm 2 Sparse Topic Model solver (STM)

Require: frequency data matrix X € RPX™ with document lengths Ny, ..., Nn; the partition of anchor words

{I,..., K}andltsmdexsetl U

ke[R }Ik, the tuning parameter \ 2 0

1: procedure

2: compute Dy =n ~ldiag(X1p), © from (J.1) and R from (J.2)
3: compute BA by B = ey, foreach i € Ik and k € [K]
4

5

BtBBtT Bt R Bt =(BIB) 1Bl and I =[p|\ T
compute M = Bf.RIIBf. and H = BTARIIC with Bf (BI By, ) BI- and I¢=[p]\ I

solve Efc, from

= . Tlog(nVp I 1
B =0, lf(Dx)jjS% -3

B;. = argmin 5T(]\/4\+ Mg ) — ZﬁT?L(j)7 otherwise,
820, [|Bll1=1

foreach j € T €, with nl9) being the corresponding column of H.
6: compute A by normalizing D x B to unit column sums
7: return A
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APPENDIX K: SOME EXISTING RESULTS ON ESTIMATION OF A

For completeness, we state the upper bounds of the estimator Aof A proposed in Bing,
Bunea and Wegkamp (2020a) as well as the conditions under which A s optimal in the
minimax sense, up to a logarithmic factor.

Let N = N; for all i € [n] for simplicity and write M =n V pV N. Under Assumption
1, recall that I denotes the index set of anchor words and I¢ = [p] \ I. From Corollary 8
of Bing, Bunea and Wegkamp (2020a), under the conditions stated in Appendix K.1, the
following holds with probability at least 1 — 8M 1,

N (|I| 4+ K|I¢|)log M
— <
(K.1) foin |4 APHLooN\/ N :
PcPx ~ niN

On the other hand, the minimax lower bounds in Theorem 6 of Bing, Bunea and Wegkamp
(2020a) further imply that the rates in (K.1) — (K.2) are minimax optimal, up to the log(M)
factor.

K.1. Conditions under which (K.1) — (K.2) hold. Let T :=T, and II :=II... Define

=6 [ S0 S o3, T)
] ¥

with ¢; = ||T;.||2/|| T ||1- This quantity quantifies the incoherence between rows of T.

(1) The matrix A satisfies
a) the anchor word assumption in Assumption 1,
b) the balancing condition max;ey || A;. || oo = min;ey ||As.||oo and

> e il
|m maxier [ Ai o ™

c¢) the separation condition between anchor and non-anchor words

AVZ‘. —Avj.Hl 285/1/

min
iel,jele
where A = Dy L ADy with Dy = diag(I11,,) and Dy = diag(T'1,,) and the expression
of ¢ is stated below.
(2) The matrix T' := T, satisfies
a) rank(T) = K,
b) the incoherence condition v > 44,
¢) the balancing condition maxye (| Y i Thi < mingerr) iy This
d) the weak dependency condition 3, 4 vChir < V/Cyy, for all k € [K] with C =
nITTT,
(3) The matrix IT := II, satisfies

.1 2log M ) (3log M)?
min — 11 > , min max Il;; > ———.
JEPI N ; "= 3N jelp|1<i<n” 7' T N

For detailed interpretation and justification of the above conditions, we refer the reader to
Remarks 2, 3,9, 10 & 11 of Bing, Bunea and Wegkamp (2020a). The quantity § mentioned
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above represents the noise level in the context of estimating A, defined as § = max; g ;¢
where

2
(K.3) 0= 0t 4 P05t ( [ 4 /2 )w/log
,ujMZ Hgfe Hj

with
| Ojlog M [m; +my y log® M N 2(mj +my) log M
it = nN D N P nN
log* M [+ e logM
K.4 ¢ Vv :
(K.4) + 7w3¢ . N

Here, © = n 1TIIT ',

n
m; nio 1 .
M max Iy, M =SS T, Ve
P 1@% gt P n T j €l

Let A be the estimator obtained the procedure proposed in Bing, Bunea and Wegkamp
(2020a). Write |Iyax| = maxy¢ (x| I1| and recall that M =nVpV N.

THEOREM K.1. Under conditions in (1) — (3) stated in Appendix K. 1, assume
(K.5) (Hmax| + K1) log(M) < enN

for some absolute constant ¢ € (0,1). Then there exists some permutation matrix P € Py
such that, with probability 1 — 8 M —1 we have

IAP); ~ A le 5 1451200 (1w hiiasic), v

PROOF. The proof repeatedly uses the results and proofs in the supplement of Bing, Bunea
and Wegkamp (2020a). We only go through the major steps here and refer the reader to Bing,
Bunea and Wegkamp (2020a) for detailed notation and formal statements.

We work on the event £ := & N& N 52 defined in page 8 of the supplement of Bing,
Bunea and Wegkamp (2020a). Recall that A=T7"1 Z 1 Al Tt suffices to prove the desired
result for any i € [T]. We follow the arguments in the proof of Theorem 7 of Bing, Bunea
and Wegkamp (2020a) and write A= Al for simplicity.

We first recall from Theorem 7 of Bing, Bunea and Wegkamp (2020a) that, by assuming
the identity permutation without loss of generality, K =K and IA;C = I, for all k£ € [K] hold
on &. As a result, we have L = L with L = {i1,...,ix} and iy, € I, for each k € [K]. From
page 28 of the supplement of Bing, Bunea and Wegkamp (2020a), we have, for any j € [p]
and k € [K],

A< I1Ball = 1Ball| o 1B~ By
o Al < o 1Dk Dk
! ! | B.kll1 ! | B.k|l1
|Bx — Bl ( ~ |B; |Bjk — Bjkl
< VTR (g4 A~ Al) +
| Bkt ! ! ! HBklll
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and || B.x||1 = p/«,, where, following Bing, Bunea and Wegkamp (2020a), we define

K n
K6 - A =2N"w, for each 4 ke K.
(K.6) aji=p max A, = ; i oreach j € [p], k € [K]

Since Corollary 8 of Bing, Bunea and Wegkamp (2020a) ensures that

1Bx — Bl _ \/<|Imax\ + K|I°)) log(M)
kelk]  ||Buill niN

with |Ihax| = maxy | I |, condition (K.5) implies

~ Inax| + K|I¢])log(M Qi 5
(1_0)’Ajk_Ajk‘§Ajk\/<‘ | n]|V ) tog( )+p’Bjk—Bjk‘7

hence

R Lo + K |1¢)) Tog (M Qi
(K.7) IIAj-—Aj-HooS!Aj-loo\/(‘ max| n]|V ) log( )+m,§X;|Bjk—Bjk|v

It thus remains to bound the second term. We distinguish two cases:
() If j € I}, for some k € [K], then by using the fact that |Bj, — Bji| = || B — Bl

whenever |I;;| = 1, invoking the bound of || By, — By |1 in display (58) of the supplement of
Bing, Bunea and Wegkamp (2020a) with I}, = {j} yields

By — Bl < a; pKlog(M)
J J ~
O /O Yk niN
where
oy =min oy, Qa7 = maxq;.
el i€l

As aresult, by using ~y; < 1 which is implied by condition (2) ¢) in Appendix K.1, we have

iy 1 75 Qo Klog(M K log(M
max S5 |By — Bl 5 —oi [RIBD _y  fRE s
kop VarVk npN nN

where we also use a; < «; for j € I from condition (1) b).
(i1) If 5 € I°, then following the arguments in page 27 of the supplement of Bing, Bunea
and Wegkamp (2020a), one can deduce

|Bjr. — Bj| < |0][1]19jL — OjLllec + [ Bj-lloo (ll@LL@k: —eillr + logl1OLL — eLL||<><>,1>
< Collwr Iy mazxns; + 2By [loo wr 1A

2
< p

2 —3=

p*K D aqylog M
< max 7, + — || Aj. /et | 75
~ o ap ier + gl” illeo Knp3N

with i = maxy, vk, where in the penultimate step we have used |C~!||.1 < K and the bound
for max;er, > jer Mij in the proof of Corollary 8 of Bing, Bunea and Wegkamp (2020a). Then

-1 b
107 o | g + WA oe D
J
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by maxy v; < 1, &y < a7, we obtain

iy, 7 pK pK log M
max —|Bjr — Bji| S — maxn; + |4 [|ocy | ———
ax D | Bjk el S ar ieLXmﬁH j-lloo a;nN

Finally, to bound max;¢, 7;;, recalling from display (57) of the supplement of Bing, Bunea
and Wegkamp (2020a), we have, for any i € I, and a € [K],

/1 Ta,l'[ al+c;] log M N (e + o) log M N (a,-Jraj)(logM)‘l.
np? N npN npN3

Since

1 5N Ya o 145l

T
(T M) = A~ TT, < HA]-.uoon;Tat =4 lloo 2 S 7
we have
Klog(M) a;\ Klog(M)
ar+a; [pK2logh(M)
a? nN3 '

By using the same arguments in the proof of Lemma 13 of Bing, Bunea and Wegkamp
(2020a), one can show the last two terms are smaller in order than the first term under condi-
tion (3) in the Appendix K.1. Therefore, we conclude

K1 K1

p*maxm I4;. Hoo 1+ Og ) <1450 p og(M
J

ar a /\a

Since condition (2) b) implies

P 1
z:: S5 (11 + 1) oy = af

and [|A;.||c0 = cj/p, we conclude

pKlog KlogM
i S By Bl max{\lAj~\loo\/ )i SeE0D

for any j € I¢, which together with case (i), display (K.7) and the fact that | I;ax| + K|1¢] <
pK completes the proof. O

APPENDIX L: ERROR BOUNDS FOR fmle — T, IN {3 NORM

In this section we state the results on ||fmle — T||2 with T\mle defined in (4) for known A.
Assume the conditions in Theorem 2. The display (F.9) in the proof of Theorem 2 yields
the following /> norm convergence rate of Ty, — 1™:

K
(L.1) | Tiin — T%[|2 = Op (0‘1(1,8)\/;>
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where

T T
I AjA;
0?(I,s)= min su u with [ = Z

K],|SI<
SCIK].|S|<s vec( s> [v]|3 .

On the event &y, (L.1) could be improved to

(L.2) | Tonin — T7||2 = Op <01(I, 3)\/§>

When o=1(I,s) = O(1/4/5), the rate in (L.2) is minimax optimal according to Theorem
7. Indeed, since T' — T, € C(s) for any T, € T'(s) and T € Ak, we have ||T — Ti|[; <
2|[T —Tis, |l < 2v/s||T — Ti||2 with S, = supp(7%) and |S,| = s. Consequently, Theorem

7 implies
. =~ 1
inf sup P<|T —Til2>coy/ = ¢ > 1.
T T.eT'(s) N

REMARK L.1 (Discussion on o(/,s)). To understand the magunitude of o (I, s), it is
helpful to consider s = K, in which case o?(I, K) is simply the smallest eigenvalue of 1. We
then have

A2 1
gk < max — <K,
ATy, k

o?(I,K) <m1nz <mlnz

]EJ

where the last step uses maxy, 7} > 1/K. We also note that this upper bound is attainable
(in terms of rates), for instance, when all words are anchor words and the numbers of anchor
words of all topics are the same order. Immediately, when o (I, K) < 'K, (L.1) yields

1T = Tl = O (VI/N)

Next, we connect o (I, s) to a quantity that is only related with A and s. By (F.8), we have
o(1,s) > ka(Az,s)
where
Af
ka(A5,8)= min w
SCIK]|SI<svec(s) (V]2

Since
KQ(Aja 8) <
\/g J—
the ideal case is r2(A7,s) < /s k(A7,s), whence

[ Tonte — T*[|2 = Op (Frl(Aj, 5)\/1/]\7) .
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