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ABSTRACT
Nanoscale resonators whose motion is measured through

laser interferometry are known to exhibit stable limit cycle mo-
tion. Motion of the resonator through the interference field mod-
ulates the amount of light absorbed by the resonator and hence
the temperature field within it. The resulting coupling of motion
and thermal stresses can lead to self oscillation, i.e. a limit cy-
cle. In this work the coexistence of multiple stable limit cycles is
demonstrated in an analytic model. Numerical continuation and
direct numerical integration are used to study the structure of the
solutions to the model. The effect of damping is discussed as well
as the properties that would be necessary for physical devices to
exhibit this behavior.

INTRODUCTION
Due to their high frequencies and ease of integration with

traditional electronics, MEMS resonators have found a variety of
uses in the past decade from electrical filters [1] to mass detec-
tion sensors [2] and reference oscillators [3]. Many of these ap-
plications make use of the oscillator’s sharply peaked resonance
curve. In these applications, self-resonant systems or limit cycle
oscillators have the added benefit of not requiring a separate on-
chip modulated drive to achieve periodic motion. Langdon and
Dowe [4] first demonstrated optically driven self oscillation in a
MEMS device. They showed that an optically thin MEMS de-

∗Address all correspondence to this author.

vice suspended over a reflective substrate sets up a Fabry-Pérot
interferometer which couples absorption of light to displacement
of the device. Thus, illuminating MEMS beams with an con-
tinuous wave (CW) unmodulated laser causes optical-thermal-
mechanical feedback. When the laser intensity is low, the beam
bends statically, but for high enough laser power the beam begins
to self-oscillate. Later work examined the necessary conditions
for self oscillation [5–7]. See [8] for an overview of limit cycles
in optically driven MEMS.

Our research analyzes the mechanisms of self oscillation in
these devices, and focuses on the resultant dynamics. Previous
work [8, 9] on modeling the dynamics of limit cycle oscillations
in optically driven MEMS resonators has assumed small dis-
placement and expanded the function describing the interference
field in a power series, losing the periodicity in the process. In
this work, we treat the case where displacement is not small and
show that a periodic interference field suggests the coexistence
of multiple stable limit cycles. To our knowledge, multiplesta-
ble limit cycles have not been predicted or seen experimentally
in previous work on MEMS. Devices exhibiting multiple stable
limit cycles would allow for tuning between distinct frequency
bands, and within them in applications such as GPS receivers.
On the other hand, extraneous stable motions could be problem-
atic if a device designed to operate in one limit cycle was found
to operate in a different limit cycle with a different frequency and
amplitude.

In the following section, the resonators are described, the
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equations of motion used to model them derived, and model pa-
rameters identified. In subsequent sections continuation and di-
rect integration results are presented and discussed. Since we do
not assume small displacement, approximate analytic methods
(Lindstedt’s method, harmonic balance) give poor predictions,
thus no analytic results are presented. Lastly conclusions are
drawn about the properties of the corresponding physical devices
in which multiple stable limit cycles would be possible.

INTERFEROMETRIC TRANSDUCTION

In self-resonant MEMS, laser interference transduction
drives the resonator and provides a way to measure the motion.
A typical experimental setup is show in Figure 1. Devices are
fabricated from a thin film stack to create an optically thin res-
onator suspended over a thick substrate. A CW laser is focused
on the resonator, mounted in vacuum to reduce viscous damp-
ing. The resonator-gap-substrate system sets up a Fabry-Pérot
interferometer whose absorbed signal depends on the device gap.
As the resonator moves through interference field, it modulates
the reflected signal which is measured in an AC-coupled pho-
todiode. This general setup has been used to excite and study
oscillations in cantilevers, clamped-clamped beams, disks, and
domes [8,10,11].
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FIGURE 1. CROSS-SECTIONAL VIEW OF AN INTERFER-
OMETRICALLY TRANSDUCED CLAMPED-CLAMPED MEMS
BEAM. INSET IS A PLOT OF THE LASER ENERGY ABSORBED
AS A FUNCTION OF THE CENTERLINE DISPLACEMENT (x)
MEASURED WITH RESPECT TO THE UNDEFLECTED CONFIG-
URATION. AS THE BEAM DEFLECTS, IT CHANGES THE GAP TO
SUBSTRATE AND MODULATES THE ABSORPTION. THUS THE
INTERFEROMETER COUPLES HEATING TO DISPLACEMENT.
THE ABSORPTION IS PERIODIC INλ

2 .

THEORETICAL MODEL

The equations that follow are applicable to any
interferometrically-driven MEMS device with a tempera-
ture dependent stiffness and direct thermal-mechanical coupling,
but here a clamped-clamped beam is modeled to illustrate
the phenomenon. A similar model has been used to describe
the motion of optically excited disks, dome oscillators, and
beams [8, 10, 12, 13]. See [10] for a more detailed discussion.
Although the devices have spatially varying fields, first-mode
vibration is assumed, and the centerline displacement (x) as
depicted in Figure 1 is modeled as a one degree-of-freedom
oscillator. A quasi-static temperature field is assumed, and the
average temperature in the device (T) modeled using a lumped
thermal model. No external forcing is applied to the system.

Though membrane stress is neglected in linear beam the-
ory, it is an important non-linearity for high curvature deforma-
tions in structures. For pre-buckled beams subject to out of plane
loads, the slope of a force vs. displacement curve increases with
displacement due to membrane stresses, a phenomenon called
”hardening.” Membrane stress has been shown to come into an
oscillator model of first mode vibration as a cubic stiffness (β̃x3)
which is hardening (̃β > 0) for pre-buckled beams [14] and soft-
ening (β̃ < 0) for post-buckled beams [15]. As a result, a cubic
stiffness term is included to incorporate the affect of membrane
stiffness.

The temperature above ambient in the beam (T) leads to an
increase in compressive stress at the support needed to counter-
act thermal strain. It is known that the first mode frequency of
a clamped-clamped beam decreases monotonically as the com-
pression is increased until it reaches zero frequency at the buck-
ling load [16]. Thus the stiffness of the beam to out of plane
displacements is a decreasing function of temperature. In or-
der to account for the dependence of frequency on temperature
the linear spring stiffness is modeled as a decreasing function of
temperature:k = k0(1− c̃1T), where the spring stiffness tem-
perature coefficient ( ˜c1) determines how strongly the frequency
depends on temperature. This recovers the theoretical resonant
frequency exactly for pre-buckled beams [16] and approximately
for post-buckled beams [17].

Finally, it has been observed that heating of cantilever beams
causes static deflection due to stress gradients at the anchor
points [18]. FEM modeling indicates that the same is true for
clamped-clamped beams [19]. To incorporate this direct change
in displacement due to temperature a term proportional to the
temperature ( ˜c2T) is included in the mechanical model which
shifts the equilibrium solution as the temperature increases. The
thermo-mechanical coupling coefficient ( ˜c2) is the deflection for
a unit temperature change. Including a damping term, along with
the terms previously described, and non-dimensionalizing, gives
the following mechanical model
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z̈+
ż
Q

+(1−c1T)z+ βz3 = c2T, (1)

where z is the centerline displacement scaled by the laser wave-
length (z = x

λ ), time is rescaled by the linear resonant fre-
quency (τ = tω0), overdots denote derivatives with respect to
non-dimensional timeτ, and the parameters̃β , c̃1, c̃2 have been
transformed to the dimensionally appropriateβ ,c1,c2.

The resonator is assumed to heat up due to laser absorption
and cool down due to Newton’s law of cooling, giving the fol-
lowing equation governing the average temperature in the beam
(T)

Ṫ = −BT+HPabsorbed(z), (2)

whereB is the cooling rate due to conduction,H is the inverse of
the lumped thermal mass, andPabsorbed(z) is the energy absorbed
due to interferometric heating. Once again, overdots represent
derivatives with respect to non-dimensional timeτ. Note that the
functionPabsorbed(z) depends on the properties of the interferom-
eter for a given deflection (z) and is proportional to the applied
laser power.Pabsorbed(z) can be described numerically using an
optical model presented in [20]. The resulting function is peri-
odic with periodλ

2 in x (or 1
2 in z) and is approximated by

Pabsorbed(z) = P
[

α + γ sin2(2π(z−zo)
)]

(3)

with fitting parametersα,γ, andzo. Equations (1, 2, 3) form a
system of 2 coupled ordinary differential equations and one al-
gebraic equation to model the first mode of vibration of a MEMS
resonator. In the next section, the parameter estimation process
is described and parameters are established for a 201nm thick,
10µm long clamped-clamped silicon beam with 400nm gap to
substrate, subjected to 50MPa of pre-compression.

PARAMETER ESTIMATION
Estimation of the physical, thermal, and optical parameters

are done using a number of different analyzes. The optical pa-
rametersα,γ, andzo are least squares fit to the numerical results
from the model presented in [20]. Given the complex index of
refraction of the materials as well as the resonator thickness and
gap to substrate, the code given in [20] solves Maxwell’s equa-
tions to determine the percentage of laser energy absorbed in and
reflected from the resonator. The gap to substrate is varied to ac-
count for deflection of the device, giving a result seen in Figure

1. For the 201nm thick silicon device with 400nm un-deflected
gap to substrate, we estimateα ≃ 0.035,γ ≃ 0.011,zo ≃ 0.18.

The mechanical parameters are fit as follows: first the de-
vices under test are driven at low amplitude in vacuum and their
resonance curve is measured. The quality factor (Q) is deter-
mined by fitting the resonance curve to a Lorentzian, and is es-
timated to beQ = 13,800. Given the low damping, the nat-
ural frequency (ω0) is taken to be equal to the resonant fre-
quency (wr = 9.96MHz) which is used to non-dimensionalize
the equations. The spring stiffness temperature coefficient (c1 =
0.00475K−1) is determined by taking a Taylor series expansion
of the frequency-compression relation given in [16], using linear
thermoelasticity to convert between temperature above ambient
and compression. The cubic stiffness (β = 4.65) is estimated
using an FEM analysis in which a normal load of 0−10µN is
applied at the center of a clamped-clamped beam. The load-
displacement curve is least squares fit toF = kz+ βz3 using the
appropriate non-dimensionalization.

The thermal parameters are also fit using an FEM analysis.
The beam and a large volume of the surrounding substrate are
modeled in 3D. The temperature is assumed to be zero at the
outer boundary and a Heaviside unit flux is applied at the center
of the beam. The inverse lumped thermal mass (H) is related to
the slope of the temperature at timet = 0 (Ṫ|t=0 = H) and the
cooling rate due to conduction (B) is related to the steady state

average temperature (lim
t→∞

T(t) =
H
B

).

To determinec2, equivalent thermal stresses are calculated
from the steady state temperature field and applied to the me-
chanical model. The normalized centerline deflection for unit
temperature rise is the thermal coupling coefficient (c2). See Ta-
ble 1 for a full list of material properties and parameters esti-
mated.

CONTINUATION RESULTS
The continuation tool AUTO 2000 [21,22], is used to exam-

ine the structure of solutions to equations (1,2,3). This software
package is commonly used in the bifurcation analysis of differ-
ential equations and algebraic systems. Using AUTO 2000 we
track the change in the equilibrium and periodic solutions as the
laser power is varied.

We begin withP = 0 which has known equilibrium solu-
tion (z = 0, ż = 0,T = 0). This equilibrium solution is contin-
ued inP, monitoring the eigenvalues of the Jacobian of the lin-
earized system for Hopf-bifurcations. For low laser power, there
is a unique stable equilibrium solution with small centerline dis-
placement. As the laser power is increased toP ≃ 18mW, this
equilibrium solution loses stability in a Hopf bifurcation leading
to self-oscillation. As the power is increased further, the equilib-
rium solution branch begins to lift up fromzeq = 0 and a second
branch of equilibrium solutions is born atP≃ 168mW in a fold
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Material Properties Si (SiO2) [units] Model Parameters

Density,ρ 2420 (2200) [kg
m3 ] Q 13,800

Poisson Ratio,ν 0.279 (0.17) c1 4.75×10−3 [K−1]

Young’s Modulus,E 130 (70) [GPa]c2 1.37×10−5 [K−1]

CTE,αT 2.5 (0.5) [ppm
K ] β 4.65

Thermal Conductivity,k 170 (1.38) [ W
m∗K ] H 4410[ K

W ]

Specific Heat Capacity,c 712 (1120) [ J
kg∗K ] B 0.152

Index of Refraction ( ˜n): γ 0.011

Re(ñ) 3.882 (N/A) α 0.035

Im(ñ) −0.019 (N/A) z0 0.18

TABLE 1. MATERIAL PROPERTIES USED IN PARAMETER ES-
TIMATION, AND ESTIMATED PARAMETERS USED IN SUB-
SEQUENT CONTINUATION AND INTEGRATION OF MODEL
EQUATIONS, FOR 201nmTHICK, 10µm LONG BEAMS.

of equilibrium points. An equilibrium point along this branch
is computed numerically using a root finding method and then
is used as a starting point for continuation of the branch. See
Figure 2 for a plot of the equilibrium branches along with Hopf-
bifurcation points at which limit cycles are born. This behavior
in the position and number of equilibria is caused by asymmetric
buckling in the model. Hopf bifurcations along the branches of
equilibria alter the usual buckling stability result - that the un-
buckled state is unstable and the buckled states stable.
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FIGURE 2. AUTO GENERATED BIFURCATION DIAGRAM OF
THE SYSTEM, SHOWING LOCATION AND STABILITY OF EQUI-
LIBRIUM SOLUTIONS AS A FUNCTION OF LASER POWER (P).
LIMIT CYCLE BRANCHES EMERGING FROM HOPF BIFURCA-
TIONS (H) ARE SHOWN IN FIGURE 9.

Next, we turn our attention to the limit cycle oscillations
born in Hopf bifurcations. The continuation is restarted at each

Hopf bifurcation and the emerging limit cycle is followed, allow-
ing the powerP and frequency of oscillationω to vary. Follow-
ing the limit cycle branch born in the first Hopf bifurcation, we
see a series of folds of limit cycles in which stable and unstable
limit cycles coalesce or divide (see Figure 3), in addition to re-
gions of period doubling which are discussed later. Note that for
a given laser power, the amplitudes of stable limit cycles differ
by roughly the period of the interferometer,λ

2 ∼ 316nm. Thus
the multiplicity of stable limit cycles is due to periodicity in the
interference field, and each higher amplitude stable limit cycle
shows motion between similar points in the phase of the interfer-
ence field, but includes more or less periods. For example, if the
lowest amplitude limit cycle shows motion between one peak of
absorption in the interference field and the first subsequent peak
in the interference field, then the second lowest amplitude limit
cycle shows motion between one peak of the absorption in the
interference field, and the second subsequent peak (see Figure
1). See Figure 4 for a phase portrait of the equilibrium solution
and limit cycles forP= 135mWwhen a stable and unstable limit
cycle have just been born in a fold of limit cycles.
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FIGURE 4. PLOT OF THE EQUILIBRIUM AND PERIODIC SO-
LUTIONS FOR P = 135mW. NOTE THAT LARGE AMPLITUDE
STABLE AND UNSTABLE MOTIONS HAVE JUST BEEN BORN IN
A FOLD OF LIMIT CYCLES. SEE FIGURE 3 FOR THE ACCOMPA-
NYING BIFURCATION DIAGRAM.

The period of oscillation along the first Hopf branch is de-
picted in Figure 5. Note that the limit cycle initially has non-
dimensional period of∼ 2π . As the laser power is increased two
competing factors influence the period of oscillation. The tem-
perature dependence of the linear stiffness causes the period to
increase with temperature and so the period increases with laser
power for a given stable limit cycle. At the same time, the cubic
stiffness due to membrane stresses causes the period to decrease
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FIGURE 3. AUTO GENERATED BIFURCATION DIAGRAM (a) SHOWING THE TWO BRANCHES OF EQUILIBRIUM SOLUTIONS AS
WELL AS THE BRANCH OF LIMIT CYCLES BORN IN THE FIRST HOPF BIFURCATION. INCLUDED IS A ZOOM VIEW (b) OF THE BI-
FURCATION DIAGRAM FOR LOW LASER POWER. IN ORDER TO DISPLAY THE EQUILIBRIUM SOLUTIONS AND PERIODIC MOTIONS
ON THE SAME PLOT, WE USE THE MAXIMUM z-VALUE ATTAINED IN ONE CYCLE (zmax) AS THE DEPENDENT VARIABLE WHEN
PLOTTING LIMIT CYCLES. THIS MEASURE INCLUDES THE AMPLITUDE OF OSCILLATION PLUS A SMALL MEAN VALUE ROUGHLY
EQUAL TO THE z-VALUE OF THE EQUILIBRIUM SOLUTION FROM WHICH THE MOTION WAS BORN. THE INTERSECTION OF A VER-
TICAL LINE WITH EQUILIBRIUM OR LIMIT CYCLE BRANCHES INDICATES THE SOLUTIONS POSSIBLE AT A GIVEN LASER POWER.
SEE FIGURE 4 FOR A PHASE PORTRAIT OF THE LIMIT CYCLES AND EQUILIBRIUM SOLUTIONS FORP = 135mW.

with increasing amplitude of oscillation. Thus at a fixed laser
power, high amplitude limit cycles have lower periods.

It is numerically observed that as damping is increased, high
amplitude limit cycles become unattainable at low laser power.
Thus increased damping flattens out these curves in the first Hopf
branch, reducing the number of stable limit cycles accessible at a
given laser power (see Figure 6). For sufficiently high damping,
the Hopf bifurcation becomes supercritical and a unique stable
limit cycle exists in this branch forP > PHop f.

Although the results presented here are for 10µm beams
subject to 50MPa of pre-compression, we have estimated param-
eters for beams of length 7,10,15 & 20µmwith varying amounts
of pre-compression. Continuation of the model equations using
these parameters shows that multiplicity of stable limit cycles in
the first Hopf branch is arobust feature of the modelfor lightly
damped pre-buckled beams, and occurs at laser powers which are
realizable in experimental setups. In the following section, we
describe the rest of the bifurcation structure for 10µm beams,
including bifurcations occurring at laser powers above the ther-
mal buckling power. We also describe the jump phenomenon
associated with destruction of stable limit cycles.

COMPLETE BIFURCATION DIAGRAM

In this section we build up the complete picture of the bifur-
cation structure, by describing each additional bifurcation sepa-
rately. To begin with, we return to the regions of period doubling
along the first Hopf branch (see Figure 3). Here we see that as
we increase the laser power, our original limit cycle goes unsta-
ble and a new stable limit cycle is born with twice the period of
the original. Continuing this new limit cycle, there is a cascade
of period doubling where this process continues with increasing
frequency as we increase the laser power (see Figure 7). Direct
numerical integration is used to verify the existence of these spe-
cial solutions.

For all of the parameter sets studied, there were additional
Hopf bifurcations from the equilibrium branches for laser pow-
ers above the buckling power. Following the limit cycle emerging
from the second Hopf bifurcation, we see a fold of limit cycles,
and then the cycle coalesces with an unstable equilibrium point in
a homoclinic bifurcation. See Figure 8 for a bifurcation diagram
of this region and a phase portrait just before the homoclinic bi-
furcation. Accounting for the limit cycles born in the other Hopf
bifurcations gives a complete bifurcation diagram shown in Fig-
ure 9.
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(a) Period of oscillation along the first Hopf branch (b) Low power zoom
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JUMP PHENOMENON

Finally, we use direct integration to illustrate the hysteresis
possible in the system. Although the bifurcation structure illus-
trates the types of stable and unstable behaviors possible in the
model as we increase or decrease the laser power, it does not tell
us which behaviors would be seen experimentally as we change
the laser power - a question dealing with the basins of attrac-
tion for different stable behaviors. For each Hopf bifurcation or
fold of limit cycles where an equilibrium solution loses stability
or stable motion disappears, respectively, we use a point along
that motion as an initial condition, increase or decrease the laser
power slightly beyond the bifurcation and integrate until the tra-
jectory settles onto a new steady behavior. See Figure 10 for a
plot of the jump phenomenon. As we quasi-statically increase
the laser power from zero beyond the first Hopf bifurcation at
P ∼ 18mW, the beam begins to oscillate in the lowest ampli-
tude limit cycle. Once oscillating, we have to decrease the power
below the lowest fold of limit cycles atP ∼ 4.5mW in order to
jump back onto the stable equilibrium solution. At each fold
of limit cycles along the first Hopf branch, jumps occur up to
the next highest amplitude stable limit cycle when increasing the
laser power, or down to the next lowest amplitude stable limit
cycle when decreasing the laser power. Entering the region of
period doubling, stable n-cycles give rise to stable 2n-cycles and
so there are no jumps. However, it is unclear if stable periodic
motions exist over the entire interval or if there are regions of
chaos.

COMPARISON WITH PREVIOUS WORK
Previous work [8, 9] on modeling limit cycle oscillations in

optically driven MEMS resonators has assumed small displace-
ment, and expanded the optical equation (3) in a power series
losing the periodicity in the process, but making the equations
amenable to approximate analytic methods. This small displace-
ment approximation predicts a single Hopf bifurcation, either
subcritical or supercritical, leading to a stable/unstable pair or
single stable limit cycle respectively. Thus series expanding
the optical equation suppresses secondary Hopf bifurcations and
folds of limit cycles. For comparison, a bifurcation diagram for
equations (1,2) is given in Figure (11), where the parameters
from Table 1 are used but equation (3) has been Taylor expanded
in z, keeping the first 2 terms.

CONCLUSION
A MEMS device illuminated within an interference field

will self-oscillate due to feedback between absorption and dis-
placement. Models in the form of coupled differential equa-
tions have been used to describe the dynamics of such vibra-
tions [6,8–10,12,13,23,24], and analyzed under the assumption
of small displacement. In this work, we show that if we relax that
assumption then multiple stable limit cycles are possible due to
the periodicity of the interference field. The frequency of these
oscillation is shown to depend sensitively on the laser power, and
other complex motions exist for high laser power.

The analysis presented is applicable to any interferometri-
cally driven MEMS device with a temperature dependent stiff-
ness and static deflection, though clamped-clamped beams were
chosen to analyze here due to their relatively simple structure.
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(a) Bifurcation diagram with second Hopf branch (b)Phase portrait for P=235 mW

230 232 234 236
−200

−100

0

100

200

300

400

Laser Power (P), [mW]

P
=

2
3
5
 m

W

λ
z m

a
x
 [

n
m

]

FLC

H

X

Stable Branch LCOs

Unstable Branch LCOs

Stable Branch Eq. Pts.

Unstable Branch Eq. Pts.

Hopf Bifurcation

Fold of LCOs

Homoclinic Bifurcation
FLC

H

X

−500

0

500

−200

0

200

220

240

260

280

300

320

T
 [

K
]

.

λz [nm]

λωoz [nm/ms]

Unstable LCO

Stable LCO

Unstable Eq. Pt.

Stable Eq. Pt.

FIGURE 8. PORTION OF BIFURCATION DIAGRAM (a) IN THE REGION OF THE SECOND HOPF POINT (AFTER THE THERMAL BUCK-
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CORRECT VALUE FORPHOPF BUT NOT OF THE LIMIT CYCLE
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Physical devices exhibiting multiple stable limit cycles due to
the phenomenon presented are expected to share some common
characteristics:

(a) The need for a temperature dependent stiffness and deflec-
tion suggests the use of devices that can generate tension
across the device, i.e. clamped-clamped beams or domes

rather than cantilevers or disks.
(b) Damping has been shown to decrease the number of stable

limit cycles accessible at a given power, thus devices would
need to be high-Q.

(c) Stable limit cycles are seen to be separated in amplitude by
∆x≃ λ

2 . To permitn-stable limit cycles, devices must have

a initial gap-to-substrate of greater thanλ
2 in order to pre-

vent contact with the substrate. Excitation with a HeNe laser
would require a gap of& 1µm in order to see three limit cy-
cles.

Although rigorously derived and analyzed, the results are
expected only to present a qualitative picture of the dynamics
of interferometrically driven MEMS devices, i.e. that multiple
stable periodic motions are to be expected in large clamped-
clamped beams and domes in low damping environments. Note
that these motions are seen for low laser powers (below the
buckling temperature). Above the buckling temperature, the
frequency-compression relationship changes, and the model may
lose validity. A description of the bifurcation structure in this
region of high laser power (P > 168mW for the parameters used
here) is presented and represents simply an analysis of the model,
which suggests the possibility of period doubling, chaos, and sec-
ondary Hopf bifurcations in the physical system.
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