Mathematics 414, Spring 2008

Solutions to assignment 7

Problem 13.1.3: Write out the proof of the inverse function theorem by modifying the
given proof of the implicit function theorem.

SOLUTION. As indicated in the book, the proof of the inverse function theorem is the same
as the one for implicit function theorem. Consider f a C' function defined in a neighborhood
of g in R™ with values in R™ and let F'(z,y) be another C* function defined in a neighborhood
of Z and y in R™ with values in R™, where F(z,y) = f(y) —z. We take ¢ = 0 and assume
F(z,9) = c and that F,(Z,7) = df(y) is invertible. Then follow the proof from the book. O

Problem 13.1.4: In the following examples, decide at which points (Z,7) the hypothesis
of the implicit function theorem are satisfied:

a. ot + 2y — 3yt =c.

b sin(z +y1) +y2 = 1,
C i+ ey = e

o { Y 4 3y1y2 = 11,
ys +4yiys = .

SOLUTION.

a. Consider F(z,y) = a* + 2y® — 3y*. Clearly it is a C! function everywhere on R? and
F,(z,y) = 6y*(zy* — 2). The hypothesis of the implicit function theorem are satisfied
at all points (z,y) for which F(z,y) = ¢, with y # 0 and zy? # 2.

b. Consider F(z,y1,y2) = (sin(x +y1) + y3, y? + zy3). It is a C' function everywhere and

cos(z +y1) 2ys >

Fy(l’, y17y2) = ( 2y1 23cy2

It is invertible whenever the determinant is nonzero, i.e. 2ys(z cos(x + y1) — 2y1) # 0.
The hypothesis of the implicit function theorem are satisfied at all points (z, 31, y2) for
which F(z,y1,y2) = (c1,¢2), with ys # 0 and x cos(z + y1) — 2y1 # 0.

c. Consider F(x1,2,y1,y2) = (¥0 + 3y1y2 — 21,95 + 4yiy2 — x5), which is again a C!
function everywhere and

5yt + 3y, 3y )

F x 7x ) Y =
vl 21, 92) ( Syys  6y3 + Syiye

It is invertible whenever the determinant is nonzero, i.e. (5y; + 3y2)(6y5 + 8yiys) —
24y2y2 = 2uy5(15ytys + 20ySys + 9y3) # 0. The hypothesis of the implicit function
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theorem are satisfied at all points (xy,z2,y1,y2) for which F(xy,z2,y1,y2) = (0,0),
with 3, # 0 and 15y4y4 + 209y, + 995 # 0.

O

Problem 13.2.1: Decide which of the following maps are immersions, are for those that
are decide which variables can be taken to be the independent variable(s) in the description
of the image locally as a graph of a function:

a. g(t) = (cost,sint,t) tin R,

b. g(t,s) = (cost,sint,s) (t,s) in R?

c. g(t,s) = (scost,ssint,s) (t,s)in R?

d. g(t,s) = (scost,ssint,s) s> 1,tin R
SOLUTION.

a. We have dg(t) = (—sint,cost, 1), which has rank 1 at all points ¢ € R. Thus ¢ is an

immersion. If ¢ # k7 then x can be taken as independent variable. If ¢t # km + §
then y can be taken as independent variable and z can always be taken as independent
variable in the description of the image locally as a graph of a function.

. We have

—sint cost O
e = (75N

which has rank 2 at all points (¢, s) € R% Clearly this is true as sint and cost cannot
both be zero. Hence ¢ is an immersion. If ¢ # k7 then x and z can be taken as
independent variables. If ¢t # km + 7 then y and z can be taken as independent
variables in the description of the image locally as a graph of a function.

. We have

—ssint scost 0
dg(t,s) = ( 1 ),

cost sint

which does not have rank 2 at all points (¢, s) € R?. Indeed at s = 0, dg(t, s) has rank
1 as the first row is 0. This shows that g is not an immersion.

. We have

cost sint 1

dg(t,s): ( —ssint scost 0 )7

which has rank 2 at all points (¢,s) € R? with s > 1. To see this simply notice that
—ssint and scost cannot both be zero on our domain. Hence ¢ is an immersion. If
t # km then o and y can be taken as independent variables. If ¢ # k7 + 5 then y and 2
can be taken as independent variables and x and y can always be taken as independent
variables in the description of the image locally as a graph of a function. U
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Problem 13.2.2: For which values of the constants do the following implicit equations
define e C!' surface? For those that do, decide which variables can be taken to be the
independent variables in the description of the surface locally as a graph of a function:

a. 224+ y? - 22 =¢
b, 22+ 924+ 22 = ¢y, 22 + 9% — 2% = ¢;

c. TYz = cC.

SOLUTION.

a. Let F(x,y,2) = 2%+ y? — 2% Then dF(z,y,z) = (2z,2y, —22) has rank 1 provided
(2,v,2) # (0,0,0). Thus by Theorem 13.2.2 all surfaces F(x,y,z) = ¢ for ¢ # 0 are C*
surfaces. For ¢ # 0, any two variables can be taken to be the independent variables in
the description of the surface locally as a graph of a function. However, if a coordinate
vanishes at a point on the surface then the other two variables are considered.

b. Let F(z,y,2) = (2? + y*> + 2%, 2° + y* — 2?). Then

2r 2 2z
dF(z,y,2) = ( 2% 25 —2s )

In order for this matrix to have full rank, we must have z # 0 and either = # 0 or
y # 0. First notice that 22 + y?> + 22 > 080 ¢; > 0. Also 422 = ¢; — ¢ > 0 and
2(z% + %) = ¢1 + ¢ > 0. So the matrix dF(x,vy, z) has rank 2 if ¢; 4 ¢, > 0. Hence
if ¢; + ¢ > 0 then by Theorem 13.2.2 the surface F(z,y,2) = (c1,¢) is a C' surface
of dimension 1. Clearly we cannot take z to be the independent variable. If z # 0
(y # 0) then we can take x (y) to be the independent variables in the description of
the surface locally as a graph of a function.

Notice that if z = 0 occurs on the level curve F(xz,y,z) = (¢1,¢z) then ¢; = ¢z, where
clearly ¢; > 0. Then the surface becomes x2 + y?> = ¢; which is a C! one dimensional
surface in R?; in fact it is a circle.

c. Let F(x,y,z) = zyz. Then dF(z,y,z) = (yz,xz,xy) which has full rank if two of
the variables are nonzero. Thus if ¢ # 0 then dF'(z,y, z) has rank 1 and by Theorem
13.2.2 we have a C! surface of dimension 2. We can take any two variables to be the
independent variables in the description of the surface.
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