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A reaction network is a chemical system involving multiple reac-
tions and chemical species. Stochastic models of such networks treat
the system as a continuous time Markov chain on the number of
molecules of each species with reactions as possible transitions of
the chain. In many cases of biological interest some of the chemical
species in the network are present in much greater abundance than
others and reaction rate constants can vary over several orders of
magnitude. We consider approaches to approximation of such mod-
els that take the multiscale nature of the system into account. Our
primary example is a model of a cell’s viral infection for which we ap-
ply a combination of averaging and law of large number arguments to
show that the “slow” component of the model can be approximated
by a deterministic equation and to characterize the asymptotic dis-
tribution of the “fast” components. The main goal is to illustrate
techniques that can be used to reduce the dimensionality of much
more complex models.

1. Stochastic models for reaction networks. A reaction network
is a chemical system involving multiple reactions and chemical species. The
simplest stochastic model for a network treats the system as a continuous
time Markov chain whose state X is a vector giving the number of molecules
of each species present with each reaction modeled as a possible transition
for the state. The model for the kth reaction is determined by a vector of
inputs v specifying the number of molecules of each chemical species that
are consumed in the reaction, a vector of outputs v, specifying the number of
molecules of each species that are created in the reaction, and a function of
the state \i(x) that gives the rate at which the reaction occurs. Specifically,
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2 K. BALL, T. KURTZ, L. POPOVIC, AND G. REMPALA

if the reaction occurs at time ¢, the new state becomes
X(t)=X(t—)+ v, — v

Let Ry(t) denote the number of times that the kth reaction occurs by time
t. Then the state of the system at time ¢ can be written as

X(t) = X(0) + Y Re(t)(vy — i) = (V' = V)R(1),
k

where 1/ is the matrix with columns given by the v, v is the matrix with
columns given by the vy, and R(t) is the vector with components Rj(t).

Ry, is a counting process with intensity Ag (X (¢)) (called the propensity in
the chemical literature) and can be written as

Ru(0) = Vil [ (X (5))ds),

where the Y}, are independent unit Poisson processes. Note that writing Ry,
in this form makes it clear why Ay is referred to as a rate.

Defining |vg| = >°; vik, the stochastic form of the law of mass action says
that the rate should be given by

Vi) T i) T
/\,]iv(a:) = Ky, I1; vig = N&knz ik ,
N|I/k|—1 Uik *** Vmk N‘V’CI Vik " Vmk

where N is a scaling parameter usually taken to be the volume of the system
times Avogadro’s number, and ki is a constant specifying the rate of the
reaction. Note that the rate is proportional to the number of distinct subsets
of the molecules present that can form the inputs for the reaction. Intuitively,
this assumption reflects the idea that the system is well-stirred in the sense
that all molecules are equally likely to be at any location at any time.

1.1. Law of large numbers and diffusion approximations. If N is the vol-
ume times Avogadro’s number and x gives the number of molecules of each
species present, then ¢ = N~'z gives the concentrations in moles per unit
volume. With this scaling and a large volume (where large can be pretty
small since Avogadro’s number is 6 x 10%3)

(1.1) MY () = Ny, [[c*= Ni(c).

Since the law of large numbers for the Poisson process implies N =Y (Nu) ~
u, (1.1) implies

C(t) = N"1X(t) = C(0) + Z/Ot ke [[C ()" (v, — vi)ds,
k i
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MULTISCALE REACTION NETWORKS 3

which in the large volume limit gives the classical deterministic law of mass

action
Z Kk H Ct)Y* (v, — vg).

Similarly, since an appropriately renormalized Poisson process can be ap-
proximated by a standard Brownian motion, that is,

Y(Nu) — Nu
VN

we can derive a diffusion approximation for the Markov chain by replacing
Yi(Nu) by VNWy(u) + Nu, that is,

~ W(u),

cNt) = CN(0)+ZN1Yk(/tAk(XN(s))ds)(y,g—uk)
~ CN +ZN 1/2Wk/)\k (CN (s))ds) (V) — ) /FCN $))ds,

where

F(e) = 3 Aule) vk — 1)-

k

The diffusion approximation is given by the equation

N - t_ ¢

CN (1) = CVO)+ SN[ MOV (9)ds) (v~ )+ [ F(CY ()i,
. 0 0

which is distributionally equivalent to the It6 equation

cN@t) = +ZN 1/2/ VAL (CN (8)dWi(s) (Vg — 1) +/ F(CV(s))ds

- +ZN 1/2/ (N (s)) dW+/FC’N $))ds,

where o(c) is the matrix with columns /A (¢) (v}, — ). A precise version of
this approximation is given in [3]. (See also Ethier and Kurtz [41], Chapter
10, Gardiner [6], Chapter 7, and Van Kampen, [13].)

1.2. Multiscale approximations. Interest in modeling chemical reactions
within cells has led to renewed interest in stochastic models, since the num-
ber of molecules involved, at least for some of the species, may be sufficiently
small that the deterministic model does not provide a good representation
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4 K. BALL, T. KURTZ, L. POPOVIC, AND G. REMPALA

of the behavior of the system. Modeling is further complicated by the fact
that some species may be present in much greater abundance than others. In
addition, the rate constants x; may vary over several orders of magnitude.
With these two issues in mind, we consider a different approach to deriving
a scaling limit approximation of the model.

N will still denote a scaling parameter for the model but it is no longer
interpreted in terms of volume or Avogadro’s number. In fact N~! plays the
same role as € in a perturbation analysis of a deterministic model. (See, for
example, [12].) N may have no physical meaning, but it will have a specific
(hopefully large) value in any physical or biological setting in which the
approximation is applied.

For example, let N be of the order of magnitude of the abundance of the
most abundant species in the system. For each species i, we then specify
a parameter 0 < «a; < 1 and normalize the number of molecules by N%
defining

Zi(t) = N"YX,(1).

a; should be selected so that Z; = O(1), but that still leaves a degree of
arbitrariness regarding the selection. Note that «; could be zero, so Z; could
still be integer-valued.

We want to express the reaction rates in terms of Z rather than X and
also to take into account large variation in the reaction rates. Consequently,
we introduce another set of exponents J; for the reactions and now assume
that the reaction rates can be written as N (), where A\x(2) = O(1) for
all relevant values of z. The model becomes

Zi(t) = Zi(0) + > Nafyk(/ot NBEAL(Z(5))ds) (Vg — ).
k

Our goal is to derive simplified models under the assumption that N is
large, where “large” may be much smaller than Avogadro’s number. We
demonstrate that this process may lead to interesting and reasonable models
by analyzing a number of examples in the literature.

1.3. Outline of the paper. Reaction networks of interest in biology can be
very high dimensional involving many chemical species and many reactions.
Consequently, there has been considerable effort to exploit the multiscale
nature of these systems to derive reduced models. In Section 2, we borrow
examples from a number of these papers to illustrate how the kind of scaling
limits we have in mind can be used to provide a rigorous and intuitive
approach to model reduction. The primary focus of the paper is a model of
an intracellular viral infection given in Srivastava, You, Summers, and Yin
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MULTISCALE REACTION NETWORKS )

[11] and studied further in Haseltine and Rawlings [7]. We analyze this model
in Section 3, and give a systematic identification of the scaling parameters
in Appendix A.2.

2. Examples.

2.1. Simple crystallization. We consider a model studied by Haseltine
and Rawlings [7] using the parameters in Table I of their paper. The system
involves four species and two reactions

24 L B A+C 2D

The model satisfies

Xa(t) = XA(O)—2Y1(/Ot;leA(s)(XA(s)—1)ds)—Y2(/0t ko X a(s) X (5)ds)

Xp(t) = Xp(0)+ V(| §mXa(s)(Xa(s) ~ 1)ds)

t
Xo(t) = Xo(0) - Ya /0 ko X a(s) Xo(5)ds).
Following Rawlings and Haseltine, X 4(0) = 10°, X5(0) = 0, X¢(0) = 10,

and k1 = ko = 1077. Let N = 105, and take oy = ap = 1 and ac = 0.
Writing k1 = ko = 0.1 x N~!, the normalized system becomes

ZN(#) = 1-Nl2vy(N /Ot 0.052Y (5)(Z (s) — N~)ds) — N‘lYQ(/Ot 0.12% (5)2Y (5)ds)
ZN@) = NN /Oto.o5zj§(s)(zj¥(s) — N")ds)
zy(@t) = 10— 1/2(/;0.1Zj¥(s)zg(s)ds).
Letting N — oo, the simplified system is
Za(t) = 1— [ 0.1Z4(s)%ds
Zg(t) = ; 0.05Z4(s)?ds

Zo(t) = 10-1@(/(;0.12/4(5)20(3)@),

which gives
1

TS

Za(t)
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6 K. BALL, T. KURTZ, L. POPOVIC, AND G. REMPALA

Since Z,4 is deterministic, Z¢ is a linear death process with time-varying
rate A(t) = 0.1Z4(t). Consequently, for any ¢ > 0, the distribution of Z¢(t)
is Binomial(10, p(¢)) with

t 1
t) = — 1z ds} = .
p(t) = exp= [ 01Za(9)ds} = 1
In particular,
10 t
(oW = 13 VarlZe®)] TESTE

compare favorably with the simulation results in Figure 1 of [7].

2.2. Enzyme kinetics. Rao and Arkin [10] analyze a model of enzyme
kinetics, involving an enzyme, substrate, their enzyme-substrate complex,
and a product of this complex

K1

E+S—ES ES2 P+E.
K1
The state of this system can be represented by
t t
Xo(t) = Xa(0)+ Yoy /0 o1 Xea(r)dr) — Yi( /0 k1 X (r) X, (r)dr)

Xoolt) = Xos(0) — Yoy /O 1 Xoa(r)dr) + Vi ( /O j X (1) X (1)) — Ya /0 ' 2 Xoa(r)dr)

t

X)) = X.(0)+Y_y( /0 e Xoa(r)dr) — Yi( /0 K1 Xo (1) X (r)dr) + Ya( /0 ' 2 Xoa(r)dr)

Xp(t) = Yz(/OtHQXes(T)dr)v

where X, gives the number of substrate molecules, X, the number of en-
zymes, X, the number of enzyme complexes, and X}, the number of molecules
of the reaction product. Following Rao and Arkin, take Xs(0) = 100, X.(0) =
1000, k1 = k-1 = 1, ky = .1. Let N = 1000, and define Z¥N = N=2/3X_,
ZN = N72B3X.,, ) = N723X,, ZN = N7'X,, and Ky = N~'/3. Then
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MULTISCALE REACTION NETWORKS 7
the normalized system becomes
ZN(W) = 14 NPy /0 " N3N (1)dr) — N3y /0 " NS ZN (1) 2N (1))
ZN@) = —NY( /0 N3N (1) + N2y /0 "N ZN (1) 2N (1))
N72BYy,y( /O t NYBZN(r)dr)
zZNt) = 1+ N—lyl(/ot N2BzZN (rYdr) — N—lyl(/ot NOBZN () ZN (r)dr)
+N LYy / " NV3ZN (r)dr)

0
t
ZN@{t) = N72Byy( / NYBZN(r)dr).

0
Rescaling time by N/3 and defining VN (t) = ZN (N'/3t), we have
V() = 14+ N2y / NV - N N v )
V() = —N“2By( / NV (r)dr) + N=23yy( / N2VN (VN (r)dr)
N2y /0 NPV (r)dr)
VAW = 1 N[ NV - N N VY ()
SN[ N ()
VN@{#) = N7y /0 tN2/3vgsV(r)dr)
VIO VAW = 1= N[ NP,
Note that VN + VY <1and VN 4+ N3V =1, s0 sup,.<; [V ( )—1| — 0.

It follows that for 0 < p <1 and N sufficiently large, inf,<; VN(r) > p and
VN(t) < VN(t), where VN is the solution of

s

VN(t) =14+ N2y / NV (rYdr) — N=23yy( / N2pV (r)dr).
0 0
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8 K. BALL, T. KURTZ, L. POPOVIC, AND G. REMPALA

N
The fact that Sup,<¢ Nxeiy)

0<d<t, and (VpN, VN + V) converges to the solution of

— 0 ensures that sups.,<; V. (r) — 0, for

W) = [ Vetyir
Vu(t) = 1—/0t1/;s(r)dr,

that is, Ves(t) = et and V,,(t) = 1 —e~*. On the original time scale Zév(t) A
1—e~t/10 that is X,(t) ~ 100(1—e~*/19), which matches well the simulation
results in the lower plot in Figure 1 of [10].

Rao and Arkin also consider X4(0) = 100, X.(0) = 10, k1 = k—1 = 1,
ko = .1. For this example, let N = 100 and define ZSJ,V = N~ 'X,, Zé\sf =
N=Y2X,, ZN = N712X,, and Z)' = X, and set k3 = N~1/2. Then the
normalized system becomes

ZN) = 1+ N‘lYl(/Ot N2ZN () dr) — N‘lYl(/Ot N¥2ZN (1) Z (r)dr)

ZN() = —N"2y /OtNlﬂzg(r)dr)JrN—l/?Yl( /OtN?’/?Z;V(r)Z;V(r)dr)
— N2y /0 "2 (r)dr)

zN@) = 1+N1/2y_1(/0tN1/2Z;§(r)dr)—N1/2Y1(/0tN3/2Z§V(T)Z§V(r)dr)
+N—1/2YQ(/Ot ZN (r)dr)

ZN() = YQ(/Otzg(r)dr).

Since

t t
N[ NRZY 02 () < 1+ NTEY ([ N2 )
0 0

t
FNT2y;y( / ZN (r)dr)

0
and Zes(t) < 1, it follows that sup,;|ZY (r) — 1| — 0, for each ¢t > 0.

Noting that [J ZN (r)dr = t— [§ ZN (r)dr, we must have [; ZN(r)dr ~ t and
ZN (t) = Ya(t).
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MULTISCALE REACTION NETWORKS 9

2.3. Rewversible Isomerization. Next, we consider a model of reversible
isomerization studied by Cao, Gillespie, and Petzold [3]. The model involves
three chemical species and two reactions

K1
K
S <7—2 So Sy =2 8.

The model is given by

X.(t) = X1(0)—Yl(/0t H1X1(S)d8)+YQ(/Ot ko Xo(5)ds)

Xo(t) = Xo(0)+ Yl(/ot k1 X1 (s)ds) — YQ(/Ot o Xo(s)ds) — Yg,(/olt s X (5)ds)
Xolt) = Xo(0)+ V([ moXa(s)ds).

The first set of parameter values in (34) of [3] give X1(0) = 1200, X2(0) =
600, X3(0) = 0 and k1 = 1, kg = 2, k3 = 5 x 1075, Let N = 1000, and

define Z = N=1X,Z) = N='X,, ZN = X3, and k3 = 5N~5/3. Then the
normalized system becomes

N = Z{V(O)—N1Y1(/OtNZ{V(s)ds)+N1Y2(/Ot ONZY (s)ds)
ZN@) = ZN(0)+ NV /Oth{V(s)ds)

CNTYy( /O "aNZ (s)ds) — N-1a( /0 "SN232) (5)ds)
280 = Yal [ SN2 (5)ds)

Assuming that (Z{(0), ZY(0)) — (Z1(0), Z5(0)) (which gives Z1(0) = 1.2
and Z2(0) = .6 for the particular values in [3]), the limiting system is

Zit) = Z(0) — /()tZl(s)ds+ /O o Za(s)ds
Zo(t) = ZQ(O)+/0tZ1(s)ds—/0t2Zg(s)ds
Zs(t) = 0.
Consequently,
i) + Zo(t) = Z1(0) + Za(0)
D(t) = Zu(t) — 27a(t) = D(O)—3/OtD(s)ds,
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10 K. BALL, T. KURTZ, L. POPOVIC, AND G. REMPALA

Z4(t) = 5(72(0) ~ 22:(0) ™ + 2 (71(0) + (0)
2(t) = ~3(21(0) ~ 22(0) ™ + 5(21(0) + %(0)
and
2 1

Jim (Z1(2), Z2(t)) = (3, 3)(Z1(0) + Z2(0))-

Defining UN (t) = ZN(N?/3t), the system becomes

t t
UN(@) = UN©0)— N /0 N3BUN (s)ds) + N~ Ya( /O ONBUN (s)ds)

t t
UN@) = U2N(0)+N_1Y1(/0 N5/3U1N(s)ds)—N_lY2(/0 IN®BUN (5)ds)

N ([ 503 (5)ds)
Ur ) = Ya([ 502 (s)ds)
and hence
UF 0+ U () = U (0) + UF (0) = N ol [ 5T ()

Dividing the equation for U{¥ by N 2/3 it follows that

t t
lim </ UN (s)ds — / QUQZV(s)ds) =0,
N—oo 0 0

and hence, assuming limy_.o.(U{¥(0) + U (0)) = C,

t 1
lim / UN(s)ds = =Ct
0 3

N—oo

and U}’ converges to

Us) = s 250,

that is, a Poisson process with parameter 5C'/3.
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MULTISCALE REACTION NETWORKS 11
Rescaling time by N°/3, and defining V;¥(t) = N~1X;(N°/3t), we have
vV = V(o) - N—lyl(/ot N8BYN (s)ds) + N‘lYg(/Ot INSBVN (5)ds)
VNt = VN (0)+ lel(/ot NEBYN(s)ds) — leg(/ot INSBVN (5)ds)
—N—%(/Ot 5NV (s)ds)
V¥ = N[ NV s)ds).

Setting RN (t) = VN (t) + V5V (t) and assuming limy_.o, RV (0) = R(0), we

have (RN, V) — (R, V3) satisfying

t5

03
)

Bt = [ SR(s)ds
0o 3

R(t) = R(0)— R(s)ds

which gives
R(t) = R(0)e™5", VA(t) = R(0)(1 — e 5").
For 6 > 0,

tim sup (¥(r) — S R)|+ V3 (r) ~ 3RO =0,

N—oo 5<r<t

Note that the simulation results given in Figure 1 of [3] appear to be plots of
{(X3(tx)d, Xi(tx))}, for some 0 > 0, rather than of {(tx, X;(tx))}, where the
{tr} are the jump times of X3. Consequently, their plots show linear decay
rather than exponential decay.

Cao, Gillespie and Petzold also study a second set of parameter values
(35) in [3], taking X;(0) = 2000, X2(0) = X3(0) = 0 and k1 = 10,ke =
4 x 10*, k3 = 2. Letting N = 10%, we now define Z¥ = N-1X, 7§ =
Xo, ZY = X3. The normalized system becomes

t t
ZN@#) = 02— Nlyi( /0 10N Z (s)ds) + N~ Ya( /0 ANZY (5)ds)

Z¥(t) Yl(/ot 10N Z{ (s)ds) — YQ(/Ot ANZY (s)ds) — Yg,(/ot 275 (s)ds)
280 = vl [ 228 s)as).
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12 K. BALL, T. KURTZ, L. POPOVIC, AND G. REMPALA

Dividing the equation for Z}¥ by N, we see that

1

sp (Yl(/or 10N ZN (s)ds) — YQ(/OT 4NZ§V(s)ds)> -0,

for each ¢ > 0, and hence

— 0,

T 1
/ ZN(s)ds — =r
0 2

sup|ZN(r) —.2| — 0, sup
r<t r<t

and ZY converges to Y3(t).

Rescaling time by N, and defining V;"(t) = N=1X;(Nt), for i = 1,3 and
VN (t) = Xo(Nt), we have

ViVt) = 02— lel(/ot 10N2VN (s)ds) + lez(/ot AN2V (s5)ds)
V() = vi( /0 LON2VY (5)ds) — Ya /0 ANV (s)ds) — Y /0 CONV (s)ds)
V0 = N ([ NV s)ds).

Let VN (t) = VN () + N~2VN(t), and since earlier results imply ViV (t) =
ZéV(Nt) ~ %, we have sup,. <, \VlN(r) — VlN(r)\ — 0.

~ t
ViVt) = .2 - N*lyg(/ 2NV (s)ds),
0
and from the equation for V4",

sup — 0.

r<t

/r 10V (s)ds — /T(4 + 2N YV (s)
0 0

Consequently, (ViV, V{¥) converge to the solution of

t
Vl(t) = 2- 5V1(8)d8
0
t

Va(t) = 05V1(s)ds,

giving
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MULTISCALE REACTION NETWORKS 13

To better understand the behavior of ViV, for a bounded function f(vs),
define

AN f(v1,v2) = 1001 (f (v2 + 1) = f(v2)) + (4 + 2N )ua(f(va — 1) — f(v2))
and note that

t
PO ) = N2 [ AN FV(9), V5 () ds
0
is a martingale. Dividing by N2, it follows that
t
| AY A (5). V3 () ds — 0
0

and that for each ¢, V3V (¢) converges in distribution to a random variable
Va(t) satistying
E[Af(Vi(2), Va(t))] = O,

where

Af(v1,v2) = 1001 (f(v2 + 1) — f(v2)) +4va(f(v2 — 1) — f(v2)).

(See, for example, [9].)

For each vy, Ay, f(v2) = Af(v1,v2), is the generator of an infinite-server
queueing model with arrival rate 10v; and service rate 4. It follows that
Va(t) has a Poisson distribution with parameter 2.5V;(¢). Note that V3"
does not converge in a functional sense. In particular, for 0 < t; < t5 <
s <ty (VY (1), ViV (t2), ..., VY (tm)) converges in distribution and the
components of the limit (Va(t1), Va(t2), ..., Va(ty)) are independent Poisson
random variables.

3. Intracellular viral kinetics. Next we consider a model of an intra-
cellular viral infection given in Srivastava, You, Summers, and Yin [11] and
studied further in Haseltine and Rawlings [7]. We follow the presentation
(in particular, the indexing) in [7]. The model includes three time-varying
species, the viral template, the viral genome, and the viral structural protein.
We denote these as species 1, 2, and 3, respectively, and let X;(¢) denote the
number of molecules of species 7 in the system at time ¢. The model involves
six reactions, designated (28a)...(28f) in [7]

(a) T +stuff 2 T4+G
(b) G = 7
(c) T+stuff = T+8
(d) T =
(e) S = 0
(f) G+s = v
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14 K. BALL, T. KURTZ, L. POPOVIC, AND G. REMPALA

where “stuff” refers to nucleotides and amino acids that are assumed avail-
able at constant concentrations. The basic model satisfies

Xi(t) = X1(0)+ Yy /0 ' 12 Xa(5)ds) — Y /O ' 1 X (5)ds)

t

Xo(t) = Xo(0)+ Ya(/ot K1 X1 (s)ds) — Yb(/

k2 X (s)ds) — Y( / ' i Xa(5) X (3)ds)
0 0

X3(t) = X3(0)+ YC(/Ot k3Xi(s)ds) — Ye(/ot K5 X3(s)ds) — Yf(/ot ke X2(s)X3(s)ds).

Following Haseltine and Rawlings, X;(0) = 1, X2(0) = X3(0) = 0, while
the reaction constants from Table III of [7], are as given below. Let N = 1000,
corresponding to the order of magnitude of the largest reaction constant.
Then the rate constants can be expressed as

K1 1 1

Ko 0.025 2.5N~2/3
K3 1000 N

K4 0.25 25

K5 2 2

K 7.5 % 1076 5N 5/3

Note that, for simplicity, we have replaced x5 = 1.9985 by k5 = 2.

We have identified N with the largest rate constant, but it is also the
order of magnitude of the most abundent species. Writing Z¥ = X1, Z&¥ =
N—2/3X,, and Z¥ = N71Xj3, the normalized system with the scaled rate
constants becomes

ZN@) = ZN(0) + Vi /0 "9 52 (5)ds) — Yy /0 " 952N (s)ds)
N = Z§0D4<N_W3KAATZ¥(QdQ——N‘ZQK(ATZ5Z§($dQ
N3y /0 " 7525 ()22 (5)ds)
zN) = Z?@}+NWﬁ%jNZf@M@—JVlK{EQNzywﬂ@
Ny /O " 7525 ()20 (5)ds).
We also write XiN for the system X; with rate constants expressed in terms

of N, including the superscript N only to emphasize the dependence of the
model on the scaling pararmeter.
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MULTISCALE REACTION NETWORKS 15

There is substantial probability that the infection dies out quickly, but if
Z reaches any significant level the chance becomes negligible.
To be precise, let

KX 0 = Yol [ X1 (5)d9)
and for £k =1,2,... define
(3.1) BN =inf{t >0: KN(t) > k}.
We have the following results.
LEMMA 3.1 (Probability of infection). For 8 defined in (5.1),
Jim Jim P{3}) < o0} = .75.
In particular, there exist ky — oo such that limpy_. P{ﬂé\]fv < oo} =.75.

REMARK 3.2.  The theorem essentially gives the probability that a single
virus successfully infects the cell. The argument, which essentially compares
the initial stages of the infection to a branching process, is a standard tool
in the analysis of epidemic models. See, for example, [2].

PRrROOF. To understand the initial behavior of the system, consider

3.2) XN@#) = Yi( /()t2.5N2/3X§V(s)ds)—Yd( /(:.25)({%5)615)

33) XN = 1+Y( /0 " XN (s)ds) — Vi /0 "o sN23 XY (5)ds)
—Yf(/t T5NT2BXYN (5) 2N (5)ds)
0
(34) ZV(1) = Ny / NXN(s)ds) — N~ / INZN (5)ds)
0 0
Ny /O TEN2XN (520 (5)ds).

If the virus production term (reaction f) is dropped from the equation
for XV, the resulting system

XNty = n(/0t2.5N—2/3)25V(s)ds)—Yd(/ot.25)2{v(s)ds)
XNty = 1+, /0 t)?{v(s)ds)—yb( /0 t2.5N’2/3X'éV(s)ds).
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16 K. BALL, T. KURTZ, L. POPOVIC, AND G. REMPALA

determines a continuous time, two-type branching process. It is easy to check
that the process is supercritical. The “lifetime” of each Type 1 molecule is
exponentially distributed with parameter .25 and the number &; of Type 2
molecules created by the ith Type 1 molecule during its lifetime has a shifted
geometric distribution with expectation 4, that is,

tk 1 /4\*
Pl{E=k) = — W=t _qt = () k=0,1,.....
{§ } / 5 k' 5 5 M 077

Each Type 2 molecule is eventually converted to Type 1. Starting with a
single Type 1 or Type 2 molecule, the probability of extinction is simply the
probability that

Sn:1+Z(§z_
=1

hits zero for some n > 0, an event with probability .25.
To complete the proof of the lemma, one only needs to check that

N

B
Yi( /0 * IsNT2BXN ()2 (s)ds) — 0

in probability for each k. But

N

E[Yf(/oﬂév.75N_2/3X§(3)Z§V(s)ds)] < N7 ?B(k+1)E [/ﬁ’“ ZY (s)ds]

IN

BTN 23k +1 / XV (s)ds]

< 33BN 2B+ 1)k
0,

l

where the second inequality follows from equation (3.4) and the last inequal-
ity follows from the fact that

By B
2y X{V(s)ds]:E[Ya(/O XN (s)ds)] < k.

O]

We now want to describe the behavior of the process once the infection
is established. Since we have scaled X3 by N —2/3, X must reach a level
that is O(N?/3) to have nontrivial behavior.
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MULTISCALE REACTION NETWORKS 17

As in the proof of Lemma 3.1, if the virus production term is dropped from
the equation for Xév , the expectation of the resulting two-type branching
process (X{V, X2V), satisfies i (t) = QVm(t), where

v — [~ 2.5N2/3
S\ 1 —25N728 )

Following the classical analysis for branching processes (see Section V.7 of
Athreya and Ney [1]), the largest eigenvalue for Q*Vis

—(:25+ 25N72/3) /(25 + 25N -2/3)2 + T.5N -2/
2

AN =

and the total “population” should grow like Mt There exists N >0
satisfying

(1—.250N) = ANpN, 250N —1)N-2/3 = \NV |

that is (pV, 1) is the corresponding left eigenvector. It follows that p¥ — 4
and N?/3\N — 7.5,
Let RN(t) = pN XN (t) + XV (t), and define

N = inf{t: RV (t) > N?/3¢}.

We are really interested in the first time X&' reaches N?/3¢, but defining 7.V
in terms of RY rather than X2V simplifies the proof of the next theorem.

THEOREM 3.3 (Time until establishment). For ky as in Lemma 3.1 and
each 0 < e <2 andd >0,

. i 4 N
NIE;OP{’W — g5l > 0l < oo} =0

In particular, limy_« P{TN < 0o} = .75.

PROOF. In the calculations that follow, recall that the law of large num-
bers implies that for a unit Poisson process,

Y (u)

u

(3.5) lim sup

U000 1> 40

—1’ =0 a.s.

In addition, note that without loss of generality, we can assume that ky/log N —
0.
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18 K. BALL, T. KURTZ, L. POPOVIC, AND G. REMPALA

t
KX = Yol [ XN (e)ds)
KXW = vl [ XV s)as- [ X1 (s)as,
KN = ([ 268X (5)ds),
0

~ t t
KN(t) = Yi( /O 2.5N 23 XN (5)ds)— /0 2.5N 23X (s)ds,

ﬂN
and similarly for K~, KY, etc. Since |, "N XN (s)ds is the kyth jump time
of Yy,

1 [Py on
1{ﬁé\7N<oo} E 0 Xl (S)dS —1| — 0,
and it follows from (3.5) that
KX ()
1 sup |——%—+— —1| —0,
{51]<,\’N<oo} tZﬁ;]CI\)]N fg X{V(s)ds
K (t)
1 su b -1/ —=0,
Ol =) Zon | fg25N-2R XY (s)ds ’
and N
K} (t)
15N sup d —.25| — 0.
Wiy <ot S [ KN (1) ’

With reference to (3.4), KN (t) < KN (t) and

tosN
27 d
e} SUD (fo 3 (s)ds _ 1) V0

lim 1 TN
t2B7, Jo X1 (s)ds

N—o0 {BIZCVN

KN(t)
= lim 1 e/ _1|lvo=0.
N R o) ok (Kévm )
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MULTISCALE REACTION NETWORKS 19

Consequently,

KN
lim 1 BT AUNPVER BV
m {55N<°°} sup K @ —. Y

N—oo B <t<rly
, Yi(Ji . 7528 (s)ds)
< lim 1 D —.
S Ly <o) " SEtIiTN < 1+ KN (@) 375¢ | VO
75eZN
< lim Ty oo Jo T5eZ; ) —.375¢ | VO
N—oo kN ﬂN StSTe fO XN
=0.
Since KY (t) < KN (t) <1+ KXN(t) and
RN(t) = 1+ K.(t) = pVKQ (1) + (0" = DK (t) — K} (t)

> 1+ K (1) - EJ () — Kf (1),

we have

RN(t) _ RN(@t) RN (#) KX (t)+ K (t)
B Ny T RN@) S ILEND ST IR RN
and
(3.7)

(1 CEY O+ KO

TR 75(1 — .5e)> AO = 0.

lim l{BIiVN<OO} lnf

N—o0 B’]@VN <t<tN

In other words, on the event {ﬂl]{\]’\[ < oo},

. <1 KW+ K <t>)

By <t<rN 1+ KN (t)

is asymptotically bounded below by .75(1 — .5¢) > 0.
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20 K. BALL, T. KURTZ, L. POPOVIC, AND G. REMPALA

Writing p instead of p”, and 3 instead of ﬁ,]cv
t  RN(s )
log RN (t) = log RN (BY / log ———"——

N(g_ _
+/tlogR (R]\)f(—k ([)) )dKéV(s)

dKN( )

N s—
+/log s)ded +/1o R(N())dKf()
t Ni(g_
= logRN(ﬂgv)Jr/ﬁ (log RR(N(S)_—;l - RNis—)> dKN (s)

tORN(sS) +(p-1)  p—1
—I—/ﬁ <log RV(s-) — RN(s—)> dKY (s)

bl RN(s=)—p p
+/6 <log RN (s + BN )>dK;V(s)

(
-1 1
K
+/< = +RN(S)>df()
1 P —
+/ RN(s—) +/R N(s— de()
P 1 N
/ RN(s—) / N (so) ()
S 25p>X1 (s) + (p— 1)2. 5N XY (s)
8 RN (s)
B /t T5NT2BXN(5)ZN (s) s
8 RN(s) '
The second term on the right is bounded by a constant times
t(EN(Gs—)+1)° 1 N KN (s— > 1
2 dK < 4 —
/g< RN(s—) ) (KN(s—)+ 1) a(s)—ﬁi?;t RN (s gz@’

and similarly for the third, fourth, and fifth terms. By (3.6) and ( 1),

1 KN(s—)+1 2
I G (=

By Ss<rd

is stochastically bounded and similarly with Klfv , K év and K }V . The sixth
term is a martingale with quadratic variation

t 1

ek (s),
gy, BN(s—)?
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MULTISCALE REACTION NETWORKS 21

and stochastic boundedness of the sequence of martingales follows from the
stochastic boundedness of the quadratic variation and the boundedness of
the jumps of the martingale. (See Lemma A.1.)

The last term satisfies

UN (1) = [t TN _2/32(]2 WAL g5 < TN [ ZY (s)ds

By the equations for Z5',
N N
B[ 25 ()ds) < SB[ X (s)ds)
0 0

and adding the equations for X{¥ and X' and taking expectations,

.75E[/OTEN XM(s)ds]+1 = EXY(N) + X3 () + KN ()]

€ €

BXN () + XN (V)] + .75¢E] /0 N (s)ds]

€ €

IA

IN

&

E[XN N+ XN (M) + 375¢E| / XN (s)ds],
0

and hence

(3.8) .75(1 — .56)E[/OT€N XN (s)ds] < BIXN (=) + XN (M) < N?Be 4 p

and 2/
ElUV () < AT
2—¢
Consequently,
log RN (7V)
N
™ (1= .25p) XN (s) + (p — 1)2.5N 23X (s)
=log RN (BN )+ 0(1 / ( L d
og R (B, ) +O(1) + 5y RN (s) 5
=log RN (Bt,) + O(1) + AV (7 — ).
Note that
) fer . 1 Bin N N
hjlvnjélop k’N]\;VZ/?’ < hz{fn_?;lopW’/o (X7 (s) + X5 (s))ds
1
< I KN
= TP gy 0 ()
1
< —.
- 25
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22 K. BALL, T. KURTZ, L. POPOVIC, AND G. REMPALA

Then assuming ky/log N — 0,

N N N
Te _BkN ~ Te

N2/3log N~ N2/3log N’

and since RN(ﬂ,]JV) < (14 pM)(1 +ky) and N2/3AN — 7.5, we have

N logRY(rY)

AN N2/3 ~
N2/3log N log N

2
-2
3
giving the result. O

The computations in the proof of Theorem 3.3 also give the following
lemma.

LEMMA 3.4. Let 0 < €1 < ey. Then N*Z/?’(Tg — TE]Y) is stochastically
bounded, and for 6 > 0,

o ANT2BXN(5) 25 (s)
RN (s)

2 2
lim P{zlog 2= < N7 —rl)) < {olog 24 /

=1.
N—oo =15 €1 d8+5}

€1

REMARK 3.5. In fact, we will see that N_2/3(7'g — TE]Y) converges to a
constant.

ProoOF. Since for 7V <t < 78, Ry(t) = O(N?/3), the integral expres-
sion for log Ry (t) implies
RN(Tg)

N/ _N N
logm:O(l)‘f—)\ (TEQ —Tel)—/T

8 TSN T2BXN (5)ZN (s)
N RN (s)

€1

ds.

The lemma follows from the fact that the last term is nonnegative and
stochastically bounded. O

On t € [0,7V], X{¥(t) is dominated by the linear death process with
immigration satisfying

X1 (t) = Yy(2.5et) — Yd(/ot 25X1(s)ds),

that is, an infinite server queue with Poisson arrivals of rate 2.5¢ and expo-
nential service times with rate .25. For 8 > 0, let 7/]‘3\[ = inf{t: X1(t) > N°}.
By Dynkin’s formula, for each ¢t > 0,

B (Kate ) = 50)+ B[ O CRu)as)
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MULTISCALE REACTION NETWORKS 23

where
Cf(k) =25e(f(k+1)— f(k)) + .25k(f(k—1) — f(k)).
For 0 < 6 < 1, let f(k) = (k!)°. Then ¢y = sup,, C f(k) < oo, and
1 - 1+ cot
POR <8 < Sy BV GG A3 < sy

]. P N < \ (0% O.

Consequently, taking 0 < 8 < 2/3 and o > 2/3, we see that N =23 XN (7V) —
0 and hence N=23XN(1N) — .
It is clear that the time scale for Z' is much slower than the time scale for

ZN and ZY¥. The fast time scale of {Z1", Z{} enables us to “average out”

their contributions to the evolution of the second component after time 7.V.

THEOREM 3.6 (Averaging and deterministic approximation).

a) Conditioning on ¥ < oo, for each § >0 and t > 0,

lim P{ sup |V5"(s)— Va(s)| > 6} =0,
N—oo 0<s<t

where Vo is the solution of
t t

(3.9) Va(t) = e + / 7.5Va(s)ds — / 3.75Va(s)2ds.
0 0

b) Conditioning on TV < oo, for each t > 0, (V{¥(t), Vi (t)) converges in
distribution to a pair (V1 (t), V3(t)) with joint distribution u;> satisfying

(310 [ v (96 + L) - 9(z.0)
0
#2529 = L) = (20)) + (= = 20)5 (2,9)] (2, dy) = 0.
In particular, Vi(t) has a Poisson distribution with parameter 10Va(t),
50

EVi(0)] = Var(Vi(0) = 10Va(0);
EIV(0)] = 5Valt),  Var(Va(t)) = 5 Valt);

and
Cov(V (L), Vi(t)) = %Vg(t).
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24 K. BALL, T. KURTZ, L. POPOVIC, AND G. REMPALA

REMARK 3.7.

a) Of course, the equation in Part (a) is just the classical logistic equation.
b) For times t1 < ta, (VN (t1), VE (t1)) and (V{¥(t2), V¥ (t2)) are asymptoti-
cally independent.

PROOF. On the event 7V < oo,

t t
VO = 2V Y[ 2NN (s)ds) - V([ 25NV (9)ds)

t
V() = 2+ N[ N (s)as)
t
N[ 25N (9)ds)

t
_N72/3yfe(N2/3/0 _75V2N(3)V3N(8)d8)

€

t

VO = 2+ NV NP (s)as)
t

—N—lyg(/o INBVN (5)ds)

t
_ N /0 TENBVN (VN (5)ds),

where Y[, Y)°, etc. are unit Poisson processes obtained from Y,, V3, etc. by
taking increments over the appropriate intervals. For example,

i) =il [ " 252 (s)ds + u) — Yi( /

By the martingale properties of the Poisson processes,
E[p" NPV () + V3V (1)
= Ep"NPZN () + 237 ()]

+ /OtE[(l — 25NN (5) + 2.5(0N — DV (s)]ds
t

T

N
’ 2.5Z5 (s)ds).

— /0 E[ 75V (s)VY (s5)]ds

< BV NP2 (oY) + 23 (7)

€

t
AN N3 /0 E[NN"2BVN (s) + VN (s)]ds,

so by Gronwall’s lemma
_ _ 2/3\N
Ep"NBVN@ + V(1) < (pPNNT2BZN(N) + 2 (7 N))eN T
< (6+pNN72/3)€N2/3)\Nt7
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MULTISCALE REACTION NETWORKS 25
and the equation for Vi implies
B0 = BlZY e [ 25N BN By (s)]ds
< E[Z{V(Tgv)]e—.251v2/3t+ 10(6+pNN—2/3)€N2/3t)\N’
and similarly for V3V,
BV 0) < BIZN e [N B s

B[z (7)) N 4 Bz (7)) 2N

+5(e + pNN72/3)eN2/3t)‘N.

IN

The law of large numbers for the Poisson process implies that V2N is
asymptotic to
N t
VN = 28 )+ [ (V) - 258 () — TV ()1 () ds,
0
and since Z3' (7)) — ¢, as in the proof of Lemma A.4, we can verify the
relative compactness of {V3¥} if we can verify the stochastic boundedness of

t 2
/ (VlN(s) — 2.5V2N(s) — .75V2N(3)V3N(s)) ds,
0
which in turn will follow from the stochastic boundedness of

t t t
(3.11) / ViV (s)kds, / ViV (s)Fds, / Vi (s)kds,
0 0 0

for appropriate k.

Let vV = inf{t : Z{¥(t) > 4}, and in the equation for Z}, replace
Yo(Ji 2528 (s)ds) by Yo(fi" 2520 (s)ds). Note that v¥ > 7V, and if
we can verify the stochastic boundedness of (3.11) for the modified system
and show that 7V = oo, we will have the stochastic boundedness for the

original system. Note that

t N4 N2/3t
(3.12) / VN (s)kds = N~2/3 / ZN (w)* du.
0 T,

N
€

Taking ¢g = § and tg < 1% log 2, it follows from Lemma 3.4, that the sequence
in (3.12) is stochastically bounded for each ¢ if and only if

T AN 0NN k
N*2/3/ Z1 () du = Zy (1o, + N2/35) ds
N N2/3
7'60+N to to
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26 K. BALL, T. KURTZ, L. POPOVIC, AND G. REMPALA

is stochastically bounded for each t;. By Lemma A.3
(3.13)

E[ZfV(TEJX+N2/3S)k|f7J_:7 | < (7} N(r 60) Vi)e —.24N?2/3 S Cpl1(1— —.25N2/35)’
0

where the 11 comes from the fact that 2.5Z (u u)1lg,cqny +1 < 11, Since

() < Np/NGO + 1, the first term goes to zero, and the stochastic bound-
edness follows. Stochastic boundedness for

t1
ZZ»N(TEJX + N2/35)kd5,
to
i = 2,3, follows by a similar argument, using the fact that Z§'( 61(\)7 ) <
e+ N~ 2/3 and, by (3.8),

< N?Bey + py

B2 ) < B[ X7 ()] < e

and applying (3.13) to bound the second term on the right of (A.5).
As N — oo, dividing the equations for V¥ and V§¥ by N 2/3 shows that

t t
/ ViV (s)ds — 10/ VN (s)ds — 0
0 0

t t
/ VN (s)ds — 5/ Vi (s)ds — 0.
0 0

The assertion for V3V and the fact that V3" is asymptotically regular (for
example, one can prove that limp_.glimsupy_. & [SUPth SUPs<p, |V2N (t +
s) — V¥ (t)|] = 0) implies

t t
/ VN (Vi (s)ds — 5 / VN (5)2ds — 0.
0 0

It follows that ViV converges to the solution of (3.9). It should now be clear
why we shifted the initial time to 7.V

VY and V4V fluctuate rapidly and locally in time. V;¥ behaves like a
simple birth and death process with V3V entering as a parameter, and V3N
can be approximated by an ordinary differential equation driven by V{V,
that is,

‘/?)N(a+N72/3 ) VN 721“4_/ 7‘ st Q+N 2/3 )d
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To be specific, let

BYg(zy) = 25V3 (s)(g(z+ 1L,y) — g(z,v))
+.252(9(z — 1,y) — 9(2,v))
+2N(g(z,y + N71) — g(z,9))
+2yN(g(z,y — N71) — g(2,9)).

Then

My (1) = g(Vi (8), V5" (1)) = g(Z1(7), Z3(7)

t
N2 [CBY g (5), V3 (s))ds
is a martingale, and defining an occupation measure I'V by

DY Dx 0) = [ 1607 ()10 (5)ds,

BIOMS (1) = g(Vi¥ (1), V5" (1)) — 9(Z1(7). Z(7))

—N2/3/ BN g(z,9)TN (dz x dy x ds)
Z+F xR+ x0,t]

Let Ly, = L,,(ZT xR™) denote the space of measures v on Z1T xR* x [0, 00)
such that v(ZT x RT x [0,t]) = t, topologized so that convergence is weak
convergence on ZT x Rt x [0,¢] for each ¢ > 0. It is easy to verify that
the sequence (V4Y,T'V) is relatively compact in Dg+ ([0,00)) X L, where
Dg+([0,00)) is the space of cadlag Rt-valued functions. Let (V2,T) be a
limit point of the sequence.

Define

Byg(z,y) = 2.50(g9(2 + 1,y) — g9(2,y)) +.252(9(z — 1,y) — g(2,v))

- 2y>§j<z,y>.

Noting that
]\}Enoo (Bévg(z)y) - BV2N(s)g(Z’y)> =0

and dividing (3.14) by N?/? and letting N — oo, we have

3.15 / By a9z, y)['(dz x dy x ds) = 0.
(3.15) e o DV 19(z, y)I'( y x ds)
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Differentiating (3.15) gives (3.10) at least for almost every t. (See [9] for
more detail.)

(From (3.10), we can easily obtain all the moments of the limiting joint
distribution. Let (Zs,Ys) be a random vector with the law ;13. Note that
Zs is just a Poisson random variable with expectation 10V5(s). Hence, the
marginal moments of Z; are immediate. With g(z,y) = y in (3.10), we get

/[Z — 2y)p®(dz, dy) = 0

and hence )
E[Y] = §E[ZS] = 5Va(s).

With g(z,y) = zy, we get

[l = 20) + Zyvals) — Juelt(dz, dy) = 0

BIZY) = SEIZ2)+ 3 Va()E[V]

40
— gvz(s) + 50Va(s)2.

With g(z,y) = ¢,
[y~ 29l dz.dy) =0

and
E[Y?] = 1E[Z Yy].

In general, taking g(z,y) = z"y™, one gets the recursive equation

5 iy
n+1ly m—1 ny m n—ky m
mE[ZTY T = 2mE[Z]Y ]+§V2(S)21: <k>E[ZS Y

(3.16) %i ( > Zn k+1ym] _

from which one can iteratively compute all the joint moments of (Zs,Y;).
Note that in order to compute E[Z'Y."] one first has to compute

B[ZgT), B2 Y] B2 Y BIZE T Y,

as well as all of {E[Z1YJ]:0<i+j<n+m}. O
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APPENDIX A: APPENDIX
A.1. Estimates.

LEMMA A.1. Suppose M is a martingale with quadratic variation [M]
and Z = sup, |[M(t) — M(t—)|. Then

PROOF. Let 7 = inf{s : [M]s > d} and note that [M].; < d+ Z2. Then

P{sup |M(s)| > c} < P{sup|M (7 A s)| > ¢} + P{r < t},
s<t s<t

and the result follows by Doob’s inequality. O
We need the following inequality.

LEMMA A.2. Let z(t) >0,t >0, F:[0,00) — [0,00) be nondecreasing,
and b > 0. Suppose that for 0 <r < t,

t
(A1) (1) — 2(r) < / (F(2(5)) — bz(s))ds.
If 2(0) < 2*(0) and z* satisfies
e +/ ) — bz*(s))ds,

then z(t) < z*(t), t > 0. If in addition, z*(0) > 1, ¢ > b, and for some
kE>1, F(u) < cukgl, u > 1, then

xt —bt € by * —by c* —by
(A2) z(t) < z(O)kek—l—g(l—e k7)) < z*(0)e —l—bfk(l—e k)

PROOF. Let zg = z, and let z; satisfy

(A3)  z1(¢) —i—/ )) — bz(s) ds—/ b(z1(s) — z(s)) V 0ds.

Let I'={r:z(r) > z(r)}. For r €T, (A.1) and t > r,
(A.4) +/ )) — bz(s))ds.
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Let t* = sup{s < t : z1(s) > z(s)}. The continuity of z; and (A.4) imply
that z(t*) < z1(¢*). If t > t*, then z(s) > z1(s), for t* < s < ¢, and the last
term in (A.3) is zero, so
t
z(t) <z (") 4+ | (F(z(s)) — bz(s))ds = z1(t).

t*
Consequently, z1(t) > zo(t), for all t > 0, and

() = 2(0) + /0 "(F(20(5)) — baa (5))ds.

For m > 0, define 2,41 recursively by requiring

i (6) = 2(0) + [ (Flam(s)) = b (5))ds.

Then 2,41 > zm and z,, converges to the solution of

() = 2(0) + /0 (B2 (5)) — be* (s))ds.

It follows that z* > z
Suppose F(u) <cu * ,u>1,¢>b, 2°(0) > 1, and 2**(t) satisfies

k-1

2*(t) = 2*(0) + /Ot(cz**(s)k — bz"*(s))ds.

Note that z**(t) > 1, ¢t > 0, so F(z*(t)) < cz**(t)%l, t >0, and 2*(t) <
2**(t), t > 0. Setting z**(t) = y(t)*,

and

O]

LEMMA A.3. Let a, 3 > 0. Suppose Z > 0 is adapted to a filtration {F;}

and
Z(t) = N~P(Ko + Ki(t) — Ka(t) — K3(t),

where Ky is an integer-valued random variable and K, Ko, and K3 are
counting processes with no simultaneous jumps and {F; }-intensities NU (t),
uN*Z(t), and An(t) respectively. Then, there exists Cy > 0 such that
(A.5)
E[Z(£)"12(0)] < (Z(0)F v 1)e "N 4 Gy sup E[(U(s) + 1)¥] (1 —e#N* ),

s<t
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PROOF. Let Y be a unit Poisson process that is independent of the K,
and let Z satisfy

2(8) = NP(Ko + K (1) — [ Ne(205) ~ 2(5))a9)),
Then Z(t) < Z(t) and
Ro(t) = Ka(t) + Y( /O "N (Z(s) — Z(s))ds)
has intensity uN®Z(t). We have
2(t)* +/ (Z(s=) + N~PYF — Z(s—)*)dE(s)

4 [(Zlsm) = N9 = 25 aRn(s)
0

and
E[Z(t)*2(0)]
L / Na <> [U(S)Z(S)IN—W—“
(=1 Z(s)HNPED 2 (0) | ds
L k=1 R
=20+ N7 | BlHy(U(s), Z()|2(0))]ds
=0
~ [ Bz 20
where
Hy k1 (U(5), Z(s)) = ((’j) U(s) — p(~1)"! (l ¢ 1>Nﬂ> NP Z (s,

Applying the Holder inequality, there exists a;; > 0 not depending on N
such that

E[Hya(U(s), Z(5))|Z(0)] < arg E[(U(s) + D)*|Z(0)]% E[Z(s)*|Z(0)] .
It follows that
[A( )k!Z( )]
F e [ (s) + DMZOFGEZG)HZ0)ds

/ pNPRE(Z(5)"|2(0))ds
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where G(u) is a polynomial of degree k — 1 in uk . Tt follows that for u >1,

there is a constant aj such that G(u) < aku%. Applying (A.2) with b =
NPk and appropriate choice of ¢ gives (A.5). O

LEMMA A.4. Suppose that 3 > 0 and that ZN(t) = N"PKN(t), where
KN is a counting process with intensity N° Ay (t). Suppose that {fg Ay (s)%ds}
is stochastically bounded for each t > 0. Then {ZN} is relatively compact
as a sequence of processes in the sense of convergence in distribution in
Dg[0,00), and every limit point has continuous sample paths.

PrOOF. Since KV can be represented as Y (N” [{ Ay(s)ds) for a unit
Poisson process Y, by the law of large numbers, it is enough to verify the
relative compactness of the sequence AN (t) = [J Ay(s)ds. But for t < t+h <
T,

AV ) = AV < VR [ Ao

which gives a uniform equicontinuity condition implying the relative com-
pactness of {AN}. (See, for example, Theorem 3.7.2 of Ethier and Kurtz
[4]. O

A.2. Determining the scaling exponents. The scalings employed
for the examples in Sections 2 and 3 were determined in part by examin-
ing the published simulations. In particular, these simulations suggested the
relationships among the ay. That approach to the choice of the scalings, how-
ever, is still more art than science and leaves open the question of whether
slightly different, but equally reasonable scalings would produce significantly
different limiting approximations. In this section, we reconsider the model
of Section 3 and give a more systematic identification of the scaling.

Recall that the basic model satisfies

Xi(t) = X1(0)+Yi( /0 ' 12 Xa(5)ds) — Yy /0 i X (3)ds)

t t
k1 X1 (s)ds) — Yy /0 o X (5)ds)

Xolt) = Xa(0)+Yal |
g /0 ' i Xa(5) X (5)ds)
Xa(t) = X3(0)+ Yy /0 ' s X (3)ds) — Vil /O ' s X (3)ds)

_vy( /O ' 6 X (5) X5 (5)ds).
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With reference to Section 1.2, we consider a general scaling Z (t) = N =% X;(t),
and replace ki by AN Bk Once the G, are selected, the \; are determined
by setting

Ax = KNy P

for the rate constants xj given in Section 3 and some appropriate Ng.
The normalized system becomes

t
ZN@) = ZN(0) + N~y /0 ko N2 ZN (5)ds)

t
—N~MY,( / ka N ZN (5)ds)
0
t

ZN@t) = ZY(0) + N722Y,( /0 k1IN ZN (s)ds)

_ N2y /0 " jaNe2 2 (5)ds)

—N"22Y}( /0 t reN2tes ZzN () 2N (s)ds)
ZN@) = ZN(0)+ NV /Otﬂgzvalzfv(s)ds)

—N~Y,( /0 t ks N Z (5)ds)

t
—N~®Yy( / reN2tes ZN (§) ZN (s)ds).
0
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Setting V;¥ (t) = Z})¥(N"t) and replacing x; by N NP,
VW) = V0 N[ DN TN (5)ds)
_NTY( /O AN NN (5)ds)
VN = VN(0) + N72Y( /0 t MNP NN (5)ds)
Ny /0 " AN N2 VN (5)ds)
—NT Yf(/ot ANTHEN VY () V5V (s)ds)
V) = ) N[ AN (5)ds)
_ N ( /0 AN NN (5)ds)
_N_%Yf(/ot AN Nty () Vi (s)ds),

We assume that (V¥ (0), V5V (0), V5V (0)) — (V1(0), V2(0), V3(0)).

The question is how to determine, in a systematic way, what the expo-
nents «;, B, and v, should be. There are several conditions that help this
determination. First, we want the scaling to ensure that V;V (¢) = O(1). This
requirement can be met either by ensuring that the individual terms on the
right are O(1) or by ensuring that terms cancel. Second, it is natural to
assume that the J; have the same order as the kg, that is, we should have

(A.6) Be < P2 < PBu < B < Bs5 < B

As is clearly reasonable, we assume that 31 = 0. This last assumption is not
really a restriction, since if 81 # 0, we can add (1 to v and substract (;
from each of the .

Finally, comparing the x, it is also natural to assume that #3 > (35 and
Be < (2. (We will see that the second of these assumptions is actually implied
by other considerations.) For the scaling used in Section 3, 51 = 84 = 5 = 0,
,82 = —2/3, ﬂ3 = 1, and ﬁg = —5/3.

Suppose, as is the case in Section 3, we also require that the scaling makes
each of the terms in the equation for V3V to be O(1). In particular, we look
for a scaling in which the nonlinear behavior is preserved. Then we must
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have
ay = y+om
ay = Y+ Pt
ay = v+Bs+aztasz.

In addition, for V¥ to be O(1) without being asymptotically negligible, we
must have
az =7+ B2 taz =7+ Ps+ .

Similarly, for V3N , we must have

v+ B3+ aq
v+ B3+ aq

v+ B85+ a3
v+ B + az + az = ag,

AV,

with equality holding for at least one of the inequalities. Since we are as-
suming that B3 > G5 > 0, we must have

v+ B3+ ar =+ B5 + as,

and hence ag > aj.
The above assumptions imply

ag—oa1 =04 —Po=7v7=—F2>0,
S0 ag > g, B4 =0, and
a3 = —v— B = B2 — Bs.

These restrictions leave three cases of interest: a3 = as > 0 and G5 = 0,
a1 =ag >0and 85 >0, and ag > a1 > 0.

If a1 = ag > 0, then B2 = 61 = B4 = 0 and a3 = —fF. If, in addition,
085 =0, then ag = v+ B3 + a1 and as N — oo, the system converges to the
solution of

V) = Vi0)+ [ OaVa(s) — MVils)ds
Valt) = Va(0)+ [ OuVa(s) ~ MaVils) — AeVals)Vals))ds
V(t) = Va0 + [ OaVa(s)ds) — AeVa(s))ds

Ifay = ag >0 and 85 > 0, then

(A7) Jim < /0 "V (s) — )\5V3N(s))ds> —0,

N—oo
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and (V{V, V4¥) converges to a solution of

Vi(t) — V1(0)+/0t()\2V2(s)—)\4V1(s))ds

A6 A3
A5

) = Ta0)+ [ OVGs) = daVals) — Vi) Vi)

If oy > a1, then B3 < 0 and v > 0 and, consequently, v + 34 > 0 and
v+ B5 > 0. It follows that

(A8) lim ( /O Ouv (s) — AQVQN(S))ds) —0

N—oo
and (A.7) hold. Then, as in the scaling in Section 3, V3" converges to the

solution of

_ AsAzAg
A5

(A9 %O =10+ [

(22— xwae
0

N Vz(s)2> ds.

Define )\, = nkNO_ﬂ’“ for some Ny. Then

A1 A2 (H1H2 >
A4 2 K 2 0

and
A6 A3 Ao _ KGR3h2 N—Bs—Bs—Ba+Bs _ KeK3K2 NoztY
A5\ K5K4 R5k4

Recalling that VQNOA(t) = Ny “*X2(N7t), the convergence suggests approx-
imating Xo(t) by Va(t) = N§2Va(N, 't). But if V5 satisfies (A.9), then V3
satisfies

L)) - ST ) s,

(A1) T =0y + [ ((

K5k4

so the approximation does not depend on the choice of the scaling parameters
beyond the restrictions identified above and the assumption that as > .

The behavior of the V{¥ and VgN depends primarily on whether oy > 0
or ap = 0. If @y > 0, then (A.7) and (A.8) can be strengthened to

lim sup (JA3Vi¥ (s) — AsVEV (s)] 4+ AV (5) — A2 V5¥ (s)]) = 0

N—o0o <5<t

for each 0 < e < t.
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If a1 = 0, then the behavior of V}" is essentially the same as in Section 3.
If, in addition, 35 = 0, then the joint behavior of V¥ and V3N is essentially
the same as in Section 3. If a; = 0 and (5 > 0, then

t
(A11) Jim / AV (s) — AV (s)[ds = 0,
and for each t > 0, (V{¥(t), ViV (1)) = (Vi(t), ﬁ—le(t)), where Vj (t) is Poisson

distributed with parameter AQ‘/\/i(t).
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