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Intro

Schubert calculus classically is about computing structure constants in the
cohomology ring of the Grassmannian by taking transverse intersections of
Schubert varieties.

Puzzles are combinatorial gadgets that perform these calculations.

Sometimes, a symmetry that is readily observed in puzzles can reveal a more
obscure geometric phenomenon, or vice versa.

Today we'll examine some of this interplay with edge-swapping symmetries of
parallelogram and hexagon-shaped puzzles.
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The Grassmannian

Definition
We define the Grassmannian of k-planes in C" as

Gr(k,C") := {k-dimensional subspaces V of C"}.

Facts
» Smooth complex manifold/projective variety with dim = k(n — k)

» G := GL,(C) acts transitively. Gr(k,C") = G/P a homogeneous space.
» The B-orbits Xy are called Schubert cells.

» Indexed by binary strings \ € ([Z])

> Also indexed by partitions A fitting in a k X (n — k) rectangle.

> Give a cell decomposition of Gr(k,C")
> The cell closures X, := X5 are called Schubert varieties.

» The classes [X)] are a Z-basis for H*(Gr(k,C")) via Poincaré duality
> The structure constants are Littlewood-Richardson numbers c} w

> The opposite Schubert varieties X* := wy - Xwox give a dual basis under
the perfect pairing fGr(k emXAIIXH] = 85 .



The Grassmannian

We can represent an element V € Gr(k,C") as a k X n matrix of rank k.
Choose a basis for V and put the basis vectors as the rows of a matrix.

Example:
7 01 0 11 8 O
V=rowspan [0 6 0 9 3 4 0| cGr3,C)
4 4 9 10 8 2 O

Then row equivalent matrices all represent the same V. Choose a unique
representative by using the RREF:

7 0100 00
V=rowspan [0 2 0 3 1 0 0 eGr(3,C")
2 2 050 10

We have bijections
{M € Mixn(C) | rank(M) = k} /row equivalence =" Gr(k,C")

{RREFs in Myx,(C) with k pivots} """, Gr(k,C")



Schubert Cells
Definition
For a binary string A € ([Z]), we can define the Schubert cell in Gr(k,C") as
Xy := rowspan{RREFs in Mix,(C) with pivots in columns A}.

codim(Xy) = |A| = #{inversions in string A\} = #{boxes in \ as a partition}.

Example
* x 1 0 0 0 O
Xeoio110 =rowspan< |+ * 0 % 1 0 0 C Gr(3,C")
* 0 x 01 0

Below highlights the correspondence between the string, RREF, and partition
defining X00010110.

A = 0010110

==
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Schubert cell decomposition of Gr(2,C*)

* %
Xoo11 = rowspan
0011 P « % 0 1

Xoi01 = rowspan

Xgi1p = rowspan

Xipip = rowspan

X0 = rowspan

Xipo1 = rowspan { L 0 0




Schubert Calculus
Schubert calculus is about computing structure constants in the Schubert
variety basis [Xx] of H*(Gr(k,C")). (Recall Xy := X3.)

These are the coefficients (Littlewood-Richardson numbers) ¢} , appearing in
the product expansions

PGIX =D eXulXel.

Geometric method
Count the points in triple intersections of Schubert varieties (perturbed to be
transverse):

o= [ Pl = [ pan(eex)nx]
Gr(k,Cn) Gr(k,Cm)

If the transverse intersection is finite, then the integral counts the intersection
points. Otherwise, it equals 0.

Puzzle method
Count Knutson-Tao puzzles:

cx,p = #{AX, ,-puzzles}.
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Puzzles

Definition \ L
Let AY , denote the equilateral triangle whose edges are
labeled with binary strings X, 1, v € (I71) in the orientations
shown at right. Then a Af  -puzzle is a filling of AY ,
using the puzzle pieces below.
v

Examples

B & A o &



Example: [Xo101][Xo101]

Recall:
e, = #{AX -puzzles}.

Example
Compute the coefficients in the product expansion

[Xo101][Xo101] = Z C0101 nw01[Xo] = Z #{Aoml o101-puzzles} - [X,]

To answer this, we will look for all puzzles that fill this boundary:

0

Which strings v can appear on the bottom edge? And how many puzzles exist
for each?



Example: [Xo101][Xo101]

RV AV S

Starting at the top, let’s try to fill in the boundary.




Example: [Xo101][Xo101]

RY AV sy




Example: [Xo101][Xo101]

R AV




Example: [Xo101][Xo101]

R AV




Example: [Xo101][Xo101]

nY AV e o

&

I Two ways forward |
AR




Example: [Xo101][Xo101]

RV AV

N o
AN v
o Ay




Example: [Xo101][Xo101]

.. We've found all two puzzles with 0101 and 0101 on the NW and NE edges:

v = 0110

This tells us our answer:

1, v =0110
Cowo1,0000 = § 1, v = 1001

0, otherwise

[Xo101][Xo101] = Z ot01,0101[Xe] = 1+ [Xo110] + 1 - [X1001]
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Z3 Symmetry

A 120° rotation of a puzzle is still a puzzle.

- </Gr(k,C")[X>\][XH][XV] = /Gr(k,cn)[xu][Xﬂ[X)\] :/ Cn)[Xﬂ][XA][Xﬁ]

r(k,

where A\ := X reversed.



Dual Grassmannian Symmetry

Take the mirror image of a puzzle and exchange the Os and 1s. It's again a
puzzle!

Let * be the operation of reversing a string and exchanging the Os and 1s.
Then this mirroring trick gives a bijection

AY ,-puzzles} ++ AV \+-puzzles
e u*,
= = C::,A*

Geometric version: The bijection Gr(k,C") — Gr(n — k, (C")*) defined by
V = V= sends [Xy] to [Xa=] and intersection points to intersection points, so

/ DOIXIX] = / DX 1 10X 1.
Gr(k,Cn) Gr(n—k,(C")*)



Dual Grassmannian Symmetry

Our earlier example shows this symmetry as well.

0 1 1 0 1 0 0

v = 0110 v = 1001

v v*
CNM = CM*)\*

*

0110 _ (o110 _ 1001
€0101,0101 = C(o101)*,(0101)* — €0101,0101



Commutativity

Commutativity of the cohomology classes implies commutativity of puzzles, i.e.
we can swap the side edge labels and get the same number of puzzles.

[XA[Xe] = [Xu]1XA]

- /Gr(kvc")[XA][XM][XV] /cr(k,cn)[x“][x*][xu]

v v
= O\u = Cu

= #{AX ,-puzzles} = #{A}, \-puzzles}

cgll(}llﬂonm = 6811113{)701011 = 1, but no visible relationship between the puzzles.
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Schubert Calculus with Parallelogram-Shaped Puzzles




Schubert Calculus with Parallelogram-Shaped Puzzles

Label the edges of a parallelogram (clockwise from NW) with strings A, a, p, 8
such that

sort(a) = sort(8) = 01 and sort()\) = sort(u) = 0°1%
We can trivially complete any puzzle with boundary /73 o, to a triangular

puzzle with boundary Asort YA sort(s) like so:

This gives a bijection
{L7x.a.u,p-puzzles} {Afo’jt(ﬁ Nasort( )—puzzles}

and thus a geometric interpretation of parallelograms.



Rotational Symmetry of Parallelograms

Rotate 180°

Another puzzle...obviously!



Rotational Symmetry of Parallelograms

180° rotation yields a bijection:

{Hk,a,w-puzzles} N {Ew,x,a-puzzles}

Trivial from puzzle standpoint, but what about the geometric meaning?



Rotational Symmetry of Parallelograms

rotate 180°

N B _ G
Csort(B)X,a sort(p) — Csort(a)u, B sort(\)

Original goal:
Understand this symmetry geometrically. This led to a stronger result.



Parallelogram Edge Swapping

Theorem (A.)
Swapping just two opposite edge labels, o and 3, we have:

H#{ L a,p,p-puzzles} = # {7 p,u,a-puzzles}

This also holds if we allow any one of the following additional pieces:

10/\10 10

0/ \1
Q (T-equivariant cohomology) % (K-theory) 1m0 (K-theory)*

Corollary
Can also swap A and p, i.e. # {7 x a,u,p-puzzles} = #{/7 qa,x s-puzzles}.



Puzzle-Based Proof

Here's a cartoon proof of the theorem that works for H* and K-theory
It relies on commutativity and rotational symmetry of (triangular) puzzles.

oh1h - -
commute é E U G commute

o/\t

Note: This doesn't work for equivariant puzzles because we can't rotate the equivariant piece 1\o.



Puzzle-Based Proof

It turns out the yellow region has < 1 filling. This shifts the counting problem
into just the smaller green triangles.

Theorem (A.)

For a fixed pair n, 0, the number of H* puzzles filling the yellow region is either
Oor 1. Itis1ifff] and 0 (as partitions) are complements in an £y X a
rectangle. In this case write 0 = n’, as it is unique to 1. Then we have

’
H# LT a,p,p-puzzlest = Z CZ’B . C;yu. *
NCey X a1

We can prove this directly, going piece by piece. But we can also obtain (*) as

(XaJiXsl @ DOIIXD) | D0 XM @ X

7Ca1 x4y

/Gr(al ,ao+a1) X Gr(€y,£0+£7)
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Equivariant Puzzles

0/ \1
If we allow the additional piece Q, then puzzles compute the structure
constants c , € Z[yi,...,ya] in the T-equivariant cohomology of the
Grassmannian, H7(Gr(k,C")) (which extends the ordinary cohomology).

0/ \1
To do this, we give each equivariant piece ! <> a weight wt(p) = y; — yi, where
(7,J) are coordinates for its position in the puzzle.

B Lon b

Ya—Y2 Ye— W Ys —Ya

The weight wt(P) of a puzzle P is the product of the weights of its pieces.
Theorem (Knutson-Tao)

Su= S wP)= 3 | [I wp)

PuzzlesyP: Puzz/esVP: equivariant
=8%\.u =BX\.u pieces p in P



Equivariant Puzzles

Equivariant puzzles have commutativity and dual symmetry, but not rotational
symmetry.

Example

Here is an example showing commutativity.
(The yellow equivariant pieces contribute weights y; — y;.)

VErsus

3

100 100
€010,100 = Y3 — 11 €100,010 = (}’2 - }’1) + (y3 - )’2) =¥Y3—Nn

Warning: The structure constant is the same, but the number of puzzles may
be different!



Equivariant Edge Swapping

As before, let a, 5, A, u be strings with

sort(a) = sort(8) = 01 and sort()\) = sort(u) = 01

Now, allowing equivariant pieces, consider the puzzle 0%1%,
to the left. What happens if we swap edges?

ook

Let a:=ap + a1 and £ := ¢y + ¢1, and define permutation matrices

4|0 | L]oO
¢a.:{0 /g:| and d)é'i{T‘T}’

where I,, J, € S, are the identity and anti-diagonal permutations respectively,
and similarly for lp, Jo € S;.

Theorem (A.)
In H7(Gr(k,C")), where n = ag + a1 + £o + ¢1 and k = a1 + {1, we have

BR _ ap _ BX
Csort(B)/\,a sort(p) — &, - Csort(a))\,ﬁ sort(p) by - Csort(ﬁ),u,a sort(\) "

In other words swapping « <+ [3 reverses the yi,...,y,, and swapping A <> u
reverses the yai1,..., Ya.



A glimpse of the geometric proof

Fe :=Fo C -+ C F, standard flag, F,:=F C--- C F, anti-standard flag,
C"=F, 3 F,.
We have a T-invariant closed immersion:

6 : Gr(ar, F>)xGr(f1, Fy) — Gr(k,C")
(Va,\/g) — V.oV,

P
sort(3) A, c sort( )

Cn)[Xsort(ﬂ)A][Xasort(u)][Xﬁﬁ ]

[Xsort(a))\]é* [(Xa N XB) X Xﬁ]
r(k,C")

Il
o o — o

6 Xeangan] (Xl IX7T® [X7])
r(a1,Fa) xGr(£1,Fp)

5 (92 Xeongan] (o Xallda - X7 @ [1e - XP])

Gr(ay,Fa) X Gr(£1,Fp)
| 5 o] (X61IX 7] @ [X7])
Gr(ay,F3)xGr(€1,Fp)

_ &
=0, Csort(a))\,B sort(p)

I
©
W



Equivariant Edge Swapping

Corollary

The number of equivariant parallelogram puzzles is invariant under edge
swapping of a <+ 8 or \ <> L.

#{L7,a,u,8-€quivariant puzzles} = # {/7x g,u,«-€quivariant puzzles}
and

# {7 a,u,3-€quivariant puzzles} = # {/7/, a,x,p-€quivariant puzzles}

(This is not automatic from the theorem. Requires a further simple proof.)

Remark
This bijection remains combinatorially mysterious!



Example

{L70011,011,1010,101-€quivariant puzzles} =

After swapping A and pu:

{{71010,011,0011,101-€quivariant puzzles} =
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Hexagons

We can generalize some of our questions and results by considering hexagonal
puzzles. (Note: A parallelogram is a degenerate hexagon.)




Edge swapping results on Hexagons

For two nice cases where the edge labels have symmetric content, namely
sort(a) = sort(d), sort(8) = sort(e), sort(y) = sort(¢)
sort(a) = sort(y) = sort(e), sort(8) = sort(d) = sort(¢)
we found that (at least in H* and K-theory) we can swap
a+d B e v ¢
asryere B0+

and get the same number of puzzles.




Further Questions

Are there interesting ways to extend these parallelogram/hexagon puzzle
symmetries to other cohomology theories? What is the interpretation, and
what could we learn?

A i
» K-theory: Puzzles with ‘& and puzzles with 10\ /o compute the structure
constants in the dual [Ox,] and [Zx,] bases for K(Gr(k,C")) respectively.
Here is a strange observation:

(Implies structure constant is the same in both [Ox, ] and [Zx, ] bases)

» What is a satisfying statement we can make about hexagons for
equivariant cohomology?

10/\10

» SMM (Segre-Schwartz-MacPherson): Puzzles containing both %‘ and

No compute the structure constants for the SSM classes of Schubert
varieties. Can we swap edges and what would it mean?



Thank you!
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