Chern-Simons Path Integral on R? using Abstract Wiener
Measure

Adrian P. C. Lim
University of Luxembourg,
Mathematics Research Unit

Abstract

Instead of using white noise analysis, we use abstract Wiener measure to define the Chern-
Simons path integral over R®. One rigorous and the other, not so rigorous, definitions will be
given. The latter will be used to compute the Wilson Loop observable in the abelian case,
which gives us the linking number of a link.
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1 Introduction

Witten in his paper [Wit89] showed that the Chern-Simons path integral can be used to obtain knot
polynomials in a 3-manifold. The authors in [AS97] used white noise analysis to make sense of the
path integral Equation (2.2) on R3. They began with a Hilbert space, consisting of L? functions.
Using Minlos theorem, they complete this space, using a sequence of inner products, to define a
(Gaussian) probability space €* consisting of distributions and L?(€*, ). The Chern-Simons path
integral is now realized as a distribution acting on test functions contained in L?(€*, ).

A similar approach was adapted by Hahn in [Hah04]. Furthermore, he computed the Wilson
Loop observables Equation (3.1) for the abelian and non-abelian gauge group. When the gauge
group is abelian, the theory agrees very well with the known knot literature. For the non-abelian
gauge group, there is a slight discrepancy.

More recently, the authors in [AMO09] defined the Chern-Simons integral on a 3-manifold using
Wiener measure.

Before we begin on the math proper, we will use the following notation, to make the writing
easier. This is helpful when the reader encounters unfamiliar notation used in this article.

Notation 1.1 (Set Notation.) For any vector space S, S will denote the direct product S x S. §
will denote an element in S, written as (sy,s—). Addition will be component-wise addition. Define

a product, §x i := (syut,s_u~), §€R? and @ € S. + as superscript or subscript do not make
any significant difference.

Given a Hilbert space (H, (-,-)), consider the direct product H:=H x H. An element in H is
usually denoted by u and an element in H x H is always denoted by a 2- component vector, u. Let
Pt :HxH— H (P~ : Hx H— H) denote the projection onto the first (second) component.



Let P: H x H — H x H be an orthogonal projection. Let Q+ = P*P : H x H — H denote
the composition of 2 projections and let Ay = Q+(H x H) denote the range of Q+. Note that Ay
is a subspace in H. Define for each orthogonal projection P, an orthogonal projection P whose
range is equal to (AL ® A_) x (Ay @ A_), a subspace inside H x H.

The inner product (-,-) is extended to an inner product, ((-,-)) on the direct product by

(((A1 + B1), Az + Ba)) := (A1, A2) + (Bi, Ba).

Gwen U = (uy,u—_) € H x H, denote () := (uy,u_).
The standard coordinates on R will be denoted by x = (x¢,x1,T2).

Mn(C) will denote the vector space of N x N matrices with complex entries. A* will denote
its hermitian conjugate of A. AT will denote the transpose. Tr will denote the matriz trace.

or will always denote a 1,2 or 8 dimensional Gaussian density function with mean 0 and
variance 1/k% and 1 == K/(87), s0 := K/27.

Remark 1.2 There is a dependence on k in most of the definitions in this article. To simplify the
notation, reference to k is omitted in most of the definitions, but the reader should bear in mind
that there is a k dependence in the definitions used.

2 Chern-Simons Path Integral

Only for this section of this article, we will set k = /2.

Let E be a trivial bundle over R and G a (compact) connected Lie subgroup of U(N), N € N.
Denote the Lie algebra of G by g and identify g with the Lie subalgebra of the Lie algebra u(N)
of U(N).

Remark 2.1 In general, given A,B € g, (A, B) = —Tr[AB] is degenerate. However, if g is
semisimple, then this bilinear form is non-degenerate.

Let x = (xq, 71, 72) be the usual coordinates on R®. The Chern-Simons action is given by

2
CS(A) = ﬁ /R Tr[ANdA+ ZANAN A dvolgs, 57 0. (2.1)

A is a connection on R3, which decays to 0 fast enough for it to be integrable on R3.

Now, we want to make sense of an expression
Zog 1= / eSS A. (2.2)
Acd/

Here, & is the space of g-valued connections on the bundle E and DA is some heuristic Lebesgue
measure on <.

Every connection over R3 can be gauge transformed into the form

A= aodl'o + aldxl,



where ag and a; are g-valued functions over R? and
al(Io, T, 0) = 0, ao(xo,(), 0) = 0. (23)

This is called Axial gauge fixing in [Hah04]. Assume ag and a; are smooth and decay fast enough
for the integral to be defined.

With this gauge the cubic term in the action drops out and we are left with (Dot means matrix

multiplication.)
K \/5

Lo (2.4)

2§1/ Tr[O2a0 - a1 — ag - O2a1]dvolgs, ¢ :=
R3

Consider the Schwartz space $(R?), with the Gaussian measure ¢, /@y (z) = e~ 121°/4 (2 /27)3/4.
a1(z) = zop_(x) - Vi (x) will satisfy Equation (2.3). Write ag(z) = p+(z) - Véu(z). ps are g-
valued, with each component being a polynomial over R>.

Let 7 := 2005 and define an inner product
(Ygn=1{,):ABE C®(R?® — g) x C*(R?® — g) — —ql/ Tr(AB)¢.dvolgs.
]RS
Then Equation (2.4) becomes

(2202p+,p—) — (P+,p-) — (P4, T202p—)
=(Tp4+ + 7p—,p— — p4) — (P p-) + (T4, +) — (TP, p-). (2.5)
Now, let a* = —0y + 2, a = Oo + 2. Apply 22y = (z +y)? — 2% — y? + [2,9], 27 = 21205 =
a?— 03 —23 —1=a?—- 223 +a%a.

Now, 20 =a—a* :=a~, 229 = a+a* :=a™. Let

Define
F(p) = 27(p4+ + p-),p— = p+) — 2{p4,p-) + (Lp+,p+) — (Lp—,p-).
Then, Equation (2.5) becomes F(p) + (a*ap+,p+) — (a*ap—,p_), which is equal to —CS(A).

The idea now is to split the expression into
/ﬂ ¢—iF (D) =4 (a"apspi) =k (a"ap_0-) [y Dy
PES4(R?)

for k; > 0 and then do an analytic continuation, followed by x4 — i and k_ — —i.

For R = (ky,k_),

1 * *
. expl—ri{a’apy, py) — K (a*ap—,p-)|Dp+ Dp—

should be interpreted as a product of 2 infinite dimensional Gaussian measure, with variances /sjrl
and x~! respectively and 1/N,; is some normalization constant. Such a measure does not exists on

C>°(RR?); one has to complete the space to define a sensible Gaussian measure.



The (physicists) Hermite polynomials {h;};>o form an orthogonal basis on L?(R, u) with the

Gaussian measure du(x) = e’w2dx/ /7. The operators a* and a are the familiar raising and
lowering operators, i.e. a*h, = h,+1 and ah,, = h,_1. The operator a*a is the Hamiltonian
operator, a*ah, = nh,.

There is a unitary isomorphism from L?(R, u) — L2(C, e*|z|2dxdp/7r), given by the standard
Geometric Quantization of the Harmonic Oscillator, which is also the Segal-Barmann transform.
Using Kahler polarization, the Quantum Hilbert space is the space of Holomorphic functions
integrable with respect to e“z‘dedp/W, z = x + ip. The quantized Hamiltonian is 20, and the
orthonormal basis is {2 /v/n!}5,. Note that Q : h,/é1/v2"n! — 2" /v/n! and Q : a*a — 20, is

a unitary isomorphism.

Notation 2.2 For integers i,j,k > 0, p, will denote the triple (i,j, k) with i +j+k =1r. p,!:=
iljlk! and p,\* := p,'k. (Note the extra k factor.) For z = (29,21, 22) € C3, 2Pr := zi2]25. P, will
denote the set of all such triples, i.e.

P ={(,5, k)| i+i+k=r}
Let P =2 Pr.

There is an ordering which we will adopt in the rest of the article. We will write p, < pyr, if
in the order of priority, v < 1', followed by i < ', j < j" and k < k'. H,_ precedes before Hy , if
pr < ppr. Hp will be defined shortly.

Definition 2.3 Let 84(R?) = 8§(R?) ® g. Define gg(R3) = 84(R3) x 84(R?) to be the Schwartz
space of all g x g-valued functions over R®, and denote the extension of (a*a-,-)q . to the direct

sum as ((-,-)),, dropping the dependence on k for ease of notation and let H?' be the Hilbert space
using this inner product. The norm is denoted by || - ||1:= /({a*a-,-)),. We will let H denote the
Hilbert space containing S4(R3) using the inner product (a*a-,)g -

Remark 2.4 In order for ((a*a-,-)); to qualify to be an inner product on H', we only consider
polynomaeals which vanish at zo = 0.

Let {E;;} be an orthonormal basis for g x g, using —Tr extended to the direct sum. Let

H,, () := hi(x0)hj(21)hi(x2) be a product of Hermite polynomials and H,,, will denote H,,_//2"p,1*.
Here, Hy, is normalized. Consider the tensor product set

U{a P Hy /-0 € P} @ (B},
r=0

which forms an orthonormal basis for H'. Order this basis according to the ordering on p,. Given

U € ﬁl,write
- i —1/2 13
=yl *H, © B,

pr ij
and N N N
((a*ail, @), =Y Y e, cf? = (cf ).
pr 1J

Definition 2.5



1. Let 3 be a partial ordered set of finite dimensional orthogonal projections onto ﬁl, i.e. P>Q
if QH' C PH'. Similarly let G be a partial ordered set of finite dimensional orthogonal
projections onto H'.

2. Let P € G. Given any Borel subset F C PH", define for k > 0,
_ K \!/2 —klyl?
tr (z € P7H(EF)) = (%) / Fe WI*/2qy, (2.6)
ye
where 1 is the dimension of PH?.

3. Let P = P* x P~ € F. Let F € PH' be a measurable set, such that F' = F, x F_|
Fy C PH'. Define for i,

pz (z € PTYF)) = pe, (x € P7HFL)) X p_ (x € PTHFL))

14/2 r_\1-/2 7 T
e S
™ ™ y+EFL y_€F_

where 14 is the dimension of PTH?.

4. Let D denote the Borel o-algebra in PTH', P* € G. Let P = Pt x P~ and F C PH?! be
in the o-algebra generated by DT x D~. Extend pz to be defined on the measurable set F.

5. A semi-norm | - || in H" is called measurable if for every e > 0, there exists a Py € F such
that
pr (|| P [|>€) <e

forallP 1L Py and P € F.

As explained in [Kuo75], this does not define a measure on H'. To define a Gaussian measure,
one has to complete H' into a Banach space B, using any measurable norm || - ||, defined as
follows. We will use Q : Cfl/Qﬁpr — 2Pr //p.x. For any @ = ZPTGT Zij C;i§;1/2Hpr QFE;; € H,
Q@ maps it to a gc x ge-valued function on C? by replacing each gfl/szr by zPr /+/p,1x. Note that
2Pr = zéz{zé, pr = (4,], k). The sesquilinear complex inner product on ge-valued functions over
C3 is given by

<Zp7‘ X Eij,ZpT/ X Ei’j’>

1 _
=- Tr[EijEz"j’}ﬁ / 290,277 Zpr'e_IZgl_‘Zl‘2_‘zz‘le“odpodﬂhdpldwzdpz.
(c3

Note that z; = z; + ip; and Z; means complex conjugate. We will use the same symbol H! to
denote the Hilbert space of gc X ge-valued functions over C3.

Definition 2.6 (Measurable norm)
Letu=73% 52,3, ¢z /Vp%. Introduce a norm by setting

lall=sup sup D> el
T Pr

ij 2€B(0,1/2)

)

B(0,1/2) is the ball with radius 1/2, center 0 in C3.



Proposition 2.7 The norm || - || is measurable.

Proof. Let € > 0 and A = A{xy,x_}. Choose a N large such that Y o n?2™" < Ae? and
let P, be a finite dimensional orthogonal projection onto the span of {z’* ® E;; : r < N};;. Let
V be a finite dimensional subspace in the complement of the range of P, and let {/31,...0;} be an
orthonormal basis for V, using ((-,-));. Let P denote the projection onto V. Now, there are at
most n? triple (i, j, k) with i + j + k = n. It is possible to write each basis vector as

Bs= D a2 [\/plx ® By,
Pr2>4s
with ¢ < g2 < ... < q; and each ¢ is a triple (i, 4,k) with i+ j + k > N.

Any projected vector Pz can be written as Px = ) cs(x)3s. By definition (See Equation

(2.7).), ¢s() : H* — R is a Gaussian random variable with variance 1/k+. Let E denote the
expectation of [ independent standard Gaussian random variables. Then

pr (| Pr|[>€) =pg (sup  sup >N Jesap ||| > e

i 2€B(0,1/2) 5 ST
1 y 1

<eowp sup 30D Eleadll< o s S Elef 31

Pr=>gs

i z€B(0,1/2) 77 50

§é Z n22="

n>N

Complete H! into a Banach space @1, and forms a triple, an abstract Wiener space in the sense
of Gross. Thus, (i, H', B') forms an abstract Wiener space. Identify 7 € BL* C H' C B! with an
element in H' and denote the pairing ((@,%)); = ¢(@). Here, i € BL*.

Definition 2.8 (Gaussian measure on Abstract Wiener Space)

1. Define iz, a measure on BL with covariance K, by
e{ae B (@7 (@Fh) € F} = pa{@ e B s (@70, (@ )y ) € F .
The y;’s are in Bl

2. {ﬂe Bl (((ﬁ,gj’l))l,...,((ﬂ',g]’n))l) € F} is called a cylinder set in B'. Let Rz be the
collection of cylinder sets in Bl

Remark 2.9 1. It was shown by Gross that [iz is o-additive in the o-field generated by Rz,

2. Eatend fiz over the Borel field of BL.
3. It can be shown that the o-field generated by Ry, is equal to the Borel field of BL.

Now, any @ € B! can be written as @ = Z” Zpr ;J 2P [\/pylx ® E;;, convergence in the sense

of || - ||. The space B! can be described explicitly. Let H(C — H' @ C and ﬁé* = BL* @ C.



—

Proposition 2.10 For w € C3, define x(w) : @ € B — @(w). Then x(w) is in @é*

Proof. Let R > 2|w|. Choose M > 0 such that for all » > M, R" < +/|(r/3)]!. Then,

|<sup Zc”wp'/\/ Ik <RMsupZZ|c ( ) 1'
i Dr 1
R’l‘

(&)

+ sup » e

<(RM 1) || .

This shows that x(w) : @ — @(w) is a bounded complex functional on B
Proposition 2.11 The support of fiz is on continuous gc x ge-valued functions on C3.

Proof. Fix a wg = (9,1, 22). Now for any w, @(wo + w) — @(wo) = (&, x(we + w) —

x(wo))

for 7 € B!. From Equation (2.8), it is clear that x(-) is continuous at 0 using the operator norm.

Fix a zp # 0 and let 20| < R. Let D = {z € C: |z — 29| < R/4} C C and ~ be the boundary

of D. By Cauchy integral formula,

Z’ﬂ
zg:/ dz.
~ zZ— 20

/ (<—>d\ < 2m(2R) 2R +1)"|z1 — 20|

Thus, for z; close to zg,

z—21)(z — 20)
Thus, if write p, = (ng,n1,n2) and w + wo = (Yo, Y1, y2), then

[(w + wo)P" — wi| = [(25° — yp°)zy 25> + yp° (27" — ") + 4 v (252 — y5?)]
< 3(|w + wo| + |wol)2" (|w + wol| + |wol)" |w 4+ wo — wo|.

Let d =32,

i lwPr /+/pTx ® Eij. From Equation (2.9), choose R > 0 such that
|(w +wo)”" —wg"| < R |w|
for all w € B(wo, 2|wp|). Then, if € < |wo],

(w + wp)Pr — wh"

Pr Vb

2TRT|w|
< sup stup
weB(0,¢€) ij Z VDPr b

<c(wo) - € || @ |

sup |i@(w 4 wo) — @(wo)| < sup N? supz e | |
weB(0,€) weB(0,¢€) 29

for some constant ¢(wpg).



Thus for any € > 0,

iz < sup |@(wo + w) — @(wo)| > e) = iz ( sup |(@, x(wo + w) — x(wp))| > e)
weB(wo,1/k) weB(wo,1/k)

< ﬂz(c(:j()) ||a'||>e) 0

as k goes to infinity. Let

E, ={u: sup |(@, x(wo + w) — x(wo))| > €}
weB(wo,1/k)

Choose an increasing subsequence {r;}72; in N such that >, fi(E,,) < co. Then, by the choice
of 71, > fi(Er,) < oo and hence by the Borel Cantelli Lemma,

oo o0
nue.,
q=1p=q
has probability 0. Hence with probability 1, for each @, there exists a (@) such that
sup [@(wo + w) — @(wo)| < e.
weB(wp,1/ry)
|
Any @ € B in the support of fiz is continuous. Since it is actually given by a power series, by

Morera’s Theorem, it is analytic in each of its variable. Hence, the support of fiz in the Banach
space B! is the space of entire ((gc % gc)-valued) functions on C3.

Now, the problem is to interpret F' on @}w x Bl . Recall Q : ¢; /*H,, — 2P /y/pT%. Under

this map @,
ar 0,,, a* v 29, T+ 332 — 2z + 0.,)% + 220,

and
((9,22 + 22)2
— 5
These operations make sense on holomorphic functions. The problem is that the holomorphic
functions are not integrable with respect to Gaussian measure.

Write

2
L0, —

Hp,0)=(lp+allP=lpl*=1al*/2
Then F is extended to F ,

F(p) := A (27(pa +1p),Pp — Pa) — A (PasPs) + A (Las pa) — #(Lpg, pp)s P = (Paspp)-
Given a continuous function G : @ — R, suppose it has a continuous extension G : Bl S R.

Definition 2.12 (First definition for Chern-Simons path integral)
The CS path integral, is now interpreted as

1
Zcs Jaew
Zz is defined as

) 1 ~ =
G(A)e M DA= lim  — G(@)e T D djig (). (2.10)

Kp—i, ho——i Az GeBl

Ry —1, K ——1 ﬁe'ﬁl

Ze = lim / e~ g (1)



Remark 2.13 It is not at all clear that such an analytic continuation exists in this definition.
We will not address this issue, as in the rest of this article, we will not use this definition at all.
Instead, we will give an alternative definition, based on the approach used in [AS97].

3 Wilson Loop Observables

Note that for the rest of this article, k > 0 is allowed to vary.

Let G be a Lie group. Let {px} be any set of finite dimensional representations of G. The
interest in Chern-Simons path integrals is the evaluation of

1 l

Z(R® C", pisq) == T
CS JAed |24

W(C*, pi; )’ S DA, (3.1)

where L = {C*}}, is a link in R?® with non-intersecting (closed) curves C* and

W (C*, pi; q)(A) := Tr,, T exp [q /C ) Aidxi] . (3.2)

Here, Tr,, is the matrix trace in the representation p; and T is the time ordering operator.
W(C¥, pr;q)(A) is the holonomy operator of A, computed along the loop C*. The integral in
Equation (3.1) will be known as the Wilson Loop observable (associated to the link L). ¢ will be
called the charge of the link. When L consists of only one curve, the link is termed a knot. We
will write Z(R?, L; q) = Z(R3,C%, p; q), when p;, = p for some representation p.

When L is empty, then Z(R3,(0;¢) = 1. The completion of H? is the space of 2-tuple entire
(gc x ge-valued) functions on C3, which defines a space of 2-tuple C*°(R3) (gc x ge-valued)
functions, i.e. B

A€ B! — Alps € (C*(R?) ® gc) x (C*(R?) ® go).
Using the canonical embedding of R? into C3, we could use Equation (3.2) to define a function on
B! and this would give rigorous meaning to Equation (3.1).

There is a second approach to define Zcg, which was used in both [AS97] and [Hah04]. Continue
the same setting as from the previous section. From Equation (2.4), an integration by parts gives,

—qo/ Tr [ag - O2a1]dvolgs, <o := A (3.3)
R3 271'

Define (A4, B)o := —¢ [ Tr[AB]dvolgs and (H°, (-,-)) = H® := L(R®, volgs), the Hilbert space
of g-valued, integrable functions. The Schwartz space §(R?) ® g is dense inside H® and thus
g(;l/Qf{pT\/qSK}preg: ® {E;;} forms an orthonormal basis.

Remark 3.1 Let Hy, //p.! be the normalized Hermite polynomials with respect to the Gaussian
measure ¢~ (2ol Hle1*+122*)/2 ) (97)3/2 g0 dary day. Thus,

CO_I/Q‘[;[PT(:E()a 21, 22)V/ G = <0_1/2Hpr(’fx0» K1, K529)\/ G/ /D



Making use of Equation (2.3), let f; = 2aq. If @ = (ao, f1), then the Chern-Simons path
integral is defined as

Jim Mt (ED)o= (@) Dgo D f, (3.4)
=1 Jacs, (r3)

Define HY, the completion of gg (R?) using ((-,-)),, using the same symbol to denote the space
of g¢ x ge-valued functions over C3. Define a Gaussian measure g on PHO for any P € J as in
Equation (2.7). Define || - [lo:= 1/({*, ")), and complete the space into B’ using a measurable norm

as before and define a Gaussian measure fig on B°. Denote the paring ((7,))o := (@) € R for
i€ BY*.

To make sense of (i) + ((, u)), /2 on B0, one can define it using polarization and hence define
a measure on B°. However, in this case, we will use a different approach.

Definition 3.2 Let 8 > 0.

1. Suppose F : (0,e) — C. Do an analytic continuation on F and write F:UcCC-—=C for
some open and connected set U. Suppose i € U. We will write

lim F(0) = F(3).

60—

2. Let P € F, the set of finite dimensional orthogonal projections and let {€4 k,€_ k}i be an
orthonormal basis in P*HC. Let y,f = (-, €+ ), be the coordinates with respect to € . Let
the dimension of PYHO be 21.

3. For each k, iy = (yi,y; ) € R%. Let | -| be the Buclidean distance norm in R?. Define for
each P € F,

l l
2P0 = (2 / & Thor B+ i ~§ i l” T dyif
2 R2! he1

and Z(P*,i) = limg_; F(6).
4. For any continuous cylinder function G € C(Pﬁ0 — R), define
l
G{Githm) =G (Z Y@k + ykg,k> :
k=1

5. For any continuous cylinder function G € C(Pﬁo — R), let
Z(G, P*,0)

1 %) ! . ! ~ 11212 61 L2 ! B
::Z(Tﬁﬁ) (27r) /Rm G({yk}zzl)ezzkﬁ(yk)n-&@|yk| e~ 2 Lk=1 U] H dyljdyk ) (3.5)
) k=1

Proposition 3.3 Let P! Q! € F be orthogonal.

1. Z(P*+ Q% 0) = Z(P*,0)Z(Q*,0).

10



2. For each 0 >0, Z(P*,0) = (1/y/1 —2i/0)!. | was defined in Item 2 in Definition 3.2.

8. For each § > 0, there exists a complex measure vy such that [._z, G(1@)dvg(i0) is given by
Equation (3.5) for any cylinder function. Furthermore, |vg| is a probability measure on BO.

4. Let 3= (st,s7) € R2 and @ = (ut,u~) € B C HY C B. Define a product § x @ :=
(sTu™,s~u™). The Fourier transform of vy is given by

B

—i(s'*'u“‘ =+ s_u_)2/292 R I )
= 20 . 3.6
e (T ‘ (36)

SV@(S+U+,57U7) :/ ei(('VEXﬁ))OdVG

The RHS can be analytically extended to over C/{0,2i} and thus

lim Frg(5 x @) = e 5D, (3.7)

60—1

Remark 3.4 1. If one is interested in only the moment generating function, then

et 4 a—a—\2 /902
/ 5D e — oxp (%(8 u 1+ 82,?;9) /26 )6;6(5+v2u+v2+512u12>
B — 2

and o
lim §v(5' x @) = X (3.8)

2. Compare the result of [4] in Proposition 3.8 with Equation (2.5.3) in [AS97], it appears we
are off by a minus sign. However, note that the L? inner product used in that article is
negative of the one used here.

Proof.

1. Tt follows from (@ + @)y = (i@); + (¥)y, @ € P* and ¥ € Q*.
2. The integral
0

= 2—/ Ty +y?) /200" ) 2 g gy E[eizz/a], Z ~ N(0,1).
™ JRr2

But N2 ~ x?2, and the characteristic function E[e“Nz] =1/v/1—2it. Thus, z=1/4/1—2i/6
and hence the result follows from [1].

3. Let T': G € L2(BY, jig) — Z(G, P*,0) € R for any bounded continuous cylinder function G.
[1] says that for any cylinder function G, Z(G, P!, 6) is well defined for any PH® such that
G is defined on. Since cylinder functions are dense, this linear functional I' can be extended
to all of L2(B°, fig). From Equation (3.5), T has operator norm 1, using the L2 norm on

L2(B°, fig). By Riesz representation theorem, there exists a complex valued function ~g,
|’yg| = 1 such that F(G) = f'ﬁo G’}/gdﬁg.

11



4. Set s = s~ = 1. Note that e*¢>@)o is a cylinder function on PYHO, where P is projection
onto . First assume that P¥ = P, i.e. @ = (ute,u"e), ut,u” € R and e is a unit vector in
HO. Then, a straight forward computation gives

i T T _
/* e Coduy =1/1 — 2i/0E [6"(1\”@*@) } e~ (Gau P Hg5uT?)

B

N is the standard normal distribution. The quantity @ = (N + A)? is a non-central x?
distribution and the characteristic function for @ is given by

Ly 2
exp (11:\2;)
V1 — 24t

Plug in A = i(ut +u~)/v20, t = 1/6,

—i(nut —\2 2
/ o CModyy = exp [ N FU2/202N (g gy,
5 1-2i/0

Observe that u™u™ = (@)y. Take the limit as 6 go to ¢ in the sense of Definition 3.2, we have
the result.

Now assume that @ = (u'p,u?p + tq), with p, ¢ orthonormal vectors in H® and u*,t € R.
Associate + with 1 and — with 2 for convenience. P*? is now spanned by {p;,q;}j=1.2,
p1,p2 =p and q1,¢2 = ¢. Then @ = u'p; + u?py + tqs.

For any arbitrary vector Zj apj + Big; = y € P ({y, @), = ular + ulas + . If

@ = (u',u?), @ = (a1, 0) and 3 = (B1, B2), then the integral becomes

0\2 oo - - ’ 3 3 3
(1-2i/6) (2> / ez(w-a+<a>n+|a|2/2)670|a\2/2da1da2,/ el(t52+<5>n+\5|2/2)6*9\ﬁ\2/2d51dﬁ%
s R2 R2

Note that (u)y = u'u?. Apply the calculations above, we get the result.

Definition 3.5 (Second definition for Chern-Simons path integral)

Suppose a bounded continuous function G € C(f[o) can be extended to G € Ll(‘ﬁo, fig). Define the
Chern-Simons path integral as,

1 ) ~
—_— G(A)ESM DA =lim | Gdy. (3.9)
Zes Jaew 0—i Jgo

The existence of vy was proved in Proposition 3.3.

From Remark 3.4, we note that such an analytic continuation exists, at least for G of the form
e g7 e BO* C HO C BY. The Chern-Simons path integral is then interpreted as a linear

functional acting on (a possibly subspace of) L (B, 7).
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3.1 Some Important Comments

Definition 3.5 of the Chern-Simons path integral, is not exact. Write 0, = a — a*. In terms of
Hermite polynomials, 0y : hy +— khi_1 — hgy1. If one does a change of variables, Js : a1 — f1 =
O2aq, then Expression (3.4) should become

1

i)y + 4 (D)o~ S UTD) o Do D fy . 3.10
o / o aoDfr (3.10)

Of course, det 95 does not make sense. It is either 0 or co.

Since we are only interested in defining a probability measure, one can just divide out this
indeterminate. But the problem is that there is no way to rigorously justify this division. The
bottom line is that in the second definition of the path integral is far from exact.

Because of this change of variables formula, the definition of the path integral should be
1 , ~
— G(A)e M DA :=1im G((ao, 05 ay))dve(d). (3.11)
Zcs Jaew 0—i Jgego
and the Fourier transform should yield expl[i{(ug, 95 'u1))y]. (The adjoint of 95 ' is —0; '.) Unfor-
tunately, given u; € H°, 95 'u; is not in HO.

This change is necessary to get the right knot invariants later on. Actually, one is not interested
in the measure. What one is really after is the Wilson Loop observable. As will be shown later, it
is simply a Fourier transform. But Equation (3.6) is not well defined if we make this change.

Fortunately, Equations (3.7) and (3.8) are well defined if ((ug, 95 "u1)) = (uo, 05 'uy) is defined,
even though 85 *u; is not in H°. Let us be more precise about this statement. We mean that

2
—— de;dp;
(up ® A, 05 uy ® B) = fTr[AB]/ (uo - 9y "ur) e T P < oo
c i=0
Here, z = (20,21, 22) and z; = x; + ip;.
Therefore, we will make the following definition:
ECS |:e((‘7§><’7))0] = e*i(s+u07578;1u1>7 (312)

for any (ug,u1) € B%* with (ug, 95 tuy) < oo,

A word of caution: On the space of Hermite polynomials, 9> = a—a™ and (‘32_1a1 = f_oc a1 (z)dxo—
f *ay (x2)dxzo. However, on the space of holomorphic functions, 92 — 0., — z3. The inverse of the
operator is (9., — 29) L.

If (ug,uy) € B%* C HO, then uy € H°. Under the map Q, a; = Q Luy is in L2(R3 — g). If
ap is in L?(R® — g), then

82_10,1 = / a1 (l‘g)dl‘g —/ a1(.132)d.132
is bounded, but unfortunately it is not L? integrable. But,

(ao,&;lal) = / ag - (‘Elaldvole < 0,
RS
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if ag is L' integrable.

So far, we considered the Lie algebra g as a Lie subalgebra in su(XN). One can view it as
a representation of g in u(N). In fact, our method can be generalized to any semisimple Lie
algebra, if there is a representation p of g such that the bilinear form (A, B); := —Tr[p(A)p(B)],
Tr is the usual matrix trace, is positive and non-degenerate. In this representation, (A4, B) :=
—so [ Tr[p(A)p(B)ldvolgs, for A, B : R* — g.

Definition 3.6 (Third definition for Chern-Simons path integral)
Let G be any complex (gauge) Lie group for a trivial bundle E. Let p be any finite-dimensional
representation of G, such that the bilinear form (-,-); defined above is positive and non-degenerate.

Define a bilinear form (-,-) on H° as above. Ifgg: BO - R is a bounded linear functional, define

ECS |e(Cx o] i gmileTonsm03 o), (3.13)
§=(s*,s7) e R?, if
(sTpo, s~ 05 *1) < o0.

There is a k dependence in the RHS of the definition, which is not obvious from the notation. The
term 95 ' is actually dependent on k. When the representation is clear, ESS[-] = ES*Z[]

Note that e((+¥*9))o ig in L!(B°, 7). Similar to Definition 3.5, ES? is viewed as a linear
functional, defined only on a strict subspace of Ll(@o, Up). Since we only need Equation (3.13),
we will not find the largest possible subspace in L'(B°, 7y) for which ES‘Z can be defined on.

For the rest of this article, our Chern-Simons path integral will be computed using Definition
3.6.

4 Abelian Gauge Group

The next thing we want to compute is the Wilson Loop observables for an abelian gauge group
using Definition 3.6 for Chern-Simons path integral. Write

¥(20, 21,22) = exp[—(zg + z% + z%)/?}, (20,21,22) € C3.

We will write

2
(uo, 05 Mur) = / (o - 05 "ur).e da;dp;
c3 T

=0

for ug,u; : C* — C. Here, z; = zj + ip;. We will also write

(f,g9) = . f(z)g(x)dvolge.

Here, f,g:RF - R, k=1,2,3.

We will work out the case for N = 1 for an abelian gauge group G. Let L = {C*}}, be a link,
and embed R? into C3. We assume L is smooth and let I* : [0,1] — R3 be a parametrization of
C*. We need to do the following 2 scalings:

14



a The link L in R3 C C? is scaled by a factor x/2.

b Given @ = (ag,a1) € B, we will scale it by V2, s 1= K/ (4V2T).

The reader might question why do we need to make these scaling. These factors are necessary
in order to obtain the knot invariants. With these scaling factors, the holonomy operator of @
computed along the L is given by

HW(C”“) = exp lq\/@Z/ ¥ - (apdzo + ardzy) |, d = (ap,a1) € BO.
k kU6

Ck /2

The map

a— \/52/ w~(aod$0+a1dl’1)
L K

ck )2

is linear. Suppose it can be written as @ — /<2((d@,7(L)))o, whereby 7j(L) € BO* € HO and ((-,-))o
is a pairing.

Using Equation (3.13), the Wilson Loop observable, Equation (3.1) now becomes
Z(R?, L) =B |V (AN} — expl—ig®s (n(L)o, 85 'n(L)1)o),

(L) = (n(L)o,n(L)1). There is a k dependence on the RHS. We will work out the RHS explicitly
in the following calculations. To obtain the knot invariants, we will have to take the limit as
goes to infinity.

Lemma 4.1 Continue with the discussion as above. Then,

Z(R?, L) = exp [— WZ/l ds/1 at 8% [ ()0 (8) = 15" (01 (s)]
167r\/ﬂj>k 0 0 !

() ha(6) ((RE (), 03 (R () ] ,
with 6% = 6, =1—(0;3/2) and & = K/2.

Proof. Let {I* = (I5,1¥,15)} and [* : [0,1] — R3 be a parametrization of C*. Write hf(s) =
hi(s) = exp|—k21%2(s)/8] and Kk = #/2. Let {sp =0 < s; <...s, = 1} be a partition of [0, 1] and
Ajs =s; —s;—1. Let A =sup; A;s. Then, doing a Riemannian sum approximation,

1
R [ /O hi(s)ao(RIF(s))IE (s)ds + hk(t)al(le(t))l’f”(t)dt}

15



x(1%(s)) was defined earlier, a linear functional x(I¥(s)) : a — a(I*(s)), i.e. evaluate a at the point
I*(s) € R3.

Define an operator F' such that

F@) = Jiy e { (@ (30 Al o)l s00des, S (e ) 1)1

0

We need to show that F' is bounded. Since Bo* - ﬁo, we can represent F as F = (-, (L))o,
(L) = (n(L)o,n(L)1), n(L) € BO*.

From Equation (2.8), since the link L is bounded, thus we can find a M such that |x(¢)] < Mo
for all t € L. Let My be a constant such that |I*/(s)| < M. Hence,

R a, (Zhk(Si)X(“lk(5i>)l§’l(5i)AiS,Zhk(tj)X(“lk(tj))l’f’l(tj)Ajt> < 4k M, M;|d|
i J o

for any partition. Thus, F' is a bounded linear functional on B0 and we can write
1
R [ / hie(s)ao(RI* ()15 (s)ds + hk<t>a1(Rl’“<t>>l’f”<t)dt] =(@,7(L))o-
0

Note that 7(L) € B%*, which is embedded in a Hilbert space. Using the unitary map Q, we
can represent 7(L)o as a function in L?(R3, volgs). Likewise for 7(L);. Recall that

3§1f($07331,$2)=/ ) f(iﬂo,ﬁl?l,y)dy—/ f(xo, 21, y)dy. (4.1)

Let w(l*(s)) = Q~1x(&l*(s)), a real-valued function on R3. Later on, we will show that w(l*(s))
is in L'(R3,volgs). See the proof of Lemma 4.2. Under the map Q~*!, (L) is represented as

w0 =3 [ il I () ds,

k

oD =3 [ il ) ) ds

k

Using Equation (4.1), by Fubini’s Theorem,

851/0 hi(s)w(l*(s))13 (s) ds :/0 hi ()95 'w(l*(s)) - 17 (s) ds.

By abuse of notation, using the same symbol 95 ! to refer to the operator acting on the space of
holomorphic functions, we will write

1 1
/ hi(5)05 w(l¥(s)) - 17 (s) ds = / hi(5)05 ' X (R (5)) - 1} (s) ds.
0 0
In a nutshell, we are justified in exchanging the operator d; ! with the integrals.
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Now, Equation (3.13) gives

Z(R?, L) = ECS {e((wﬁ(L)))o}

mig2 K3 1 _ , 1 ! _ y
—exp l‘m:m <Z / ZONCOIACREADY / ()X (R ()10 (5) d>]

=exp l—;;ifj;;iﬁ <Z/ Ry (s)x (Rl (s lk/ ds Z/ hi(8)05 1 x (R - 17 (s ))lk/( )ds>].

Further simplification gives

) K3 ! ! k [15.7 AN NN,
exp {—mq 167“/%;/0 ds/o dt o} [lo (s)I7" () =157 ()Y (8)}
(ha(0) (R (9), 05 R 0) .

with 6% = 67 =1 — (3;,/2) and & = /2. "
The term

K3 ! ! i k, k, i ;
o s [ e [ ) = 1 OR )] (R (). 05 ) ()mut) (42)

should be the linking number between curves ¥ and 7, provided both curves do not intersect. To
check this, we have to first compute (x(kl’(s)/2), 95 'x (k" (t)/2)) e~ R PP @)/8,

_ This is where we need to digress a bit. Here, one has to be careful. The Banach space
BY is the space of C*°(C3 R) ® gc x C°(C3,R) @ gc. We identify using Q : L*(R3,volgs) —
L2(C3, e~ 1" dw/73), w is the standard symplectic form on RS and

_ H
Q: 1/2 V¢H®E2j'_)

\/j ® Eij. (4.3)
See Remark 3.1. Recall @ sends a* — 2z and a — 0,,. 5‘2_1 as an operator on B is not the same
operator as on L?(R?,volgs).

Furthermore, the linear functional a € R3 : f € L2(R3,volgs) — f(a) is not y, € B%*. In fact,
the completion of L2(R?,volgs) will no longer be functions, but generalized functions, hence such
a linear functional does not make sense on the completion of L?(R? volgs). Recall we complete
the Hilbert space into a Banach space using a weaker measurable norm.

However, one can do an approximation to this functional. When integrated with respect to
the function ¢, (- — a) € HY, for large enough &, (f, ¢.(- — a)) gives a value close to any function
f evaluated at the point a € R3. In fact, it tends to the Dirac function as x approaches infinity.
However, one has to check that it is in the dual of the Banach space containing L?(R3, volgs).

Now, Xw = Y e >_p, ZPrwPr [p.l. Since our links lie in R3, we will only consider w real. An

intelligent guess will suggest that v/¢(- — a) should somehow be connected to x. Thus, we need to
find the corresponding function of y, in L?(R3,volgs).
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Lemma 4.2 Continue with the discussion as above. Then,

;‘63 _k2(192(s k,2
m(X(’f”( 5)/2),04 X(/@lk( t)/2))e A+ ®)/8
K2 L 21PU (8)— PI* ()12 K 20 _qi 2
:876 k7| P (s)=P1" ()] /8< 47Te r=(-=l5(s)) /4,2¢l§(t)1\/§/ﬁ<.) _ 1>7

where (I)szﬂ/m is the cumulative distribution function of a mormal distribution, mean xs and
variance 2/k%. P is the projection on R2.

Proof. Q' maps x,/2 to

—1/2\/¢7 ZZHT k) m5/2) 7go—l/Q\/a(x)eff(2$~t7t2)/46n2t2/8

r=0 pr

for ¢ real, which upon simplification gives ¢, 1/ 2\/%(' - t)e"“ztz/ 8. Here, z - t is the usual scalar
product in R3.

In other words, for each t € R3,

_ _ KT P
QB — 0 = 5SS M () o
r=0 pr
KT P
HZZ pr —Xm/zGB .

r=0 pr

This shows that <5 */*v/@n(- — t)e" t/8 is in the dual space of the completion of L2(R?, volgs).
Now 95 ' f = [* __ f(z2)dxs — [ f(x2)dxs. Thus, Equation (4.2) simplifies to
3

o () (9)/2), 95 (1) /2)) e
u m

mf@—lxmlf‘(s)/m,a;l@*xw’f(t>/2>>e-~2<“’2<8>“k’2“>>/8

1 . v . S
S | LA CTON AR <“e—m2(~—lé(s))2/47/ _/ “e—n2z2—1’5<t)2/4dx2>
e 2421 VA4 o . Vd4r

Kz —&2|PU (s)=PI*(t)|?/8 K —k2(-—1(s))%/4
Ll <47r6 (U 2, o ()= 1>,
where @ 5 /i is the cumulative distribution function of a normal distribution, mean x, and

variance 2/k2. P is the projection on R2. Note also that in the first equality, we made use of the
fact that Q! preserves the inner product between the two Hilbert spaces. [

The term exp|—r2(z — y)/8] will vanish as s goes to infinity unless = = y. If I(t) > 5(s),
then the integral gives a +1; if I5(t) < I5(s), it gives —1. This amounts to giving a + sign to
overcrossing and — sign for undercrossing. Otherwise it is zero. Hence the integral along the arcs
contribute negligibly to the double integral for large enough &.

As k goes to infinity, the integral in Equation (4.2) reduces to a finite sum, assigning +1 to
overcrossings and -1 to the undercrossings. It computes the linking number between 7 and I*.
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However, there is more. One has to take into account of the sign of the orientation at each
crossing. When projected down onto R?, l%” and llf" form a frame at p. The orientation is given
by sgn(Pl7 X PI¥), where X is the vector cross product in R2.

Definition 4.3 (Link Diagrams)

Assume that a link L = {I*,1?,...1™} € R® is C' and the individual curves do not intersect one
another, i.e. 1 NI*¥ =0 for any j, k. Parametrise each curve, I = (I),17,13) : [0,1] — R® such
that |I7] # 0. Note that in the following definitions, it applies if L is just a knot.

1. Let m : R® — R? be the projection on the x — y plane. Define a standard projection of the
link onto R? if the following conditions are satisfied:

a for any point p € R?, 7= 1(p) intersects at most 2 distinct arcs in L. p is called a crossing
if 7= Y(p) intersects exactly 2 distinct arcs.

b at each crossing p = 17 (so) = 1¥(to), there exists an € > 0 such that for all |s — sq| < € and
|t —to| < €, the vector cross product w7 (s)Xwl*(t) # 0, i.e. the 2 arcs at the crossing p
are linearly independent.

Denote the set of crossings between curves I and I* by DP(I7,1%). DP(I?) = DP(I9,17) will
denote the set of crossings in 7. We will write DP(L) to denote the set of crossings of the
standard projection of the link L.

2. For each curve I, write the interval [0,1) as a union of intervals Uz;(llj) A(_lj)i, where in each
interval A(I7)%, s € A7) — (I3(s),11(s)) is a bijection. Write C(I7)" := (IJ(A(I7)"), 15 (A7)")) €
R? be the image of the interval A(I7)* under 7. Without loss of generality, further assume
each interval C(I7)¢, = 13 (A(I7)%) contains at most one crossing which is an interior point in
C(19).

3. Given 2 arcs C(I)?, C(lk)z which intersect at p, define sen(J(C (1), C(lk)%)) to be the sign of
the determinant of the Jacobian J(C), CIR)) = lé"(s)l’f"(t) — lg’/(s)l{’/(t) at the crossing
p= ()(s),1](s)) = (IE(t),1¥(t)). Otherwise, define it to be zero if the 2 arcs do not intersect
at all. We will also write sgn(p; 17 : IF) = sgn(J(C(17)%, C(1*)"), p = C(19)' N C(I¥)* and call
this the orientation of p.

4. Using the same notation as the previous item, for each crossing p € C(I7)* N C(lk)%, define

. P 1. >k
7yt . kyey — ’ 2 27
sn(c(v)' s oy ={ b B2
If the 2 arcs do not intersect, set it to be 0. We will also write sgn(p; 13 : 15) = sgn(C(19)" :
C(I*)") and call this the height of p.

Remark 4.4 The set DP(L) only makes sense for a link diagram projected on R?. Different link
diagrams will give a different set of crossings. Thus it is not well defined for a link L, but rather
on a link diagram.

Lemma 4.5
3
lim —

7y k,t _ k,/ 3! s j s —1 k
Jim st [ @[O0 i OR 6] (0 o)

LR ()2 (1)) /8

= —sgu(J(C(I)!, C(1%)))sgn(C(F) : C(1)Y)
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Proof. Write Ag(t)() = 2<I>l;5(t)’\@/n(') — 1. Then the integral becomes

- /0 s /0 L (1 ()5 (1) = 15" 0 ()] 2 (PV () = PUE(E)) {6,/ 5 — 1(5)), ).

Make a change of variables: Pl7 : s € A(l7)" — xo = (I)(s),1l(s)) € R? and y; : zo — I(s).
Similarly, PI* : t € A(I*)! — z; = (I§(t),15(t)) € R? and yj : 21 — I5(t). Then the integral
becomes (dw = dxg A dxy.)

sen(J(C(), (%)) /

rp2(zo — 21) (B, 5(- = yj(20)), AL dw
(W) x Ok /20 1)< il = 5(0)) >

:sgn(](c(lj)i, O(lk)%)) /

 Owpa(wo —21)6,, ) a(wa — y;(w0)) AL (25) dwdas.
C(13)i xC(IF) xR

(4.4)

When C(19)" 0 C(I%)¢ = (), the integral goes to 0. The only case is when p € C(19)' N C(I%)'. We
will only consider the case when y;(p) > yi(p). The other case is similar. Then Equation (4.4)
becomes

sen(J(C(), (%)) /

 Oep2(mo — 21)0, 5(22 — Y (20)) dwdws
CW)ixC(F)i xR

+sen(J(C(W), C(I%))) /

C(19)ixC(I*) xR
oo sEU(J(C(F), C(1F))).

Brj2(w0 — $1)¢H/¢§($2 —yj(z0)) AV (25) = 1| dwdiy

The last step requires the following explanation: For any |zo — y;(zo)| < 6, ¢ small enough,
x9 > yx(x1) by assumption. Furthermore, there exists a o(d) such that for all kK > o,

|q)yk($1)7\/§/o(x2) - 1‘ <€

for any given e. [

Definition 4.6 (Algebraic crossing number.) _ ,
For each crossing p € DP(17,1%), the quantity sgn(p; 17 : 1¥)sgn(p; 15, : 1§) is actually well defined on
an oriented link diagram, independent of the parametrization used. Denote it by e(p) € {+1,—1}.

Corollary 4.7 (Linking number between 17 and I*.) For j # k,

. K:S 1 1 ; : 3 _ —K,2 7,2 s k,2
dim I [ [ [0 = 1 O ()] (0 0). 05 (140 e O

=— Z sgn(ys; 17 2 1F)sgn(yi; 1 - 15) := —1k (17, 1%),
y;, EDP(19,1%)

the linking number between l7 and I*.

There is a problem when j = k. In this case, one has to integrate over the arcs. Thus, the
linking number between 17 and itself is ill-defined. The solution as explained in [Wit89] would be
to consider a framing v/ whereby v’(-) € R? is a normal vector field along the curve C7 that is
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nowhere tangent to C7. Define [7€ := [7 + evd, ¢ is some small number. Essentially, [7¢ is a small
shift of I in a direction v{ . The framing v/ chosen depends only on the topological class of v7.
Then, one computes lk(I7, 7€) and take e going down to zero.

Explicitly, the limit is computed as

3 1 1 ) n Ny ;
g i <5275 J, oo, o [BOR O ~0R

. _ s _Rk2(192(s k,2
(X (), 07 x(F (1)) y e WO,

We will define the above expression as the self-linking number of I/, written as 1k(l/, v7).

Remark 4.8 The self-linking number of I/ depends on the framing v7.

Taking the sum over all pairs of curves, the Chern-Simons path integral, when N = 1, will give
the linking number of the link for large enough .

Corollary 4.9 For an abelian gauge group G with N = 1, the Wilson Loop observable Equation
(8.1) for the limit as k goes to infinity, is given by

l
1 .

Z(R, Liq) = —— / [T w(c*: e DA
CS JAew |2

.9
= exp % Z k(17,7 | exp |mig? Z Ik(19,1%)
j >k
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