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ABSTRACT OF THE DISSERTATION

Hypoelliptic heat kernel inequalities on H-type groups

by

Nathaniel Gilbert Bartsch Eldredge
Doctor of Philosophy in Mathematics

University of California San Diego, 2009

Professor Bruce K. Driver, Chair

We study inequalities related to the heat kernel for the hypoelliptic sublaplacian
on an H-type Lie group. Specifically, we obtain precise pointwise upper and lower
bounds on the heat kernel function itself. We then apply these bounds to derive an
estimate on the gradient of solutions of the heat equation, which is known to have various
significant consequences including logarithmic Sobolev inequalities. We also present
a computation of the heat kernel, and a discussion of the geometry of H-type groups

including their geodesics and Carnot-Carathéodory distance functions.
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Chapter 1

Introduction

1.1 Two trivial examples

In recent years, there has been considerable interest in the study of hypoelliptic
operators and associated problems. The purpose of this dissertation is to address two
specific questions, regarding estimates for the heat kernel, in the context of H-type Lie
groups.

To introduce and motivate these problems, we begin with a simpler example.

oV (oY (o)
A® = | - il
(&) (%) (&)

be the usual Laplacian on R?. (We decorate various objects in this example with the

Example 1.1.1. Let

superscript @ to contrast with examples to come.) Consider the Cauchy problem for the

associated heat equation:

0
(M - —)u(t, x)=0 forallz>0,x¢eR’
ot (1.1.1)

u(0,x) = f(x) forall x € R®

where, for instance, f € C.(R?) (i.e. f is an continuous real-valued function on R? with
compact support). Then (1.1.1) has a unique bounded solution u(z,x) (see [15]). To
emphasize the dependence on the initial condition f, we write u(t,X) = P§3) f(x). (PES)

is really the heat semigroup P§3) = ¢*”)) It is well-known that P§3) has a convolution



kernel, which is the heat kernel p§3), i.e.

PYf(x) = f(x)* p; = f fx—wp?(u)du (1.1.2)
R3
where
1 _ L2
P§3)(X) = We whl”, (1.1.3)

p§3) can also be viewed as the fundamental solution to (1.1.1), with initial condition a

delta distribution supported at the origin, i.e. p?) = P§3)6O.

A useful interpretation of the heat equation (1.1.1) is as a model for diffusion.
Imagine that R? is filled with air, which is contaminated unevenly with perfume. If f(x)
represents the concentration of perfume at the point x at time ¢ = 0, then the solution
u(t,x) gives the concentration at later times ¢ as the perfume diffuses throughout R?.
The heat kernel p§3)(x) corresponds to the concentration following an initial configura-
tion with a unit mass of perfume concentrated at the origin. This model can also be
viewed probabilistically, if the perfume is considered to consist of a large number of
tiny particles moving randomly through R? (specifically, moving according to Brownian
motion; see Figure 1.1). Then p§3)(x) gives the probability density that a particle which
begin at the origin at time ¢ = 0 winds up “near’ the point x at time . It is then plausible
that p?) should be a smooth function, and P§3) a “smoothing” operator, since particles
will immediately spread out from any area where they may be highly concentrated.

For comparison with following examples, we note the trivial fact that the vector
fields {%, e a%}’ the sum of whose squares gives A®, are translation invariant with
respect to the usual vector addition + on R? (by the chain rule), and the same is true for
A®. That is, if Ly,(x) = u + x denotes translation by u € R, we have by the chain rule
that A®(f o Ly) = (A® f) o L,. Moreover, these vector fields have the property that they
span the tangent space to R? at every point; every differentiable curve is tangent at each
point to some linear combination of {%, a%’ a%} For each fixed ¢+ > 0, the heat kernel
behaves at infinity like ¢~ #’ where the distance |x| can be interpreted as the length

0 9 0

9 By a_z} (namely, a

of the shortest path from 0 to x which is tangent to the span of {
straight line, since the latter condition holds trivially).
Another property of interest is that the gradient in x of a solution u = P§3 'f can

be controlled in terms of the usual gradient V® of the initial condition f, and we have



Figure 1.1: Brownian motion in R3. The colors vary with the z coordinate.

the inequality
(VOPOF) | < KoPY (VO£]) 0 (1.1.4)

for some constant K(¢) depending on ¢. Indeed, by differentiating under the integral sign

we have
‘(V(3)P§3) f) (x)' = [v® f fx —wp®(u) du'
R3

| 79 - wpPw]
R3

= L 3 VO fx —w)p(u) du'
< fR 3 VO f(x - w)| p(w) du
=P (Vs

so that (1.1.4) holds with K(¢) = 1.

Much of the nice behavior of the operator A® is related to the fact that it is
an elliptic operator (see Definition 2.3.6). A particular consequence of this is “elliptic

regularity,” which guarantees that even weak solutions of (1.1.1) (in the sense of distri-



butions) must actually be smooth functions. The following example shows what can go

wrong if this condition is relaxed too far.

Example 1.1.2. We continue to work in R?, and let

oV (o)
A® = [ Z =
() ()

be the Laplacian in the x and y variables only. For A®, the Cauchy problem

d
(A@) - —)u(t, x)=0 forallz>0,xeR?

ot (1.1.5)

u(0,x) = f(x) forall x € R?

reduces to a one-parameter family of Cauchy problems in R?, indexed by z. In some
sense, the degenerate operator A® is not “using” all three dimensions. (1.1.5) still has a

unique bounded solution sz) f given the initial values f, namely

PP f(x,y,2) = ff fx=x,y—y,2pP &, y)dx dy
RZ

where
1

1
@ = —p %
P (x,) i

(4y?)

However, it is obvious that no smoothness is imposed on the z dependence of PEZ) f-
Indeed, the fundamental solution of (1.1.5) must be interpreted as the distribution
P (6 1)50(2).

The vector fields { %, a%} obviously do not span the tangent space of R® at any
point, and paths which are everywhere tangent to this subspace must be horizontal,
i.e. have constant z coordinate. p!®(x,y) behaves at infinity like e~ where the
“horizontal distance” |(x, y)| = \/m could be interpreted as the length of the shortest
horizontal path from the origin to (x,y). Off the x-y plane, this distance should be
considered infinite.

The inequality
(V2P ) | < KPP (V2 £]) 0 (1.1.6)

again holds with K(r) = 1, if we take V?® = (%, g—y) to be the gradient in the x and y

variables only. However, this is really a one-parameter family of inequalities indexed



by z, and provides very limited control over the behavior of the solution. For instance, a
function f satisfying V® f = 0 need not be constant on R>.

In terms of diffusion, (1.1.5) describes a system in which perfume diffuses
horizontally, but not vertically. Probabilistically, particles move according to a two-
dimensional “horizontal” Brownian motion, keeping their z coordinate fixed. This can
be viewed as a three-dimensional Brownian motion which has been “constrained” to
only follow horizontal paths. Of course, it is natural that concentration smoothing

occurs within planes of constant z coordinate, but not between them.

1.2 One nontrivial example: the Heisenberg group

The foregoing examples represent two extremes of behavior. This dissertation

focuses on a class of operators which occupy a middle ground.

Example 1.2.1. We work again on R3. Let X, Y be the vector fields

o 10 o 1 0

_o0 1o ,_9 139 12.1
ox 2207 dy - 2%z ( )

and take L to be the operator

oV (o) 0 o\o 1 a\
_ v2 2 _ | 2 I I Z (42 2\ |
L=X +Y_(6x) +(6y) +(x8y yax)az+4(x +y)(6z)' (1.2.2)

We immediately note that X, ¥, L are not translation invariant with respect to vector ad-

dition on R®. However, if we equip R* with the binary operation
/ 7 ’ / 7 ’ 1 ’ /
(x,y,2) % (x',y',2) = (X+ Xoy+y,z+7 + E(xy —xy)), (1.2.3)

then (R?, %) becomes a Lie group, known as the Heisenberg group H,. This is the
prototype for the H-type groups which are the subject of this dissertation. Then X, Y, L
are invariant with respect to left translation under * (or simply left-invariant), i.e. if
L,(g) = h x g is left translation by &, we have L(f o L,) = (Lf) o L,. (We shall begin
using the letters g, i, k instead of x, u to represent elements of H;, to emphasize its group

structure, but shall not forget that H; = R? as a set and as a smooth manifold.)



We again consider the Cauchy problem

0
(L——)u(t,g):O forallt >0, g € H,

ot (1.2.4)

u(0,g) = f(g) forall g € Hj.

As before, a unique bounded solution exists, given by

P = [ Sl k)
H
where the heat kernel p; is given by the more complicated formula

1 iAz— 1 A coth(t4) (242 A
BN e A 125
p(x,v,2) o f% e 47 sinh(z 1) ( .

Here m is Lebesgue measure, which is also the Haar measure for H; as it is invariant
under left and right translation. A derivation of a generalization of (1.2.5) appears in
Section 2.4.

The operator L is not elliptic; the matrix of coefficients of second-order partials
is

1 0 —%y
Oy, 9= 0 1 %x
—3y 3x (24D
which is easily shown to be positive semidefinite but degenerate for all (x,y, z). How-
ever, the heat kernel p, is actually smooth, and hence so are bounded solutions to the
Cauchy problem (1.2.4). Thus the operator L retains some regularity; specifically, it is
hypoelliptic (see Definition 1.3.1).

The reason for this regularity is related to the following observation. Although
the vector fields {X, Y} clearly do not span the tangent space of H; = R? at any point
(since there are only two of them), yet their Lie bracket [X, Y] := XY - YX = (% =7
is linearly independent of {X, Y}, so that {X, Y, Z} does span the tangent space at each
point. (The relations [X, Y] = Z and [X, Z] = [Y, Z] = 0, which define the Heisenberg
Lie algebra, arise in quantum mechanics and are the reason for the use of the name of
Heisenberg.) By analogy with Example 1.1.2, we call a path y(7) = (x(¢), y(¢), z(¢)) hor-
izontal if it is tangent to some linear combination of X, Y (but not Z) at each point. See

Figure 1.2. The relationship [X, Y] = Z then suggests that a horizontal curve which trav-

els a distance € in the directions of +X, +Y, —X, —Y successively will make € progress in



Figure 1.2: Horizontal planes in H;. Each of the planes in red represents the two-
dimensional subspace of the tangent space T,H; at a point g which is spanned by
X(g),Y(g). A sample horizontal curve, which is tangent at each point to the corre-
sponding subspace, is shown in blue.

the “forbidden” Z direction. Thus it is plausible that, unlike in Example 1.1.2, horizontal
paths may be able to join arbitrary pairs of points of Hj.

Our probabilistic diffusion model suggests how this relates to the regularity prop-
erty of L. Perfume particles should move according to a “horizontal Brownian motion”
that has been constrained to follow horizontal paths. See Figure 1.3. (Our definition
of “horizontal” as “tangent to some linear combination of X, Y requires reinterpreta-
tion, since Brownian motion paths are nowhere differentiable. This can be done in the
language of stochastic calculus.) Since, unlike in Example 1.1.2, horizontal paths do
not remain stuck in a submanifold, but are able to reach arbitrary points (see below),
it seems reasonable that Brownian particles should be able to diffuse throughout space.
Locally, their motion is horizontal to first order, but also vertical to second order. Thus
high concentrations of perfume spread out in all directions, giving rise to a smoothing
effect.

Let us see what such paths look like. It is clear that a horizontal path must satisfy



Figure 1.3: Horizontal Brownian motion in H;. The colors vary with the z coordinate.

y(t) = ()X (y(t)) + y(£)Y (y(1)), so that solving for z(¢) and integrating we find

1 t
() = z(0) + ) f(; x()((t) = x(t)y(1)) dt. (1.2.6)

By Green’s theorem, this says that z(7) — z(0) is equal to the (signed) area enclosed by
the two-dimensional curve (x(f), y(¢)). (If the curve is not closed, one may close it by
adjoining straight lines from the origin to (x(0), y(0)) and (x(¢), y(¢)), since such lines do
not contribute to the integral in (1.2.6). See Figure 1.4.) It is intuitively clear that one
may connect any pair of points in R? by a curve which encloses any prescribed signed
area; thus any pair of points in H; can indeed be joined by a horizontal path.

The regularity of L and the connectedness of H,; by horizontal paths are both
strongly related to the fact that the vector fields X, Y, together with their bracket [X, Y] =
Z, span the tangent space at each point. This bracket generating condition is what
separates H; from degenerate situations like Example 1.1.2. We shall say more about
this condition in Section 1.3.

If we consider the length of a horizontal path to be the length of its horizontal
projection (x(7), y(¢)) (because (x(t),y(¢)) are the coefficients of the horizontal vector

fields X, Y, which we may consider to be “orthonormal”), the problem of finding the



(x(D), y(1))

(0,0)

Figure 1.4: Signed area, as used to describe horizontal curves in H;. The plane curve
from (0, 0) to (x(1),y(1)) (solid black) may be closed by the straight line back to the
origin (dashed). The areas thus enclosed contribute positively or negatively according
to a “right-hand rule” based on the orientation of the curve.

shortest horizontal curve joining two points is just the problem of finding the shortest
plane curve enclosing a given area in the previous sense. This is a classic problem
in the calculus of variations! whose solution is the arc of a circle. Thus the “horizontal
distance” (or Carnot-Carathéodory distance) d(g, i) between any two points g, h € H;
is finite. It is this distance that, as in the previous examples, we might expect to describe

the behavior of the heat kernel p, at infinity. Indeed, it was shown in [29] that

& e 10" < p(g) < < e 14087 (1.2.7)
L+ I(x,»1d(0, g) L+ I(x, »1d(0, g)

for constants Cy, C,. Chapter 4 of this dissertation is concerned with extending estimates

like (1.2.7) to general H-type groups.

'The problem is commonly called Dido’s Problem after the legendary [47] queen of Carthage. It
seems she and her followers found themselves shipwrecked in North Africa after fleeing the murderous
King Pygmalion of Tyre. She pled with the local authorities for some land on which to settle, but was
offered only as much land as she could cover with an ox-hide. Interpreting the word “cover” creatively,
she cut the hide into thin strips and used them to bound a large region of land, with the ocean as the other
boundary. On this prime waterfront property she founded the city of Carthage. There she lived happily
with her companions until the arrival of Aeneas from Troy, who caused for Dido an entirely different sort
of problem [36], less easily solved by mathematics.
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Figure 1.5: The unit ball of H;, with respect to the Carnot-Carathéodory distance d. A
section has been removed to show geodesics (shortest horizontal paths, blue) emanating
from the origin.

Regarding the problem of gradient estimates, it was first shown in [28] that there

exists a constant K (independent of ¢#!) such that
VP, f1 < KP(IVf]) (1.2.8)

where V = (X, Y) is the “horizontal gradient.” The proof makes extensive use of the heat
kernel bounds (1.2.7). (1.2.8) is a considerably more informative statement than its ana-
logue (1.1.6) in Example 1.1.2. For instance, because [X, Y] = Z, we have that Vf = 0
implies that f is constant. Chapter 5 of this dissertation follows a proof appearing in [5]

to show that (1.2.7) also holds for general H-type groups.

1.3 Hypoelliptic operators and Lie groups

As suggested in the previous section, some sort of regularity condition is needed
on an operator L to avoid the degeneracy of Example 1.1.2 without requiring ellipticity

as in Example 1.1.1. We therefore confine our attention to hypoelliptic operators.
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Definition 1.3.1. A partial differential operator L on a manifold M is said to be hypoel-
liptic if, for every distribution u on M, Lu € C*(M) if and only if u € C*(M).

By standard elliptic regularity results, every elliptic operator is hypoelliptic; its
corresponding parabolic heat operator is hypoelliptic as well. See, for instance, Section
3.4 of [43]. The Heisenberg sublaplacian is an example of a hypoelliptic operator that is
not elliptic. More examples are supplied by the following theorem, of which a simplified

proof can be found in Chapter 7 of [43].

Theorem 1.3.2 (Hormander [18]). Let X, ..., X, be smooth vector fields on a manifold
M satisfying the following bracket generating condition: for each m € M there exists

an integer r (the rank of {X,, ..., X,} at m) such that

T, M = span{X; (m), [X;,, X;,1(m), [X;,, [Xi,, X;;, ]I(m), - -+ : 1 < iy, ..., i, <n}  (1.3.1)

29

where at most r — 1 brackets are taken. Let Y be another smooth vector field on M. Then

the second-order operator L := X% + -+ X2 + Y is hypoelliptic.

In particular, this implies that “harmonic” functions on M (satisfying Lf = 0)

are automatically smooth. Also, if we replace M by M X (0, c0) = {(m,t) : m € M, t > 0}

J

_ 9
andsetY = £ -5

5 We see that solutions u to the heat equation (L

) u = ( are also smooth
functions of m and .

The bracket generating condition (1.3.1) requires that L be built out of enough
vector fields to fill out the tangent space to M at each point, when their brackets are in-
cluded. This serves to rule out situations like Example 1.1.2. In particular, if Xy, ..., X,
satisfy (1.3.1), it is easy to see that if X;f = O for all 7 (i.e. its “gradient” is identically
zero) then f must be constant.

As in the case of the Heisenberg group, the bracket generating condition is also

related to a geometric fact about horizontal paths.

Theorem 1.3.3 (Chow). If M is a connected manifold with vector fields X, ..., X, sat-
isfying (1.3.1), then any pair of points in M can be joined by a path which is tangent at

each point to some linear combination of Xy, ..., X,.

This also allows a reasonable Carnot-Carathéodory distance to be defined, as in

H;. More will be said about this idea in Section 3.1.
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Hormander’s theorem supplies a very large class of hypoelliptic operators; in-
deed, too large for present purposes. It is difficult to say much about an operator on a
general smooth manifold without having some structure on the manifold. Lie groups
provide such structure while at the same time not giving up too much generality, as we

shall see.

Example 1.3.4. Let G be a Lie group with group operation %, and let X1, ..., X, be left-
invariant vector fields on G. The bracket-generating condition (1.3.1) is then equivalent
to the condition that the vector fields {X, ..., X,,} generate the Lie algebra g = Lie G of
all left-invariant vector fields on G. (Note that in this case, the rank of {X;,..., X,} is
the same at every point of G.) The left-invariant operator L = X7 + --- + X7, called a

sublaplacian is thus hypoelliptic.

Definition 1.3.5. A Lie algebra g is nilpotent of step r if all r-fold Lie brackets vanish,
re. [ Xy, [ X2, ... [X, Xos1]... 1] = O forall X;,...,X,, X, € g. Anilpotent Lie algebra
g is stratified if there is a decomposition g = V; & --- @ V, such that [V;, V] = V4 for
1 <i<rand[V],V,] =0. A Lie group is nilpotent (respectively, stratified) if its Lie

algebra is.

A theorem of Rothschild and Stein [40] states, informally speaking, that a
bracket-generating set of vector fields {X;} on a manifold M can be locally approxi-
mated in a neighborhood of a point m € M by a bracket-generating set of left-invariant
vector fields {Y;} on some nilpotent Lie group G. This approach involves first lifting
the vector fields {X;} to vector fields {X;} on M x R¥ for some k (effectively adding
additional variables, to handle the possibility that the {X;} are not linearly independent
at m). Then, M x R¥ is identified with the free nilpotent Lie group G with n generators,
and under this identification the lifted vector fields {X;} differ from left-invariant vector
fields only to small order. Thus, it makes sense to study Hormander-type hypoelliptic
operators by studying nilpotent Lie groups.

With regard to the heat kernel inequalities we study in this dissertation, much less
is known for general nilpotent Lie groups than for the Heisenberg group. The known
pointwise bounds on the heat kernel corresponding to the left-invariant hypoelliptic op-

erator L are in general much less sharp than those in (1.2.7); see Section 4.2. Gradient
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bounds like (1.2.8) are also not known to hold with much generality, although a weaker
LP-type estimate has been shown in [34]; see Section 5.2.

It is not clear at this stage what sort of tools are appropriate to attack these
problems in a general Lie group setting. Therefore, for this dissertation, we restrict our
attention to a smaller class of nilpotent Lie groups, the so-called H-type or Heisenberg-
type groups, which generalize in a more limited way the Heisenberg group H; of Section
1.2. In this setting it is possible to carry out more explicit computations involving heat
kernels and thereby obtain stronger results, analogous to (1.2.7) and (1.2.8) which are

known for Hj.



Chapter 2

H-type Groups

2.1 Definition and elementary properties

The objects of central study in this dissertation are the so-called H-type or
Heisenberg-type groups. H-type groups were first introduced by Kaplan in [24].
Chapter 18 of [8] is an excellent reference for basic facts about these groups.

We begin with the definition.

Definition 2.1.1. Let g be a finite dimensional real Lie algebra. We say g is an H-type

Lie algebra if there exists an inner product (-, -) on g such that:
1. [3*,3%] = 3, where 3 is the center of g; and
2. For each Z € 3, the map J; : 3% — 3* defined by
(JzX,Y) =(Z,[X,Y]) forX,Y ez (2.1.1)
is an orthogonal map when WZI? :=(Z,Z) = 1.

We will say that such an inner product is admissible, and that g is an H-type Lie algebra
under (-, -). (This should not be interpreted as a restrictive statement; if one particular

inner product will do, certainly others will do as well.)

Notation 2.1.2. If G is a connected finite-dimensional Lie group, we write Lie G for
the Lie algebra of left-invariant smooth vector fields on G, under the bracket operation

[X,Y] = XY — YX.

14
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Definition 2.1.3. An H-type group is a connected, simply connected Lie group G such
that Lie G is an H-type Lie algebra.

Example 2.1.4. As in Example 1.2.1, the classical Heisenberg group H; is the Lie group

consisting of R with the following group operation:

1
(x,y,2) * (x',y,7) = (x +xX,y+y,z+7 + E(xy’ - x’y)) ) (2.1.2)

The Heisenberg Lie algebra f); = Lie H; is spanned by the vector fields
0 1 0 o 1 0 0

= PP 2ya—z, = 8_y + Exa_z’ = o (2.1.3)
We note that [X, Y] = Z, [X,Z] = [Y,Z] = 0. Then b, is an H-type Lie algebra under
an inner product such that {X, Y, Z} are orthonormal. (In particular, the center of b is
one-dimensional and spanned by Z, and JzX = Y, J;Y = —X.) Thus Hj is an H-type

group.

Example 2.1.5. For n > 1, the (isotropic) Heisenberg-Weyl group H, is the Lie group

consisting of R?"*! with the following group operation:

(Xl, .. 'ax2n7Z) * (x’19' .. 9x,2n9z/) = (xl + X;, sy Xy T x,Zn’
1 (2.1.4)
7+7 + E((xlx’z — X1 X2) + (X35 — X3x4) + - + (Xop-1 X5, — X5, X20)))-
The Lie algebra b, = Lie H,, is spanned by
0 1 o0 0 1 0 0
X[_— - =X2i, X[:—+— i-1 7> /= — 215
2i-1 I 2x2 9z 2 0%z 2X2 1 9z 9z ( )

where i ranges from 1 to n. Note that [X,;_,X5;] = Z and all other independent
brackets are zero. Then b, is an H-type Lie algebra under an inner product such that
{X1,...,Xo,,Z} are orthonormal. The center of b, is one-dimensional and spanned by Z,

and JzX5;—1 = X, JzX2i = —Xpi—1. Thus Hj, is an H-type group.

Example 2.1.6. The complex Heisenberg group is the Lie group G consisting of C>

with the group operation

1
(x,y,2) * (x',y,7) = (x +x,y+y,z+7 + E(xy’ - x’y)) i (2.1.6)
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If we write x = x| + ix,, y = y1 + iy2, 2 = 21 + iZ, we find that Lie G is spanned by the

vector fields

w0 10 13 o0 10 19
P 0x; 2y1611 2y28z2 2T 0xy 2y2611 2y1(9z2
¥ 0 +1 0 +1 0 Y 0 1 0 +1 0
=—+xi— + X0 — =——zXp— + X
! 8))1 2 1(921 2 2622 2 8))2 2 2821 2 1622
0 0
7= — Iy = —
: (9Z1 2 (9Z2

We have [X}, Y] = —[Xo, Y2] = Zy, [ X5, Y] = [Xi,Y2] = Z,, and all other indepen-
dent brackets vanish. Lie G is an H-type Lie algebra under an inner product so that
{X1,X5,Y1,Y2,7,,7,} are orthonormal. The center is two-dimensional and spanned by
Z1,7Z,. We have

JZ]XI = Y1 J21X2 = —Yz JZ] Y] = —X1 JZ] Yz = X2

JpXi =Y, JpXa =Y InYi =X InYs = =X
Thus G is an H-type group. This example shows explicitly that the H-type groups consist

of more than the Heisenberg-Weyl groups, and may have centers with dimension larger

than 1.

We now list a number of elementary algebraic properties of H-type Lie algebras,

which are useful in computations.

Proposition 2.1.7. Let g be an H-type Lie algebra under the inner product {-,-), with
center 3 and J; defined by (2.1.1). If Z,W € 3, X, Y € 3+, we have:

1. JzislinearinZ, i.e. J,z.w = aJz; + Jy.

2. Jz is skew-adjoint, i.e. (JzX,Y) = — (X, JzY). In particular {J;X, X) = 0.
3. 2=—ZIP 1L

4. IfZ # 0, J, is invertible and J;' = —||Z||* J5.

5. Jzdw+Jwdz = =2(Z, W) L. (This is the fundamental relation that defines Clifford
algebras, and suggests a connection between H-type Lie algebras and Clifford

algebras. This connection is more fully explored in Section 2.2.)



17

6. (JzX, JwX) = (Z, W) |IX|I>
7. (JzX, JZY) = (X, V)| ZI~
8. [X,JzX] = |IXI* Z.

9. Define ady : ¢ — g as usual by adxyY = [X,Y]. If ||X|| = 1 then adxy maps
(ker ady)* isometrically onto 3. (This is sometimes taken as part of the definition

of an H-type Lie algebra, in place of item 2 of Definition 2.1.1.)
10. dim3* is even.
11. dim3* > dim3 + 1. (This bound is far from sharp; see Theorem 2.2.6 below.)

Proof. 1. We have
JazewX, Y) =aZ + W [X, Y]) = a({Z,[X,Y]) + (W, [X, Y])
=a(JzX,Y)+ UwX,Y) =((aJz + Iw)X.Y).
2. (JZX,Y) = (Z,[X, Y]) = = (Z, [V, X]) = = (JzV. X).
3. If ||Z|| = 1, then J7 is orthogonal by definition and skew-adjoint by item 2, so that
(2X.Y) = —(JzX, JzY) = = (X.Y).
The general case follows by linearity (item 1).
4. An obvious consequence of item 3.

5. Using polarization, we have

Jzdw + Jwdz = (Jz + Jw)* = T = T3,
= J%+W - J% - J%V
= —(1Z + WIP = 121 = IWIP)I
= -2(Z, W) 1.
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6. By skew-adjointness, we have (JzX, JyX) = —(JzJwX,X) = —(JwJzX, X), so
that

1 1
(JzX, JwX) = ) ((Jzdw + IwI2)X, X) = ) (=2(Z, W)X, X) = (Z, W) |IX|P
using item 5.
7. An obvious consequence of items 2 and 3.

8. Given W € 3, we have (W, [X, JzX]) = (JwX, JzX) = (W, Z)|IX|I* by definition
of J; and item 6. Given Y € 3%, we have (Y,[X,J,X]) = 0 = (¥,Z). Thus
(U,[X, JzX1) = (U, Z) ||X||* for all U € g, so that [X, JzX] = ||IX|]* Z.

9. Suppose ||X]|| = 1. It is obvious that the restriction of ady to (ker ady)" is injective.
We next show the restriction maps onto 3. Given Z € 3, let Y = J;zX. Then
ady Y = [X, Y] = [X, JzX] = Z by item 8. Moreover, suppose U € kerady; then
Y,U)=(JX,U)=(Z,[X,U]) =(Z,adx U) = 0, s0 Y € (kerady)".

To show isometry, suppose ady ¥ = Z. By injectivity ¥ = J;X. Then ||Y|]* =
IZXIP = 1ZIP IX1* = 11ZIP.

10. For any nonzero Z € 3, J7 : 3 — 3* is a nonsingular skew-adjoint linear transfor-
mation. It follows that dim 3* must be even. (In particular, all the eigenvalues of

Jz are imaginary and must come in conjugate pairs.)

11. Let {Z,,...,Z,} be an orthonormal basis for 3, and X € 3* be a unit vector. The
vectors {Jz X, ..., Jz, X} C 3" are unit vectors, which are mutually orthogonal by
item 6, and all are orthogonal to X by item 2. Thus {X, Jz X, ..., Jz, X} is a set of
m + 1 orthonormal vectors in 3*.

O
Proposition 2.1.8. If G is an H-type group, then G is nilpotent of step 2 and stratified.

Proof. This is obvious from the condition that [3*,3"] = 3, where 3 is the center of

g = Lie G. An appropriate stratification is V| = 3+, V, = 3. O

Not all step 2 stratified Lie groups are H-type.
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Example 2.1.9. The abelian Lie group G = R" is step 1 stratified, but not H-type. (The
Lie algebra g = Lie G has center 3 = g, so [3*, 3] = [0, 0] # 3).

Example 2.1.10. Forn > 2, letay,...,a, € R be constants, and let G be the anisotropic

Heisenberg-Weyl group G consisting of R*"*! with the following group operation:
(X1, ey X0, 2) X (X, ey X5, 7)) = (X1 + X5 oo oy X2 + X5,

1
z+7 + E(al()clx’2 — X1X2) + ax(X3X) — X5X4) + -+ + Ap(Xop-1 X5, — X5, X2n)))-

(2.1.7)
The Lie algebra b), = Lie H,, is spanned by
0 a; 0 0 a; 0 0
X,'_: - X2 Xi:_+_ -1 7> Z:— 218
2i-1 01 2X2 oz 2 0 2X2 1 9z 9z ( )

where i ranges from 1 to n. Note that [X5; 1, X3;)] = a;Z and all other independent
brackets are zero, so that G is step 2 stratified (with V; = span{X; : 1 < j < 2n},
V, = spanZ). If the a; are not all equal, then there is no inner product on g = LieG
under which it is an H-type Lie algebra. If there were, then we would have JzX,;_; =
aiXoi, J7Xoi = —a;Xoi_1, so that J2Xo; 1 = —a?X,;_;. Since the g; are not all equal, this

contradicts item 3 of Proposition 2.1.7. Thus G is not an H-type group.
Any H-type group can be realized in terms of Euclidean space, as we now show.

Proposition 2.1.11. Let G be an H-type group, with LieG = (g,[:,-]) an H-type Lie
algebra under some inner product (-,-)), and 3 the center of g. There exists n,m > 0,
and a bijective linear isometry ¢ : (g,(-,)) — (R>*™ (-.,),), where {-,-), is the usual
Euclidean inner product on R*"*", such that ¢(3) = 0 @ R™.

Define a bracket [-,-] on R**™ via [¢(X), p(Y)|" = [X,Y]. Then (R**™ [-,-])
is an H-type Lie algebra under the Euclidean inner product, and ¢ : (g,[:,']) —
(R2*m [-,-]) is an isomorphism of Lie algebras.

Define a group operation ' on R**™ via the Baker-Campbell-Hausdorff for-
mula:

1
v*’w::v+w+§[v,w]'. (2.1.9)

Then (R*™™ %") is an H-type Lie group which is isomorphic to G, and whose Lie algebra

is canonically isomorphic to (R**™,[-,-]).
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Proof. Let m = dim3 and 2n = dim3* (recall from Proposition 2.1.7 item 10 that
dim 3* is even). By selecting an orthonormal basis for (g, (-, -)) which is adapted to the
decomposition g = 3-@3, we can construct a (non-canonical) bijective linear isometry ¢ :
(@, (")) = (R>™*™ (. .),) such that ¢(3) = 0 @ R™. If [-, -]’ is constructed as specified, it
is obvious that (R>**,[-,-]") is an H-type Lie algebra under the Euclidean inner product,
and ¢ : (g, [, -]) = R**™,[-,-]’) is an isomorphism of Lie algebras.

Since G is a step 2 nilpotent Lie group which is connected and simply connected,

if we define a group operation % on g via
1
X*xY: =X+ Y+§[X,Y] (2.1.10)

then the exponential map Exp : (g, %) — G is a Lie group isomorphism. Since ¢ :
@@, [-1) = (R**™ [-,-]') is a Lie algebra isomorphism, and %’ is defined appropriately
in terms of [-,-]’, we have that ¢ : (g, %) — (R**" %’) is a Lie group isomorphism.

Thus G is isomorphic to (R, x"). m]

Thus, henceforth we can, and will, assume that our H-type group G is R***™
with a group operation * defined by (2.1.10) for some Lie bracket [-, -], and that Lie G =

(R?7*m [.,.] is an H-type Lie algebra under the Euclidean inner product.

Notation 2.1.12. We will write elements of G = R*"*" as g = (x, z), where x € R*",
z € R™. {-,-) denotes the Euclidean inner product on R***"_ {e,, ..., e,,} is the standard
orthonormal basis for R”* @ 0, and {u,...,u,} is the standard orthonormal basis for

0 ® R™. We will use the coordinates x;(g) = (g, e;), 2;(g) = <g, uj>.

We now have several distinct structures on the single set R*"*":

A vector space, under the usual addition and scalar multiplication;

An inner product space, under the usual Euclidean inner product;

A Lie algebra, under the bracket [-, -];

A Lie group, under the group operation *.

These structures do not necessarily interact nicely. In particular, addition, scalar
multiplication, and the Euclidean inner product are not left- or right-invariant with re-

spect to *; the scalings v — cv are not Lie group homomorphisms for ¢ # 1; and * is
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not bilinear. Nevertheless, we will sometimes view these structures, especially the inner
product and the operators J, € End(R*") for z € R™, as functions on R*"*" viewed as
a group. The reader who prefers a more intrinsic view may insert the exponential map

(which is the identity on R>**") where appropriate.

Notation 2.1.13. Note that R” = O®R" is the center of the Lie algebra and also of the Lie
group. Thus we will sometimes think of the Lie bracket as amap [-, -] : R**xR?** — R™,

We can thus write the group operation as
/ ’ 4 ’ 1 /
() *x (X, Z)=[x+x",z2+2 +§[x,x]). (2.1.11)

Note that 0 is the group identity, and the inverse map is (x,z)~! = —(x, 2).

Notation 2.1.14. For each g € G, let L,,R, : G — G be the maps of left- and right-
translation by g, and j : G — G be the inverse map. That is, L,h = g x h, R,h = h % g,

jh = h7!. Of course, Ly, R,, j are diffeomorphisms of the smooth manifold G.

Proposition 2.1.15. Lebesgue measure m on G = R***" is invariant under left and right
translation and inverses with respect to %. Thus, G is unimodular, and we may take m

to be a bi-invariant Haar measure on G.

Proof. By inspection of (2.1.11), it is clear that for any g the differentials of L, (and
likewise R,) is lower triangular, and thus the Jacobian determinant is 1. The Jacobian

determinant of j is obviously 1 in absolute value. O
Given this measure, we can define convolution on G.

Definition 2.1.16. If f|, /, : G — R, their convolution f; * f; is the function

i # f)g) = fG Filg % k) k) dm(k) = fG FOOLE * g dm(k).

for all g such that the integral makes sense. We may also take fi, f> to be appropriate

distributions.
The following properties are typical and we omit the proofs.

Proposition 2.1.17. 1. (fio j)*(fr0j)=(fr* fi)o J.
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2. If f is a distribution on G and € C?(G), then f =y, * f € C*(G). The same

holds if f is a tempered distribution and  is a Schwartz function on G = R**™,
3. (Young’s inequality) If f; € LY (G) and f, € LP(G), then f, * f,» € LP(G) and
Wi ol < ATz L2 -

4. If (-,-) denotes the inner product on L*(G), fi, f» € L*(G) and ¢ € L'(G), then
W * fi, ) = (i = o) and (fy =, f5) = (i fo * ), where Ji(g) = Y(g™).

An important operation on H-type groups is the following dilation.
Definition 2.1.18. For « € (0, o), define ¢, : G — G by ¢,(x,2) = (ax, a’z).

Observe that ¢, is a group automorphism of G, ¢, © ¢p = @ag, and @' = @,-1.
We also note the change of variables dm(¢,(g)) = &*™™ dm(g).

2.2 Algebraic properties

Algebraically, H-type Lie algebras (and hence also H-type groups) correspond
to representations of Clifford algebras. In this section, we describe this correspondence,

and classify the possible dimensions of H-type groups.

Definition 2.2.1. Let V be a real vector space and B : VXV — R be a bilinear form. The
Clifford algebra C{(V, B) is the algebra (with identity 1) freely generated by V subject
to the relation

uv +vu = -2B(u, v). (2.2.1)

(Some authors omit the negative sign.)

Definition 2.2.2. A representation of an algebra (A is an algebra homomorphism 7 :
A — End(W) for some finite-dimensional vector space W; the dimension of 7 is the
dimension of W. (We require that 7(1) = [.) If 7 : A —» End(W), i’ : A’ — End(W’)
are representations of two algebras, we say they are equivalent if there is an algebra

isomorphism ¢ : A — A’ and a vector space isomorphism 7" : W — W’ such that

n(a) = T™'7' (W(a)T (2.2.2)
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for all @ € A. If the vector spaces V, W are equipped with inner products and T is

unitary, we say that z, 7" are unitarily equivalent.

We note that if 7 : A — End(W) is a representation of A, then the left action
v-w = a(v)w turns W into a left A-module. This is an alternate, and indeed more
common, way to study representations of algebras.

One direction of the correspondence between H-type Lie algebras and represen-

tations of Clifford algebras is rather easy.

Proposition 2.2.3.  [. Ifgisan H-type Lie algebra under the inner product (-, -), then
the map
32z n(z) := J, € End(3")

extends uniquely to a representation of C£(3, (-, )).

2. If o' is another H-type Lie algebra, isomorphic to g, then there is an admissible

inner product {-,-) on g’ such that the map
337 =) :=J, € EndG™)
defines a representation of C£(3',<-,)") which is unitarily equivalent to .

3. If (8, (0, (¢, ¢, +)) are two H-type Lie algebras with admissible inner products,
and the corresponding representations ¢, ¢ are unitarily equivalent, then g and §

are isomorphic.

Proof. 1. This follows directly from item 5 of Proposition 2.1.7.

2. If ¢ : g — ¢ is a Lie algebra isomorphism, then define the inner product (-, ) on
g’ via (d(v), p(w))" := (v,w). It is clear that 3’ = ¢(3), 3~ = ¢(3-). We also note

that for z € 3 and x, y € 3*, we have

(Jod(1).00)) = (B(2). [$(x). $O)T'Y
= ($(2). ¢(Lx. 3D
=z [xy])
= (Jox, )
= (B2, 40)Y
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s0 that Jy¢(x) = ¢(J.x). If [|p(2)II" = |lzll = 1, we have

(Tood@). Taop®)) = (BU2). 6TY)Y = (Jox Jy) = () = (). $0)Y

so that Jy, is indeed orthogonal. Thus (-, -)’ is admissible for g.

Moreover, the restriction of ¢ to 3 extends uniquely to an isomorphism of algebras

W CLG3,{-,-)) = CLF, (")), and the restriction to 3* is a unitary map 7 : 3* —
rL

3

Let mr, 7’ be the representations corresponding to (g, -, -)), (¢’, (-, -)"). To show they
are equivalent, it suffices to verify (2.2.2) fora = z € 3. Butif z € 3, x € 3, we

have

T W(@)Tx = ¢ (Jppp(x)) = Jox = m(2)x
since Jy;¢(x) = ¢(J x) as shown above.

3. Suppose there exists an algebra isomorphism ¢ : C£(3,¢:,-)) = C£(3',{-,-)’) and a
unitary 7 : 3 — 3’* such that (2.2.2) holds. Given x € 3*, z € 3, and set ¢p(x+2) =
Tx + yY(z). Clearly ¢ : ¢ — ¢ is a well defined linear bijection; we verify it is a
Lie algebra homomorphism. First, we note that [¢(x +z), p(y + w)]" = [d(x), (V)]
by linearity and the fact that ¢(3) = 3’. Next, if x,y € 3* and z € 3, we have

(. [9(x), s = (T p(x). 6())
= (7' (@)Tx. Ty
= (Tr(2)x, Tyy
= (n(2)x,y)
= (Jx,y)
=z [xyD)
= ($(2), (I, YD) .

Thus [¢(x), ()] = ¢([x,y]), so that ¢ is indeed a Lie algebra homomorphism.

The converse is only a little more involved.
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Theorem 2.2.4. If'V is a finite-dimensional vector space equipped with an inner product
¢,y and o CUV, (-, -)y) = End(W) is a representation of the corresponding Clifford
algebra, then there exist a bracket [-, -] and an inner product {-,-) on W &V under which

it is an H-type Lie algebra with center V, and J, = n(z) forz € V.

Proof. We begin by constructing an inner product on W by a standard averaging tech-
nique. Let uy,...,u, be an orthonormal basis for V, so that <u,~, u f>v = ¢;;. Notice that
u> = -1, uu; = —uju; for i # j. Then the finite subset H of C{(V,(, -)y) defined by

1

H={£l,xuu;,...u;, :1<iy,...,i, <m,n>1} (2.2.3)

is a group under the algebra multiplication. Let (-, -)y,; be any inner product on W. For
w,w € W, let

W = Z (@)W, T (W Ny - (2.2.4)

geH
Clearly (-, )y, is again an inner product on W.

Define an inner product (-,-) on W & V by
W+, w +V) =W, W hyn + (v, V)y.
Observe that with respect to this inner product we have for each basis vector u; that

<ﬂ(uj)w w’ |H| Z n(gujw, m(g)w’ >W1

geH

= Z (g w, n(g'u; Hw' )W

g'eH
= <w, m(u; )w’>
= - <w, n(uj)w'>

by making the change of dummy variables g’ = gu;, and noticing that u;l = —u; (the
inverse taken in H). Thus n(u;) is skew-adjoint on W with respect to (:,-), and by
linearity this is also true of m(v) for any v € V. From the Clifford algebra relation, we
also have n(u)? = —1I, for any unit vector u € V, from which it follows that 7(x) is an
orthogonal linear transformation with respect to (:, -).

Define a bracket [-,-] on W & V by

w+v,w +V] Zﬂ(uj)ww u; V.
j=1
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It is obvious that this bracket is bilinear, and its skew-symmetry follows from the skew-
symmetry of 7r(u;) established above. The Jacobi identity is trivial, since [W®V, V] =
Thus g = (W@ V,[-,-]) is a Lie algebra.

Let 3 be the center of g. We already have that V C 3. To see the reverse inclusion,

suppose there exists w, v such that [w, w’] = 0 for all w’ € W. In particular,
= (ur, Iw, wCun)wl) = > (e )w, wur)w) (ur, uj) = Geu)w, au)w) = (w, w)
j=1

sothatw=0. Thus WN3=0,sothat3=1V.
To see that g is an H-type Lie algebra under (-, -), we first note that [3*,3"] =
[W,W]cV =3 Next,ve V,w,w € W we have

m

W, [w,w']) = Z <7r(u{,-)w, w’> <v, uj> =(r(v)w,w")

=1
so that J, = m(v). We have already shown that m(v) is orthogonal when |v|| = 1. Fi-
nally, we must show [W, W] = V. For nonzero w € W, we have (u, [w, n(u)w]) =
(m(u)w, m(u)w). If k = [ then the isometry of m(u;) gives (u;, [w, n(u)w]) = (w,w). If

k # [ then u, u; anticommute, so by skew-symmetry
(muow, n(uw) = = (ru)ra(uw, w) = Tudruw, wy = = (a(u)w, 7(u)w)

so that (uy, [w, m(u;)w]) = 0. Thus [w, r(u))w] = u; {(w,w). It follows by linearity that

[w,nr(v)w] = v foranyve V. O

From this theorem we can immediately derive some consequences regarding the

possible dimensions of H-type Lie algebras and their centers.

Corollary 2.2.5. For any m > 1, there exists an H-type Lie algebra g with center 3 such

that dim 3 = m and dim g is arbitrarily large.

Proof. Take V = R™ with the Euclidean inner product. Let 7 : C€(V, -, -)) — End(W)
be any nontrivial representation of the corresponding Clifford algebra. (Note that the
group H defined in (2.2.3) forms a basis for C{(V,(:,-)y), so any group representation
of H extends by linearity to an algebra representation of C{(V, (-, -)y).) Then Theorem
2.2.4 gives an H-type Lie algebra g with dim3 = dim V = m and dim g = m + dim W. To

make dim g larger, replace m with r @ m, et cetera. O
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Necessary and sufficient conditions on the dimension of a Clifford algebra and
its representations are given by the Hurwitz-Radon-Eckmann theorem [14]. The corre-

sponding statement for H-type Lie algebras was given in [24]; we restate it here.

Theorem 2.2.6. For any nonnegative integer k, we can uniquely write k = a2*'* where
aisoddand 0 < g < 3; let p(k) := 8p + 29. (p is sometimes called the Hurwitz-
Radon function.) There exists an H-type Lie algebra of dimension 2n + m with center

of dimension m if and only if m < p(2n).

In particular, suppose m < p(2n) where 2n = a2*"*9 as above. Since 29 < 2g + 2

for 0 < g < 3, we have
om 28p+2q < 28p+2q+2 — 4(24p+q)2 < 4(27’1)2

so that n > }LZ’”/ 2. Thus, in order for an H-type Lie algebra to have a large-dimensional
center, the complement of the center must be of very large dimension.

Much more information about Clifford algebras, including a classification of
their representations, can be found in [2]. This in particular could be useful in con-

structing examples of H-type groups for computations.

2.3 The sublaplacian L

In this section, we construct the sublaplacian operator which will be the focus of

this dissertation. G denotes an H-type Lie group identified with R>"*".

Notation 2.3.1. Fori = 1,...,2n, let X;, X; be respectively the unique left- and right-

invariant vector fields on G with X;(0) = X;(0) = aix,-‘ For j = 1,...,m, let Z; be the

bi-invariant vector field Z; = u

a_uj.
Proposition 2.3.2. The vector fields { X1, ..., X2,} are bracket generating in the sense of
1.3.1.
Proof. span{Xi,...,X,,} = 3, and we have [3*,3*] = 3. Thus any element of 3 can be

written as a linear combination of brackets of pairs of the X;. O
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We can write

f((sei, 0) x g). (2.3.1)

s=0

d A d
Xif(g) = 7 0f(gv'( (se;,0), Xif(g) = =

s=|

A straightforward calculation shows

& a

i A - ‘]Ll A

ax, 22 ) 3 2
(2.32)

We note that [ X, )A(j] = 0 for all i, j.
The vector fields X; interact with the dilations ¢,, @ > 0 of Definition 2.1.18 via

Xi(f © ¢o) = a(Xif) © @q. (2.3.3)
We also note that
Xi(foj)==Xif)oj (2.3.4)
where j(g) =
Definition 2.3.3. The left-invariant gradient (or “subgradient”) V on G is given by
V=X 1f,...,X5.f), with the right—invariant V defined analogously. We shall also use
the notation V., f := (%f, e axz ) and V_f = (ﬁf ...,g ) to denote the usual

Euclidean gradients in the x and z variables, respectively. Note that V, is both left- and

right-invariant.

From (2.3.2) it is easy to verify that

1
Vf(-x’ Z) = VXf(x’ Z) + E‘]sz(va)x
(2.3.5)

A 1
Vf(x,z) = Vo f(x,2) - PRACCERE

As shorthand, we write

1
V=V,+ EJVZX- (2.3.6)
In particular, since J, depends linearly on z and is orthogonal for |z| = 1, we have
(V=) f(x2)| = X IVf(x, ). (23.7)

The gradient has an even nicer form when applied to functions with appropriate

symmetry.
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Definition 2.3.4. A function f : G — R is radial if f(x,z) = f(lxl,lzl) for some

£ : [0, 00) X [0, 00) — R. By abuse of notation, we will also write f(x,z) = f(|x|, |z]).

For a radial function f, we have

1
V(. 2) = fin(Ixl [2DX + 2 (12l el 1 o2 (2.3.8)

where we use the notation & := |‘7’| to denote the unit vector in the u direction. We draw

attention to the fact that £ and J: % are orthogonal unit vectors in R?* for any nonzero x, z.

Definition 2.3.5. The left-invariant sublaplacian L is the second-order differential op-
erator defined by
L=Xi+-+X;. (2.3.9)

For convenience in computations involving L, we adopt the following notation.
If A, B are k-tuples of operators, e.g. A = (Ay,...,Ar), welet (A,B) := le A;B;. (Note
that in general (A, B) # (B, A).) We can write L in terms of the gradient V as L = (V, V),
which by (2.3.6) gives

1 1 1
L= (Vx 5 den Vet EJVZx) = Ay + (Vo Jo.x) + 7 A (2.3.10)

We used the fact that (Vx, Jvzx) = (Jvzx, Vx), because a%_ (J,x,e;) = {J,e;,e) = 0 for
any u € R™ by item 2 of Proposition 2.1.7.

By Hormander’s theorem (Theorem 1.3.2), the bracket generating condition on
the vector fields {X;} implies that L is hypoelliptic. However, L is not elliptic, as we now

verify. We give a definition here to ensure that there is no doubt about terminology.

Definition 2.3.6. Let
- 0 0 ‘ 0
A= (X)) —=—+ ) b(X)— +
;%wﬁ%,;<%ﬁdm
be a general second-order partial differential operator. The principal symbol of A is the

quadratic form-valued function

n

0AX)E) = ) aij(NEE;.

ij=1
We will say A is elliptic if Q4(x) is (strictly) positive definite for all x € R”, i.e.
04(x)(€) > 0. A is degenerate elliptic if Q4(x) is positive semidefinite for all x € R”",

ie. Q4(x)(&) = 0.
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The principal symbol of our sublaplacian L is then given by

2
>0

1
015, E ) = |§ b 3

so that Qy (x, z) is positive semidefinite for all (x, 7). However, Q(x, z) is also degenerate
for all (x, z), which can be seen by taking & = —%J,,x. Therefore L is degenerate elliptic,
but not elliptic.

We record at this point some convolution formulas involving X;, which will be

used later.

Proposition 2.3.7. 1. If f is a distribution on G and y € CX(G), then X;(f * ¢) =
f = Xy, Hence also L(f =) = f x L. The same holds if f is a tempered

distribution on G and  is a Schwartz function.

2. (Integration by parts) If f € C*(G), ¥ € C(G) then (X,f,¢) = —(f, X)), and
(Rif.w) = = (f. X). Hence also (Lf.p) = (f.Ly).

We now mention some (rather weak) positivity-preserving properties of the heat

equation.

Theorem 2.3.8. Suppose u € C>'(G x [0, T1) has the following properties:

1. u solves the heat equation (L — %) u=0;

2. u(-,t) vanishes at infinity uniformly in t. That is, for any € > 0 there exists a

compact set K C G such that supge,o 7 lul < €.
Then u > infg u(-,0).
The proof is adapted from an argument in [21].

Proof. Let G = G U {oo} be the one-point compactification of G. By condition 2, u
extends continuously to G X [0, T] by setting u(co, ) = 0.

Let A := infg u(-,0). Let ¢ > 0 be a constant, and let v(g, ) = e“(u(g,t) — A + 1).
We show that v > 1. Suppose the contrary; then v(go, %) = a for some 0 < a < 1,

(g0, %) € G x (0,T]. Since v is a continuous function on the compact set G x [0, T,

there exists h € G, s > 0 such that v(h, s) = a, and v(g,t) > aforall g € G, t < 5. (The
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set v7!((—o00,a]) € G x [0, T] is compact and disjoint from G x {0}, hence there is some
point (h, s) of v!((—c0, a]) whose distance from G x {0} is minimum.) In particular,
vi(h,s) <O0.

On the other hand, we must have v(:, 5) > a, so that v(-, s) has a global minimum
at h; hence so does u. Since L is an operator with positive semidefinite principal symbol,

we must have 0 < Lu(h, s) = u,(h, s). Then

vi(h, s) = ce”(u(h, s) — A+ 1)+ e“u,h, s) > ce"(u(h,s) —A+1)=ca >0

A. O

which is a contradiction. Therefore v > 1. By letting ¢ tend to 0, it follows that u >

Moreover, nonnegative solutions of the heat equation immediately become pos-
itive everywhere. This is a manifestation of the idea that “heat propagates at infinite
speed.” One way to show this is by using the following Harnack inequality, which is
proved in [46]. This seems to be a rather larger hammer than should be needed to crush

this insect, but the author is not presently aware of a simpler approach.

Theorem 2.3.9 (Special case of [46] Theorem II1.2.1). Let M be a smooth manifold,
{X1,..., Xk} a bracket generating set of vector fields on M, K a compact subset of M,
and 0 < s < t < 0o. Then there exists a constant C such that if u € C*'(M x [0, o)) is a
positive solution of (Z Xl.2 — é—’t) u =0, then

sup |u(x, s)| < Cinf |u(x, )] .
xeK xeK

We observe that the word “positive” in this theorem can immediately be replaced
with the word “nonnegative,” by replacing u with u + € and letting € | 0. (The constant

C is independent of u.)

Corollary 2.3.10. Ifu € C>'(M x [0, o)) is a nonnegative solution of(Z X2 - %) u=0,

and u(-,0) is not identically zero, then u(-,t) > 0 for all t > 0.

Proof. Fixy € M, t > 0. Since u(-,0) is not identically zero, there exists yo € M with
u(yo,0) > 0. Then u(yy, s) > 0 for some 0 < s < t. Let K be a compact set containing
both y and yy. Then by Theorem 2.3.9,

0 < u(yo, s) < sup |u(x, s)| < Cin£|u(x, Dl < Cu(y,1).
xeK xe
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O

To conclude this section, we remark that the operators L and V are not intrinsic
to the group G, since they were constructed in terms of the vector fields {X;} which in
turn depend on the choice of orthonormal basis {¢;} for 3. Actually, L and f +— |Vf]
depend only on the choice of admissible inner product (-, -).

Thus, given an abstract H-type group G, there is no canonical sublaplacian L
unless further choices are made. Selecting a specific admissible inner product on g will
suffice. (In our treatment, with G realized as R*"*", we have selected the Euclidean inner
product, without loss of generality.)

More generally, if G is replaced with a subriemannian manifold M, the subrie-
mannian metric can be used to construct a canonical sublaplacian. The construction
proceeds along similar lines to the construction of the Laplace-Beltrami operator on a
Riemannian manifold, with the role of the Riemannian volume form taken instead by
the so-called Popp measure. See sections 10.5-10.6 of [35] for more details. In the case
of an H-type group, the Popp measure corresponds to (a multiple of) the Haar measure,

and the sublaplacian thus obtained is the same as the one used here.

2.4 The heat kernel p,

The purpose of this section is to derive an explicit integral formula for the heat
kernel p, which is the fundamental solution of the heat equation (L - g) u = 0. Loosely
speaking, p, should be a solution with initial condition p, = J, a delta distribution on
R2™™ o that solutions with other initial conditions can be found via convolution.

We begin with an informal computation that yields a formula for a candidate
function p,. Afterwards, we verify that this function has the properties that one would
expect of a heat kernel.

Our computation proceeds by obtaining the heat kernel as the Fourier transform
of the Mehler kernel, similar in spirit to the computation in [11]. For general step 2
nilpotent groups, [17] derived a formula probabilistically from a formula in [27] regard-

ing the Lévy area process; [30] extended it to the Cayley Heisenberg group. [44] has

a similar computation. [37] obtains the formula for H-type groups as the Radon trans-
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form of the heat kernel for the Heisenberg group. In the case of the Heisenberg group
itself, [25] has a computation using magnetic field heat kernels. [6] gives a short, di-
rect proof by assuming a priori that the function should be Gaussian in form; [31] is
similar in spirit but covers a broader class of groups. [20] proceeds via approximation
of Brownian motion by random walks; [1] extends this to a broader class of nilpotent
Lie groups by using noncommutative Fourier transforms. [7] uses complex Hamiltonian
mechanics.

First, we record a couple of formal algebraic identities that will help in the com-
putations. A, B, C should be interpreted as operators; bold indicates k-tuples of opera-

tors, e.g. B = (By,..., By).

[A, BC] = ABC — BCA + BAC — BAC = [A, B]C — B[C, A]
[A,(B,C)] = [4, > BCi| = )[4, BC]
= > [([A, B C; = B;[C;, A]) = (A, B], C) - (B, [C, A)).

We also note that if A is the usual Laplacian on RF and f 1s a smooth function, we have
[A, f1=Af+2(VL V).

Formally, we begin with the expression p, = e'“6,. Using (2.3.10) we write
L=A+M+ i |x|? A,, where M := (Vx, Jvzx) is an “angular momentum” operator. We

first note that M commutes with A, and with |x* A,:

[Av M1 == [A,, (x, J5.,)|

=— ([Ax, x], JVZVX) + (X’M)

=—(2V,. Jv.V,) =0
and
|(Jo.x. V) Ix] A

((Jvzx, [Vx, lez]) - (DZJZ/]V/XI VX)) A,

(Jv.x.2x)A. = 0.

[M%@&W&F

Bl— A= A=
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Thus by the Baker-Campbell-Hausdorff formula we have
etLéo — et(Ax+%|x|2Az)etM60.

However, note that M annihilates radial functions. Indeed, if f € C*(R>"*"™) is

radial in x, so that f(x,z) = f(|x|,z), then V. f = &f,y, where & = L x, so

|x]
(Jo.px. Vo f) = (Jo.px, 8 fi0) = 12l fig (Jo.r%. %) = 0.

Thus, since ¢, can be approximated by smooth radial functions, it is reasonable to write
M6, = 0 and thus e, = ¢,.

11,2 .
Now we have p, = /@il 85, je.

0 1
( (Ax +7 |x|? Az)) 2,=0, po=0.

e
Taking a Fourier transform in the z variables, we see that p,(x, 1) := me e (x,2)dz
satisfies the quantum harmonic oscillator equation
0 1
(E - (AX -1 |x[> |/1|2)) u, =0, (2.4.1)

with initial condition py = 680 ® 1, where (580 is the delta distribution on R?",

(2.4.1) says that p, is the Mehler kernel m, , := /(A 3"10°)5, the fundamental
solution to the quantum harmonic oscillator. We now derive Mehler’s formula for
m, . Other derivations can be found in [42, pp. 38, 55], [41, p. 29], and references
therein.

By the Trotter product formula, we expect to have

) SRR L
M) = Alllm (e av Al eNA) 0.

—00

Since e¥45, is a Gaussian (i.e. of the form A(f)e "), and the family of Gaussians is
preserved by the operators e¥25) and e~ we expect that m, , should be a Gaussian
as well. Thus we assume

ma(x) = A(t)e P OWF (2.4.2)

and solve for the functions A(f), b(t).
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Since m,, should solve the quantum harmonic oscillator equation (2.4.1), we

have
(A1) = 3P b (D)™ = (@b(r)? |3 - dnb(s) - % AP XA (r)e O (2.4.3)
whence, by equating like powers of |x|,
A'(t) = —4nA(1)b(1) (2.44)
b'(t) = —4b(t)* + i 1% (2.4.5)

We first solve the separable ODE (2.4.5). Note that the initial condition my = g

suggests the initial condition 5(0) = +oc0, so we write

b(t) d t
f —'81 s = f dr
) —4ﬁ2 + Z |/l| 0

1 4b(t
i coth™ (ﬁ

B B ) =t (see[39,p.451))

1
b(t) = 1 || coth(# |4]).
We substitute into (2.4.4) and separate variables to find

A(r) = c(/l)e—nlfllfcoth(ﬂ,u)d,
= c(A) sinh(¢[A))™"

since f coth(z|A]) dt = |17| In sinh(z |1]) (see [39, end pages]). c¢(4) is some “constant”
depending on A but not on ¢.
Hence

M (x) = c(A) sinh(# |A]) e 3 coht (2.4.6)
To determine the constant c(1), we assert that since my = &y, we should have

lim my(x)dx = 1.
t—0 R2n

We compute

f my (x) dx = ¢(A) sinh(¢ |A])™" f ¢ oM
R2n R2n

B /l( 4 )n
= O\ Acosha 1D

4r\"
— c() (m)
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as t — 0. Thus we take ¢(1) = (%)H to obtain

)= (47r sirll/llll(t A1) ) e, (2.4.7)

By construction, m, ,(x) as defined by (2.4.7) solves (2.4.1). We remark immediately on
the scaling property

ma(x) = t7"my 2(x/ V). (2.4.8)

Proposition 2.4.1. m(z, x, 1) = m, ;(x) € C((0, 00) X R*"™™), and for all multi-indices

a,Band all t > 0, m(t, -, ) is a Schwartz function on R2+m,

Proof. By (2.4.8) it suffices to take t = 1.

Seta(s) = (;=5) . b(s) = Lscoth s, so that

m(1, x,2) = a(|A)e bR’ (2.4.9)

Note that a, b are entire even functions, and thus a(|1]), b(|1]) are entire functions of ||,
making them smooth functions of A.
We observe that a is a Schwartz function. Next, noting that coth’s = —csch s

and csch’ s = — csch s coth s, we see that the derivatives of b(s) are of the form
b®(s) = sPi(coth s, csch s) + Qx(coth s, csch s)

for polynomials Py, Q. Since lim;_,, coths = 1 and lim,_,, csch s = 0, it follows that
b®(s) is of at most linear growth. In particular, if A(s) is a Schwartz function, so are

A(s)b(s) and A(s)b’(s). By induction, it follows that for any S, k we have
!
0l§8ﬁ,a(s)e"’(”p2 = Z:Ai(s)/O"e"’“)”2
i=0

where the A; are Schwartz functions. Also, b(s) > 1, ! so ple PP < pie=if® which is
also rapidly decaying. Thus a(s)e ¥ is a Schwartz function of (p, 5). By (2.4.9), the

proof is complete. O

We now define the heat kernel to be the inverse Fourier transform of the Mehler

kernel.

To see this, set y(s) = scoshs — sinh s and write b(s) — i = icsch(s)y(s). We have y(0) = 0 and
Y (s) = ssinh s > 0, so y(s) > 0.
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Definition 2.4.2. The heat kernel on an H-type group G = R*"*" is the function p,
given by

Px) = f ¢“Pmy \(x)dA
Rm

1 A1 J 1] !
= i{(A,z)— 14| coth(z]A])|x| da. 24.10
(27T)m ‘[Rm ¢ (471' Sinh(f |/l|)) ( )

The next proposition suggests that p, deserves to be called the heat kernel, since

it is the fundamental solution to the heat equation.

Proposition 2.4.3. 1. p,(x,z) € C®((0, 00) x R*"*"™), and p, is a Schwartz function on
R2™ for each t > 0.

2. (L-2)p=0.
3. [ px.2)dm =1 forall t > 0.

4. Fora > 0, p(x,z) = @®™™ p2(pa(x,2)). In particular, lim,_ p,(x,z) = 0 for all
(x,2) #0.

5. p: is a radial function (i.e. p,x,z) depends only on |x|,|z|) as is %p, = Lp,. In

particular, p(g™") = p/(g) and Lp,(g™") = Lp.(g).

6. p, vanishes uniformly at infinity. That is, for any € > 0 there exists a compact set

K C G such that sup,. cxc |P:i(8)| < €.
Proof. 1. Clear from Proposition 2.4.1 and properties of the Fourier transform.
2. Clear by properties of the Fourier transform, since m;, , solves (2.4.1).

3. By Fourier inversion, we have

1 .
fz f pi(x,2)dzdx = W fz f f e’“’”mm(x) dAdzdx
R2n m R2n R™ Rm

= f myo(x) dx

RZn

1\ ..
= — | e dx = 1.
fRZn (47Tt) ¢ ! *
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4. To see the scaling p,(x,z) = "™ p,2,(p,(x,z)), make the change of variables

A= a2 in (2.4.10). Taking a = /% we get

2(n+m)

lir% pi(x,z) = lim a pi(ax,a’z) =0
t— a—0o0

by item 1.

5. It is clear from (2.4.10) that p, is radial in x. To see it is radial in z, suppose
|z’| = |z, so that 7’ = Tz for some orthogonal matrix 7. Then making the change
of variables 4 = TA” in (2.4.10) shows that p,(x,z) = p,(x, 7).

6. Suppose first that # < 1. By item 4 and the fact that p; is a Schwartz function, we

have

1/2

(x| = 70 |py (7 a7 2)|

< crom (e o)
= (P + )
< C (P +1P) "
When t > 1, we have

Ipi(x, 2 = £ |py (7P x, 1)

—(n+m)/2

, I

< 'y (|t 1/2x| + |t 1Z| )
—(n+m)/2

= C (txf* + |2)
—(n+m)/2

< C' (1l + 1)

Thus, taking K = {|x*> + |z]* < min{(C )", (C’~'€)™+*™/2}} suffices.
g

O

Definition 2.4.4. The heat semigroup P,,¢ > 0 is the one-parameter family of operators

given by the convolution (see Definition 2.1.16)

Pif(g):=(f*p)g), t>0
Pof :=f

(2.4.11)
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for any distribution f € D(G) such that the integral makes sense for all g € G and all
t > 0. Note that we can make the change of variables k = k™! in Definition 2.1.16 and

use the fact that p,(k) = p,(k™!) (item 5 of Proposition 2.4.3) to write

P = [ Fgop k) dn 24.12)
G
The following facts about P, are almost immediate.

Proposition 2.4.5. . If f is a tempered distribution on G, then P,f € C*(G) and
P, f satisfies the heat equation (L - %) P.f=0.

2. If f is a (tempered distribution, LP(G) function, uniformly continuous function,
bounded continuous function), then ast — 0, P,f — f (in the sense of distribu-

tions, in L, uniformly, uniformly on compact subsets of G) respectively.

Proof. 1. That P,f € C*(G) follows from item 2 of Proposition 2.1.17. By differ-
entiating under the integral sign with respect to ¢ and using item 1 of Proposition

2.3.7, we have

0

0
EPtf=f* g = f* Lp, = LP,f.

2. This is a standard “approximate delta function” argument, making use of items 3

and 4 of Proposition 2.4.3.

Theorem 2.4.6. p, > 0 forallt > 0.

Proof. Let f € C’(G) be nonnegative, with compact support K. We first show that
u(g,t) := P,f(g) satisfies the hypotheses of Theorem 2.3.8. Certainly u solves the heat
equation, and u(-,0) = f > 0. To show u vanishes uniformly at infinity, fix € > 0. Let
K be a compact set such that |p,(g)| < €/||f|l,, forall £ > 0, g € K¢ whose existence
is guaranteed by item 6 of Proposition; note that 0 € K. Let K’ = K % supp f =
{k*xh: ke K,h € supp f}; note that supp f C K’. Suppose g ¢ K’'. If r = 0 we have
P.f(g) = f(g) = Osince g ¢ supp f. If > 0 we have

1P = p* f(Q < Ifll sup |pilg* k).
kesupp f
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But for k € supp f, we have gxk™! ¢ K. (If gxk™! € K, then g € Kxk C K*supp f = K,
contrary to our choice g ¢ K’.) Therefore by definition of K we have | pi(g x k‘1)| <
€/ Iflle, so that [P, f(g)l < €.

Thus by Theorem 2.3.8 we have P,f > 0 for t € [0,7T] for any 7 > 0. We now
replace f with a sequence of nonnegative approximate delta functions to see that p, > 0
for all # > 0. Corollary 2.3.10 does not apply directly to p,, because p; is not continuous
up to ¢ = 0; however, it does apply to p,.,, for arbitrary fixed 7, > 0. We conclude that

D+, > 0 for all ¢, and since ¢, was arbitrary, p, > 0 for all . m|

The reader unfamiliar with the functional analysis machinery in the following
theorem may omit it, as it is not essential to the remainder of the dissertation, or refer to

Chapter VIII of [38].

Theorem 2.4.7. P, is a strongly continuous self-adjoint contraction semigroup
on L*(G), and if L is viewed as a unbounded operator on L*(G) with domain
D(L) = CX(G), then the infinitesimal generator of P, is L, the closure of L, which
is self-adjoint. That is, P, = e'-.

Proof. Itis trivial that Py = I is a self-adjoint contraction.

It follows from Theorem 2.4.6 and item 3 of Proposition 2.4.3 that fG |p,| dm =
fG p:dm = 1, so by Young’s inequality (item 3 of Proposition 2.1.17) P; is a contraction
on L*(G) for each ¢ > 0.

By item 4 of Proposition 2.1.17, we have for any f;, f» € L*(G) that

(Pifis f2) = (fx pi f2) = (fio fo % Pr) -

But p;, is a real-valued radial function (see item 5 of Proposition 2.4.3), so p, = p; and
thus (P, fi1, f2) = (f1, P.f2). P, is self-adjoint for each ¢ > 0.

To show P, is a semigroup, it suffices to verify that p, * p, = p,,,. One approach
is to notice that for any s > 0, u(g, t) := ps * p; — ps+ 1S a solution of the heat equation
which vanishes uniformly at infinity and satisfies u(-,0) = 0. By applying Theorem
2.3.8 to u and —u, we must have u = 0.

That P, is strongly continuous in 7 follows from item 2 of Proposition 2.4.5.
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Since P, is a strongly continuous self-adjoint contraction semigroup, it has a
self-adjoint infinitesimal generator A. To show that A = L, we show first that L C A, so
that

LcA=A*cL (2.4.13)

(since A is closed). Next, we show that L is essentially self-adjoint, i.e. L = L*, so that
equality must hold in (2.4.13). (Note that item 2 of Proposition 2.3.7 verifies explicitly
that L is symmetric, i.e. L C L*, which also follows from L C A since A is self-adjoint.)

To see that L C A, let f € C°(G). First, we observe that for r > 0, %(p,+E - p;) —
a% p: = Lp, as € | 0, not only pointwise but also in L!(G). To verify the latter, we note

by the usual combination of the mean value theorem and dominated convergence that it

f sup
G TE[tt+€]

By item 4 of Proposition 2.4.3, we have for 7 € [t,1 + €]:

‘ 0

suffices to show

0
6—pf(g>' dm(g) < co.
-

—p(x,2) P2y, 1717)

ot

0 _ _
= ‘ET (n+m)p1(T
< |—(n +m)t Dy (712, T_]Z)|

1
+ T—(n+m) <pr1(7_—1/2x’ T—IZ)’ x> (_ET_3/2)

4 |p-em <Vzp1(‘r_l/2x, 1), Z> (—7_2)'

< C —(l’l + m)T—(n+m+l) _ %T—(n+m+3/2) _ T—(n+m+2)
_ _ —-(2n+m+2)
x(l +7 2 x|+ 1 1Izl)

_ _ _ —-(2n+m+2)
< /g nrmeD) (1 +t+O P+t + e Izl)

whose integral over G = R*"*™ is finite, where we used the fact that p, is a Schwartz

function to bound p; and its derivatives in terms of the integrable function
_ _ —(2n+m+2)
(1 +7 2 |x + 7! |Z|)

Therefore, by using Young’s inequality and item 1 of Proposition 2.3.7, we have that

é(PHE _P)f — f*(Lp) = LP,f in L(G). 2.4.14)
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Next, we note that
LP,f(g) = f  (Lp) = fG F(g % k™)Lp,(K) dm(k)

= fG J(g x k)Lp,(k) dm(k)

(where we have made the change of variables k — k~! and used item 5 of Proposition

2.4.3 to see Lp,(k™") = Lp,(k))

folL,, Lpt) where L, is left translation

(
(
(@ oLe.p)

_ j; Lf(g % K)p,(k) dm(k)

L(f o Ly), pt) by item 2 of Proposition 2.3.7

= f Lf(g % kYp,(k)dm(k) as before, since p,(k™") = p,(k)
G

= P,Lf(g).

Thus P, commutes with L, as one would expect.

Now for any # > 0 we have

(P = Pf = f LP.fdr = f P.Lfdr

where the integral is a Riemann integral of an L?*(G)-valued continuous function of 7,
and we have used a corresponding version of the fundamental theorem of calculus thanks
to (2.4.14). The integral is L*>-continuous in s, so letting s | 0 and using the semigroup

property and the strong continuity of P,, we have

(P, - Df = f P.Lf dr.
0

So
Pf-f

1
t t

-

f P.- DL fdr
0

< sup [I(P- = DLf|| - 0
7€[0,f]
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by the strong continuity of P,. Therefore L agrees with A, the generator of P,, on D(L) =
C>(G),so L C A.

To conclude, we show that L = L*, so that L is essentially self-adjoint. I learned
the following standard argument from L. Gross. Consider the vector fields X; as acting
on C*(G), and likewise Ly := Y, X7, which is an extension of L. Suppose first that
f € DL)NC*(G). Then if h € C°(G), we have

(L*f’ h) = (f7 Lh) = (L()f, h)

by item 2 of Proposition 2.3.7.

Next, we show that |[Vf| € L*(G). Use the Urysohn lemma to choose i € CX(G)
such that y = 1 on some neighborhood of 0, and let ¥, = ¢ o ¢;/,. We then have
Y, — 1 boundedly, and by (2.3.3) we have Vy,, = %(Vl//) ° ¢/, — 0 uniformly and
Ly, = n—lz(Lw)ogo 1/» — Ouniformly. Then, integrating by parts as in item 2 of Proposition
2.3.77, we have

[wntwstam=, [ .t dm
G

G

= f FXGX.f) dm
i G

= f FUX2f dm — fXapXof dm
i G

— - [ Lo + Y XunX(F
G i

. f UnfL'f + Ly dm.
G

Letting n — oo, so that ¥, — 1 and Ly, — 0 boundedly, the dominated convergence

theorem gives

IVAl = =(f,L7f) < oo

Now we have ¢, f € C° and y,,f — f by dominated convergence. We also have

L)) = LoWnf) = (Lon) f + ¥ulof +2(Vi,, V).

As n — oo, we find L, f) = L*(@f) — Lof = L*f. Thus, D(L*) N C= ¢ D(L).
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Finally, suppose f € D(L"), and let ¢, € C°(G) be a sequence of “approximate
delta functions,” so that ¢, * f — f and ¢, * L*f — L*f. For any h € C’(G) we then

have
wt L' fh) = (L' f. 6, % h) (item 4 of Proposition 2.1.17)
= (£, L(gu = ) as ¢, h, 6, «h € C°
= (. 6+ Lh)
= (¢n = f, Lh)

so that ¢, * f € D(L*) N C¥(G) and L(¢, * f) = L*(¢, * f) = ¢, * L'f — L*f. Thus
D(L*) ¢ D(L), which completes the proof.
O

Chapter 2, in part, is adapted from material awaiting publication as Eldredge,
Nathaniel, “Precise Estimates for the Subelliptic Heat Kernel on H-type Groups,” to
appear, Journal de Mathématiques Pures et Appliquées, 2009and Eldredge, Nathaniel,
“Gradient Estimates for the Subelliptic Heat Kernel on H-type Groups,” submitted, Jour-
nal of Functional Analysis, 2009. The dissertation author was the sole author of these

papers.



Chapter 3
Subriemannian Geometry

H-type groups lend themselves naturally to the structure of a subriemannian
manifold. The geometry that arises in this sense will be crucial in the sequel, partic-
ularly its geodesics and the corresponding Carnot-Carathéodory distance function. The
goal of this chapter will be to describe the necessary theory and obtain explicit formu-
las for the geodesics and the distance function. The computation is a straightforward
application of Hamiltonian mechanics, but we have not previously seen it appear in the
literature in the case of H-type groups. The corresponding computation for the Heisen-
berg groups (where the center has dimension m = 1) appeared in [7] as well as [9]; a
computation for m < 7, which could be extended without great difficulty, can be found

in the preprint [10].

3.1 Subriemannian manifolds, geodesics and Hamilto-

nian mechanics

Definition 3.1.1. A subriemmanian manifold is a smooth manifold Q together with a
subbundle H of T Q (the horizontal bundle or horizontal distribution, whose elements
are horizontal vectors) and a metric (-, -), on each fiber H,, depending smoothly on

q € Q. H is bracket-generating at ¢ if there is a local frame {X;} for H near ¢ such that

span{X;(q), [Xi, X;1(q), [Xi, [X;, Xk]1(q), . . . } = T4 Q.

45
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An H-type group G can naturally be equipped as a subriemannian manifold, by
letting H, := {X(g) : X € 3"}, and using the inner product on g as the metric on H. In
other words, H, is spanned by {X;(g), ..., X»,(g)}, which give it an orthonormal basis.

The bracket generating condition is obviously satisfied, since g = 3* @ [3*,3*].

Definition 3.1.2. Let y : [0,1] — Q be an absolutely continuous path. We say vy
is horizontal if y(r) € H,, for almost every + € [0,1]. In such a case we define

the length of y as {(y) := fol ,/(j/(t),)’/(t))y(,) dt. The Carnot-Carathéodory distance
d: QxQ — [0,00] is defined by

d(q1,q2) = inf{€(y) : ¥(0) = ¢q1,y(1) = g2,y horizontal}. (3.1.1)

Under the bracket generating condition, the Carnot-Carathéodory distance is
well behaved. We refer the reader to Chapter 2 and Appendix D of [35] for proofs
of the following two theorems, the first of which is largely a restatement of Chow’s

theorem (Theorem 1.3.3).

Theorem 3.1.3 (Chow). If H is bracket generating and Q is connected, then any two
points q1,q, € Q are joined by a horizontal path whose length is finite. Thus d(q,,q>) <
oo, and d is easily seen to be a distance function on Q. The topology induced by d is

equal to the manifold topology for Q.

Theorem 3.1.4. If Q is complete under the Carnot-Carathéodory distance d, then the
infimum in the definition of d is achieved; that is, any two points q,,q, € Q are joined

by at least one shortest horizontal path.

One way to compute the Carnot-Carathéodory distance is to find such a shortest
path and compute its length. To find a shortest path, we use Hamiltonian mechanics,
following Chapters 1 and 5 of [35]. Roughly speaking, it can be shown that a length
minimizing path also minimizes the energy % fol |l¥(1)|| dt, and as such should solve
Hamilton’s equations of motion. The argument uses the method of Lagrange multipli-
ers, and requires that the endpoint map taking horizontal paths to their endpoints has a
surjective differential. This always holds in the Riemannian setting, but is not gener-
ally true in subriemannian geometry; the Martinet distribution (see Chapter 3 of [35])

is a counterexample in which some shortest paths do not satisfy Hamilton’s equations.
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Additional assumptions on H are needed. One which is sufficient (but certainly not

necessary) is that the distribution be far:

Definition 3.1.5. Let © be the canonical 1-form on the cotangent bundle 7°Q , w = dO®
the canonical symplectic 2-form, and let H° := {p, € T*Q : p,(H,) = 0} be the
annihilator of . (Note H° is a sub-bundle, and hence also a submanifold, of 7*Q.) We
say H is fat if H° is symplectic away from the zero section. That is, if p, € H is not

in the zero section, v € T, H°, and w(v, w) = 0 for all other w € T, H°, then v = 0.

Definition 3.1.6. If (Q,H,(-,-)) is a subriemannian manifold, the subriemannian

Hamiltonian H : 7*Q — R is defined by
H(py) = ) pyvi)® (3.1.2)

where {v;} is an orthonormal basis for (H,, (-, -)¢)- It is clear that this definition is inde-
pendent of the chosen basis. Let the Hamiltonian vector field Xz on 7" Q be the unique
vector field satisfying dH + w(Xy,-) = 0 (as elements of T*T*Q). Xy is well defined
because w is symplectic. Hamilton’s equations of motion are the ODE:s for the integral

curves of Xy.

The following theorem summarizes (a special case of) the argument of Chapters

1 and 5 of [35].

Theorem 3.1.7. If ‘H is fat, then any length minimizing path o : [0,1] — Q, when
parametrized with constant speed, is also energy minimizing and is the projection onto
Q of a path y : [0,1] — T*Q which satisfies Hamilton’s equations of motion: y(t) =
Xu(y(1)).

3.2 Geodesics for H-type groups

In this section, we will verify that Theorem 3.1.7 applies to H-type groups, and
then find a formula for the geodesics (shortest paths) by solving Hamilton’s equations.

To begin, we adopt a coordinate system for the cotangent bundle 7*G.
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Notation 3.2.1. Let (x,z,&,1) : TG — R?" x R™ x R?** x R™ be the coordinate system
on T*G such that x'(p,) = x'(8), 2/(py) = 2/(8), £(p,) = p(3%). 1j(pg) = P(5). That is,

P = | X(2),2(9), ) & + ) mdd .
i J

In these coordinates, the canonical 2-form w has the expression w = Y, d& A dx' +

>, dn; Ad7.

Proposition 3.2.2. If G is an H-type group with horizontal distribution H spanned by
the vector fields X;, then H is fat.

Proof. For an H-type group G, we have p, € H O iff Do(Xi(g)) = 0 for all i. We can thus
form a basis for Hy c T;G by

wi=de = 3" d(Xi(9))dx’

=d7 - % . (JL,_/.x(g), e,-) dx'.
Expressing p, in this basis as p, = 3,6 w/ yields a system of coordinates (x, z,6) for
H°, where 0 can be identified with the element (6',...,8") of R”. In terms of the
coordinates (x,z,&,n) for T*G, we have = 6, £ = —1Jyx.

Solety : (—€,€) — H° be a curve in H® which avoids the zero section. (0) is
thus a generic element of TH°. We write y(¢) in coordinates as (x(1), z(¢), 6(t)), where
6(t) # 0. In terms of the coordinates (x,z,&,17) on TG, we have n(t) = 6(¢),&(t) =
—%Jg(,)x(t). Differentiating the latter gives

; 1
§(0) = =5 g X(0) + Jo X(0))-

Suppose that for all other such curves y” which avoid the zero section and satisfy
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v'(0) = ¥(0), we have w(y(0),¥'(0)) = 0. In terms of coordinates,
0 = w(#(0),7(0)) = Z(fi(O)x'i(O) — &/(0)x(0)) + Z(ﬁj(o)z"j (0) — 73(0)2°(0))
i J

= <cf(0), X'(0)> - <<f'(0), 56(0)> +(17(0),2'(0)) — (7(0), 2(0))
1 1
= (a0 X(0) + Jo0)%(0), X'(0)) + 3 (30X (0) + Jo0)% (0), %(0))
+{(60).2(0)) - (8(0). 20))
1
=5 <X(0), Ji)X'(0) + JQ/(0>x(0)> + (Jo0) X (0), X(0))
+(6(0).2(0)) = (/(0), 2(0)) .
For arbitrary u € R™, take y'(¢) = (x(0), z(0) + tu, 6(0)); then 0 = w(y(0),¥'(0)) =
<9(O), u>, so we must have 8(0) = 0. Next, for arbitrary v € R?", take y'(¢) = (x(0) +
tv, 2(0), 6(0)); then we have 0 = (Jyoyu, x(0)). But #(0) # O by assumption, so Jy, is
nonsingular and we must have x(0) = 0. Finally, take y'(¢) = (x(0), z(0), 6(0) + fu); then

(u,2(0)y = 0, so z(0) = 0. Thus we have shown that if w(y(0),7’(0)) = 0 for all v, we

must have y(0) = 0, which completes the proof. m|

We now proceed to compute and solve Hamilton’s equations of motion for an
H-type group G.
The subriemannian Hamiltonian on 7*G is defined by (cf. (3.1.2))

1 2n )
H(p,) = 5 ) pXi(®)). p, € T;G. (3.2.1)
i=1
In terms of the above coordinates, we may compute
o 1 0 1
Pe(Xi(9)) = pe [a ) Z (Ju,x.e:) a—zj} = &P + 5 (T x(9). &)

so that
2

1 1
H(p) = 5 [6p) + 3450,7(0)

Recall that a path y : [0,T] — T*Q satisfies Hamilton’s equations iff y(¢) =
XH(’)/(t))’ Le. dHy(t) + w(’)/(t)a ) =0.
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In an H-type group G, we write y in coordinates as y(t) = (x(?), z(¢), &(t), n(1)) :
[0,T] = T*G, so that we have

WD), ) = Y E0dx' = #(0dé) + Y (1,(0d2 = 2 (D)dn).
i J

Thus Hamilton’s equations of motion read

. OH ., éH _ O8H _  0H
X = —= = -, Pi= —, = —.
x> on 1 07/

g’

To compute the derivatives, we note that %Vx |Ax + y[* = A*Ax+A*y. If we write

B.n = Jyx, then (B,n,y) = (n,[x,y]), so By = [x,-], and BB, = Ix* 1. So for a path
y(t) = (x(1), z(1), &), n(?)) : [0, T] — T*G, Hamilton’s equations of motion read

(3.2.2)

1

¥=VeH =&+ S0y (3.2.3)

, 1 1P 1, 1

¢=VyH =2V, &+ SBay = 2 6"+ 5[x.€] (3.2.4)

: 1 1

£=-V.H=—=|n x+ =J,¢ (3.2.5)
4 2

n=-V.H=0. (3.2.6)

Notation 3.2.3. Define the function v : R — R by

20-sin20 0
" 1-cos20  <in’@

—cotfd = —d%[e cotd] 3.2.7

where the alternate form comes from the double-angle identities.

Theorem 3.2.4. (x(t), z(¢)) is the projection of a solution to Hamilton’s equations with
x(0) =0, z(0) = 0 and x(1), z(1) given if and only if:

1. If z(1) = 0, we have

x(t) =tx(1), z(t)=0. (3.2.8)
2. Ifz(1) # 0, we have
1
x(1) = —5 Iy (I — €"1)& (3.2.9)
170l
ol .
z(1) (ol  — sin(|nol £))m0 (3.2.10)

2 lnol?
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where, if x(1) # 0 we have

z(1)
=20—— 3.2.11
o lz(D)] ( )
&0 = = Inol* (Jy, (e’ — 1)) x(1) (3.2.12)
where 0 is a solution to

41z(1)|

) = (3.2.13)
T

with v as given by (3.2.7); and if x(1) = 0 we have

o ED
=27k D)
ol = Ak [2(D)|

for some integer k > 1.

Proof. We solve (3.2.3-3.2.6), assuming x(0) = 0, z(0) = 0. By (3.2.6) we have n(¢) =

n(0) = no. If no = 0, we can see by inspection that the solution is

n =0, & =&, x(1)=1tk, z20)=0, (3.2.14)

namely, a straight line from the origin, whose length is clearly |x(1)|. This is (3.2.8),
which we shall see is forced when z(1) = 0.

Otherwise, assume 79 # 0. We may solve (3.2.3) for £ to see that

1
=5y (3.2.15)

Notice that substituting (3.2.15) into (3.2.4) shows that
N
= E[x, X] (3.2.16)
from which an easy computation verifies that (x(¢), z(¢)) is indeed a horizontal path.
(This is analogous to the formula (1.2.6) for H;.)
Substituting (3.2.15) into the right side of (3.2.5) shows that

A T B 1
f = —Z |770| X+ EJUO(X_ EJUOX) = EJUOX
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: 2 _ 2
since J, x = — [n0]” x. Thus

1
f = 5.],70)6 +§0 (3.2.17)

where &, = £(0). If & = 0, it is easily seen that we have the trivial solution x(¢) = 0,
z(t) = 0, &(¢) = 0, n(t) = 1o, so we assume now that & # 0. (3.2.17) may be substituted
back into (3.2.3) to get

%= Jpx + & (3.2.18)
so that
1
x=(Jy) ("0 - Dy = —quo(e”'m - Dé. (3.2.19)
1o

Differentiation (or substitution) shows

X = e’ng,. (3.2.20)
Note that
2 1 ] 2 2 2
x> = — |(en = Dé|” = —=(1 = cos(lnol 1)) &I (3.2.21)
|70l [770l

It is easy to see from (3.2.19) that x(¢) lies in the plane spanned by &, and J,,&o,
and x(7) sweeps out a circle centered at W#J,mgo and passing through the origin. In
particular, the radius of the circle is |£y|/|n0].

Now substituting (3.2.19) and (3.2.20) into (3.2.16), we have

(e &0, 0] = [y, €0&0])

2 {rpof?
2
" 24P (|€”"°§0| o + [Jnofo,e”'mfo])
0
ol
= ;lc; 7 (1 = cos(lnol 1)) 0.
0
By integration,
ol .
o= 3 (imol £ = sin(lmol D)ro.- (3.2.22)
2ol
In particular,
ol .
|zl = 5 (ol £ = sin(lol 1)). (3.2.23)
2 {nol

We note that inspection of (3.2.23) shows that z(¢) # O for ¢ > 0. Thus the only solution
with z(1) = 0 is that of (3.2.8).
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To make more sense of this, let r = |£y| / |o| be the radius of the arc swept out

by x(¢), and ¢ = |no| t be the angle subtended by the arc. Then
1 1
lz| = §r2¢ - §r2 sin ¢

which is the area of the region between an arc of radius r subtending an angle ¢ and the
chord which spans it.

We must determine &, 770 in terms of x(1),z(1). We have already ruled out the
case z(1) = 0. If x(1) = 0, then (3.2.21) shows we must have |ny| = 2kr for some
integer k > 1. (3.2.22, 3.2.23) then shows 1y = 2kxz(1)/ |z(1)|, and |&| = Vakr [z(1)], as
desired. In this case the direction of & is not determined and &, may be any vector with
the given length.

On the other hand, if x(1) # 0, then [r7y| is not an integer multiple of 2z, so we

may divide (3.2.23) by (3.2.21) to obtain

(DI Inol = sinfpl 1
(DF 41 —cospnop 3”7 (3.2.24)

taking 6 = % [nol, where v is as in (3.2.7). Then by (3.2.21) we have

92

sin’ @

6ol” = lIx(l)l2 Il = [x(DP?
2 1 = cos(|nol)

(3.2.25)

Note that once the magnitudes of 7y, & are known, their directions are deter-

mined: 9 = z(1) [nol / |z(1)| by (3.2.22), while &, can be recovered from (3.2.19):

&0 = —mg(Ine(e™ = D)™ x(1).

So 719, & and hence x(f), z(¢) are all determined by a choice of || satisfying (3.2.24).
Writing 6 = |no| gives (3.2.9-3.2.10).
The “if” direction of the theorem requires verifying that the given formulas in

fact satisfy Hamilton’s equations, which is routine. O

To compute the Carnot-Carathéodory distance function for G, we must decide
which of the solutions given in Theorem 3.2.4 is the shortest, and compute its length.

We collect, for future reference, some facts about the function v of (3.2.7).

Lemma 3.2.5. There is a constant ¢ > 0 such that v'(6) > c for all 6 € [0, n).
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2(sin 6—6 cos )
sin® 6

tor and denominator we have v'(0) = 2/3 > 0. For all 6 € (0, 7) we have sin® 6 > 0, so

Proof. By direct computation, v'(6) = . By Taylor expansion of the numera-
it suffices to consider y(#) := sinf — 8 cos 6. Now y(0) = 0 and y'(#) = 6sin6 > O for
0 € (0, ), so y(6) > 0 for 6 € (0, n). Thus v'(0) > 0 for 8 € [0, ), and continuity and the

fact that limgy, v/ (6) = 400 establishes the existence of the constant c. O
Corollary 3.2.6. v(6) > c0 for all 6 € [0, ), where c is the constant from Lemma 3.2.5.
Proof. Integrate the inequality in Lemma 3.2.5. Note that v(0) = 0. O

For an H-type group, we obtain the following explicit formula for the distance.
Note that since our notions of horizontal paths, length and distance are all defined in
terms of the left-invariant vector fields X;, these concepts are all left-invariant. That
is, if y is a horizontal path in G, then for any k € G, Ly is a horizontal path with
{(Lyy) = {(y), and therefore we have d(g,h) = d(kg,kh) for all g,h,k € G. Thus the
distance function is completely determined by distance from the identity. We write this
as dy(g) = d(0, g) for short.

Theorem 3.2.7. In an H-type group, the Carnot-Carathéodory distance from the identity
0 to a point (x, z) is given by

|x| & z#20,x#0

M5
do(x,2) =d(0,(x,2) = {|nl,  z=0 (3:2.26)
Varlzl, x=0
where 6 is the unique solution in [0, ) to v(0) = %-

Proof of Theorem 3.2.7. We compute the lengths of the paths given in Lemma 3.2.4.
The z = 0 case is obvious. Observe that for a horizontal path o(r) = (x(¢), z(¢)), we
have o(t) = fol X (HXi(y(1)), so that ||o(?)|| = |&(r)]. For paths solving Hamilton’s
equations, (3.2.20) shows that |x(?)| = |&], so £(y) = [&|. In the case x = 0, we have
léol = V4km|z(1)], where k may be any positive integer; clearly this is minimized by
taking k = 1.

Now we must handle the case x # 0, z # 0. In this case we have {(y) =
€0l = |x] ﬁ, by (3.2.25), where 6 solves (3.2.13) (recall 6 = % Inol). The function v has
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v(0) = 0, v(;r) = +00, and by Lemma 3.2.5 v is strictly increasing on [0, 7). Thus among

the solutions of (3.2.13) there is exactly one in [0, 7). We show this is the solution that

... 2 e
minimizes (si;ﬁﬁ) and hence also minimizes £(y).

For brevity, lety = e 1f y € [0,7/2] then y = v(0) for a unique 6 € [0, o). This

|x?

is because v(0) > v(rr/2) = m/2 for 8 > /2. Since 6 is increasing on [0, 7r) it suffices to

show this for 8 > x. But for such @ we have

0—sinfcos® 0—3 1 1
> 29——>7r——>§

v(0) =
© sin’ @ 2 2

sin’ @
since sin @ cos 8 < % for all 6.

Otherwise, suppose y > /2. Let

(&) e

F@) = =
© v(0) 6 —sinfcosd

which is smooth on (71/2, o) after removing the removable singularities. We will show
that if 7/2 < 6, < ™ < 6,, then F(0,) < F(6,). Thus if 6, is the unique solution to

y =v(0) in (7/2,n) and 6, > « is another solution, we will have

2 2
( O ) = v(0)F(6)) = YF(6)) < yF(6) = v(0,)F (6) = ( & )
sin 6, sin 6,

Toward this end, we compute

20(0 — sin O cos 0) — 82(1 — cos? 6 + sin’ §)
(6 — sin @ cos 6)?

_ 26cos0(0cos ) — sinb)

B (6 — sin @ cos 6)>

F'(0) =

For 6 € (r/2, 1) we have cos 6 < 0, sinf > 0 and thus F’(0) > 0. So F(0;) < F(x) and it
suffices to show F(r) = 7 < F(68,). We have F’(mr) = 2 > 0 so this is true for 6, near «,
and F(4+o00) = 400 so it is also true for large 6,. To complete the argument we show that
it holds at critical points of F'. Suppose F’(6.) = 0 where 6, > ; then either cos 6, = 0
or 6.cos@,. —sin8, = 0. If the former then F(6,) = 6. > n. If the latter, then 6, = tan@,,
SO
62 6? 6’

6, — sin ;’C cosf, 6, —tan 0: cos20, 0,.(1 — cgos2 6,) = 0

F@,) = >

which completes the proof. O



56

We note that it is apparent from (3.2.26) that we have the scaling property
do(po(x,2)) = ady(x, 2) (3.2.27)

with ¢ as in Definition 2.1.18.

Notation 3.2.8. If f,h : G — R, we write f(g) < h(g) to mean there exist finite positive
constants Cy, C, such that C1h(g) < f(g) < Cyh(g) for all g € G, or some specified

subset thereof.

Corollary 3.2.9. dy(x,z) = |x| + |2|'%. Equivalently, dy(x,z)* = |x* + |2.

Proof. (Based on [8, Proposition 5.4].) We know d(x, z) is a continuous function (with

respect to the manifold topology on G) which is positive except at (0,0). d'(x,z) :=

1/2 :

|x|+|z]"'< is another such function, so the conclusion obviously holds on the unit sphere of

d’. Now d'(p,(x, 7)) = ad’'(x, z), and inspection of (3.2.26) shows that the same holds for

d, so for general (x, 7) it suffices to apply the previous statement with @ = d’(x,z)™'. O

This can also be verified by direct computation. By continuity we can assume

x # 0, z # 0. If 0 is the unique solution in [0, ) to v(f) = %, we have dy(x,z)* =

2(. 6\ o

| x| (— ) , so if we let
sin 8

0

2
(w3)  dotx, 22
1+v(O)  |x?+47
it will be enough to show there exist Dy, D, with 0 < D; < F(6) < D, for all 6 € [0, ).

F@0) =

(3.2.28)

F is obviously continuous and positive on (0, 7). We can simplify F as

92
sin>@ + 0 — sinfcos O

F(6) =

from which it is obvious that limy;, F(6) = # > 0, and easy to compute that limgy F'(6) =
1 > 0, which is sufficient to establish the corollary.

Results of this form apply to general stratified Lie groups. A standard argument,
paraphrased from [8], where many more details can be found, is as follows. Once it
is known that d generates the Euclidean topology on G, then dy(x, z) is a continuous

1/2

function which is positive except at (0, 0). d’(x, z) := |x| + |z| /~ is another such function,

so the conclusion obviously holds on the unit sphere of d’. Now d’(¢.(x, 7)) = ad’'(x, 2),
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and inspection of (3.2.26) shows that the same holds for d, so for general (x, z) it suffices
to apply the previous statement with @ = d’(x, 7).

Chapter 3, in part, is adapted from material awaiting publication as Eldredge,
Nathaniel, “Precise Estimates for the Subelliptic Heat Kernel on H-type Groups,” to
appear, Journal de Mathématiques Pures et Appliquées, 2009. The dissertation author

was the sole author of this paper.



Chapter 4

Heat Kernel Estimates

4.1 Statement of results

The goal of this section is to establish pointwise upper and lower estimates on
the heat kernel p, on an H-type group G, as well as its gradient Vp,. See Corollary 4.1.2
and Theorems 4.1.3 and 4.1.4 below.

Theorem 4.1.1. There exists Dy > 0 such that

dO ()C, Z)Zn—m—l

WELLLE 4.1.1)
1+ (Ixl do(x, 2))""2

pi(x,z) <
for dy(x,z) > D,.

Corollary 4.1.2.

L+ (1 Pdy(x, )y o o2
1+ (¢1x] do(x, )"

pix,z) <t™ (4.1.2)

for (x,z) € G, t > 0, with the implicit constants independent of t as well as (x, 7).

Proof. Theorem 4.1.1 establishes (4.1.2) for t = 1 and dy(x,z) > Dy. For dy(x,z) < Dy
the estimate follows from continuity and the fact that p,(x, z) > 0 (Theorem 2.4.6).
Once (4.1.2) holds for all (x, z) and ¢t = 1, item 4 of Proposition 2.4.3 and (3.2.27)

show that it holds for all ¢, with the same constants. O
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We also obtain precise upper and lower estimates on the gradient of the heat
kernel. Again we work only on dy(x, z) > Dy, and since V p, vanishes for x = 0, it is not
as clear how to extend to all of G. However, the upper bound is sufficient to establish

(4.1.4), which is of interest itself.

Theorem 4.1.3. There exists Dy > 0 such that

2n— 1
dO(x’ Z) et e—%do(x,z)2
1+ (1] do(x, 2))™* 2

[Vpi(x,2)| < |x] (4.1.3)

for dy(x,z) > Dy. In particular, we can combine this with the lower bound of Theorem

4.1.1 to see that there exists C > 0 such that
[Vpi(x,2)| < C(1 + do(x,2))p1(x, 2). (4.1.4)
By (2.3.8) and differentiation under the integral sign, we have
Vpi(x,z) = —%(ZH)_'"(47T)_” x| (q1(x, 2)X + q2(x, 2)J3%) (4.1.5)

where

20 , . 1 n+1
ql(x,z):——mz f A2 1A coth | ? (L) cosh(jA))dA  (4.1.6)
Rm

x| Olx] sinh(]2])
e f (A,2)~ 514l coth |l e\ A
)= —F——— = o comiiit —— 1 (=) (A, 2) dA 4.1.7
002 = =5 W smhqpy) 2 @17

As before, (4.1.6) and (4.1.7) do not really depend on Z but only on |x], |z|.
The function g, is of interest in its own right, because it gives the norm of the
“vertical gradient” of p;: || = |V p1]l. The proof of Theorem 4.1.3 includes estimates

on ¢,; we record here the upper bound.

Theorem 4.1.4. There exists Dy > 0 and a constant C > 0 such that

do(x, 2" o hdo(x)?
1+ (x| do(x, 2))*

IV.pi(x,2)| = g2(x,2)| < C (4.1.8)

whenever dy(x,z) > Dy. In particular, for all (x,z) € G we have

IVep1(x, 2)| < Cp(x,2). (4.1.9)
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Remark. Since our proof is based on analysis of the formula (2.4.10), we will henceforth
treat (2.4.10) as the definition of a function p; on R?"*™. In particular, it makes sense for
all n, m, whether or not an H-type group of the corresponding dimension actually exists
(which can be ascertained via Theorem 2.2.6). The proofs of Theorems 4.1.1 and 4.1.3
do not depend on the values of n and m, so they likewise remain valid for all n, m. The
estimates given are in terms of the distance function d, which likewise should be taken
as a function defined by the formula (3.2.26). Indeed, the only place where we need p;
to be a heat kernel is in the proof of Corollary 4.1.2, where we use the positivity of p;
which follows from the general theory (Theorem 2.4.6).

In particular, in Section 4.5 we shall make use of estimates on p; for values of

n, m not necessarily corresponding to H-type groups.

The proofs of these two theorems are broken into two cases, depending on the
relative sizes of |x| and |z|. Section 4.3 deals with the case when |z| < |x|*; here we apply
a steepest descent type argument to approximate the desired function by a Gaussian.
Section 4.4 handles the case |z] > |x|* by a transformation to polar coordinates and a
residue computation which only works for odd m. The result for m even can be deduced

from that for m odd by a Hadamard descent approach, which is contained in Section 4.5.

4.2 Previous work

Estimates of the form (4.1.1) for the classical Heisenberg group first appeared
in [28], in the context of a gradient estimate for the heat semigroup, as did an estimate
equivalent to (4.1.4). A proof for Heisenberg groups in all dimensions followed in [29].
Our proof is similar in spirit to the latter, in that it relies on the analysis of an explicit
formula for p, using steepest descent methods and elementary complex analysis.

Less precise versions of the inequalities (4.1.1) are known to hold in more gen-
eral settings. Using Harnack inequalities one can show that for general nilpotent Lie
groups,

CiR\(D)e™ < py < Co(ORa(1)e T 4.2.1)

for some constants ¢, Cy,C, and functions R;, R, where C, depends on € > 0; see
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chapter IV of [46]. [12], among others, improves the upper bound to

(©?

d
pi(g) < CRy(g, e, 4.2.2)

with R a polynomial correction, using logarithmic Sobolev inequalities, whereas [45]

improves the lower bound to
P > C(e)Ry(1)e &, 4.2.3)

Similar but slightly weaker estimates were shown for more general sum-of-squares op-
erators satisfying Hormander’s condition in [26] by means of Malliavin calculus, and in
[23] by more elementary methods involving homogeneity and the regular dependence
of p;ont.

In the specific case of the classical Heisenberg group, asymptotic results similar
to (4.1.1) had been previously obtained in [17] and [19], but without the necessary uni-
formity to translate them into pointwise estimates. A precise upper bound equivalent to
that of (4.1.1) was given in [7] for Heisenberg groups of all dimensions. All three of
these works, like [29] and the present proof, were based on an explicit formula for p,
and involved steepest descent type methods. In [16], similar techniques were used to

obtain a Li-Yau-Harnack inequality for the heat equation on Heisenberg groups.

4.3 Steepest descent

We first handle the region where |z| < B |x|? for some constant By. If § = 0(x,z2)
is as in Theorem 3.2.7, this implies v(6) < 4By; since v increases on [0, 1) we have 0 <
6 < 6, in this region. Note also that by Corollary 3.2.9 we have dy(x, z)> < D,(1+B;) |x[%,
as well as do(x,z)? > |x|* which is clear from (3.2.26). Thus for this region the bounds

of Theorems 4.1.1, 4.1.3 and 4.1.4 are implied by the following:

Theorem 4.3.1. For each constant B; > 0O there exists Doy > 0 such that

1
pr(x,2) x ——e i%0’ 4.3.1)
]
C |
|qi(-xa | < —ie_ZdO(X’Z)Z, i=1,2 4.3.2)
| x|
C
=L om0 < max{lgy(x, 2)], lga(x, 21} (4.3.3)

|x]



62

for all x,z with dy(x, z) > Do and |z| < By |x|*.

Our approach here will be a steepest descent argument. Very informally, the
motivation is as follows: given a function F(x) = fR e fDg(2) dA, move the contour
of integration to a new contour I which passes through a critical point A, of f, so that
fQ) = f(4.) + %f”(/lc)(/l — A.)%. Then we have

Fx) ~ eV f eI AP 243y 40,
r

For large x the integrand looks like a Gaussian concentrated near A., so F(x) x

e—xzf(/lc) a(de)
x V()

care is required to establish the desired uniformity.

. Our proof essentially follows this line, in R™ instead of R, but more

Our first task is to extend the integrand to a meromorphic function on C™, so that
we may justify moving the contour of integration.

Let - denote the bilinear (not sesquilinear) dot product on C™”, and for 4 € C"
write A2 := A- A; this defines an analytic function from C” to C, and A2 = |/l|2 iff 1 e R™.
For w € C, let \/w denote the branch of the square root function satisfying Im y/w > 0
and vw > 0 for w > 0 (so the branch cut is the positive real axis). Thus if g : C — Cis

an analytic even function, 4 — g( \/ﬁ) is analytic as well, and satisfies g( \/ﬁ) = g(|1])

g
sinh Va2

and VA2 coth VA2 are analytic away from points with V2 =ikm, k=1,2,....

Using this notation, we let

for 4 € R™. This holds in particular for the function , and thus the functions

a()(/l) .

[nm)
sinh VA2
a;(A) := cosh \//?(

Va2
sinh \/ﬁ

As mentioned previously, Z may be any unit vector in R™ without affecting the compu-

\//? )I’H'l
sinh VA2

a(A) := —i( ) A-%2eC™.

tation. Therefore we shall treat it as fixed, while |z| is allowed to vary.
Also, for 1 € C",0 € [0,6],2 € S™' ¢ R™, we define

£(1,6,2) := —iv(0)A - 2 + VA2 coth VA2 (4.3.4)
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so that

2
1
%f(ﬂ, 0(x, 2), é) =izt VA2 coth VA2 |x2.

We henceforth write 8 for 6(x, z). Thus we now have

)Cz A
pi(x,2) = (4m)™" f e~ A0 g0y d (4.3.5)
Rm
\'2 A
qi(x,2) = @m)™" " f e~ A0 42y d), i=1,2 (4.3.6)
Rm

Written thus, the integrands have obvious meromorphic extensions to 4 € C", analytic
away from the set { VA? = ikmr, k = 1,2,...}.
A simple calculation verifies that %w cothw = iv(—iw), so we can compute the

gradient of f with respect to A as
V.f(A,6,2) = —iv(0)3 + iv(—i VA2)Q (4.3.7)

which vanishes when A = i6Z. Thus i6Z is the desired critical point. We observe that

2

£(i62,0,2) = 6v(9) + i0 coth(if) = O(v(6) + cot(h)) = -~y (4.3.8)
so by (3.2.26),
x> £(i62,6,2) = do(x, 2)*. (4.3.9)
Thus we define
W(A,6,2) := f(A,0,2) — f(i62,0,8) = —iv(0)A- 2+ VA2 coth VA2 — Sizz - (4.3.10)
We then have
(6, 2) = (A g4 f VA0 4 1) dA 4.3.11)
-
and analogous formulas for g, g,. Thus let
hi(x,2) := f e-%“»‘%iu) da. (4.3.12)
-

It will now suffice to estimate #;.
The first step in the steepest descent method is to move the “contour” of integra-

tion to pass through i6Z. Some preliminary computations are in order.
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Lemma 4.3.2. For a,b € R", we have

la| = |b| < 'Re V(a + bi)z‘ <lal, 0<Im +/(a+bi)?<lb|. (4.3.13)

Equality holds in the upper bounds if and only if a and b are parallel, i.e. a = rb for

some r € R.
Proof. First note that (a+bi)* = la|? = |b]>+2ia-b. So by the Cauchy-Schwarz inequality,

|(a+ bi)2|2 = (la® - |bP)? + (2a - b)?
< (laf* = |bI»* + 4 |al* |b)? (4.3.14)
= (lal” + [b*)?

so that |(a + bi)2| < lal* + b Equality holds in the Cauchy-Schwarz inequality iff a and
b are parallel. On the other hand,

|(a + bi)?| > Re(a + bi)* = laf* - [bI*. (4.3.15)
Now we can write
(Re fa+bi7) = 3 (Vea+ b + Wf
= i((a+bi)2+M+2'\/(a+7bi)2r)

1
- E(|a|2 — |bI* + |(a + bi)*).

The upper bound for ‘Re V(a + bi)z' then follows from (4.3.14). The lower bound is
trivial if |a| < |b|, and otherwise we have by (4.3.15) that

(Re Via+ 191')2)2 > laf* ~ |bI* = (lal - |b])*.

The lower bound for Im +/(a + bi)?> holds by our definition of 4/, and the upper bound

is similar to the previous one. O

Lemma 4.3.3. For each 6, € [0,n) there exists c(6y) > 0 such that if a,b € R" with

la| > c(6y), |b| < 21, we have

Rey(a+ib,6,2) > |al /2 (4.3.16)
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and

lai(a + ib)| < 1 (4.3.17)
forall 6 €[0,6), 2, € S™ ! c R™
Proof. Fix 6y € [0, ). Note first that

Rey(a+ib,0,2) = v(0)b-2—Re f(i6,6,2)+Re [ (a + bi)* coth y/(a + bi)?|. (4.3.18)

By continuity, v(6)b - Z — Re f(i6Z, 6, Z) is bounded below by some constant independent

of a for all 8 € [0, 6y], |b| < 2m. Thus it suffices to show that for sufficiently large |al,

Re| v(a + bi)? coth (@ + bi)?| % lal . (4.3.19)

Now for @ € R, 8 € [-2m, 2] we have

a sinh @ cosh @ + Bsinfcos

Re((a + if) coth(a + iB)) = cosh® @ — cos? 8

> acotha —

cosh? @
2
> acotha — 5
cosh” «
> —|af
4

for sufficiently large |@|. (Recall that lim,,.. cotha = +1.) Thus, since
[Re @+ b0?| > lal = b] > lal - 2

and

‘Im Via+ bi)Q‘ <2n,

it is clear that (4.3.19) holds for sufficiently large |al.
For the bound on g;, note that the sinh factor in the denominator of each a; can
be estimated by

a+iff _

2

—a+if

e |ea+lﬁ| _ |e—a+lﬁ|

lsinh(a + iB)| = 5

= |sinh ¢|

so that |sinh (@ +b)?| > [sinhRe yia+biP| > Isinh(al - 2m) for a] > 27. This
grows exponentially with |a|, so it certainly dominates the polynomial growth of the

numerator, and we have |a;(a + ib)| < 1 for large enough |a|. O
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2

Lemma 4.3.4. Let F(1) := e~ +¥499q,(1) be the integrand in (4.3.12), where x,z are
fixed. If T € R™ with |t| < &, then

hi(x,z) = f F(A)da= f F(1+it)dA. (4.3.20)
Rm Rm

Proof. Note first that F is analytic at A + ib when |b| < &, by the second inequality in
Lemma 4.3.2. Also, by Lemma 4.3.3, we have

IF(A + ib)| < e W8 (4.3.21)

as soon as 4| > c(6).
We view ﬁw F(A)dA as m iterated integrals and handle them one at a time. For

1 < k < m, suppose we have shown that

f F(/l)d/lzf...fF(/11+iT1,...,/1k_1+l.Tk_1,/lk,...,/lm)d/11...d/lm. (4322)
Rﬁl R R

Continuity of F and (4.3.21) show that F is integrable, so we may apply Fubini’s theo-

rem and evaluate the d A, integral first:

f F(/l)d/l:f...fF(/l1+iT1,...,ﬂk_]+iTk_],/lk,...,/lm)d/lkd/11...d/lm.
R”‘l R R

Now
fF(/ll F 0Ty e Aoy T Ay o oy A) d A
R
= (}1_{1010 aF(/l] + 0Ty, ey At F iTh s Ay o o> ) d g
Since Ay = F(Ay + ity ..., Ay + iTj—1, Ay, - . ., Ay) 1s analytic for |[Im 4| < 7 (which
holds because |(71,...,Ti)| < |7] < ), we have

@ —Q+iTy +ITy
fF(...,/lk,...)d/lk:f F+f F+f" F
—-a —-a —Q@+iTy a+iTy

where the contour integrals are taken along straight (horizontal or vertical) lines. But as

soon as a exceeds c(6) from Lemma 4.3.3, (4.3.21) gives

—@+iTk
f |F(/ll+l'T1,...,/1k,1+l'Tk,1,/lk,...,/lm)| d/lk

a

_1x? _
< 1€ [ 1A s A= 1,= @ Ao A1 /8

—lxlel/8

< e — Qasa — oo.
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. . (04
A similar argument shows the same for fa ir F, so we have
k

fF(/l] + iT],. --’/lk—l + l‘Tk_l,/lk,...,/lm)d/lk
R

00+iT
:f F(/h+iT1,...,/lk_1+iTk_1,/lk,...,/lm)d/lk

co+iT

= fF(/ll + 0Ty, A F TRy, A + 0T, ..,/lm)d/lk.
R
Thus applying Fubini’s theorem again, we have shown

f F(/l)dﬂ = ffF(ﬂ] +iTy, ..., Ak +iTk_1,/lk+iTk,...,/lm)d/ll d/lm
RITI R R
(4.3.23)

Applying this argument successively for k = 1,2, ..., m establishes the lemma. O

For the remainder of this section, we assume that |z| < By |x|?, so that 6 < 6,(B).

We next show that the contribution from A far from the origin is negligible.
Lemma 4.3.5. There exist r > 0 and a constant C > 0 such that

< (4.3.24)

_b yrios a
e~ TYWHEXD 0 () + i03) dA )
B(0.C |x|2m
NS

Proof. From Lemma 4.3.3, if r > ¢(6,) we have

f da < f e v dn
B(O,r)C B(O,r)C

« 2

= a)m_lf e M ‘0/810'"_1 dp
r
« 2

< wm—lf e—lxl p/Spm—l dp
0

W1 (b 5" f ePp"dp
0
C

|X|2m

B2 y1vior .
e~ T YYD 0 () + i63)

where w,,_ is the hypersurface measure of §"~!. O

We can now apply a steepest descent argument. As a similar argument will be

used later in this paper (see Proposition 4.4.7), we encapsulate it in the following lemma.
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Lemma 4.3.6. Let * C RF for some k, r > 0, B(0,r) the ball of radius r in R™, and
2:B0,r)xX >R, k:R”x[-r,r] XX — C be measurable. Define F : R x X — C
by
F(x,0) := f e e (x, 2, o) dA. (4.3.25)
B(0,r)

Suppose:
1. There exists a positive constant by such that g(1,0) > b 1A for all A €
BO,r),c € X,
2. kis bounded, i.e. ky = SUp,po 1cp.) e k(X 4, 0)| < 0.
Then there exists a positive constant C), such that

G
|[F(x,0)| < o (4.3.26)

forall x>0, o € %
If additionally we have:
3. There exists a positive constant b, such that g(A1,0) < b, 1A/ for all A €
BO,r),oc €
4. There exists a function € : R* — [0, r] such that lim,_, ., pe(p) = +oo, and

ky = inf Re k(x,A,0) > 0. (4.3.27)

xeR27 1eB(0,e(|x])),o€X

Then there exist positive constants C| and xo such that for all |x| > xo and o € X
we have

Cl
Re F(x, o) > W (4.3.28)

Proof. The upper bound is easy, since

|F(x,0)| < ky f e‘|)f|2bl|/1|2 da
B(0,r)

k 2
B[ e gy
|x] B(0,rx)

|x] R™

_ ko(m/b)"?

|x|m
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For the lower bound, let
Fi(x,0) := f e P8O (2 ) dA
B(0,r)\B(0,e(|x]))
Fo(x, o) := f 8D 2 ) dA
B(0,e(|x1))
so that F = F; + F,. Now we have

2 2
|F(x,0)| < ky f o PR )
B(0,n\B(0,e(|x])

<k f eI gy
R\ B(0,e(1x))
™ Jrm o)

where we make the change of variables A’ = |x| A. For F;, we have

Re FZ(-X9 0_) > kl f e_|x|2}72|/l|2 da
B(0,¢e(|x0))
1

72
= —ki f e du,
|x] B(0.Jxle(|x]))

So we have
|xI" Re F(x,0) > [x" Re F(x, o) = [|x]" F1(x, o)
> ky f e gy —ky f eI g
B(0,|xle(x])) R™M\B(0,|xle(|x]))
— ki(/by)"* =0 >0
as [x| — oo. So there exists xj so large that for all x| > x,

1 1
Re F(x,0) > Ekl(n/bz)m/zw (4.3.29)

as desired. O
We need another computation before being able to apply this lemma.

Lemma 4.3.7. Re /(1 + i62)2 coth /(1 + i82)2 > O cot 6, with equality iff A = 0.

Proof. We first note that the function S cot g is strictly decreasing on [0, 7). To see this,
note diﬁﬁ cotf3 = —v(B). By Corollary 3.2.6 v(8) > 0. In particular, Scotf < 1.
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Next we observe that for @ € R, 8 € [0, 1) we have
Re((a + iB) coth(a + iB)) > BcotB (4.3.30)

with equality iff @ = 0. This can be seen by verifying that

sinh? (@ coth @ — B cot B)

cosh’ @ — cos?

Re((a + i) coth(a + iB)) — Bcot B = 4.3.31)

which is a product of positive terms when @ # 0, since acothe > 1 > Bcotf and
cosh®a > 1 > cos?p.

Therefore, we have

Re /(1 + 672 coth /(1 +i62)” > (Im /(1 + i62)%) cot (Im V(A +i622)  (43.32)

> fcotf (4.3.33)

because 0 < Tm /(A + i62)? < 6 < 7 by Lemma 4.3.2.
If equality holds in (4.3.33), it must be that Im \/m = 6. By Lemma4.3.2
A and Z are parallel, so m = +|4| + 8. If equality also holds in (4.3.32), we
have
Re(= || + i6) coth(=* || + i) = Gcot b

so by (4.3.30) it must be that || = 0. This proves the claim. O

Lemma 4.3.8. Given r > 0, there exist constants by, by, b; > 0 depending only on r and

6y such that

by 1A < Rey(A +i62,0,%) < by A (4.3.34)
and

IIm (A + 6%, 6,2)| < bs |4 (4.3.35)
forall A € B(O,r) CR™, 6 €[0,6],2€ S™ "' cR™

Proof. Note first that (1 + i6Z, 6, 2) is smooth for 6 € [0, 6] since Im V(A + i6Z) < 6 <
6y < m, so that we are avoiding the singularities of w cothw.
We have y/(i6Z, 0, 2) = 0 and V,(i02, 0,Z) = 0. We now show the Hessian H(i62)

of y at i07 is real and uniformly positive definite.
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By direct computation, we can find

o2 _ v(—i\//?) Aid;
YV —(1,6,2) = V(- z\/_) 7 (5,-j— 7) (4.3.36)
so that for u € R™,
2 2
Hu-u=v (- z\/_)(ﬂ X \’/ﬂi_) (| ?— uﬂ”) ) 4.3.37)

and in particular
0
HE 1= VO + 5 (= 2w

= |uf® (sv (9)+Q(1— ))

) ..
where s := (ﬁ) ,500 < s < 1. Note this is a real number whenever u € R™. Thus we

have H(i6Z)u - u written as a convex combination of two real functions of 6, so

Hi0%)u - u > |u) mln{(—) V(0 > cuf (4.3.38)
where c is the lesser of the two constants provided by Lemma 3.2.5 and Corollary 3.2.6
respectively. This is valid for 8 > 0 and hence by continuity also for 6 = 0.
By Taylor’s theorem, this shows that (4.3.34) and (4.3.35) hold for small A. The
upper bounds thus automatically hold for all A € B(0, r) by continuity. To obtain the
lower bound on Re ¢, it will suffice to show Re ¢y > 0 for all 4 # 0. But we have

Re (A + it2,0,2) = Ov(6) — Re f(it,6,2) + Re [ (1 + i62)? coth V(1 + i62)?]
92
- +Re | VA +i62)? coth V(2 + 622
= —fcotf + Re| V(A + i62) coth V(A + i62)? |
>0

= 0v(0) —

by Lemma 4.3.7, with equality iff 2 = 0. O

The proof of Theorem 4.3.1 can now be completed.
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Proof of Theorem 4.3.1. We establish (4.3.1) first. We can apply Lemma 4.3.6 with
Y :=[0,60] x S™ !, o = (6, %), r the value from Lemma 4.3.5, and

1
8(4.(6.2)) = Rey(1+i62.6.2)
. )[2 A A
k(x, A,(6,3)) = e+ muiz62 3 4 gy

The necessary bounds on g come from (4.3.34). For an upper bound on k, we have
lk(x, 4, (6,2))| = |ap(A + i62)|, which is bounded by the fact that (4, 6, ) ranges over the
bounded region B(0, r) x [0, 6y] x ™! which avoids the singularities of ay.

Now for the lower bound on k. By direct computation, we have ay(i0Z) =
(ﬁ)n > 1; by continuity there exists § such that Re e”*ay(d + i62) > % for all |[A] < 6
and |s| < 6, where s € R. If || < |x|7>° /b3, where b5 is as in (4.3.35), we will have
21> [Im (A + i62)] < . Thus set €(x) := min{6, |x| > §/b3}, so that Re k(x, A, (6,2) > 1
for all || < e(x) and all (6,2) € %, and lim,_,, pe(p) = lim, o p'?6/b3 = +oo.

Thus Lemma 4.3.6 applies, and so combining it with Lemmas 4.3.4 and 4.3.5
we have that there exist positive constants C, C}, C}, xo such that

(C_i <

IxXI™ xPm

’

1 2 C C ! 2
)e—mo(x,z) < pix,2) < (ﬁ + W)e‘4d°<x’2) : (4.3.39)

whenever |x| > xyo. We can choose x, larger if necessary so that |x|™ > |x|>™. Then
taking Dy = x will establish (4.3.1).

For g;, the upper bound is similar; |a;| is bounded above just like |ay|, establishing
(4.3.2).

For (4.3.3), we cannot necessarily bound both |g;| below simultaneously, but

it suffices to take them one at a time. For 0 < 6(x,z) < 7, we have a,(i67) =

+1
Cose(ﬁ)n > %, so by the above logic we obtain the desired lower bound on
lg1| for such 6. 1If 7 < 6 < 6, we estimate g, in the same way, since we have
N n
ayit?) = (55) 0= £. O

4.4 Polar coordinates

In this section, we obtain estimates for p;(x, z) and |Vp,(x, z)| when |z| > B; X%,

where B is sufficiently large. This means that 6(x, z) > 6, for some 6, near 7. Note that
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by Corollary 3.2.9, we have dy(x, z) < V7| in this region.

We first consider p; and show the following.

Theorem 4.4.1. For m odd, there exist constants By, Dy such that

_m+l
=

||

—Ldy(x,2)?
pi(x,2) < e v (4.4.1)
1+ (1x] Vil
or, equivalently,
d , 2n—m—1
pix ) < — 202 ¢ (4.42)

1+ (al do(x, )y
for |zl = B, Ix|* and |z| > Dy (equivalently, dy(x,z) = Dy).

The effect of the requirement that |z7| < B, Ix]> in the previous section was to
ensure that the critical point i6Z stayed away from the singularities of the integrand.
As B; — oo, the critical point approaches the set of singularities, and the change of
contour we used is no longer effective; the constants in the estimates of Theorem 4.3.1
blow up. In the case of the Heisenberg groups, where the center of G has dimension
m = 1, the singularity is a single point, and the technique used in [19] and [7] is to
move the contour past the singularity and concentrate on the resulting residue term. For
m > 1, the singularities form a large manifold and this technique is not easy to use
directly. However, by making a change to polar coordinates, we can reduce the integral
over R” to one over R; this replaces the Fourier transform by the so-called Hankel
transform. (A similar approach is used in [37] in the context of L” estimates for the
analytic continuation of p;.) When m is odd, we recover a formula very similar to that
for m = 1, and the above-mentioned technique is again applicable.

For the rest of this section, we assume that m is odd.

For m > 3, we write (2.4.10) in polar coordinates to obtain

00 ) 2 n
pi(x,z) = 2m) " (dm)™ f f T dre” T (L) p" " dp (4.4.3)
0 gm-1 Slnhp

2 -m 4 -n 00 . 2 "
_ (2m)™"(4n) f f Pl do_e—%pcothp (L) pm—l dp (4.4.4)
2 —oc0 gm-1 Sll’lhp

since the integrand is an even function of p. (To see this, make the change of variables

o — —o in the do integral. It is not true when m is even.)
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The do integral can be written in terms of a Bessel function. Using spherical

coordinates, we can write, for arbitrary $ € ™! and w € C,

m—1

—_— 277 7 eose
f eV do = T f eveosy Slnm—Z QOdQO
sm-1 F(T‘l) 0

AT 2 T
= ( ) f cos(wcos ) sin” ™~ pdyp (by symmetry)
r 0

m—1

2

2m)m?
- (W—m/)z_ T Jmp2-1(W) (see page 79 of [32])
(2mym2

=Re mi2—1

Ht(r:/)Z—l(w)

where H,(w) is the Hankel function of the first kind, defined by H,(w) = J,(w) + iY,(w),
with Y, the Bessel function of the second kind. Page 72 of [32] has a closed-form

expression for H, which yields

m

—1
z Re

iw %
4 .
=T cm,k(—zw)k} (4.4.5)

k=1

f e do = 2(2n)
Smfl

where the coefficients are

_k-2)!
Cmk = (m k ) > 0.

25k (25— k) ik - 1)

The reason for the use of the Hankel function is the appearance of the e factor,
which gives us an integrand looking much like that for p, when m = 1. This will allow

us to apply similar techniques to those which have been used previously for m = 1. We

have
(m=1)/2 o o o
P52 =Re) D enpld ™! f PRt o (=ip) dp (4.4.6)
— —oo sinh” p
(m_l)/z 1 2 © \x\z
= Z Con |27 e a0 f e "q(p)dp (4.4.7)
k=1 —oo
where, using similar notation as before,
2
Y(p,0) := —iv(f)p + pcothp — — (4.4.8)
sin” 0
ar(p) ::( . ) (—ip)". (4.4.9)
sinh p
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The constants and coefficients have all been absorbed into the c,,+; we note that ¢; o > 0,
cmy > 0fork > 1, and ¢, = 0 for m > 1. We dropped the (Re) because the imaginary
part vanishes, being the integral of an odd function.

For m = 1, we can write

1 2 © Xz
pi2) = ) e [ o0 dp (44.10)

The integrals appearing in the terms of the sum in (4.4.7), as well as in (4.4.10),

are all susceptible to the same estimate, as the following theorem shows.

Theorem 4.4.2. Let S C C be the strip S = {0 < Imp < 37/2}. Suppose a(p) is a
function analytic on S\{in}, with a pole of order n at p = in, a(if) > 1 for 6, < 6 < 7,
and [ la(p + 3ir/2)| dp < co. Let

00 Xz
hxa)i= [ E00ap)dp. @41

There exist By, Dy such that

n—1
Reh(x, ) = — 4.4.12)

T+ (I ViR

for all (x,z) with |z| > By |x* and |z| > D

The proof of Theorem 4.4.2 occupies the rest of this section. Theorem 4.4.1
follows, since Theorem 4.4.2 applies to each term of (4.4.7) (note each a; satisfies the
hypotheses), and the k = (m — 1)/2 term will dominate for large |z].

An argument similar to Lemma 4.3.4, using the fact that Lemma 4.3.3 applies
for |b| < 2m, will allow us to move the contour to the line Imp = 37/2, accounting for
the residue at in:

_li?

00 ) x2
h(x,z) := f e TUE200(p 1 3ix/2) dp + Res(e” TP Pa(p);p = in).  (44.13)

hr(x,2)

hy(x,2)
The following lemma shows that %;(x, z), the integral along the horizontal line,

is negligible.

Lemma 4.4.3. There exists 6y < m and a constant C > 0 such that for all (x,z) with
0(x,z) € [6y, ®) we have
hy(x,2)| < Ce™02f8, (4.4.14)
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Proof. Observe that coth(p + 3in/2) = tanhp. So
92

sin’ @

Re (o + 3in/2,0) = ptanhp + 37”1/(9) -

Therefore we have

[

g (3” ( )_7) —ﬁptanhp .
|hi(x,2)| < e e 4 la(o + 3in/2)| dp
R

37r (9)_

<e o fla(p + 3in/2)| dp

as ttanht >

0. The integral in the last line is a finite constant, since a(- + 3in/2) is

integrable by assumption.

However, for 6 sufficiently close to m, we have v(6) > - 92 {If pO) :=

7 sin? 6"

v(6) (= 29)_ , we have limg, 8(6) = 1/7 and limgy, B'(6) = —2/7% < 0. Indeed, 6 > 0.51

suffices.) Thus for such 6 we have

‘2 o2

y(x,2)| < Ce™ T i = Cem @ s8, (4.4.15)
O
To handle the residue term #£,, write it as
h(x,z) = Sé e—%@ﬁ”“(p) dp. (4.4.16)
B(in,r)

We can choose any r € (0, ) because the integrand is analytic on the punctured disk. To

facilitate dealing with the singularity at 8 = &, we adopt the parameters

s:=n-0(x,2)

4.4.17)
yi=nm x| /s.
Note that
y/s=lzdl, y=Id. (4.4.18)
If we let (compare (4.3.10))
o(w, s) 1= Ls1,//(i(7r —WwW),T—5)
¥y
o2
_ 2 (y(ﬂ — $)(m— W) + (7 — w) cot(r — w) — T2 ) (4.4.19)
4 sin” s

F(y,s):=s""! 56 e a(i(mr — w))(—i) dw (4.4.20)
0B(0,r)
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we have

h(x,z) = s " VE(®, s). (4.4.21)

Note we have made the change of variables p = i(m — w) from (4.4.16) to (4.4.20).
Observe that F is analytic in y and s for s # km, k € Z, so we shall now consider
y and s as complex variables. The factor of s"~! in F was inserted to clear a pole of order
n — 1 at s = 0, whose presence will be apparent later.
Computing a Laurent series for ¢ about (irr, ), which converges for 0 < |s| < 7,
0 < |w| <&, we find

ow,s) = = — — — T sU(w, s) (4.4.22)
with U analytic for |s| < &, |w| < &. Also, by the hypotheses on a,
a(i(mr —w)) =w"V(w) (4.4.23)
where V is analytic for |w| < /2 and V(0) > 0. Thus we have
|

F(y,s)=s"" 56 e a sV () (=) dw (4.4.24)
dB(0,r)

The constant term in the expansion of ¢ is slightly inconvenient, so let G(y, s) =
e"?F(y, s). Then:

G(y,s) = 5" 56 @ (EHa U0y 1y () (i) dw

© k
S P D (B U ) Ve (@425)
k=0

- k'\4s 4w
n—1 N yk w s k —-n .
p kz(; = SE (4—S + o+ U, s)) WV (W)(=i) dw
_ N Ve (4.4.26)
k!
k=0
where we let
w s k
au(s) = s 95 (— + 2 sU, s)) WV (W) (=i) dw. (4.4.27)
4s 4w

The interchange of sum and integral in (4.4.25) is justified by Fubini’s theorem, since
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for fixed s U(s, -) and V are bounded on B(0, r), and thus

b k k n
E 56 Y (K + 2 + sU(w, s)) (£ + V(w)) dw
i Jo.r) k' \4s 4w w

[ee] k n
Z r | U
. k=0 k_ (m tar Isvlllgl o S)l) ( * S;:|113|V(W)|)

( - sup |V<w)|) exp(|y| (m LI sup U/, s>|))

We now examine more carefully the terms g, in (4.4.26-4.4.27).
Lemma 4.4.4. If g, is defined by (4.4.27), then:
1. gy is analytic for |s| < so;

2. There exists C = C(so) > 0 independent of k such that |g(s)| < C* for each k and

all |s| < sp;

3. Fork <n—1, gi(s) = s" '"*(s), where hy is analytic for |s| < so. In particular,

gr(0)=0fork <n-—1.
4. Fork >n—1, g,(0) > 0 when k + n is odd, and g;(0) = 0 when k + n is even.

Proof. By the multinomial theorem,

_ k n—1 K . -n
al)= > k(“’ N C)s Sgg(o,r)( 4S) ( 4W) (SUW, ) wVw)(=i)dw  (4.4.28)

a+b+c=

RN

) C) 4—(a+b) 96‘ Wb g=@b=m=L (U (w, §)) V(W) (=i) dw (4.4.29)
» D, 0B(0,r)

k
b 6)4*“”’) 95 wibmn g @=b=m=1 (G (w, $))° V(w)(=i) dw
s Us dB(0,r)

(4.4.30)

since for terms with a—b—n > 0, the integrand is analytic in w and the integral vanishes.
Now the integrand of each term of (4.4.30) is clearly analytic in s, hence so is g itself,

establishing item 1.
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For item 2, let Up := Supy, . s<s, [U(W, $)I, and Vy := sup,,,_. [V(w)|. Then for

5] < s0,

k —(a a—b—n —~(a—b—n)— c
RO (a ) c)4<+b><2nr>r P75 (soUo) Vi

a+b+c=k
a-b—n<-1

n—1 a
S0 k r 50\ .
sls 3 {,la) (@) e

a+b+c=k
a—b—-n<-1

n—1

S, k r\(so\’
< 27rVp— — (—) Up)*
O Z (a, b, c)(4so) 4r (soo)

a+b+c=k

n—1 r S0 k
SZTU'V() 0 —+ — + 50Uy

n

r \4dsy 4r

so that a constant C can be chosen with g;(s) < C*, establishing item 2.
For item 3, suppose k < n — 1 and let A (s) = s*"*1g,(s), so that

hi(s) = Z k 4-(a+b) w7 =@ (s U (w, $)) V(w)(=i) dw.
dB(0,r)

a+b+c=k a, b’ ¢
a-b-n<-1

Buta—b -k <a-k <0since a < k by definition, so only positive powers of s appear,
and A is analytic in s.

For item 4, we see that when s = 0, each term of (4.4.30) will vanish unless
c=0anda-b—-n=-1,ie.a+b=kanda—-b =n— 1. If k and n have the same
parity, this happens for no term, so g,(0) = 0. If k and »n have opposite parity, this forces
a=(k+n-1)/2,b = (k—n+1)/2, both of which are nonnegative integers. In this case

k
(k+n-1)/2
_ ( k
(k+n-1)/2
since V(0) > 0. O

gi(s) = ( )4_" SEW_IV(W)(—i) dw

)4"‘27TV(0) >0

From this we derive corresponding properties of the function F.
Corollary 4.4.5. Let F(y, s) be defined as in (4.4.20). Then for all sy < n:

1. F is analytic for all y and all 0 < s < ).
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2. We may write

lknlk

F(y,s)=e™"? Z

hi(s) + Y'H(y, s) 4.4.31)

with hy, H analytic for all y and all 0 < s < sy. Furthermore, h,_1(0) > 0
3. F(y,0)>O0forally > 0.

Proof. We prove the corresponding facts about G = ¢"/F. By items 1 and 2 of Lemma
4.4.4, we have that G is analytic for |s| < s¢ and all y, since the sum in (4.4.26) is a sum

of analytic functions and converges uniformly. By item 3 we have that

-1

G(y,s) = Z

And by items 3 and 4, G(y,0) = 3, 22O 5 0 for all y > 0. O

nlk

hi(s) +y" ) ———gui(s).
kz:(; (n+k)!

Proposition 4.4.6. For all y, > 0, there exist 6 > 0, and 0 < C| < C} < oo such that
C)y" ' <ReF(y,s) <|F(y,s)| < Cpy"! (4.4.32)
forall0 <y <y, 0<s <0y (Herewe are treating y and s as real variables.)

Proof. Let K be a positive constant so large that |h(s)| < K and |H(y, s)| < K for all

0<y<y,0<s<y,k<n—-1. Foranyoé < 1andall s <dy <y, we have

n—1 n-2 k g1k
Re G(y, s) = (y DI Reh,_ 1(s)+Z Re i (s) + y'Re H(y, 5)
n—1 n=2 n_1cen—l1—-k
y ymorK
> o 1)!Rehn_1(s)—ZT—y K

k=0

1| Reh,_1(s) 3 o1k
1 n—1
K E

N
n—1)! oo |7

k=0

Since h,_1(0) > 0, we may now choose ¢ so small that the bracketed term is positive

for all 0 < s < dy;. Then there exists y, > 0 so small that for all 0 < y < y,, we have
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Re F(y,s) > e??Re G(y, s) > C;y*~! for some C} > 0. On the other hand,

IF(y, $)| < |G(y, 9)|
n-1 yksn—l—k
< I ()] +y" Re H(y, s)
k!
k=0
n—1 S Kén_l_k n
<y 0 +)y'K.
k=0 :

Again, for small y (take y, smaller if necessary), we have |F(y, s)| < Céy”‘l.
It remains to handle yo < y < y;. But this presents no difficulty; as F(y,0) > 0

for all y > 0, and F is continuous, there exists ¢ so small that

inf Re F(y, s) > 0.

Yo<y<y1,0<s<dy;

This completes the proof. O

Proposition 4.4.7. There exists y; > 0, so > 0 and constants Cy, C, > 0 such that

S ReFO.5) < Fo.s) < & (4.4.33)
v

2
Yy
forally >y, 0<s<s.

Proof. Here the Gaussian approximation technique of Section 4.3 is again applicable.
We will fix the contour in (4.4.20) as a circle of radius r = s, parametrize it, and examine

the integrand directly. Thus let w = se” in (4.4.20) to obtain

F(y,s) = s"! f e (i — se))se” dy. (4.4.34)

ys

We shall apply Lemma 4.3.6, withm = 1, A =y, r =m, x = 4/y. Let

8(y,5) = Red(se”, s) (4.4.35)
k( \/y, Y, s) = e—iwl Imq)(seiy,s)sna(l-(ﬂ. _ Seiy))eiy (4436)

Since ¢(s, s) = 0 and w = s is a critical point of ¢(w, s), we have

sV (r—s)

T pise9), Ly = 0 (s 5)is) =
82)/¢ se’,s 7=0_471¢ s, $)(is) = yy

(4.4.37)
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which is bounded and positive for all small s (recall v(r — s) ~ s~2). Thus there exists

S0, € small enough and constants by, b, such that
b1y* < g(y,s) < byy? (4.4.38)
for s < 59, |y| < €. Also, we have from (4.4.22) that

cosy — sU(se”, s) (4.4.39)

| =
N =

¢(sei7, s) =

so that by taking sy smaller if necessary, we can ensure g(y, s) > 0 for all s < sy and
€ < |y| < n. Thus (4.4.38) holds for s < sy and all vy € [—x, ], with possibly different
constants by, b,.

Boundedness of k follows from the fact that @ has a pole of order n at im, so
s"a(i(wr — se)) = V(se™) is bounded for small s. Finally, since %cp(seiy, S)|y:0 > 0 and
V(0) > 0, the argument used in the proof of Theorem 4.3.1 shows that the necessary
lower bound on & also holds. Then an application of Lemma 4.3.6 completes the proof.

O

Proof of Theorem 4.4.2. Choose y1, 5o so that Proposition 4.4.7 holds, and take B, large
enough so that 6(x,z) > m— s when |z| > B, |x|>. Use this value of y1 and choose a ¢ such
that Proposition 4.4.6 holds, and take D, large enough that s < §y when |z| > dDO (see
(4.4.18)). So for such (x, z), either (4.4.32) or (4.4.33) holds; which one depends on the
value of y = y(x, z). We can combine them to get

yn—l y”_]
- <ReF(y,s) <|F(y,5) < C, T
1+y™2 1 +y:

o (4.4.40)

Inserting this into (4.4.21) and using (4.4.18), we have (in more compact notation)

n—1 1 n-1
) i (4.4.41)

T+y=t 1+ VR

By Lemma (4.4.3), h; is clearly negligible by comparison, so Theorem 4.4.2 is proved.

mm@x@

O

A similar argument will give us the estimates on Vp; and g, which correspond

to Theorems 4.1.3 and 4.1.4.
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Theorem 4.4.8. For m odd, there exist constants By, Dy, C such that

x| do(x, Z)zn_mJrl e—%do(x,z)2

Vpi(x,2)| < - (4.4.42)
1+ (x| do(x, 2))"*2
and , |
d , n—m-—
PR o L R (4.4.43)
1+ (Ix[do(x,2))"2

whenever |z| > By |x* and dy(x, 7) > Ds.
Proof. Applying (4.1.5) to (4.4.6), we have

1 -m -n o o

Vpi(x,2) = —5(270 (4m)™" |x] (g1 (x, 2)X + q2(x, 2)J:X)
where
(1.2) = _20px2)
W T T o
(m-1)/2 0 2 n+l
= Z Cone 2! f e/Pli="apeothp (— P ) (= cosh p)(—ip)* dp
e —oo sinh p
q (x Z) — 8p](x,Z)
2(x, BT ]
(m=1)/2 o o o\
=) [cm,kac e )l f hil-"pcomp (—) (~ip)* dp]
k=0 oo sinh p
(m=1)/2 0 5 n
_ Z o |Z|k—m+1 f eip|z|—‘%pcothp P (_ip)k+l dpl.
£ " . sinh p

Each integral can be estimated by Theorem 4.4.2. For g, each integral is com-

" -, and the k = (m — 1)/2 term dominates, so

parable to ¢~ i%(2)’
L+(1x] Vi) 2

|Z|n—(m—1)/2 1d( )2
lg1(x, 2)| < TR (4.4.44)
1+ (1x] VEdy™2

The appearance of the extra minus sign in ¢, is to account for the fact that cosh(ir) = —1,

but Theorem 4.4.2 requires that a(1) be positive near A = ir.

. . n—1
For ¢», each integral is comparable to —Z——¢=3%@9” and the k = (m — 1)/2
1+(1x VizD"" 2
term of the second sum dominates, so

|Z|n_l_(m_l)/2 l 5
lg2(x, 2)| < Ce 1 (4.4.45)
1+ (x| Viz)2
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which in particular implies (4.4.43). To combine (4.4.44) and (4.4.45), note that for

1x|? |z| bounded we have

1 2 1 2
lg1(x, 2)| =< [P w0 ga(x, 2)| = gt T2 gmadoed) (4.4.46)
so that the ¢, term dominates, and
1
IVp1(x, 2)| = || [~ D/2 g 2o, (4.4.47)

For |x]* |z| bounded away from 0 we have

m

=% a-mel 1 2
|QI(X, Z)l = |x| "2 |Z|2 271 e 4d0(x,z)

o w1 , | (4.4.48)
|ga(x, D) = X2 22720 e i N < —— gy (x,2)
VI
so that the ¢, term dominates again (% is bounded by assumption). Thus
|Z|n7(m71)/2 1 5
IVpi(x,2)| = |x] _ 00D (4.4.49)
1+ (lxf Vizly™

which is equivalent to the desired estimate. O

4.5 Hadamard descent

In this section, we obtain estimates for p;(x,z) and |Vp;(x, z)| for |z] > B, |x|2,
|z| > Dy, in the case where the center dimension m is even. The methods of the previous
section are not directly applicable, but we can deduce an estimate for even values of
m by integrating the corresponding estimate for m + 1. As discussed in the remark at
the end of Section 4.1, this is valid even though there may not exist an H-type group
of dimension 2n + m + 1 with center dimension m + 1, since the estimates we use are
derived from the formula (2.4.10) and hold for all values of n, m.

We continue to assume that |z > B |x* and |z] > Dy for some sufficiently large
By, Dy. To emphasize the dependence on the dimension, we write p"™ for the function
p1 in (2.4.10).

In order to estimate p™ for m even, we consider p""*!). We can observe that

prM(x,7) = f P, (2, Zme1)) dZmnt (4.5.1)
R
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since [ [ €141 f(Ay1) dAper dzmer = 27f(0). Note that [(2, 0)lgmet = [Algn. Now
p"™+D can be estimated by means of Theorem 4.4.1. Using the fact that |(z, Z,+1)| > 2],

we have that for m even, there exist constants B;, Dy such that
P06, 2) = QP (x, ) (45.2)

whenever |z| > B, |x|* and |z| > D,, where

do(x, (2, Zm+1))" - 2
(@f) = 0 +1 3do(r@zmi)? g, 453
000 | e e e #39)

Thus it suffices to estimate the integrated bounds given by Q@#.

Lemma 4.5.1. For |z| > B |x|* and |z| > Do, we have

do(x, Z)‘”l —%do(x,z)z'
1+ (Jxl do(x, 2))
We will require two preliminary computations. Since dy(x, z) depends on z only

Q“P(x,7) = (4.5.4)

through |z|, we will occasionally treat d; as a function on R?* x [0, co).

Lemma 4.5.2. There exist positive constants c, c,, By such that for all x € R*,u € R

with u > By |x|>, we have 0 < ¢; < %do(x, u)? < ¢, < .
Proof. Let u(6) = -, so that do(x, u)? = |x> u(6) with 6 = 6(x,z) = v (2—|2) Then

sin2 g’ |
(0
_,H )

0 4.5.5)

0
- do(x, u)*

It is easily verified that p'(6) > 0, v/(6) > 0 for all 6 € (0, n), and ‘% — > 0as

0 — m. O
Lemma 4.5.3. For any a € R, there exists C, > 0 such that for all wy > 1 we have

f whe ™ dw < Cowge ™. (4.5.6)

wo

Proof. For a <0, w” is decreasing for w > 1, so
f whe™dw < wgf e dw=wye™ 4.5.7)
wo wo
and this holds with C, = 1. Now, for a nonnegative integer n, suppose the lemma holds
forall @ < n. Thenif n < @ < n + 1, we integrate by parts to obtain

(o) (o)
f whe™dw = wge " + af w'le™dw < (1 + aCy_)wye ™

wo wo

so that the lemma also holds for all @ < n + 1. By induction the proof is complete. O
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Proof of Lemma 4.5.1. We make the change of variables u = |(z, z,,+1)| so that 7,41 =
Vu? - 2|7 By our previous abuse of notation, we can write dy(x, (2, Zn+1)) = do(x, u).
Thus

0 do(x, u)® | ) u
Q(“’ﬁ)(x, Z) — f o ) e—;do(x,u) du
Izl

I+ (2l doCx, w)P Ny

f"" 1 1 do(x, W)™ 1wy
_ e 30T dy.
d Vi—Tg Vu+ig 1+ (xl do(x, )P

We used the fact that u < dy(x, u)> where |z| > B |x|*, by Corollary 3.2.9.

. . . . . _1.2 .
Now, noting that u — dy(x, u) is an increasing function, and w > w**2e~ 1" is
0

decreasing for large enough w, the lower bound can be obtained by
z]+1 a+2
Q(a,ﬁ)(x, 7) > f 1 ! do(x, u) e
0 Vu—lz Vu+ [z 1+ (xldo(x, w))?
5 (flzm 1 du) 1 do(x, |z] + 1)**? o Hdo(ldi+1)?
0 Nu—1lz ) V2l + 11+ (xdo(x, lz] + 1))P
_5 1 do(x, |z + 1)**2 o HoCxl+1?
V2Iz[+ T 1+ (Ixldo(x, 2] + D))
Z C 1 d()(X, Z)a+2 —%do(x,z)z
V212 1 + (¥l do(x, 2))P

where the last line follows because u +— dy(x,u)* is Lipschitz, as shown by Lemma

—3doCxa® .

4.5.2, with a constant independent of x.
Since |z] < dy(x, z)>, we have that

dp(x, Z)m—l —do(x,2?

(a,B) ’
O 2 O a0

(4.5.8)

For an upper bound, we have

0“P(x,z) < C

fldﬂ N —— hle ™ s du+foo ]
¥ u— Izl Vu+ [z 1+ (xldo(x, u))P i+1

Now

z]+1 1 1 do(x, u)a+2 e
e 30T dy
i Vu—lz Vu+z] 1+ (xldo(x, u))P

B (f|Z|+] 1 du) 1 do(x, Z)LHZ e—}do(x,z)2
4 Vu—Td ) V21 + (I do(x, 2)

_ s 1 do(x, 2" e
V2T 1 + (X do(x, 2))P

o DD e
1+ (Ix do(x, 2))°




For the other term, we observe

* 1 1 dO(xa u)a+2 —ld)(x,u)z
e % du
Ll Vi — 2l Vu+ [z 1+ (xl do(x, u))P
o a+2
< f 1 dO(x’ u) " e—%do(x,u)2 du
a1 Vu + )z 1+ (xldo(x, )4

<1 do(x, u)**?

: i V2u 1+ (x do(x, )P

g 1+ (xl doCx, w))?

—3doCxa® .
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We now make the change of variables w = }Ldo(X, u)?. By the above lemma, du/dw is

bounded, so

00 d X, U a+1 00 4w (a+1)/2
f o(x, ) e~ idoxa? gy, < Cf —( ) ™ dw.
Izl i

e
1+ (Jxl do(x, w)) dorar 1+ 21x] AVw)f

If dy(x, z) < 1/ |x|, we have

~ Ay)@+D/2 1 o0
f ¥e_w dw < f (4w) @ D27 gy
Lagr? 1+ 2 |x] VW) Ldy(x,22

< Cd()(.x, Z)a/+le—id0(x,z)2

do(x,2)™ 1 e
1+ (Ix do(x, 2))?

where we have used Lemma 4.5.3.
On the other hand, when dy(x,z) > 1/ |x|, we have
0o Aw)@+D/2 co
f T v g < 1) P f ()@ B2 gy
Ly 1+ (2x] AVw)P Ldo(x,2?
< Clal™ dy(x, 7)1 P36

do(x, Z)QH —%do(x,z)z.
1+ (Ixl do(x,2))

Combining all this, we have as desired that

do(x, Z)(Hl —Ldy(x,2)?
1 + (|xl do(x, 2))#

Q(Ut,ﬁ)( X, Z) -

Corollary 4.5.4. Theorems 4.4.1 and 4.4.8 also hold for m even.

(4.5.9)
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Proof. The heat kernel estimate of Theorem 4.4.1 is immediate, given (4.5.2) and
Lemma 4.5.1.

To obtain an estimate on Vp;, we define q(l”””) = —ﬁ% p(l"”")(x, 2), q(zn’m) =
Zpy"™"(x,2), as in (4.1.5).
For q,, we simply differentiate (4.5.1) to see
g (x,2) = f gV (x, (2 2me1)) dzms
R
= Q@) (x, 7) by (4.4.44)

2n— 1
- dO(-X, Z) e e_%do(x’Z)Z
1+ (x| do(x, 2))™*2

by Lemma 4.5.1.

For ¢,, we again differentiate (4.5.1). Here we obtain

(n,m) (n,m+1) |Z|
q (X,Z) = fq (X, (Z’Zm 1)) dZm 1
g R )l
= || Q@) by (4.4.45)
2n-m-3
< dy(, o — R sy

1+ (x| do(x, 2))"
d()(x, Z)2n—m—l

- o ido(x2)?
1+ (x| do(x, 2))"

Repeating the computation from Theorem 4.4.8, we have the desired estimates

on [Vp;| and |g,. 0

Chapter 4, in large part, is adapted from material awaiting publication as
Eldredge, Nathaniel, “Precise Estimates for the Subelliptic Heat Kernel on H-type
Groups,” to appear, Journal de Mathématiques Pures et Appliquées, 2009. The

dissertation author was the sole author of this paper.



Chapter 5

Gradient Estimates

5.1 Statement of results

Notation 5.1.1. Let C be the class of f € C'(G) for which there exist constants M > 0,
a>0,and € € (0, 1) such that

F@I+ IVl + |V (g)| < Me 0™

for all g € G. By the heat kernel bounds in Theorem 4.1.1, P, f as defined by (2.4.12)

makes sense for all f € C.
The main theorem of this chapter is the following:
Theorem 5.1.2. There exists a finite constant K such that for all f € C,

IVP,f| < KP/(IVf]). (5.L.1)

This theorem can be interpreted as a quantitative statement about the smoothing
properties of P,. As we shall see in Section 5.5, it has a number of significant conse-

quences.

5.2 Previous work

The inequality (5.1.1) arose in the work of Bakry in the context of Riemannian
manifolds [3], [4]. In this case, (5.1.1) is strongly related to the geometry of the mani-

fold, and in particular to its Ricci curvature.

89
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Theorem 5.2.1 (Bakry). If L is the Laplace-Beltrami operator on a Riemannian mani-
fold M, then
IVPfl< P(VSD) ¥ feCT(M) (5.2.1)

if and only if
Ric(v,v) = —k|v? VveTM. (5.2.2)

To contrast this theorem with the situation of hypoelliptic operators, consider the
Heisenberg group H, as in Section 1.2. The operator L = X?+Y? cannot be the Laplace-
Beltrami operator of any Riemannian metric, since L is not elliptic. One might try to
approximate L by Laplace-Beltrami operators. For example, if for € > 0 we impose a
metric (-,-). on H; such that (X, Y) = (X,Z) = (Y,Z) = 0, (X,X) = (Y, Y) = 1, and
(Z,Z) = 1/, the corresponding Laplace-Beltrami operator is L, := X>+ Y?+€Z?, which
approximates L as € — 0. However, the Ricci curvature tensor corresponding to (-, -),
has Ric(X, X) = —ﬁ — —oo as € — 0, so the constant k in Theorem 5.2.1 blows up, and
the gradient bound in (5.2.1) becomes useless. Therefore, Theorem 5.2.1 does not seem
to be directly useful in the hypoelliptic Lie group setting.

We remark another distinction: in (5.2.1), the “constant” " on the right side of
the inequality depends on ¢ and in particular tends to 1 as t — 0. (e’ is not known, or
even believed, to be the best constant.) However, in (5.1.1) in the case of H-type groups,
the constant K is independent of 7. Indeed, it can be shown that the best constant is also
independent of ¢, and is strictly greater than 1. In particular, the best constant does not
tend to 1 as t — 0. This is another indication of the significant differences between the
hypoelliptic and Riemannian settings.

Progress in the hypoelliptic case was made by Driver and Melcher in [13], which

obtained the following L”-type estimate in the case of the Heisenberg group H;:
VP, fI” < K,P.(IVfI"). (5.2.3)

Their argument proceeded probabilistically via methods of Malliavin calculus and did
not depend on heat kernel estimates, but they also showed that their argument could not
produce (5.1.1), which is the corresponding estimate with p = 1. [34] extended (5.2.3)

to the case of a general Lie group, at the cost of replacing the constant K, with a function
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K, (1) which in general was shown only to be finite for all z. However, for nilpotent Lie
groups, the constant K,(f) was shown to be bounded independent of ¢.

As mentioned in Section 1.2, the first extension of (5.1.1) itself to a hypoelliptic
setting was due to H.-Q. Li in [28]. Like the argument in this dissertation, the proof
relies on pointwise upper and lower estimates for the heat kernel, and a pointwise upper
estimate for its gradient, shown in the case of Heisenberg-Weyl groups in [29]. [5]
contains two alternate (and much simpler) proofs of (5.1.1) for the classical Heisenberg
group, also depending on the pointwise heat kernel estimates from [29]. The proof
of Theorem 5.1.2 in the case of H-type groups, which occupies the following section,

follows rather closely the approach taken by the first proof in [5].

5.3 Proof of gradient estimate

Following an argument found in [13], by left-invariance of P, and V, we see that

in order to establish (5.1.1) it suffices to show that it holds at the identity, i.e. to show
I(VP.f)(0)| < KP,(V f)(0). (5.3.1)

It also suffices to assume ¢ = 1. This can be seen by taking = 1 in (5.3.1) and replacing

£y fopgn
Therefore, in order to prove Theorem 5.1.2, it will suffice to show |[(VP; f)(0)| <
KP(JVf)(0). We may replace V by V on the left side, since V = V at 0. Since [X;, )A(j] =

0, we expect that V should commute with P,, which we now verify.
Proposition 5.3.1. For f € C, VP,f(0) = (P,Vf)(0).

Proof. By (2.3.1) and (2.4.12) we have
P, f(se;,0)
s=0

d
7 f f((se;, 0) x k)p,(k) dm(k).
S 15=0 G

. d
XiP,f(0) = s
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We now differentiate under the integral sign, which can be justified because

d d
< Fl(5e,0) % k>| _ ‘— F(((s + er, 0) > k>|
K do | =0

- |i f((oei, 0) x (se;,0) % k)|
dO’ o=0

= |X:f((se;, 0) % k)|

<M ead(o,(se,-,O)*k)H

But

d(0, (se;, 0) * k) = d((se;, 0)™!, k) = d((—se;, 0), k)
< d(0, (-se;, 0)) + d(0,k) = |s| + d(0, k).

Thus for all s € [—1, 1] we have

)275 )2*6

‘dif((sei, O) * k)‘ < Mea(l+d(0,k) < M/ea'd((),k
S

for some M’, a’, and therefore by the heat kernel bounds of Theorem 4.1.1 we have

f sup |if((sel-,0) * k)' pi(k)dm(k) < oo
G dS

se[-1,1]

which justifies differentiating under the integral sign. Thus

N d
RP,f(0) = fG -

_ fG R, F () i) dm(k)

f((sei, 0) x k)p.(k) dm(k)

s=0

= P.X.f(0).
This completes the proof. O

Thus Theorem 5.1.2 reduces to showing
[PV A)(O)| < KP1(V£1)(0) (5.3.2)

or in other words

f(W)p1 dm' SKflVflpl dm (5.3.3)
G G
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for which it suffices to show

f((V -V )p; dm‘ < Kf V£l pi dm. (5.34)
G G

A similar argument can be used to verify the following integration by parts for-

mula.

Proposition 5.3.2. If f € C, then

f V f)pr dm = - f (Vp)f dm
G G

R R (5.3.5)
f S fypr dm = - f G p0)f dim.
G G

Proof. As in Theorem 2.4.7, take ¢, € C°(G) to be a sequence of compactly supported
smooth functions such that ¢, — 1 and V¢,, — 0 boundedly. By item 2 of Proposition
2.3.7, we have

fG (VpO)(fd) dm = - fG PV (f) dm
:—fplfVlﬁndm—fpllﬁandm-
G G

Since p,f, piVf,(Vp)f € L'(G) by definition of C and the heat kernel bounds, two

applications of the dominated convergence theorem complete the proof. m|

We now introduce an alternate coordinate system on G, similar but not exactly
analogous to the so-called “polar coordinate” system used in [5]. As shown in Section
3.1, there is a unique (up to reparametrization) shortest horizontal path from the identity
0 to each point (x, z) € G with x, z nonzero; it has as its projection onto R*" x 0 an arc of
a circle lying in the plane spanned by x and J.x, with the origin as one endpoint, and x
as the other. The region in this plane bounded by the arc and the straight line from 0 to
x has area equal to |z|. The projection onto 0 X R™ is a straight line from O to z.

Our new coordinate system will identify a point (x, z) with the point u € R*"
which is the center of the arc, and a vector n € R™ which is parallel to z and whose
magnitude equals the angle subtended by the arc. The change of coordinates (u,n) —

(x, z) will be denoted by

O {(u,m) eR*™™:0<n <21} = {(x,2)€G:x#0,z# 0}
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where

= (7 _ o @ _sin|n|
e = ((1 )3 (1 i )")

. 2 .
- ((1 L L (1 _xm "")n)
Il 2 i

by Proposition 2.1.7, items 2 and 3. @ has the property that for each (u,n), the path

s — @O(u, sn) traces the shortest horizontal path between any two of its points, and has

constant speed |u| |n|. In particular,
d(0, D(u,m)) = lulnl . (5.3.6)
Also, for any f € C!(G),

d
‘af@(u, Sﬂ))’ < lul [nl IV f(@u, sp))I . (5.3.7)
Note that if (x, z) = ®(u, n7), we have

x> = [ul® (2 - 2 cos )
lul* :
|zl = 7(Inl — sin|n).
To compare this with the “polar coordinates” (u, s) used in [5], take u = u and
s = |uln.

In (u, n) coordinates, the heat kernel estimate (4.1.2) reads

1+ (Jul Igly>—!

1+ (Jul® Inl 2= 2 cos [ply"~2

O 11 (5.3.9)

L
1+ (jul® P @r = )"

p1(D(u,n)) < ¢~ ulln)? (5.3.8)

since 1 — cosf =< 6*(2m — 6)? for 6 € [0,2n]. We will often abuse notation and write
pi1(u,n) for p;(d(u,n)), when no confusion will result.

We now begin the proof of Theorem 5.1.2, which occupies the rest of this sec-
tion.

We begin by computing the Jacobian determinant of the change of coordinates

®, so that we can use (u, 7) coordinates in explicit computations.
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Lemma 5.3.3. Let A(u,n) denote the Jacobian determinant of ®, so that dm =
A(u,n)dudn. Then

1 sin|p|
2 2l

m—1
AQu,m) = |uf™ ( ) (2—2cos|nl)"" (2 = 2cos |y — gl sin|n)).  (5.3.10)

Note that A(u,n) depends on u,n only through their absolute values |u|, |7]. By
an abuse of notation we may occasionally use A with u or n replaced by scalars, so that
A(r, p) means A(rit, piy) for arbitrary unit vectors i, 7).

For the Heisenberg group with n = m = 1, this reduces to
A(u, ) = [ul* (2 = 2 cos|nl = Il sin ).

The analogous expression appearing in [5] is slightly incorrect. However, it does have
the same asymptotics as the correct expression (see Corollary 5.3.4), which is sufficient

for the rest of the argument in [5], so that its overall correctness is not affected.

Proof. Fix u,n. Form an orthonormal basis for T, ®'(G) = R*"*™ as follows. Let
it be a unit vector in the direction of (u,0), ¥ a unit vector in the direction of (J,u, 0).
Fori = 1,...,n—1let w;,$ € R* x 0 be unit vectors such that ; is orthogonal to
i,9,w;,9;,1 < j < i, and let §; be in the direction of J,w; so that §; is orthogonal
to it,9,w;, 9,1 < j < ias well as to w;. (To see this, note that if (x,y) = 0 and
(x,J,y) =0, then (J.x,y) = 0 and {(J.x, J,y) = — 121 (x, yy = 0.) Let 77 be a unit vector
in the direction of (0, 7), and let Zk, k=1,...,m— 1 be orthonormal vectors in 0 x R"
which are orthogonal to 7. Then {i, Vb, w;, 9;, 7, Z’k} form an orthonormal basis for R¥"*.

Note Jyit = |9, J,9 = — Il Ty = |95, J,9: = — Iyl . Then

0 ®(u,n) = (1 = cos )it + sin || D + [ul (|| = sin |7 7
8;@(u, ) = (1 — cos|n)p — sin | &
0, @(u, 17) = (1 — cos ) + sin || 3

85, ®(u, ) = (1 — cos [n)9; — sin | w;
o o Jul? .
03 ®(ut, ) =l (sin )i + Jul (cos ¥ + == (1 = cos i

sin || Jul? sin 7] »
I- k.

0: O(u,n) = ——Jpu+ —
™ il

Sk
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In this basis, the Jacobian matrix has the form

1 —cos|n| —sinjpg| 0 |u| sin |n| 0
sin |7| 1—coslnl O |u| cos |n| 0
J= 0 0 B 0 s (5.3.11)
. MZ
|u| (| — sin[n]) 0 0 M -cosly) 0
0 0 0 0
2n+m)xX(2n+m)
where
1 —cos|nl —sin|n|
sin |7 1 —cos|n|
B = (5.3.12)
1 —cosly —sin|n|
sin |n| 1 —cos|n| A 1)
is a block-diagonal matrix of 2 x 2 blocks, and
Juaf? sin|z|
o (1-50)
D= (5.3.13)
w __ sinjy|
2 (1 [7] ) (m-1)x(m—1)

- m—1
is diagonal. Note |B| = (2 — 2 cos|p|)"" and |D| = (% (1 - %{7')) :
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So factoring out |D| and expanding about the 7 row, we have

—sinfpl 0 |ufsin |z
|J1 = |DI | lul (7l = sin|nl) |1 = cos|yl O |ulcos ||

0 B 0
1 —cos|pl —siniyl O
lul* .
+7(1 —cos|pl)| sin|yl 1-—cosly 0O

0 0 B

_ (|u|2 (1 sinlnl) "
2 I

1 : n— |u|2 n
X (Iul (I7l — sin |7)(— |ul sin [7))(2 — 2 cos [7)" " + 7(1 —cos |n)(2 — 2 cos|nl)
ul (- sinfpl\\""
= (7 (1 " )) lul* 2 = 2 cos )" ((Inl = sin|p|)(=sin|n]) + (1 - cos |;7|)2)
1 sinfp\"
= [ul™ (— - ) (2 = 2cos gy (2 = 2 cosyl — Il sin 7)) .
2 2
O
Corollary 5.3.4.
A(u,m) < [ulP" [ 2 — gh> . (5.3.14)

Proof. The asymptotic equivalence near |p| = 0 and || = 2x follows from a routine
Taylor series computation.

It then suffices to show that A(u,n) > 0 for all 0 < |n7] < 27. We have % - %'}'l” >0
for all |y| > 0, since x > sinx for all x > 0. We also have 2 — 2cos|n| > 0 for all
0 < nl < 2m.

Finally, to show f(|n]) := 2 — 2cos|n| — |n|sin|y| > 0, let 6§ = %|n|. Using
double-angle identities, we have f(26) = 4 sin6(sinf — 6 cos 6). For 0 < § < m we have
sinf > 0 so it suffices to show g(f) := sinf — 8cosf > 0. But we have g(0) = 0 and

g'(0) =60sinf >0 for0<6<m. O

The heat kernel estimates will be used to prove a technical lemma regarding
integrating the heat kernel along a geodesic. The proof requires the following simple

fact from calculus, a close relative of Lemma 4.5.3.
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Lemma 5.3.5. For any q € R, ag > 0 there exists a constant C = C,,, such that for any
a > ap we have

=00
e~ @ gt < cloe (5.3.15)
t a?

=1
Proof. Apply Lemma 4.5.3, taking wy = a?, @ = (g — 1)/2, and making the change of

variables w = (at)?. o
Let B :={g : d(0, g) < 1} be the Carnot-Carathéodory unit ball.

Lemma 5.3.6. For each q € R there exists a constant C, such that for all u,n with

O(u,n) € B, i.e. |ulln| > 1, we have

(=2
Inl Cq
f pi(u, tA(u, it dt <
=1 (luel Im1)

< Cypi(u, mA(u, n). (5.3.17)

5 D1(u, AU, 1) (5.3.16)

Note that (5.3.17) follows immediately from the stronger statement (5.3.16),

since by assumption |u| || > 1. In fact, we shall only use (5.3.17) in the sequel.

Proof. Assume throughout that |u||7| > 1 and 0 < || < 2.
The proof involves the fact that a geodesic passes through (up to) three regions
of G in which the estimates for p; and A simplify in different ways. We define these

regions, which partition B, as follows. See Figure 5.1.

1. Region R is the set of ®(u, n7) such that 0 < |n| < &. (This corresponds to having
Ix* < |z]) In this region we have |u| > }r and < 27 — |n| < 2x. Therefore (5.3.9)

becomes

pi(u,n) = (lu Igf) " ¢~ elD?
and Corollary 5.3.4 yields

A(u,n) 4 a2 20+
so that

R m n+m -1 u 2
i, MA@, 7) = Jul™ gl 2T =2 Fy(u, ).
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27 —4 T T |
//

R

Ry
= T
Ry
B

0 ! ! ! |
0 0.5 1 1.5 2

|ul

Figure 5.1: The regions Rj, R,, R3, seen in the |u|-|n| plane. The dark lines indicate
examples of the geodesic paths of integration used in (5.3.16).

2. Region R, is the set of ®(u, ) such that 7 < || < 27 — ;. (This corresponds to

2 .
|ud

having |x|* > |zl and |x]* |z| = 1.) In this region, we have |u|* |5* (27 — |n]) > 72, so
that
pr(aem) = ™ 2 = fply e
R m n—
AQu,m) = ™ 2r = In)™!
i, WA, ) =2 [ul™ 2 — )" 2 e 4" = Fy(u, )

Ry

m n+m n-1  —Lulnn? »
lul" [ 2 — )"z e M =2 Fyu, ).

We shall use the estimates F», F, at different times. Although F, & F, (since

R .
In| 2 1), they are not equivalent on R,.

3. Region Rj is the set of ®(u, 1) such that || > max (n, 2m — ﬁ) (This corresponds
to having |x]* 2 |z and |x]* |z] < 1.) In this region, we have [ul” |7]* Q7—|n]) < (27)%,

so that

Ry opem—1 -1 2
pr(u,n) = |uf el

R m n—
A, 1) =2 |uf™ 21 — >

R n+m-— n—1_—L(lulln))?
i@, MA@, 1) = |u* ™ 2r — ) e s M =2 Fy(u, ).
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We observe that a geodesic starting from the origin (given by t — ®(u, tn) for

some fixed u, n) passes through these regions in order, except that it skips Region 2 if

lu| < n~1/2.

We now estimate the desired integral along a portion of a geodesic lying in a

single region.
Claim 5.3.7. Let g € R. Suppose that F : G — R is given by
F(u,n) = [ul® nff x — [pl)? e 0m*

for some nonnegative powers «a, 3,7y, and that there is some region R C G such that

FE p1A. Then there is a constant C depending on g, F, R such that for all u,n, ty, 71, 7>
satisfying

e l<ty <7 <7< & and

o O(u,m) € R forallt € [11,15]

we have

1=T) Tq_l
f p1(u, tA(u, tmt? dt < C 0 5 F(u, Ton). (5.3.18)
=11 (lulInl)

Proof of Claim 5.3.7. We have

I=T) I=T)
f p1(u, t)A(u, )t dt < Cf F(u, tm)t? dt
t

=T1 =1

1=T)
<C f F(u, tm)t? dt
=70

1=T)
= Clul”Inf f 1P 2 — t |y e 1" gy
t

=T

< Clul® 17 @r - 7o lnl)” f R LU

=70

since t > 7p. We now make the change of variables ¢ = #'7¢:

t' =co

1oy
< Clul* Inf 2 = 7o Iny’ 75" f B i ToldnD? gy

=1

< 'l o = o Ty
(7o lul Inl)
q—1

=C———=Fi(u,7
(el 171)2 o7

where in the second-to-last line we applied Lemma 5.3.5 with a = 17 [ulll, ap = 1. O
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Now for fixed u, n, let

by
L= max(l, —)
l

i)
1 = max|t, — 271——2
|71 |ul

so that

O(u,m)eR forl <t<t,

O(u,m) e Ry fort, <t <tz

2
®(u, 1) € Ry for 1 < 1 < |—’|r
n

We divide the remainder of the proof into cases, depending on the region where

®(u, n) resides.
Case 1. Suppose that ®(u,n7) € R;. We have

2

t:ﬁ 1=t =13 zzl%r
f pl(u, ﬂ])A(u, Z'T])l'q dt = f + f + f )
! t=1 t=t 1=13

For the first integral, where ®(u, 17) € R;, we have by Claim 5.3.7 (taking 7y =
T1=1,7 =1t,R=R;, F = F)) that

=1y C C/
f pi(u, A, it dt < ———=F(u,1n) < 5 D1, AU, 1)
=1 (leal |l (leal |l

. R
since F'; < p,A.

For the second integral, where ®(u, ) € Ry, we take 79 = 1, 71 = £, 7» = 13,

R =R,, F = F, in Claim 5.3.7 to obtain

=13 C B
f D1 (M’ m)A(M, tn)tq dt < B FZ(M’ 77)
=1, (luel [771)

However, for ®(u,n) € R, we have

FZ(M’ 77) —
Fl(u9 77)

Qr— )"~ < Qn)" .

Thus

’

=13 C
f pi(u, A, )t dt < ———F(u,n)
=ty (luel ;1)

14

(lul Im1)?

<

P1 (bl, U)A(l/t, 77)
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The third integral is more subtle. We apply Claim 5.3.7 with 7y = 71 = t3,

T3= L R=Rs, F = Fy.

=21 q-1

i t
f pi(u, t)Au, m)t! dt < C—> > F3(u, 13m).
=13 (lul Im)

Then

14 Fa(u, t3n)
Fl (I/t, 77)

We must show that this ratio is bounded. Fix some € > 0. If [u| > (1 —€)"'? > 7712, we

= 7 P g Q= g gy e H D), (5.3.19)

have 27 — ﬁ >+ € and thus t; = Inil (27r - #) Then

1\
n? (55 - 1) = (2:r - W) —Inf
> (7T+€)2—7T2 = 27re + €.

So in this case (5.3.19) becomes

—1 -1 2n—1
t§’ F3(u, t3m) _ (i (27r _ L))q |u|2n—l |n|—2n—m (L) o4l @E-1)
Fi(u,m) Inl ul? lul?

g-1
_ _ =2n+1 1 =2n—-m—q+1 L (ullg)*(3-1)
=|27-—| lul Il e
u
< (27r)q—l |u|m+q e—%(271'e+52)|u|2

since 5] < +. This is certainly bounded by some constant. On the other hand, if

[l

12
ul < (m—e)V2, then|n > (m—e)?and 1 < 13 < (fﬁ) ! , so that the right side of
(5.3.19) is clearly bounded.

Thus we have

_2r
=T ’

= C
f " i, A, ) di < ———=Fi(u,n)
=13 (lul Im1)

144

<
(lul Inh)?

pl(u’ U)A(u, 77)

This completes the proof of this case.

Case 2. Suppose that ®(u,n7) € R,. We have

2

t:‘% =13 1=
f p1(u, tn)A(u, )t dt = f + f .
=1 _ —
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Note that in this region we have 1 < #3 < 2. Again by Claim 5.3.7, with 7 = 71 = 1 and

T, = 13, we have

=13 C’
A 9dt < A
ftzl pi(u, A, mt? dr < 0 ||n|)2 Fa(u,n) < Tl |)2p1(u s AU, 1).

For the second integral, we apply Claim 5.3.7 with 7y =1, 7) =13, 75 = |2— to get

f i mAG < ” .

But || > 27 — 2 on Rz, so we have

F3(u’ 77) —

1
P 2 — )
Fa(u, 1) 7

1
1Y
G

t—r C’
f_ pi(u, )A(u, tmt? dt < Tl Dze(u 1)

14

(I | 7l
Case 3. Suppose @(u,n) € R3; we apply Claim 5.3.7withtyp =7, =1, 1, = I%IT to get

Thus

)zpl( u, MA(U, 7).

=2

f " o1 A, i) dt < C—— F3(u,) < C'pa(t, m)AG, ).
=1

(I || D

The three cases together complete the proof of Lemma 5.3.6. O

Notation 5.3.8. For f € C!(G), let my f‘} o , where B is the Carnot-Carathéodory

unit ball.

To continue to follow the line of [5], we need the following Poincaré inequality.
This theorem can be found in [22], and is a special case of a more general theorem

appearing in [33].

Theorem 5.3.9. There exists a constant C such that for any f € C*(G),

f |f = mg| dm < C f IV £1 dm. (5.3.20)
B B
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Corollary 5.3.10. There exists a constant C such that for any f € C*(G),

f|f — my| pr dm < waf“p1 dm. (5.3.21)
B B
Proof. p, is bounded and bounded below away from 0 on B. |

Lemma 5.3.11 (akin to Lemma 5.2 of [5]). There exists a constant C such that for all
feC,
fc |f = my| prdm < CflVflpl dm. (5.3.22)
B G

Proof. Changing to (u, n7) coordinates, we wish to show

fl : ﬂ |f(<D(u, n)— mf| p1(D(u,n)A(u,n)dndu < Cf V£l p1rdm. (5.3.23)

<Inl<2n G

[ua]

By an abuse of notation we shall write f(u,n) for f(®(u,n)), p1(u,n) for p;(D(u,n)),
V f(u,n) for (Vf)(D(u,n)), et cetera.
Let g(u,n) = f(u, min (lnl , ﬁ) I_ZI) Then g = f on B (in particular m, = my), g

is bounded, the function s — g(u, sn) is absolutely continuous, and %g(u, sn) = 0 for

1
leallr]*

Now |f - mf| <|f-gl+ |g - mf|. We first observe that for |u| || > 1 we have

=l (d d
f (d—f(u, s1) —M ds
s=i N

= i
s=1

< f VGt o)l ] s

5=l

s >

|f(l/l, 77) - g(u’ 77)| =

by (5.3.7). Thus

flf—glpldmzf|| fn |f(u, ) — g(u, )| p1(u, AU, n) dndu
B€ uzlﬂ nzﬁ

b

where the limits of integration come from the conditions |u||n| > 1, || < 27;

s=1
Sf lf lf 1 [V f(u, sl ul Il pr(u, n)A(u, 1) ds dn du
lul> 2= Jgl= L

S=—
Jud luellnl

s=1
= f 1 f fl IV f(u, sl lul I p1(u, DA, n) dnds du
lul>5; Js=0 J o<lnl<2n
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by Tonelli’s theorem. We now make the change of variables n” = s to obtain

s=1 ) 1 )
- [ f f IV £t ) 1~ |
lul> 5 <l |<2ns §

1 1
X pi ( n’)A (u, ;7]’) p dn’ dsdu

f f IV £ty o) 7]
|Ll|> <|y'|<2n

Iu\

1 1 1
X f D1 (u, —n')A (u, —17’) —ds|dn du.
s=rl s s ) s

Make the further change of variables ¢ = % to get

f f IV £ty o)l 7]
2 J i <hyl<2n

Iu\

x[f " p1(u, " )A(u, tg )"~ 1dt) dn’ du.
=1

Applying Lemma 5.3.6 to the bracketed term gives

<C f f IV f(u, ) pr(u,n")A(u, ") dny’ du
iz J L <pyi<on Ul |77 |

<C" | IVflprdm

BC
converting back from geodesic coordinates and using the fact that |u| 7’| > 1.
To complete the proof, we must show that fBC |g - mf| prdm < fG V£l p1dm.
Note that for ®(u,n) € BC, i.e. lu||n| > 1, we have g(u,n) = f(u, ﬁmln) o)

flg my| prdm = f f ( n)—mf
ul>~ J L <pi<2n ul |7

Jud]
Change the 7 integral to polar coordinates by writing = pf), where p > 0 and 7| = 1.

pi(u,MA(u,n) dndu.

(5.3.24)

Note that p;(u, 1), A(u, n) depend on 1 only through p and not 7.

1
L L phthn
> £ Jpesm- |ud]

=27
X 1@, P)A(u, )™ dp dij du. (5.3.26)

_1
P=1

(5.3.25)
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Now, for any s € [0, 1] we have

1. 1. s . s
‘f(u, —77)— 7l < |f(u, —n) —f(u, —n)‘ + 'f(u, —n) —my|. (5.3.27)
lud] |ue] |u |u
Let
s=1 Sm—l
D(u) := f —mA( ) ds. (5.3.28)
s=0 |M| |u|
By multiplying both sides of (5.3.27) by D(lu) SlzlmlA ( u, 7, I) and integrating we obtain
i o i)t le i) =)
D
(”) a (5.3.29)
—A (u —) ds.
Jual™ |ud]
Let
1 O=2T .
R(u) := p1(u, p)A(u, p)p""" dp. (5.3.30)
D( ) P=T
Then substituting (5.3.29) into (5.3.26) and using (5.3.30) we have
f lg = m¢|pram <L + I (5.3.31)
BC

Sm—]

—A (u, i) ds R(u) dindu
ul |ud]

s=1
ul> 2 Jhesm=1 Js=0

(5.3.32)

1

|ud] |ud]
s . Sm—l

f(u, mn —my| ——-A (u ﬂ ds R(u) di du. (5.3.33)

ul"

s=1
> 5 Jhesm-1 Js=0

We now show that /;, I, can each be bounded by a constant times fG |V f| p1 dm, using

the following claim.

Claim 5.3.12. There exists a constant C such that for all |u| > % we have

2n—1
R(u) < C(27r - M) < n*Ic. (5.3.34)
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Proof of Claim. First, by Corollary 5.3.4 we have

s=1 m—1
D(u) ::f S—mA( S)ds
s=0 |l/l| |l/t|
s=1 _m-1 2(m+n) 2n—-1
ch S—|u|2'"(i) (2n—i) ds
s=0 |ul" |ul |ut]

s=1 5 2n—1
=C |u|—2n—mf S3m+2n—l (271_ _ _) ds
s=0 |Lt|

s=1
1
> C |u| 2 f $m2=L Qn(1 = s)* ! ds since u > 2
s=0
— Cl |u|—2n—m

since the s integral is a positive constant independent of u.

On the other hand, making the change of variables p = shows

p=2m 1 =27l ; . 1
sf P“%PVKwpm”‘@a=mrmfﬁ pl@v—) (|m)m di
] t

p:m =1 |M|

1 1
ccur o tafuc
Jul Jul

by taking || = 1n Lemma 5.3.6. Now p; ( i, 3, I) is the heat kernel evaluated at a point
on the unit sphere of G, so this is bounded by a constant independent of u. Thus by

Corollary 5.3.4 we have

=271 1 2(m+n) 1 2n—1
f pi(u, P)AG, p)p" " dp < C lu] ™ Jul" (I I) (27T - —)

o=t Jul

1 2n—1
< c(zn - ﬂ) |u| 2™

Combining this with the estimate on D(u) proves the claim. O

To estimate /; (see (5.3.32)), we observe that

‘4mﬁﬂ H lL[ iduﬁﬂw
!l
e

| ~

dt

< dt

I.
L]

:lw
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by (5.3.7). Thus

hE LP fsflf (Ii) a o\
L Ll el e

(5.3.36)
Now by Claim 5.3.12 and Corollary 5.3.4, we have for all ¢ € [0, 1]:

1 2n—1
R(u)f s"TA (u —) ds < C(27T— ﬂ)
u
s=t 2(m+n) 2n—1
X f $" P (i) (27r — i) ds
s=0 |Lt| |I/t|

2n-1 s=t
t
< C(27T _ _) (27_()211—1 |u|—2nf S3m+2n—1 ds
\Y

|ul s=0

m—l
—-A (u —) dtds R(u)dndu (5.3.35)

2n—-1
— C/ (27T _ i) |u|—2n t3m+2n

|ua]
2n-1 2(m+n)
t t
=C (27r -~ —) |u*" (—) "
|ua] |ua]
t
<C’A (u —) "
|ua]
<C'A (u —)f" !
|ua]
Thus
=1 t t\ !
L < Cf f f Vf (u, —ﬁ) A(u —) — dtdndu. (5.3.37)
uf> 5 Jhesm=t J1=0 7 lul ] |ul™
Make the change of variables r = ﬁ:
= Cf f \Vf (u, )| A (u, ) "' dr diy du (5.3.38)
[u|> 5= f]ES”"] —
<C f f \Vf (u, ri)| A (u, ) "' dr diy du (5.3.39)
ueR?" Jpesm-1 Jr=0
= Cf|Vf| dm (5.3.40)
B
< - flVflpl dm (5.341)
infg p1 Jp

<C f IV £] pr dm. (5.3.42)
G
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where we have used the fact that p; is bounded away from 0 on B.
m—1

For I, (see (5.3.33)), we have by Claim 5.3.12 that
A (u ﬁ) dsdiidu.  (5.3.43)

12<Cf f f ( ) myg - m
|u|>7 Hesm-1 =0 |

Make the change of variables r = m:

_ f f f i | G, i) = my| 7V A G, ) dr dfy (5.3.44)
% fesm-1 =0
<C f f f i | 1) = my| P A, ) dr didu (5.3.45)
ueR? Jpesm-1 Jr=0
:cf|f—mf| dm (5.3.46)
B
<C f IV f| dm (5.3.47)
B

by Theorem 5.3.9. The inequalities (5.3.40-5.3.42) now show that I, < C’ fG IV £l p1 dm,

as desired. O
Corollary 5.3.13. There exists a constant C such that for all f € C,

f|f—mf|p1 dmscfwﬂpl dm. (5.3.48)
G G
Proof. Add (5.3.21) and (5.3.22). O

We can now prove some cases of the desired gradient inequality (5.3.4).

Notation 5.3.14. Let D(R) = {(x,2) : |x| < R} denote the “cylinder about the z axis” of

radius R.

Lemma 5.3.15. For fixed R > 0, (5.3.4) holds, with a constant C = C(R) depending on
R, for all f € C which are supported on D(R) and satisfy m; = Q.

f £ = dm
G

< [ 1A= op] dm
G

Proof.

f((V - @)f)pl' dm = by integration by parts (5.3.5)
G

- f SIVopildm by 237)
G

SCRflprl dm by (4.1.9).
G
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(Note that |x| < R on the support of f.)

< C’Rf|Vf|p1 dm by Corollary 5.3.13.
G
O

Notation 5.3.16. If T : G — M, is a matrix-valued function on G, with k€fth entry
a, let V- T : G — R be defined as

2n
V-T(g) := Z Xeaw(g)ey. (5.3.49)
k(=1

Note that for f : G — R we have the product formula
V-(fT)=TVf+ fV-T. (5.3.50)

Lemma 5.3.17. For fixed R > 1, (5.3.4) holds, with a constant C = C(R) depending on
R, for all f € C which are supported on the complement of D(R).

Proof. Applying (2.3.5) we have

1
Vpl(-x’ Z) = pr](x7 Z) + EJVzpl(x,z)x-

Now p; is a “radial” function (that is, p;(x, z) depends only on |x| and |z|). Thus we have
that V, p1(x, z) is a scalar multiple of x, and also that V_p,(x, z) is a scalar multiple of z,
so that Jy_,, (X 1s a scalar multiple of J_x.

For nonzero x € R?, let T(x) € My, be orthogonal projection onto the m-
dimensional subspace of R*" spanned by the orthogonal vectors J,, x, ..., J, x. (Recall
(1%, Jux) = = (uuplIxI® = =8;1Ix|>.) Thus for any z € R”, T(x)J.x = J.x, and

T(x)x = 0; in particular,
1 1 .
TVPI(x.2) = SJvp00r = (V= V)pi(x2). (5.3.51)

Explicitly, we have

1 m
Te =15 D x0T
j=1
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Note that |7(x)| = 1 (in operator norm) for all x # 0, and a routine computation verifies

that |V - T(x)| = |V, - T(x)| < £. Indeed, the k(th entry of 7T'(x) is

-

1
ay(x) = —
|x*

<Jujx, ek> <Jujx, €g>

j=1

2
50 that X (9] = | (0] < 225 thus [V - ()] < 202,

|xl 2

Since p; decays rapidly at infinity, we have the integration by parts formula

0= fv (fpiT)dm = f(fplv T + fTVp, + piTVf) dm. (5.3.52)
G G

Thus

f £ =, dm\
G

ffTVpldm‘

G

ffpl(V-T+TVf)dm'
G

f (V= dm‘ _
G

=2

=2

s2f|f||V~T|p1dm+2f|T||Vf|p1dm
G G
2C
s7f|f|p1dm+2fwf|p1dm
G G

since on the support of f, we have [V - T| < % < %,and |T| = 1. The second integral is

C
R
the desired right side of (5.3.4). The first integral is bounded by the same by Corollary

5.3.13, where we note that m; = 0 because f vanishes on D(R) D B. |
We can now complete the proof of Theorem 5.1.2.

Proof of Theorem 5.1.2. We prove (5.3.4) for general f € C. By replacing f by f—my €
C, we can assume m; = 0.

Let ¢ € C*(G) be a smooth function such that ¢y = 1 on D(1) and ¥ is supported
in D(2). Then f =y f+ (1 -y)f.

Y f is supported on D(2), so Lemma 5.3.15 applies to ¢ f. (Note that m,; = 0
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since ¥ = 1 on D(1) D B.) We have

fG V=W dm‘ <c fG VW £ pr dm
<c fG VY11l pr dim + fc W IV £ p1 dim
< Csup VY| f £l py dm + C sup vl f /1 pr dim.
G G G G

The second integral is the right side of (5.3.4), and the first is bounded by the same by
Corollary 5.3.13.
Precisely the same argument applies to (1 — ¢)f, which is supported on the

complement of D(1), by using Lemma 5.3.17 instead of Lemma 5.3.15. O

5.4 The optimal constant K

We observed previously that the constant K in (5.1.1) can be taken to be inde-
pendent of . We now show that the optimal constant is also independent of ¢ > 0, and
is discontinuous at ¢t = 0. This distinguishes the current situation from the elliptic case,
in which the constant is continuous at ¢t = 0; see, for instance [4, Proposition 2.3]. This
fact was initially noted for the Heisenberg group in [13], and the proof here is similar to

the one found there.

Proposition 5.4.1. Fort > 0, let

(VP f)(8)l
P(IVfD(®)

Then K, (0) = 1, and for all t > 0, Kou(1) = Kop > 1 is independent of t, so that Ky (t)

Ko (1) = sup{ :feC,geG,P(Vf(g) # O}. 5.4.1

3n+5
3n+1°

is discontinuous at t = 0. In particular, Kqp >

Proof. It is obvious that K,(0) = 1.
As before, by the left invariance of P, and V, it suffices to take g = O on the
right side of (5.4.1). To show independence of ¢t > O, fix t,s > 0. If f € C, then
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fi= fOQD;.l/z eCand f = foue. Then
((VP.HO)N _ |(VPAF o @m))(0)|
PAVIDO) P (|V(f 0 p2)]) (O)
(VP f) © @) (0)]
R
S|P pan(0)|
 512P ([V7]) (p2(0))

Taking the supremum over f shows that K,y (#) < Ko (st). s was arbitrary, so Koy (?) is

< Kopi(s1).

constant for z > 0.

In order to bound the constant, we explicitly compute a related ratio for a partic-
ular choice of function f. The function used is an obvious generalization of the example
used in [13] for the Heisenberg group.

Fix a unit vector u, in the center of G, i.e. u; € 0 x R™ c R, We note that
the operator L and the norm of the gradient |V f]* = %(L( %) — 2fLf) are independent
of the orthonormal basis {e;} chosen to define the vector fields {X;}, so without loss of

generality we suppose that J,, e; = e,. Then take

f(x,2) i=Ax,e1) +{z,u1){x,e2) = X1 + 71 %2

|(VP,f)(0)]
k(t) i= ——=———.
D= PV O
Note that k(r) < K, for all . By the Cauchy-Schwarz inequality,
2
P (IV£1) (0)

Since f is a polynomial, we can compute P, f by the formula P, f = f+Lf+ ;—2!L2 [+
since the sum terminates after a finite number of terms (specifically, two). The same is
true of |V f|?, which is also a polynomial (three terms are needed). The formulas (2.3.2)
are helpful in carrying out this tedious but straightforward computation. We find

(1+1)?

ko (1) =
21 1 -2+ (3n +2)12
which, by differentiation, is maximized at fmax = 723, With ko(fmar) = 223, Since

Kopt = k(tmax) = VEa(fma) = /2222, this is the desired bound. O
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5.5 Consequences

Section 6 of [5] gives several important consequences of the gradient inequality
(5.1.1). The proofs given there are generic (see their Remark 6.6); with Theorem 5.1.2 in
hand, they go through without change in the case of H-type groups. These consequences

include:
e Local Gross-Poincaré inequalities, or ¢-Sobolev inequalities;
e Cheeger type inequalities; and
e Bobkov type isoperimetric inequalities.

We refer the reader to [5] for the statements and proofs of these theorems, and many
references as well.

Chapter 5, in large part, is adapted from material awaiting publication as
Eldredge, Nathaniel, “Gradient Estimates for the Subelliptic Heat Kernel on H-type
Groups,” submitted, Journal of Functional Analysis, 2009. The dissertation author was

the sole author of this paper.
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Baker-Campbell-Hausdorff formula, 19
Bessel function, 74

Bobkov inequalities, 114

bracket generating, 8, 11

C, 89
Carnot-Carathéodory distance, 9, 11, 46
Cheeger type inequalities, 114
Chow’s theorem, 11
Clifford algebra, 22
correspondence with H-type Lie
algebra, 23-26

convolution, 21

diffusion, 2, 7
dilation, 22

elliptic, 3
elliptic regularity, 11

fat, 47, 48

geodesic, 10
existence of, 46
gradient bounds
behavior of constant, 90, 112-113

degenerate Laplacian, 4
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H-type group, 89, 91

Heisenberg group, 9

Laplacian, 2

L? type, 90

Riemannian manifold, 90
Green’s theorem, 8
Gross-Poincaré inequalities, 114
group

H-type, see H-type group

Lie, see Lie group

H-type group, 15
Carnot-Carathéodory distance d, 54
asymptotics, 56
formula, 54
convolution *, 21
correspondence  with  Clifford
algebra, 23-26
dilation ¢, 22
fat, 48
geodesic coordinates, 93
geodesics
length, 54
gradient bounds, 89, 91
Haar measure, 21

Hamilton’s equations of motion, 50

solutions, 50



Hamiltonian H, 49
heat kernel p,, 32, 37
formula, 37
pointwise estimates, 58
pointwise gradient estimates, 59
positivity, 39
heat semigroup, 89
heat semigroup P;, 38, 40
nilpotent, 18
realization as R>**™, 19
stratified, 18
subgradient, see also gradient
bounds
subgradient V, 28
sublaplacian L, 29
essentially self-adjoint, 43—44
hypoellipticity, 29
vector fields X;, 27
vector fields Z;, 27
H-type Lie algebra, 14
correspondence ~ with  Clifford
algebra, 23-26
elementary properties of, 16
Haar measure, 6, 21
Hadamard descent, 84—88
Hamilton’s equations of motion, 47, 49,
50
Hamiltonian, 47, 49
Hamiltonian vector field, 47
Hankel function, 74
Harnack inequality, 31
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heat kernel, 37

Euclidean, 2

formula, 6
heat kernel bounds

H-type group, 58

Heisenberg group, 9, 61

nilpotent Lie group, 60
heat semigroup, 1
Heisenberg group, 5

as H-type group, 15

complex, 15

heat kernel bounds, 9, 61
Heisenberg Lie algebra, 6

as H-type Lie algebra, 15
Heisenberg-Weyl group

anisotropic, 19

isotropic, 15
Hessian, 70
horizontal Brownian motion, 7
horizontal bundle, 45
horizontal distribution, 45
horizontal path, 6, 46
horizontal vectors, 45
Hormander’s theorem, 11
Hurwitz-Radon function p, 27
Hurwitz-Radon-Eckmann theorem, 27
hypoelliptic, 6, 11, 12

isoperimetric inequalities, 114
Jacobian determinant, 94

Laplacian, 1



degenerate, 4
Laurent series, 77
Lie algebra
H-type, see H-type Lie algebra
Lie algebra
nilpotent, 12
stratified, 12
Lie group, 12
approximation by, 12
example of stratified, not H-type, 19
examples of stratified, not H-type,
19
gradient bounds, 90
H-type, see H-type group
heat kernel bounds, 60
nilpotent, 12
stratified, 12

Malliavin calculus, 90
Martinet distribution, 47
Mehler kernel, 34

operator
degenerate elliptic, 29
elliptic, 29
principal symbol of, 29

perfume, see diffusion
Poincaré inequality, 103
polar coordinates, 72-84

Popp measure, 32

quantum harmonic oscillator, 34
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R 1,4

radial function, 29
gradient of, 29

rank, 11

recursion, 117

representation, 22
equivalent, 22

Ricci curvature, 89

signed area, 8

Sobolev inequalities, 114

steepest descent, 61-72, 81-82

sublaplacian, 12, see also under H-type
group

subriemannian manifold, 45

bracket-generating, 45

Young’s inequality, 22
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