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An optically thin MEMS beam suspended above a substrate and illuminated with a CW laser forms an
interferometer, coupling out-of-plane deﬂection of the beam to absorption within it. In turn, laser
absorption creates thermal stresses which drive further deﬂection. This coupling of motion to thermal
stresses can cause limit cycle oscillations in which the beam vibrates in the absence of periodic external
forcing. Prior work has modeled such thermal–mechanical systems using ad-hoc coupled ordinary
differential equations, with ﬁnite element analysis (FEA) used to ﬁt model parameters. In this paper we
derive a ﬁrst principles model of such oscillations from the continuum description of the temperature
and displacement ﬁeld. A bifurcation analysis of the model is performed, allowing us to easily estimate
the threshold power for self-oscillation as a function of geometric and optical constants of the beam.
& 2013 Elsevier Ltd. All rights reserved.
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1. Introduction
Due to their high frequency, microelectromechanical system
(MEMS) resonators have been proposed for a number of different
sensing [1] and signal processing [2–4] applications in the past
decade. Typically, MEMs resonators are capacitively or piezoelectrically driven using a sinusoidal signal. Shifts in their resonant
frequency or phase relationship can be used to infer a measurement or perform a calculation. Such drive methods require an
external, highly stable frequency source and additional conductive
or piezoelectric material layers on the device. Optical excitation
methods can produce self-oscillation without the need for an
external periodic excitation, or additional device layers.
Previous work [5–7] has shown that an optically thin MEMS
device suspended over a substrate sets up a Fabry–Pérot interferometer which couples absorption and deﬂection. Illuminating
the device with a continuous wave (CW) unmodulated laser causes
optical–thermal–mechanical feedback. For low laser power, the
device will bend statically, but for high enough laser power it has
been observed experimentally [8] that such devices may undergo
a Hopf-bifurcation leading to self-oscillation. Similar phenomena
include thermal–mechanical feedback oscillations in satellites
subjected to solar radiation [9], and aero-elastic feedback oscillations (ﬂutter) in aircraft [10].
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For interferometric transduction of MEMS resonators to be a
viable means of producing periodic motion, ﬁrst its causes must
be understood, and then models developed that predict the minimum laser power needed for self-oscillation. Several researchers
have given explanations of the causes of self-oscillation. Churenkov
[6] examined beams with surface coatings and showed that differing
coefﬁcients of thermal expansion between the beam material and
surface coating could cause bending moments that drive oscillation.
Langdon and Dowe [5] assumed that energy was absorbed near the
top surface and that vertical thermal gradients caused bending
moments which drove self-oscillation. Both use energy methods to
derive formulae for the minimum laser power needed to sustain
oscillation. However, we have shown [11] that the mechanical–
thermal coupling in uncoated pre-buckled beams is due to asymmetry of the anchor support, and not the bi-metallic effect or vertical
thermal gradients. Sekaric et al. gives a semi-empirical formula for
the threshold power for self-oscillation in [12] based on measured
frequency shifts due to heating, though no model of the dynamics.
Gigan et al. have suggested that radiation pressure may drive selfoscillation in beams coated for high reﬂectivity [13–15]. In this work
we consider only photo-thermal forces.
Models of device dynamics have also been constructed. Variations of a coupled oscillator model are used to model device dynamics in [8,16–19]. Perturbation theory is used to estimate the
threshold power for self-oscillation in [8,16]. Such models provide
accurate predictions of the transition power to self-oscillation for
speciﬁc devices, but would require parametric FEA to study, e.g.
the impact of device geometry on the transition power.
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Motivated by the need to understand the contributors to low
power self-resonant devices at the level of device design, in this
paper we sacriﬁce accuracy for ease of use and present an (almost)
parameter free model of interferometrically driven self-resonant
MEMS. Initially straight, doubly supported beams are chosen due to
their simple geometry and wide-spread application. Perturbation
analysis is used to predict the threshold power for self-oscillation,
and predictions compared with the results of numerical continuation. Scalings of threshold power with device geometry and prestress are discussed.

2. Mathematical model
Our analysis models doubly supported MEMS beams illuminated
with a CW laser focused to a spot at their center. A beam theory
model which incorporates in-plane tension is used to model the
displacement ﬁeld of the beam. Device imperfections are an important source of thermal–mechanical coupling in doubly supported
beams [11] and are incorporated later in the model. The temperature
ﬁeld is also modeled as a one-dimensional continuum governed by a
ﬁrst order thermal equation. Finally, an optical model determines the
laser power absorbed as a function of the beam's center displacement. These two partial differential equations (PDEs) and one
algebraic equation describe the optical-thermal–mechanical feedback
in the device. A Galerkin projection is used to approximate the PDEs
as a set of coupled ordinary differential equations (ODEs), and an
imperfection term is added to account for asymmetry of the support.
Finally bifurcation analysis of the ODEs is used to estimate the
threshold laser power for self-oscillation.
To begin with, we use beam theory to model the mechanical
behavior of the beam. Our model is adapted from an equation for
the vibration of a beam including membrane stiffness. Only the
details are sketched here, and the reader is referred to the original
paper [20] for further details. Letting x be the position along the
beam, y(x) be the lateral deﬂection at point x, and including the
effects of membrane stress
M½y; U ¼ EIy⁗ þ Fy″ þ my€ þ ζ y_ ¼ 0;

ð1Þ

where m is the mass per unit length, ζ is the viscous damping
coefﬁcient, EI is the ﬂexural rigidity, F is the force of tension in the
beam, primes denote spatial derivatives, and overdots denote time
derivatives. In plane forces arise from residual tension, thermal
expansion, and deﬂection. Using linear thermo-elasticity and
writing the axial extension due to deﬂection to ﬁrst order, the
force of tension, F, is
F ¼ sA−

EA
L

Z

L
0

αe UðxÞdx þ

EA
2L

Z
0

L

ðy′ðxÞÞ2 dx;

ð2Þ

where s is the residual tensile stress, A is the cross-sectional area
of the beam, L is the length, αe is the coefﬁcient of thermal
expansion, and U(x) is the temperature above ambient. The sign
convention is that positive loads are tensile and negative loads are
compressive. The beam is clamped on both ends giving the
boundary conditions
yð0Þ ¼ yðLÞ ¼ 0;

y′ð0Þ ¼ y′ðLÞ ¼ 0:

ð3Þ

Fourier's law is used to model the temperature ﬁeld. Since
MEMS resonators are often used in low pressure environments to
reduce damping, convective heat loss can be ignored. Furthermore, radiative heat loss is negligible for the modest temperature
rises predicted. Finally, it has been shown that through thickness
thermal gradients are negligible [11]. Thus we model the temperature in the beam using a simple 1D thermal model. Letting

11

_
qðxÞ
be the heat generated per unit volume, and assuming that the
temperature above ambient is zero at the ends, we get
H½y; U ¼ U_ −αc U″−

1
_
qðxÞ
¼ 0;
ρc

Uð0Þ ¼ UðLÞ ¼ 0:

ð4Þ

where αc is the thermal diffusivity, ρ is the mass density, and c is
the speciﬁc heat capacity. Note that our thermal boundary conditions (4) assume that the substrate acts as an inﬁnite heat sink.
_
The heating qðxÞ
depends on the total laser power P, spatial
power distribution, and on the fraction, f(x), of power absorbed at
a given distance along the beam. Due to the Fabry–Pérot interferometer between the beam and substrate, f(x) depends on x
through the displacement ﬁeld y(x). Using the optical properties of
the ﬁlms involved, and their thicknesses, f ðyðxÞÞ can be solved for
numerically [21]. However the bifurcation to limit cycle oscillations depends on this function only in the neighborhood of the
ﬁxed point, and so we use a Taylor series approximation about
zero-deﬂection.1 Assuming that the laser power is focused to a
spot at the beam's centerline we get


P
L
_
qðxÞ
¼ ½αo þ γyðxÞδ x−
;
ð5Þ
A
2
where P is the total laser power, αo is the zero-deﬂection absorption, γ is the contrast of the Fabry–Pérot interferometer, and the
delta-function, δ, is our spatial power distribution.
Finally, our equations are projected onto a set of test functions
using the Galerkin method, and a set of coupled, non-linear ODEs
obtained. For our test functions we select a time-dependent
weight function multiplied by a space dependent shape function



πx
2πx
~ tÞ ¼ aðtÞ 1− cos
yðx;
; U~ ðx; tÞ ¼ bðtÞ sin
:
ð6Þ
L
L
Note that our test functions satisfy the boundary conditions
(3) and (4) regardless of the time dependent weight functions.
Requiring that our error in approximation be orthogonal to the test
functions gives 2 ODEs governing the weight functions
Z L
~ tÞM½yðx;
~ tÞ; U~ ðx; tÞdx ¼ 0-a€ þ c0 a_ þ c1 a þ c2 a3 ¼ c3 ab; ð7Þ
yðx;
0

Z
0

L

2P
~ tÞ; U~ ðx; tÞdx ¼ 0-b_ ¼ −c4 b þ
½αo þ 2γa;
U~ ðx; tÞH½yðx;
mcL

ð8Þ

with the constants ci deﬁned as follows:
c0 ¼
c1 ¼
c2 ¼
c3 ¼

ζ
m
 2
4π sA

þ

16π 4 EI



3 mL2
3 mL4
 4 
4π AE
3 mL4


8παe AE

3 mL2
 2 
π αc
:
c4 ¼
L2
Our thermal Eq. (8) is a simple ﬁrst order thermal equation
coupled to the mechanical Eq. (7) through the 2P=mcL½αo þ 2γa
term. The mechanical equation is in the form of a damped Dufﬁng
oscillator coupled to the thermal equation through the c3ab term.
If we neglect the damping and non-linear terms in (7) then our
linearized mechanical equation demonstrates the correct frequency relationship inherent in Euler buckling and correctly
1
This approximation eliminates the periodicity of the interference ﬁeld and
suppresses some phenomenon in the post-Hopf dynamics such as spectral distortion [7,22], limiting amplitude [23], and multi-mode oscillations [23,22]. To ﬁrst
order, it has no impacted on the predicted value of PHopf.
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predicts the buckling load [24]. For a ﬁxed level of pre-stress,
thermal buckling
is also possible in the model due to laser heating.

Note that aeq ¼ 0; beq ¼ 2Pαo =mcc4 L is always an equilibrium
solution to Eqs. (7) and (8) which thus exhibit perfect buckling.
As has been noted in [11], this means that until buckling is reached
aeq will be independent of P, i.e. displacement will be independent
of heating. However, in the physical system, asymmetry of the
support, initial shape imperfections, or fabrication defects break
the symmetry and lead to imperfection buckling where there is a
small non-zero deﬂection before the buckling load. The most
common technique for dealing with these asymmetries analytically is to lump all contributors to asymmetry together into a net
imperfection modeled as small amplitude pre-deformation of the
beam in it's ﬁrst buckling mode. The beam's amplitude of imperfection is typically unknown in advance, and would become a
ﬁtting parameter in the system [25]. As such, rather than incorporating the effect of imperfections at the stage of PDEs, we
choose to do so at the stage of ODEs, by adding a direct thermal–
mechanical coupling term, c5b, to the mechanical equation which
breaks the symmetry and gives aeq a non-zero value pre-buckling.
This term can be directly related to the measurable change in
deﬂection per unit temperature rise [11].
Including this imperfection term, and re-writing (7) and (8) in
_
ﬁrst order form with the change of variables a-z; a-v;
b-T we
get our model equations:
3
2 3 2
v
z_
6 _ 7 6 −c v−c z−c z3 þ c zT þ c5 T 7
1
2
3
ð9Þ
5;
4v 5¼4 0
2P
ðαo þ 2γzÞ
−c4 T þ mcL
T_
where T is the centerline beam temperature above ambient, z is
the centerline beam displacement, and v is the velocity of the
centerline.

3. Bifurcation analysis
Since the transition to self-oscillation has been shown to
happen in a Hopf bifurcation [8], we analyze our Eqs. (9) for the
laser power, PHopf, which causes this bifurcation. We calculate the
steady state deﬂection and temperature as a function of laser
power, P, linearize the system about this equilibrium solution, and
then check for a pair of pure imaginary eigenvalues in the
linearized system.
Plugging in the equilibrium condition z_ ¼ v_ ¼ T_ ¼ 0 we get an
algebraic equation for the location ½zeq ; veq ; T eq  of the equilibrium
point. One equation is trivially veq ¼ 0. While unwieldy closed form
solutions exist for the other two, we sacriﬁce accuracy for manageability by estimating the equilibrium solution using a perturbation
series.
In the pre-buckling regime, the deﬂection is dominated by the
imperfection level. We let P ¼ ϵP, zeq ¼ z0 þ ϵz1 þ ϵ2 z2 þ ⋯ and
collect powers in ϵ to get to lowest order
2αo c5
P
c1 c4 mcL
2P
αo þ 2γzpre
T pre
eq ;
eq ðPÞ ¼
c4 mcL

zpre
eq ðPÞ ¼

ð10Þ

In the post-buckling regime, deﬂection is governed by the
linear and non-linear stiffness, and the imperfection level is
irrelevant. We let c5 ¼ ϵc5 ; zeq ¼ z0 þ ϵz1 þ ϵ2 z2 þ ⋯ to get
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4c23 P 2 γ 2 −c1 c2 c2 m2 L2 c24 þ 2αo c2 c3 c4 mcLP þ 2c3 γP
zpost
eq ðPÞ ¼
c2 c4 mcL
i
2P h
post
post
ð11Þ
αo þ 2γzeq ;
T eq ðPÞ ¼
c4 mcL

Evaluating the Jacobian at the estimated equilibrium point, we
get the following characteristic equation for the eigenvalues:
λ3 þ k2 λ2 þ k1 λ þ k0 ¼ 0;

ð12Þ

where ki depend on P through zeq(P) and Teq(P). Letting λ ¼ 7 iω
and equating the real and imaginary parts yields the following
equation on PHopf:
k0 ðP Hopf Þ ¼ k1 ðP Hopf Þ  k2 ðP Hopf Þ; k0 ðP Hopf Þ 4 0:

ð13Þ

In the pre-buckled regime we use (10) for the equilibrium
solution ½zeq ðPÞ; 0; T eq ðPÞ. This gives a quadratic on PHopf in terms of
the model parameters. In order to determine which root is
extraneous, we note that as c5 -0, heating and displacement are
uncoupled in this regime and P Hopf -∞. Thus we keep the root
which comes in from inﬁnity, and is positive
pre

k0 ðPÞ ¼ −

pre

k1 ðPÞ ¼ −

4c5 γP 16αo c3 c5 γP 2 2αo c3 P 12c2 α2o c25 P 2
−
þ
−
þ c1 c4
mcL
mcL
c1 c4 m2 c2 L2
c4 c21 m2 c2 L2
8αo c3 c5 γP 2
c1 c24

m2 c2 L2

−

2αo c3 P 12c2 c25 α2o P 2
þ
þ c 0 c4 þ c1
c4 mcL c2 c2 m2 c2 L2
1 4

pre

k2 ðPÞ ¼ c4 þ c0

ð14Þ

ð15Þ
ð16Þ

In the post-buckled regime we use (11) for the equilibrium
solution and get an implicit equation for PHopf:
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4c3 γP 4c23 γ 2 P 2 −c1 c2 c24 m2 c2 L2 þ 2αo c2 c3 c4 mcLP
post
k0 ðPÞ ¼
c2 c4 mcL2

post

k1

ðPÞ ¼

8c23 γ 2 P 2

αo c3 −c5 γ
−2c1 c4
þ 4P
mcL
c 2 c 4 m2 c 2 L 2
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
8c3 γP 4c23 γ 2 P 2 −c1 c2 c24 m2 c2 L2 þ 2αo c2 c3 c4 mcLP
þ

c2 c24 m2 c2 L2
16c23 γ 2 P 2
þ
c2 c24 m2 c2 L2

þ

4αo c3 P
post
þ c0 c4 −2c1 k2 ðPÞ ¼ c4 þ c0
c4 mcL
ð17Þ

Eqs. (13–15) form an implicit equation for PHopf. In (5) these
formula will be numerically evaluated using a root-ﬁnding method
and the results compared with continuation results for physically
relevant parameters.

4. Parameter ﬁtting
While our ﬁrst-principals derivation of the governing equations
skirts the need for time consuming FEA to ﬁt model parameters,
there are still two parameters which require analysis: the damping
constant, c0, and the thermal–mechanical coupling constant, c5.
In this section we present those analyses and give the values for
the material and geometric properties used in calculating the
other parameters.
There are many sources of damping in MEMS, including viscous
or squeeze-ﬁlm damping, thermo-elastic damping, and clamping
losses [26]. Rather than relating the damping term c0 to these
environment factors, we relate it to the measurable quality factor
Q of the mechanical resonator. Driven at low laser power, the
intrinsic quality factor Q can be measured. In this situation, our
Eqs. (9) reduce to z€ þ c0 z_ þ c1 z þ c2 z3 ¼ 0. In the pre-buckled
regime ðc1 4 0Þ the only equilibrium is zeq ¼ 0 and linearized
pﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃ
frequency is simply c1 . We get damping term c0 ¼ c1 =Q by
comparison of the linearized equation to the simple harmonic
ω2oﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z ¼ 0. ﬃ In the post-buckled regime
oscillator, z€ þ ωo =Q ðz_ Þ þ p
ðc
o
0Þ,
we
have
z
¼
eq
1
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ −c1 =c2 and linearized frequency of
−2c1 giving c0 ¼ −2c1 =Q . Note that our calculation of the
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Parameter
E
m
αe
αo
Q
c
s
I
A
αc
γ
c5 =c1 L
L
P

Value
130 (GPa)
1.22  10−9 ðkg=mÞ
2.5  10−6 ð1=KÞ
0.043
10,000
712 ðJ=kgKÞ
Continuation parameter (Pa)
1.69  10−27 (m4)
5.03  10−13 ðm2 Þ
9.87  10−5 ðm2 =sÞ
−9  104 ð1=mÞ
5  10−7 ð1=KÞ
Continuation parameter (m)
Continuation parameter (W)

5. Numerical results
The continuation tool AUTO 2000 [28] is used to examine the
nature of solutions to (9). This software package is commonly used
in bifurcation analysis of differential equations and algebraic
systems. Using AUTO, we can calculate PHopf as a function of the
beam's length and pre-stress level in order to verify the analytic
estimate of P Hopf ðL; sÞ found using perturbation theory.
We treat L; s; and P as our continuation parameters, and start
with L ¼ 10 μm, s ¼ 0, P¼0 which has known equilibrium value
½xeq ¼ 0; veq ¼ 0; T eq ¼ 0. We then continue this equilibrium solution
in P, monitoring the eigenvalues of the Jacobian of the linearized
system for Hopf bifurcations. Once we reach P Hopf ð10; 0Þ, we switch
parameters, and continuing the Hopf point in L and s. In this way
we can trace out the surface P Hopf ðL; sÞ. Due to the singular nature of
the buckling point, we cannot continue solutions across it. In order
to trace out the post-buckled surface, we calculate an equilibrium
solution in the buckled regime (s ¼ 2sB ) using a root-ﬁnding

102

10µm
50µm
100µm

PHopf [mW]

100

10−2

10−4

0

0.5

1

1.5

2

Buckling Parameter (p)
Fig. 1. Threshold power for self-oscillation, PHopf, calculated using continuation
theory, and plotted as a function of buckling parameter p for ﬁxed length. Note that
p ¼ 1 is the buckling load.
0.08
zEQ [µm]

pre- and post-buckled frequency agrees quite well with those
given in [27].
As previously mentioned, our thermal–mechanical coupling
constant, c5, can be related to the change in displacement per
unit temperature rise. Doing a perturbation series approximation
in T to our mechanical equation about the z ¼0 equilibrium we get
the following relationship for the equilibrium solution
zeq ¼ c=5 c1 ðT eq Þ þ OðT 2 Þ. To ﬁt c5 one could heat the sample,
measure the displacement and take the ratio, scaled by c1. FEM
data on the imperfection level of a 15 μm beam is presented in
[11], and experimental data for beams of length 30–140 μm in [25].
The imperfection amplitude is assumed to scale as the length of
the beam [25], thus c5 =c1 L is a constant. Using the data in [11] we
get a change in displacement per unit temperature rise per unit
length of c5 =c1 L ¼ 5  10−7 1=K, in close agreement with c5 =c1 L ¼
1  10−6 1=K from [25].
Material and geometric parameters used in subsequent numerical results are given below. Optical parameters ðαo ; γÞ are ﬁt using
a physics based model of reﬂection, transmission and absorption
in thin ﬁlms given in [21]. Note that the equilibrium value shifts
with pre-stress or heating, particular for buckled beams. For
buckled beams, if the buckling amplitude is a signiﬁcant fraction
of the period of the interference ﬁeld, one would need to include
the buckling amplitude when calculating the absorption function.
The shift in equilibrium due to heating, or pre-stress in the nonbuckled regime is negligible.
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Actual
Approximation

0.06
0.04
0.02
0

0

0.5

1

1.5

2

P / PB

Fig. 2. AUTO calculated and approximate equilibrium solutions as a function of
laser power P. Data is for a 50 μm beam with no initial pre-stress. Note that our
approximations (10, 11) lose accuracy near the thermal buckling load where the
slope of the load curve is most nearly vertical.

routine, and repeat the process of ﬁnding P Hopf ð10; 2sB Þ and continuing it in L and s in that region. The stress required to produce
buckling depends on beam length. In order to compare results for
beams of different lengths, we scale the residual stress by the
buckling stress, plotting the buckling parameter p ¼ s=sB as our
non-dimensional measure of stress (see Fig. 1).
Note that PHopf decreases with length for a ﬁxed buckling
parameter. For ﬁxed length, PHopf is lowest at buckling, where it
appears to go to zero. We believe this is because of the strength of
coupling between heating and displacement in this region. As the
level of pre-stress approaches the buckling load, the slope of the
load curve becomes almost vertical at the (imperfect) buckling
point (see Fig. 2). As a result, heating is most strongly coupled to
displacement near buckling, giving strong feedback. In the post
buckled region, the slope of the load curve tapers off, leading to a
decrease in coupling and increase in PHopf.
We ﬁnd the main drivers of self-oscillation to be the strength of
coupling of absorption to displacement and of thermal stress to
displacement. The former is described by the absorption contrast,
requiring accurate knowledge of ﬁlm thickness and optical properties. As mentioned previously, the latter is dominated by stress level
in the post-buckled beams, and imperfection level in the pre-buckled
beams. While stress in thin-ﬁlms is relatively easy to predict and
characterize, imperfection levels are generally unknown in advance,
making predictions of PHopf more challenging for pre-buckled beams.
In order to verify our perturbation results, we compare the
estimates of (14, 15) to the results of numerical continuation (see
Fig. 3). Note that our approximations of PHopf lose accuracy near
the buckling load and are worse in the pre-buckled regime where
our equilibrium value approximations are worse. Higher order
approximations of the equilibrium point give more accurate
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parameter estimation analyses. Quantitative accuracy is sacriﬁced
for the sake of implicit equations for the threshold power for selfoscillation from which conclusions can be drawn about the
qualitative device features leading to low power self-oscillation.
Predicted values of PHopf are compared with the results of numerical continuation, and a parametric study is performed, varying
device length and level of pre-stress. Results support the prediction in [11] that barely post-buckled beams should have the lowest
threshold power for self-oscillation. More speciﬁcally, results show
that the value of PHopf is dominated by the slope of the load curve.
In the post-buckled region, this slope is determined by the
buckling parameter, whereas in the pre-buckled region, it is
determined by the level of imperfection—a parameter which is
difﬁcult to control experimentally.

100
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50µm

10−1

100µm

Hopf

10−2
10−3
10−4
10−5
10−6
10−7

0

0.5

1

1.5

2

Fig. 3. Relative error in perturbation approximation of PHopf as compared with
actual result found using numerical continuation.
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Fig. 4. Relative ﬁgure of merit for self-resonant MEMS. Results are scaled to unity
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results, but yield unwieldy formulas for PHopf. While the threshold
power for self-oscillation is predicted to decrease drastically near
buckling, the frequency also goes to zero. In practical applications,
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6. Conclusion
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