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Abstract

In the standard geometric quantization of the harmonic oscillator in (R?, dp A dzx),
using standard holomorphic coordinate z = x —ip induces a standard complex structure
which Kahler polarizes the pre-quantum line bundle. Hence, the Quantum Hilbert
space maybe identified with holomorphic functions which are L? integrable with respect
to Gaussian measure, denoted by H. The corresponding quantized Hamiltonian is
then given by hz%. We propose using a different almost complex structure J (under
some restrictions) compatible with dp A dx and construct a Quantum Hilbert space H;
containing non-trivial L? sections and a quantized Hamiltonian Q7. The main result

is that (H,, Q) is unitarily equivalent to (H, hz).

1 Introduction

Let (M, w) be a symplectic manifold of dimension 2n. Quantization of a sympectic manifold
requires a construction of a Hermitian complex line bundle B — M with a metric compatible
connection V such that the curvature of V is %w. Here, h is Planck’s constant divided
by 27. This line bundle B exists if and only if ﬁw € H?(M,Z). If the manifold is
simply connected, then up to equivalence, there is a unique line bundle (B) with a covariant

derivative V such that the curvature is equal to %w.



The pre-quantum Hilbert space is then the space of sections of B which are square
integrable with respect to the Liouville volume form w™. We can then define the pre-

quantum operator Q(f) of a function f: M — R as
Q(f) = —ihVx, + My (1.1)
where X is the Hamiltonian vector field given by
df + w(Xys,-) =0 (1.2)
and My is the multiplication operator.

It is generally agreed that the pre-quantum Hilbert space is too big. To ’trim’ down
the size of this Hilbert space, one chooses a polarization on the tangent space of T, M.
By complexification of the tangent bundle TM®, one considers a polarization of TMC by
picking out a subset of dimension n out of these 2n variables. Namely, we choose n directions

such that the sections in TMC are constant. This is Kahler polarization.

In more details, we define an almost complex structure J on T'M compatible with w
such that the triple (M,w,J) becomes a Kéhler manifold. Then our Quantum Hilbert
space, H is defined to be all complex polarized L? sections in TMC such that it is constant
in the T(“D M directions. However, given such a section [, there is no reason for Q)
to be back in the Hilbert space H, where Q(f) is as defined in Equation (1.1). Hence we
need to impose restrictions on the choice of J. It turns out that J needs to be constant
on the flow generated by the Hamiltonian vector field X¢ in order for Q(f)! to be back
in H. Given a Kahler potential ¢, this quantum Hilbert space is unitarily equivalent to
the space of holomorphic, square integrable with respect to e~#/"w™ functions, denoted by
HL?>(M,e~?/"w™). This unitary map is given by ke=%/?" € H s k € HL?*(M,e=%/"w™).
We then define an operator Q(f) acting on HL?(M,e~%/"w™), unitarily equivalent to Q(f)

via this map.

In this article, we consider a harmonic oscillator in R? with the Hamiltonian H = %(xz +
p?) where p is the conjugate momentum. In the ’standard’ geometric quantization, the

choice of Jgq is

Jstd =
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This Jgq is compatible with the canonical w = dp A dx and further more, is constant in
the flow of Xgy. We choose our holomorphic coordinates to be z = z — ip and our Kéhler
potential to be H. Under this map (x,p) — z = z — ip, we identify our Hilbert space
HIL2,,(R%, e H/Py), with Hqg, the space of holomorphic functions in C, square integrable
with respect to Gaussian measure. Under this map, the operator Qstd(H ) corresponding to

CNQSM(H)7 is given by Qstd(H) = hz%. (See Section 3.)

However, there are many complex structures J one can define on 7'M which are compat-
ible with dp Adx and constant on the flow of Xy, different from Jg;4. By choosing a J (under
some restrictions) and K&hler polarize as described earlier, we obtained a 'new’ Hilbert space
HL?(R?, e~%/"w) with an operator Q(H). We now would like to compare these 2 Hilbert
spaces (g, Qsra(H)) and (HL2(R2,e~*/"w), Q(H)) and see if these 2 spaces are unitarily
equivalent to each other. There is no reason why these 2 should be unitarily equivalent.

However, it turns out that they are. This is the content of this article.

This article is organized as follows. We begin by describing Kéhler polarization in detail
in the next section. The reader familiar with the Kahler polarization of the harmonic

oscillator may skip directly to Section 4.

After the theoretical setup, we will work out the example of the harmonic oscillator in

1
R?, using the standard almost complex structure Jyq = . This is a standard

-10
Kahler polarization of the harmonic oscillator in R2.

Following the standard description of the harmonic oscillator, we will describe Kéahler
polarization using a different complex structure J. We will then show that this Quan-
tum Hilbert space (HL?(R?,e~%/"w), Q(H)) contains non-trivial complex polarized sections
which are L? integrable and that it is unitarily equivalent to the Quantum Hilbert space

(]I:]Istd, Qstd(H)) obtained using Jq4.

2 Kahler Polarization

We begin with the definition of a Kéhler manifold.



Definition 2.1 A Kdhler manifold is a triple, (M,w,J) where M is a complex manifold
with almost complex structure J associated to the complex structure on M, w is a symplectic

form on M such that

1. J*w =w, (i.e. w(Jv,Jw) =w(v,w) for allv,w € T,, M and m € M), and

2. v — w(Jv,v) is a positive definite quadratic form.

Let (M,w,J) be a K&hler manifold. The form w and the almost complex structure .J

will be extended to TMC by complex linearity.

Notation 2.2 We will denote the space of holomorphic functions on M by H(M).

Definition 2.3 We say a vector field Z is of type (1,0) if Z = X —iJX, for some vector

field X. A section k € T'(B) is said to be complex polarized if
V;k=0

for all vector fields Z of type (1,0), where B is a Hermitian complex line bundle.

Remark 2.4 Note that f € H(M) iff Zf = 0 for all type (1,0) vector fields Z.

Definition 2.5 The Quantum Hilbert space is
H={k e K:k is complex polarized}

where K = L?(B,w").

We would like to make the prequantum operators Q(f) = —ihVx, + My act on H. There
is no canonical way to do this since typically (ignoring domain questions) Q(f)H g H. The

following theorem gives a sufficient condition on f so that Q(f)H C H.

Theorem 2.6 Suppose that (M,w,J) is a Kahler manifold and B is a Hermitian complex

line bundle over M with a metric — covariant derivative V such that Curvature(V) = %w

If f € C°(M) is such that Lx,J =0 where L denotes Lie derivative, then Q(f)H C H.



Proof. If k € H (i.e. Vzk =0 for all Z € TW9 M), we must show that V (Q(f)k) =0

for all type (1,0) vector fields Z. Now

Vz (Q(f)k) =V ((—ihVx, + f) k) = —ihV ;Vx, k + V7 (fk)

— —ih[V 5, Vx,Jk+ (Zf) k

. w(Z,Xf)
==

— —df(2)k — il gx k + df (Z)

= k —ihV z x k +df (Z)k;
So to finish the proof, we need only realize that [Z, Xf] is of type (0,1). To verify this
remark, write Z = W 4 iJW for some real vector field W, then
-1Z,Xy4) = LXfZ =Lx, (W+iJW)
= LXfW + 1 (LXfJ) w +’iJLXfW
= Lx,W+iJLx,W € TV,
|

Because of this theorem, if we want to quantize the Hamiltonian system with Hamiltonian
[, then we should choose J such that Lx,J = 0. In this case, we will be able to quantize f

in an unambiguous way. Since

where €'/ is the flow of Xy, it follows that
T o5y = € T € Bnd (Tx, ) M) (2.1)

So Equation (2.1) shows that J is determined on each point of the orbits of e!*s once it is
known at one point. Thus if we can find a slice (S) to the orbits X, then J is determined

by its values on S.

Remark 2.7 In general, Equation (2.1) does not extend to give us an unambiguously defined
J on M. For example, if the orbits of eXs are periodic, then there will be several values of t
such that e (z,) = x, where g is the point in S which is in the same orbit as x. However,
Jef,xf(%) may be different for these values of t. To get an unambiguously defined J, the

value of J at xy must commute with ezxf, where T is the period of the orbit of e/ (z¢).



Proposition 2.8 Suppose that S is a slice to the orbits Xy and J is given on S such that
J? = —1, J'w = w on S, and w(v, Jv) > 0 for all v € T,,M \ {0} and m € S. Then J

defined on each orbit of €5 by Equation (2.1) has these properties for all m € S.

Proof. By Equation (2.1), for m € S and v,w € T :x; (m)M,

2
2 tXy —tXy tXy 42 —tXy tXy —tXy
Joex, (m) = (e* Imex =e. T J5es =e. 7’ (—1)ex = -1,

_ tXy —tXy tXy —tXy
W(Jetxf(m)'U7J€tXf(m)UJ)—U)(e* Imes Tvel T Tne T w)

tX tXy —tXy —tXy

=w(Jmex v, Imer Tw) =wler Tven Tw)

= w(v,w),
and
tXf J 7tXf —tX 7tXf

w(v, J ix; (m)v) =wv,es T Ipes o) =wles v, Iper ) >0,

where we have made repeated use of the fact that (etXf)* w = w for all £. This is because
Lyx,w=dw(Xy,-) +ix,dw=—ddf =0

and hence

d N
0= LXfu.) = %‘0 (6tXf) w.

Definition 2.9 Let (M,w,J) be a Kdhler manifold. A real valued function ¢ is called a
Kahler potential if

1009 = w.

Theorem 2.10 Suppose that (M,w, J) is a Kdhler manifold and that there exists a globally

defined Kahler potential ¢. Then

(99— 09)

Gz—lm&b:f %

is a symplectic potential. That is w = db.



Proof. The proof is the following computation:

(0+0) (96 — 99)
2i

0= (0+0)0 = —

(806 — 80))
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= i00¢ = w.

Theorem 2.11 Suppose that (M,w, J) is a Kdhler manifold and that there exists a globally
defined Kdhler potential ¢. Let 0 be as in Equation (2.2) and B = M x C be the Hermitian
line bundle with covariant derivative V = d + #9 where 0 is described as above. Then the

Quantum Hilbert space H may be described as
H = {ke ®?" c £: ke H(M)} = HL*(M, e~/ ™).
Let f € C°(M), then for any k € H(M),
QUH)k = e/ Q(f) (ke™*/2) = —ihXpk + (f +iZ50) k
= —ihZik+ (f+iZ;9)k, (2.3)
where Zy = 5 (Xy—iJXy). If Lx,J = 0, then Zy is a holomorphic vector field and

(f +iZy9) is a holomorphic function.

Proof. The main point is to show that Ve~ #/?" = 0 for all Z € T(»%) M. This is easily
checked using

_ 1 _
Ve = (Z+ —0(Z))e N,
1

_ Z
Ze—9/2 — _Z9 —o/om

2h
and from Equation (2.2),
1o 1. - 1(0p—089)(Z) 1

This proves the theorem because of the product rule for V.

In more detail, if k € H(M), then

v, (kze*‘b/zh) = Zk- e/ 4 gV e~/ = 040 = 0.



Conversely if ke=?/?" ¢ H, then

0=V (k‘e_w%) = Zk-e % 4 |V e/ = Zk . e ¢/20
which implies that Zk = 0 for all Z € TMOM, ie. that k € H(M). We may write
Xy = Zs+ Zs. Because V , (ke=%/?") = 0 and

_(90-09) (Zy) _ Zs¢

0(2s) = % 2

we find that

e?2hQ(f) (ke%’/%) — ?/20 (—=ihVx, + f) (ke*‘z’/%)
— ?/2h (—=ihVz, + f) (ke_¢/2h>
= —ihZsk + [k — ihke®/?"V 7, e~/
= —ihZsk + [k — ihke®/?" (Zf + Z,lhe(zf)> e~ #/2h

Z Z
= —ihZk + (f 24:5 +zh2fij> k

= —ihZk+ (f +iZs) k.

Let {z;} be a set of local holomorphic coordinates on M. Now suppose that Lx,J = 0

and write X for Xy, Z for Zy, 0; for 52 and Z = >, ¢70;. Tt is well known that Ly J =0

is equivalent to requiring the coefficients ¢/ to be holomorphic, i.e. that Z is a holomorphic
vector field. (See Appendix.) To show that (f +iZ;¢) is holomorphic it suffices to prove
that W (f +iZ;¢) = 0 for all type T M vector fields . Recall that w = i9d¢$ and
000, Z) = dD(W, Z) = W(Z) — ZO(W) — dg(W, Z])
=—ZW¢—[W,Z]¢p = -WZp,
wherein we have used LyzJ = 0 to conclude that [, Z] is still type 7Y M. (See the last
paragraph in the proof of Theorem 2.6.) Using this result,
w (f+ iquﬁ) = Wf + iWquf) = V_Vf — 285¢(W, Zy)

=df(W) —w(W,Zy) =df (W) +w(Z;, W) =0.

The last line follows from Equation (1.2). |



The previous theorem tells that our Quantum Hilbert space H (the space of L? complex
polarized sections) may be identified with the space of holomorphic functions, L? integrable

with respect to the form e=?/"w", denoted by HL?(M,e~?/"w™). The corresponding Hamil-

tonian operator Q(H) is given by Equation (2.3). Note that this operator Q(f) is unitarily

equivalent to Q(f).

3 Standard Kahler Polarization of the Harmonic Oscil-

lator in R?

We can now apply the theory developed in the previous section to the simple harmonic
oscillator. Let M = T*R = R x R with the usual symplectic form w = dp A dx. Note
that a 2-dimensional symplectic vector space with any compatible almost complex structure
(satisfying (1) and (2) in Definition 2.1) is always a Kéhler manifold. This is because on R?,
any almost complex structure J is integrable, and thus by Newlander-Nirenberg Theorem ,
(R?%,J) is a complex manifold. (See [Newlander and Nirenberg(1957)].) Let H € C*°(R?)

be the Hamiltonian of the harmonic oscillator, H given by H(z,p) = ip? + 122

The Hamiltonian vector field of H is

XH = paz - xapa

where 0, 1= 8% and 0, 1= 8%' Hamilton’s equations of motion are

@(t) = Hp(x,p) = p(t),

p(t) = —Hy(z,p) = —(t)

or equivalently

dg ) ) _ [ =
L\ pt) p(t)
where
01
Q= (3.1)
—-10



Newton’s equations of motion are
Z(t)+x(t)=0

from which we easily derive

cost sint
—sint cost

After identifying T,, M with M, Equation (2.1) becomes

Jpap, = e e (3.3)

Hence we seek to find a .J,, on the slice of orbits of e!*# which has the properties in

Proposition 2.8.

Proposition 3.1 Suppose w is the standard symplectic form on R? and J be a 2 x 2 matriz

such that J?> = —I and J*w = w'. Then J is of the form

a b
J = (3.4)
— (1 + a2) b=t —a
and J is positive, i.e. andw(Jv,v) > 0 for allv # 0, iff b > 0. If we replace b by (1 + a2)1/2 b

in this last expression we arrive at an alternate form for J, namely

a 1+a? Y2y
N T
—(1+a%)2b7! —a
01 ab
Proof. Let Jy = and J = so that w (v, w) := v - Jyv The condition
-10 cd

J*w = w implies
Jv - JoJw = v - Jow for all v,w € R?

which implies that J%.JyJ = Jy where

a c 01 a b 0 ad — bc
JE T J = =

b d -10 cd —ad + be 0

1Notice that this condition implies that w(Jv,w) is a symmetric form. Indeed,

w(Jv,w) = —w(Jv, JJw) = —w(v, Jw) = w(Jw,v).

10



So this condition is equivalent to det J = 1 which is also clear from the exterior algebra

construction of the determinant.
The condition that J? = —1 becomes

a b ab bc +a? ab+ bd -1 0
cd cd ac+ cd be+ d? 0 -1

and hence that
b(a+d)=0=c(a+d) and bc+a® = —1 = be + d*.

It follows from these equations that a? = d? or a = ed with € € {£1}. If ¢ = 1 we then have

in which case either a = 0 and hence ¢ = —1/b and hence
0 b
J =
b1 0
or a # 0 and hence b = ¢ = 0 and in which case bc + a? = —1 does not have a solution. If
e = —1, then we must still satisfy bc +a? = —1 or bc = —1 —a? or ¢ = — 1+b“2, ie.
a b
J =
—(14a*) b7t —a
Finally we have
w(Jv,v) =Jv- Jov = —JoJv-v
and
01 a b
—JoJ = —
-10 —(1+a2) b= —a
% (a2 + 1) a
a b
which is positive if b > 0 since det (—JyJ) = 1. ]

Let us consider the case when a = 0, b = 1. Then Equation (3.3) reduces to the standard

01
almost complex structure, Jgq = . Hence &(z,p) = = —ip = z is a global

-10
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holomorphic chart ¢ : R? — C such that 9, = 1(9, +1i9,) is a T(HOR? vector field. Let the

1
2
Kéhler potential ¢ = H = £(p? + 2?) = 1|z|?, which follows from
_1 )
00 (2 +p?) = %(ag +02)(a® + p*)dz A dz
%(dm — idp) A (dz + idp)
= dp Ndzx.
Note that the Kéhler potential is never unique. We can always add the real part of a
holomorphic function to it. Similarly we can also add the real part of an anti-holomorphic
function. By Theorem 2.10, w = df, where 0 = %(pdx — xdp). In this case we may take

B=MxCand V=d+ %9. Then the covariant derivative V is metric compatible and

Curvature(V) = +df. Since R? is simply connected, this Hermitian line bundle with this
covariant derivative (B, V) is unique.

By Theorem 2.11, Zp is a holomorphic vector field. With Xz = p0, —20, and z = x—ip,

1 1 1
Zy = §(XH —iJXy) = 3 (pOy — x0p + i(x05 + pOp)) = i(x — zp)i(aT +i0,) = iz0,.

Our Kahler potential ¢ thus satisfies

1 1
H+iZyo= 522 — ziazzé =0.

Therefore using Theorem 2.11, we may identify our Quantum Hilbert space, via the map
¢: (x,p) = z = x—ip, with Hyy = HL? (C, e_(zzﬂ’z)/hdp/\dx). Under this ’¢’ identification,

our quantized Hamiltonian Qstd(H ) is thus given by
Qsta(H) = —ih - iz0, = hzd..

It is then a straight forward calculation to show that {z"}22, are the eigenfunctions of
Qstd(H ). In fact, one can check that they are orthogonal and span ]I:]Istd. Let us summarize

these facts in a theorem.

Theorem 3.2 Let (R2, w, Jsta) be our Kdhler manifold with w = dp A dx and

0 1
Jstd =

-10
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Let H = %(mQ + p?) be the Hamiltonian. Under the map € : (x,p) — z = x — ip, our

Quantum Hilbert space is identified with
Hyg = HLA(C, e~ @42/ Py A da).
The corresponding quantized Hamiltonian Qstd(H) s given by

A 0
Qstd(H) = hz%

and {z" : n =0,1,2,...} are the eigenfunctions of Qua(H) = hza%. Furthermore, they

form an orthogonal basis for Hyya.

4 A Non-standard Kahler Polarization

We now want to consider the quantization of the harmonic oscillator, using a different almost
complex structure J, given in Proposition 3.1. Let 2 = 22 + p?. For r > 0, let a(r) and
b(r) be given smooth functions with some restrictions near 0. That is, a(r) — 0, b(r) — 1

as r — 0.

Now the orbits of e*? are circles, from Equation (3.2). Choose the slice of orbits of e

to be the positive real line. By Proposition 3.1, we should let

a(r) b(r)

) (4.1)
r=r,p=0 7% (1 + az(”f‘)) —a(T)

Jr,0) = J@p)

Then use Equation (3.3) to define J on each orbit of e*?. By Proposition 2.8, J defined in

this way is compatible with the standard symplectic form w.

It is clear from Equation (3.2) that ¢’ takes values [0, 27]. The period of each orbit of e*?

2 s just the identity map from R? to R2. Hence we can use Equation (3.3) and

is2r and e
define J unambiguously on all of R?. Thus Equation (3.3) defines a J on all of R? which is
compatible with the standard symplectic form. (See also Remark 2.7.) The assumptions on

a and b will guarantee that J is continuous on RZ, but it may not be smooth at the origin.

We make an additional assumption that J is smooth at the origin.

13



Let

o
V= (b ,i—a)e_m
I
and
o
V= (b ,—i—a)em
I

Note that here, '’ is not the usual angular variable, in the sense that e** is rotation in the
clockwise direction, as opposed to the usual angular variable in polar coordinates, where
positive means going in the anti-clockwise direction. It is easily checked that JV =1V and

JV = —iV.

As remarked earlier, (R?,w, J) with a compatible almost complex structure J is always
a Kihler manifold. By the Uniformization Theorem (See [Farkas and Kra(1992)]), since R?
is simply connected and non-compact, (R?,w, J) is conformally equivalent to either C or the
complex unit disc D. Let ¢ be such a map ¢ : R?2 — C or D. We will write down a formula
for ¢ in section 4.1. But for the time being, we don’t need the explicit formula. We will

assume that ¢(0) = 0. Then there exists a non-zero function ¢ such that

0
,177
* 3w YV,
o
71 _
* ow ¥

where w is a linear holomorphic coordinate in C or D.

We will continue to label points on R? with (z,p). The uniformization map ¢ maps

(z,p) € R? — w = ((x,p) € C or D.

Notation 4.1 We will in future write % as Oy . Similarly write % as Oy. In linear
coordinates, we will write w = o — i3. This is to be consistent with our z = x — ip.
Therefore,

B, = %(aa +idy), D = %(aa —idy),

where we write

14



4.1 Uniformization Map

By definition,

J(7.7t) = Jem(r’o) = etQJ(T.70)eitQ.
It is convenient to use this chart (r,t), where x = rcost, p = —rsint. Hence we can write
0, and 0, as
int t
0y = costd, — 20y, 8, = —sintd, — ——9,
r
where 0, = % and 0; := %. As a reminder, this 't is rotation in the clockwise direction.
Thus in this chart (r,t),
voee| O] *
—i—a Op
cost —sint cost —Sift Oy
=|lb—-i—a
sint cost —sint —ost 0y
i+a
= b0, + Oy.
r
Now, we seek holomorphic functions f(r,t) such that
Vf=0
or
L+ a
<b8r +° at) F(r,t) = 0. (4.2)
r

Lemma 4.2 Let iXy = i(pOx — x0p). Suppose f € C®(R?,C) such that —iXgyf = \f,
A€ R\ {0}. Then
f(r,t) = f(r,0)e.

Proof. Note that

—iXpf(r,t) = —i% S:Of(T,tJrs)

= Af(r,t).

This is the same as

i T 1) = (),

15



or

& 10ty = S 1),

So
f(r,t) = f(r,0)e.
| |

With this lemma, we can choose f to be a product of a radial function and a function
dependent only on the angular variable. Let us now consider a function of the form f(r)e®,

which is an eigenfunction of —iX g with eigenvalue 1. Note that f is only dependent on the

radial distance 7 and that f might take complex values. If f(r)e® is holomorphic, it must

satisfy the Cauchy-Riemann Equations. The Cauchy-Riemann Equations (4.2) are

f(ret =0

b (e i)

or

_ 1 —da(r)

£ = = ). (43)

This differential equation is of separable type and the solution is given by

f(r) = f(1)ef™), r e (0,00), (4.4)

where ¢(r) = | f 1:2(1(; ) dr. Since we are looking for non-trivial solutions, there is no loss of
generality in assuming f(1) = 1. However, since a, b are smooth and a(r) — 0, b(r) — 1 as
r — 0, f(r) — 0 as » — 0. Hence, we can extend the solution of Equation (4.3) to [0, c0),

given by

flr) = (4.5)

On closer examination of the second part of the formula, the magnitude of f, | f] is given
by exp( [, 1/rb(r) dr) and the ’angular’ part is given by exp(— [,"a(r)/(rb(r)) dr). Thus
one might think of b as controlling the rate at which |f] is increasing and a is controlling

the ’angular’ part. Also, the smaller b is, the greater the increase in the |f].

It is not difficult to see that f maps the positive z-axis in R? to a line in C which does not
cross itself. Since b > 0, | f] is always increasing and continuous and thus 0 < r — |f(r)| = p

is a one-to-one and onto map on [0,00). In other words, the function f(-) maps r to one

16



and only one point on the circle with radius p = |f(r)|. Therefore, the map r — f(r)
traces a path [ in the complex plane. When we apply e to f, we are in fact rotating this
path [ in the counterclockwise direction and after a revolution of 27, we return back to the
original path I. Thus f(r)e® is a one to one and onto map from R? to C and furthermore,
is holomorphic, i.e. it satisfies the Cauchy-Riemann Equation (4.2). Henceforth, we can

choose our uniformization map ¢ : R? — C to be
C(r,t) = f(r)e”

where f(r) is defined in Equation (4.5).

4.2 Formula for Kéahler potential

By definition of Kéhler potential, we want to find a function ¢ such that
1000w (P 0 (L 0 &)dw A diw = (CTF o &) w.
Note that w = a —i8 = £(«, 8) in linear coordinates. Now,
— 1 1 1
wlw — S \Va ) * 5 Wa — ] =-A
OO 5 (O +10g) 2(8 i0g) 1

where A = 92 + 8%. Define ¢ := ¢ o (~! o &. Hence

i(OuBud) dw A dio = i% dw A dw = (Vo &) (dpnde) = | 7| dp A da,
Pa Ta

where 2 :=zo0( ' o and p :=po (! o&. One notices that the right hand side is just the

Jacobian matrix

ety = |
Pa Za
of ("to&. But
idw A dw = 2dS A da.
Thus A
% -2dB N da = Jgo(p, £)dB A do.

Hence ¢ must satisfy the following partial differential equation
I L
§A¢ = Jﬁﬂl(pv x)
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Let us change to coordinates (r,t) and (p,0) in R%2. To be consistent, p is the usual
radial coordinate and # is measuring rotation in the clockwise direction. Now under the

uniformization map ¢ : (r,t) — x(r)e+ with

and

" —ia(r)
77(7") */1 ’f‘b(’l") dT’

Note that y is an increasing positive valued function, dependent on r only. Using £~!
to identify C with R?, as a map from R? to R?, (r,t) — (x(r),n(r) +1t). Let u(p,0) :=

0 —nox1(p). Inverting this map, ("1 o &: (p,0) — (x *(p), u(p,0)). So,
#(p,0) = x""(p)cos p(p,0),
p(p,0) = —x""(p)sinpu(p,0).

In coordinates (p, 6),

51119897 9y = — sin 69, — cos

Oa = cos 00, — Oy,

where 0, := a% and 9y := %. By a direct computation, we get

-1
cos

— X *'sinfcospu(noxt), + cos Hib'ux_la

)

— o : X
ps = sinfsinp d

-1

To = cosfcosp 7 +x ! cos@sin,u(nox_l)p—i—sin&yx_l,
P p
—1
Cos
Po = —cosfsinp +x tcosfcosp(nox ), +sind b'ux_l,
-1 -
T3 = —sinfcosp —X_lsinesin,u(nox_l)p+cos€bmux_1.

Finally, after some manipulation, we get

1

Pp Tp |  xtdy!
P

dp

ﬁ(l j"CE
Converting the Laplacian in terms of coordinates (p, 8), we now have to solve

1., 1/0% 10 10%\, x‘ltdx!
Ap= =it ) h = . 4.6
22 2(3/)2+p3p+p2392>¢ p dp (4.6)

To motivate the solution of this partial differential equation, let us look at iZy¢+ H. By

Theorem 2.11, ¢Zg ¢ + H is holomorphic. Since we can add a real part of any holomorphic
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function to the Kahler potential, we will assume that :Zy¢ 4+ H is 0. Now for the moment,
let us further assume that ¢ is a radial function, independent of the angular coordinate. It

is a reasonable assumption since the RHS of Equation (4.6) is a radial function.
Now —i(.Zy is a vector field on C. Therefore,
—iC*ZHU] = —iZH(w e} C) = —iXHC = C

The second equality follows from Xy = Zgy + Zy and ¢ is holomorphic. Hence, the push

forward of —iZy under ¢ is wd,. Since i, Zy(po& )+ H o™t =0, thus,

- 1
—wd,(do¢™) + FI o =0,

9 4+ gy 1 —1j2 -1
w%(ﬁbof )—§|X "o & .

Now in cartesian coordinates, w = o — 8 and 9, = (9o + i93)/2. Note that o = pcosé,

= —psinf, hence a — if8 = pe'?. Therefore
B p ; p ;

(0= iB)3 @a +i8)d = ZIx'P,

1 sin 4 . . cos . N
—pe*? |cos 00, — Op +1 <—sm9(9 - )50} ¢ = $Ix )
! -2 - )
d -
pezee—¢9%¢ = [x7'%,
b _ | 1
P = XTI

Solving for this differential equation, we get the following formula for gZ;,

3(p) = /0 ' wf(p) dp. (4.7)

So now we have a likely candidate for QAL under the assumption that it is a radial function.
We now have to verify that it indeed is a Kahler potential, using Equation (4.6). Using the

formula as in Equation (4.7),

ﬁqg _ o (P
o 9, \ p

2 7t o1,
= ;|X 1|Tp_?|x 1|27 (4.8)
and
19, P
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Adding up Equations (4.8) and (4.9),

~ 1[0, 10, x tdx!
A = = —_— _—— = — .
°=3 {3p2¢+ pap¢] p dp

This verifies that ¢ defined by Equation (4.7) is indeed a Kihler potential. Since r — y(r) =

p, we have the following theorem.

Theorem 4.3 The Kdhler potential ¢ is a radial function on R? and is given by

x(7) |, —1)2
o(r) :/0 Xp|(ﬂ) dp. (4.10)

With this choice, iZy¢ + H = 0.

4.3 On the Unitary Equivalence

Define Q(H) as in Equation (1.1) with (B, V) and Q(H) as described in Theorem 2.11. We

will show that (HL2(R2,e~*/"w), Q(f)) is unitarily equivalent to (Hyq, Qsa(H)).

Proposition 4.4 The holomorphic eigenfunctions of —iXg are given by f(r)"e™ forn =

0,1,2,..., where f is a radial function that solves
sy (L—a(r))
f (T) - b(’f')’f' f(T)

Proof. By Lemma 4.2, we know that all eigenfunctions of —i Xy are in the form g(r)e**
for some constant A and radial function g. However, since t is the angular coordinate with
values running from 0 to 27 and we are looking at holomorphic functions, A has to be an
integer. The Cauchy-Riemann equation for an eigenfunction f, with integer eigenvalue n is
given by

) =" 1),

The only solution is given by f", where f = fi;. Now f(r) — 0 as r — 0, and thus for
negative values of n, f(r) has a singularity point at the origin. Hence, n has to be non-
negative and the only possible holomorphic eigenfunctions are (f(r)e)" for n =0,1,2,.. ..

Corollary 4.5 The only holomorphic eigenfunctions of Q(f) are given by {¢" : n =0,1,2,..

20
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Proof. By definition,
1
Zy = i(XH —iJXn)
and hence

Xy=2y +Z.

Thus, for any holomorphic function k& € H(C),
XH(/C o C) = ZH(k o C)

Hence the only holomorphic eigenfunctions of —iZy are given by {¢™ : n = 0,1,2,...}.

With the choice of ¢, iZy¢ + H = 0 and therefore,

QH)" =—iZy(" = —iXy(" = ind"™.

Theorem 4.6 Suppose for constantsm, M, 0 < m < b < M. Then (HL*(R%,e~%/"w), Q(H))

s unitarily equivalent to (]I:]Istd, Qstd(H)).

Proof. We will first show that ¢" are L? integrable with respect to e~®/"w for n =

0,1,2,.... Recall x(r) = |((r)| = f(r). Note that

dx(r) 1

— ef{ #(r)

dr rb(r)

dr

By the substitution rule, p = x(r) and thus dp = x'dr or dr = dp/x’. For n > 0, we want

to compute

/ I¢|?re= /P w = 27r/ X2 (r)e= ) gy
R2 R+

= 27T/ p2n(X71(p))Qefé(p)/hb(X,l(p))e, f1x_ (p)
R+

% drdp.
Since b is bounded below by m and bounded above by M, then
el wmdr < x(r) = oI T dr < elt mrdr

and after integrating, we have

’I"l/M < X(,r,) < Tl/m
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This inequality says that x is growing at least the 1/M-th power of r but at most 1/m-th

1

power of r. Thus when we take the inverse of xy~*, we have

P <x ) < oM.

Using these bounds on x~!, we have
P 2m
n 1Y 1 2m
> —dp > —
o(p) = /0 pzg "
and
X" (p) 1 x ' (p) 1 1
dr > dr = —logx L(p).
/1 rb(r) " _/1 Mr " M og X" (p)
Thus

IN

/ ‘C|2n67¢/h w
R2

271'/ p2"(Xfl(p))zefﬂﬂ)/ﬁM(Xfl(p))fl/Mdp
R+
< 2M7r/ p2"pM(2*1/M)6*P2m/2mhdp

R+

_ 2M7r/ p2n+2M7167p2m/2mhdp< 50
R+

for any n. Hence {¢",n =0,1,2,...} are L*-integrable with respect to e~%/7w.

Next, we would like to show that this set forms a basis in HL?(R?,e~?/"w). Recall that
HL?(R2, e~ ?/ ") is the space of holomorphic functions which are L? integrable with respect
to e~?/"w. It suffices to show that if g € HL?*(R?, e~%/"w) and [, g("e™¢/Mw = 0 for any
m, then g = 0. However, any holomorphic function g € H(R?) can be written as a Taylor

series g = Y 0 ap(" (pointwise).

Let B(o) be a disc centered at the orgin with radius o. In coordinates (r,t), ¢(r,t) =

f(r)e’ and hence

B(o) "0 o 0

Note that if m #n, [7_e'™=™! dt =0 and thus if we let

o0 2 o
Dn = 271'/ (e rdr, 4, (o) = p—ﬂ-/ 2 (r)e MM v,
0 n Jo

then

/ ggimeﬂb/hw = amYm(0)Pm-
B(o)
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Observe that 0 < v,,(0) <1 and lim,_. (o) = 1. Thus

o
Il

/ gCme "y = lim gCme /My
R2

T — 00 B(O‘)

AmPm UILH;O Ym (U) = AmPm;

for any m. Therefore, a,, = 0 for all m and hence g = 0. This shows that {(" : n =
0,1,2,...} forms a basis for HL?(R?, e~%/"w). A similar argument will also show that (" is
orthogonal to (™ if m # n. By the definition of p,, {¢"/pn 52, hence forms an orthonormal

basis and are normalized eigenfunctions of Q(H).

Now let {gn}52, be a sequence of positive numbers such that z"/g, are normalized
eigenfunctions of Qstd(H ). Note that {2"/gn,}52, is an orthonormal basis for H,:y. The

linear map ¥ : HL?*(R?, e~ */"w) — H,.q sends for n =0,1,2, ...,

1 1
14 <C”> = —2"
Pn qn

Then ¥ is a unitary map and Qqq(H)¥ = VQ(H). |

Remark 4.7 We can impose growth conditions on b in the statement of Theorem 4.6 instead

of assuming boundedness to show that (™ is integrable.

5 Discussion

It is indeed surprising that 2 different Kahler polarizations yield unitarily equivalent quan-

tum spaces. Is there a reason why this is true for the harmonic oscillator?

I believe that the main reason is because of the rotational invariance of the classical
Hamiltonian. Because of the rotational invariance, the Hamiltonian vector field Xy is just
0/0t where t is angular variable measured clockwise. Hence the flow of the Hamiltonian
vector field is just the circles. Given —iX g, each eigenfunction is of the form g(r)e**t, where

(r,t) are coordinates on R2. For any A € R, its multiplicity will be infinite.

We chose a non-standard complex structure J on R? such that it is ’constant’ along the
flow. Kéhler polarization involves restricting ourselves to an invariant subspace of the pre-

quantum line bundle. The positivity of Kahler polarization somehow restricts the values of
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the eigenvalues to be positive integers and the eigenspace corresponding to each non-negative

integer has multiplicity one.

The eigenfunctions of —i Xy with eigenvalue 1 are of the form ((r,t) = g(r)e®. There
are many choices of g, which give this same eigenvalue. Each J will pick a particular choice
of g and we chose such a ( to be our uniformization map. As such, the quantum space for
the harmonic oscillator is determined solely by (, since the quantum space is spanned by
{¢"}52 . In this sense, each J we pick determines ¢, which in turn determines the quantum
space. Furthermore, because ((r,t) = g(r)e', and given a rotational invariant measure,
the set {¢"}22, forms an orthonormal basis (suitably normalized). By mapping ¢ for a
particular choice of J to ¢ of another choice J gives us the unitarily equivalence of the 2
respective quantum spaces. Of course, we need to verify these statements by calculations

but hopefully this gives some insight as to why the harmonic oscillator gives such special

results.
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A Almost Complex Structure

Let M be a complex manifold with complex dimension n and z = z + ¢y be a holomorphic

coordinate chart. Then

1 1
Op = 5(59679 _ Z'ayk)7 O r = 5(3zk +i3yk~)

and thus

Oy = O,k +8T,k, (‘)yk- = —i(@zk — 87219)

Let T'M be the tangent space to M as a real manifold. Then there exists a unique complex
structure J on T'M with

T = 10, JOm = —idn.
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Thus

Ty = —ye, JOy = Oy

Definition A.1 Let M be a complex manifold. A smooth section Z € T'°(TMC) is said to
be a holomorphic vector field if Z € T(TM19) and Zf is holomorphic on any open set

U C M where f is holomorphic.

Theorem A.2 Assume that M is a compler manifold with the induced almost complex

structure J. Then the following are equivalent.

2. [X,JY] = J|X,Y] for all smooth sections Y € I'°(TM).

3. (X —iJX) is a holomorphic vector field.

Proof. Let Y € T'*°(T'M), then
[X,JY]=Lx(JY)=(LxJ)Y + JLxY = (LxJ)Y + J[X,Y],

and hence
(LxJ)Y = J[X,Y] - [X, JY]. (A.1)
This implies the equivalence of (1) and (2).

Write X = ad, + b0, and Y = ud, + vd,, so that JY = —vd, +ud,. Any W € TM 10
can be written as W = %(X —iJX). If f is holomorphic, then W f =0, i.e. iJXf = Xf or
—iJX f=Xf. Thus

1 1
Wz = 5(Xz—z'JXz) = 5(Xz+Xz) =Xz =a+ib.

Hence

1
5 (X —iJX) = Fo.

where F := a + b.
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Let us compute (LxJ)Y using Equation (A.1).

(LxJ)Y = J{Xu0; + Xv0y — (Yad, +Yb0,)} — {—Xv0, + Xudy — (JY a0, + JYbO,)}
= {-Xv0, + Xudy — (=Yb0, +Yady)} — {—Xv0, + Xudy — (JY a0, + JYbO,)}
= (JYa+Yb)0, + (=Ya+ JYb)O,

= {(JYa+ YD) +i(=Ya+ JYb)}D, + {(JYa+Yb) —i(~Ya+ JYb)}0:

(JY —iY)FO, + (JY +iY)Fo:
= (JY —iY)FO, + (JY —iY)Fa,.

Thus, LxJ =0 iff (JY —iY)F = 0 iff F' is holomorphic. This shows the equivalence of (2)

and (3). |
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