ity property for
ardson coefficients

e Rassart

nstitute of Technology

004, Vancouver
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Littlewood-Richardson coefficients

Symmetric functions. LR coefficients express
the multiplication rule for Schur functions:

S\ Sy — E Sy .

14
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Littlewood-Richardson coefficients

Symmetric functions. LR coefficients express
the multiplication rule for Schur functions:

S)\°SM:§ Sy .

14

They also appear when writing skew Schur
functions in terms of the Schur function basis:

Sy/)\:z Sy -

.
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Representation theory of GL,C. The
character of the irreducible polynomial
representation V), is the Schur function

S)\(ajla g 7:6]6) :
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Representation theory of GL,C. The
character of the irreducible polynomial
representation V), is the Schur function

S)\(ajla g 7:6]6) :

As such, the ¢, gives the multiplicity with

which the irreducible representation V, of
GL;C appears in the tensor product of the
Irreducible representations V), and V,

Wev, = E} i — 69%@

vV 1%

LR HM PF SA P



Schubert calculus. Schubert classes form a
linear basis of the cohomology ring of the
Grassmannian, and the LR coefficients again
express the multiplication rule:

(7)\°(7M:§ o, .

14

LR HM PF SA P



The main result

— (..., k)
o= (g1, )
(), ... Uy )




The hive model

An IS an array of nonnegative
iIntegers of the form (here for k = 4):
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Boundary condition_

0

o )\1
® )\1 a )\2

® o M\ + Mo+ A3
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Theorem (Knutson-Tao, Fulton)

Let \, n and v be partitions with at most k parts
such that |\| + |u| = |v|.

The Littlewood-Richardson coefficient c§, is the
number of integral k-hives satisfying the
boundary conditions and the hive conditions.

LR HM PF SA P
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The root system A;._;

A+:{€i_€j : 1§Z<j§]€}

U — %Zoz

OZEA+

0 corresponds to the staircase partition
G- 2 ..., 1,0).

LR HM PF SA P
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The Kostant partition function

The IS the function
K(v) = |{(ka)a€A+ e NIA+l Z Faor = v}
a€A

K (v) Is the number of ways that v can be
written as a sum of positive roots.

LR HM PF SA P 12



Steinberg’s formula

There is a formula due to Steinberg that gives
the multiplicities of the irreducible factors in the
tensor product of two irreducible representations
of a complex semisimple Lie algebra.

Steinberg’s formula (for GL,C)

=y » (1™ o(A+0)+7(pu+8)—(v+26))

cESL TES

LR HM PF SA P 13



Vector partition functions

Let M be a d x n matrix over the integers. The
associated to M is the
function

by Z¢ — N
b |{x € N® : Mz = b}

LR HM PF SA P
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Vector partition functions

Let M be a d x n matrix over the integers. The
associated to M is the
function

by Z¢ — N
b |{x € N® : Mz = b}

Example

|f M_<1 ) - 2) and b—(3> then ¢ (b) =3
0101 1

e o= ():()-2) - ()-) - )-C)

LR HM PF SA P 14



The structure of par_

of pos(M) .
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The structure of partition functions

¢ vanishes outside of pos(M) .

oy 1S plecewise quasipolynomial of degree
n — rank(M) . (Sturmfels)

LR HM PF SA P
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The structure of partition functions

¢ vanishes outside of pos(M) .

oy 1S plecewise quasipolynomial of degree
n — rank(M) . (Sturmfels)

The domains of quasipolynomiality form a
complex of convex polyhedral cones, the

Of¢M
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The structure of partition functions

¢ vanishes outside of pos(M) .

oy 1S plecewise quasipolynomial of degree
n — rank(M) . (Sturmfels)

The domains of quasipolynomiality form a
complex of convex polyhedral cones, the

Of¢M

Alekseevskaya, Gelfand and Zelevinsky
described how to determine the chamber
complex of a partition function from its matrix.

LR HM PF SA P 15



Unimodularity

A d x n matrix of full rank d is If all its
d x d submatrices have determinant 0 or +1.

Vector partition functions of unimodular matrices
are over the cones of their chamber
complexes. (Sturmfels)

LR HM PF SA P
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Unimodularity

A d x n matrix of full rank d is If all its
d x d submatrices have determinant 0 or +1.

Vector partition functions of unimodular matrices

are over the cones of their chamber
complexes. (Sturmfels)

Lemma (well-known) The root system A,, is
unimodular for all n.

LR HM PF SA P
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Unimodularity

A d x n matrix of full rank d is If all its
d x d submatrices have determinant 0 or +1.

Vector partition functions of unimodular matrices
are over the cones of their chamber
complexes. (Sturmfels)

Lemma (well-known) The root system A,, is
unimodular for all n.

Corollary The Kostant partition function for A;._,

is polynomial of degree (*.") over the cones of
its chamber complex.

LR HM PF SA P
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A partition function for the ¢

Theorem A

For every k, we can find integer matrices E,;. and
B;. such that the Littlewood-Richardson

coefficients for partitions with at most k parts can
be written as

[ 2

Cry = OB, | Br

(4 .
\ \*/)

LR HM PF SA P
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Example: £ = 3

We want to find a vector partition function
counting the integral 3-hives of the form

V1 + 19 m A+ Ao

4 A+ 1+ o Al + 1

LR HM PF SA P

Al
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The hives conditions are given by

LR HM PF SA P

VAN VAN VAN VAN VAN VAN

VAN VANMVAS

)\1—|—V1

— A1 — A3 — Iy

—A1 — A2 — Az — pi1 — o + 1o
—Ay — 1

A+ Ao + g

Ho — V1 — V9

—)\1—V2

—A1 — A2 — U2

)\1—|—>\2—|—>\3—|—,&1—|—/L2—V3

19



This corresponds to the matrix system

LR HM PF SA P

(A

A2
A3
H1
H2

13
V1

V9

Ny

20



with

BEIORG0 0 0 0 0 0
MRERIR0 0 0 0 0 0 O

1 00100O0O0O0QO

1 00010O0O0O0QO

1 00001O0O0O0QO
1 000001000
1 0000O0O01O0QO0
1 0000O0O0O01®0
'-OOOOOOOOl/

20

LR HM PF SA P



and

0

= 1

0

——_— 1

0O —1 -1 0

|

0—1/

0

20
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A chamber complex for the ¢

Theorem A implies that the
Littlewood-Richardson coefficients are given
by quasipolynomials over the cells of a

chamber complex C¥).

LR HM PF SA P
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A chamber complex for the ¢

Theorem A implies that the
Littlewood-Richardson coefficients are given
by quasipolynomials over the cells of a

chamber complex C¥).

The vector partition function ¢z, puts A, i and

v on an equal footing: C™*) is a complex in
(A, i, v)-space.

LR HM PF SA P
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Example: £ = 3 (continued)

a1=(111]000]111) as=(000]111]111)
b=(210|210]321)
c=(110]110]211)

di=(110[100]111) dy=(100[110]111)

e, =(110]000[110) e2=(000|110[110)
F=(100[100]110)

¢g1=(100/000|100) g2=(000[100|100)

LR HM PF SA P
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Cone Positive hull description Polynomial
K1 pos(ay, as, b, c,dy,ds, eq,es) 1 — Ao — o + 11
K2 pos(ai, az, b, c,dy,ds, g1, g2) l+vy—13
R3 pos(ay, az, b, ¢, e1, €2, 91, go) 1L+ A+ —n
K4 pos(ay, as,b,dy,ds, e1, €9, f) 1+ v — vy
K5 pos(ay, az,b,dy, ds, f, g1, go) 1+ Ao+ pa — v3
K6 pos(ai, az, b, e1, €2, f, g1, g2) 1 — A3 — s + 3
K7 pos(ay, az, b, c,dy,ds, €1, g1) L4+ A3+ p1 — vs
K8 pos(ai, az,b, c,dy,ds, e, g2) L4+ A+ ps — v

LR HM PF SA P
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K9 pos(ay, as, b, c,dy, e, es, go) L+ A — Ay
K10 pos(as, as,b,c,ds, e1,€2,91) L+ g — po
K11 pos(a1,az,b,c,dy,e1,q1,92) 1 — Ao — p3 + 15
K12 pos(a1, az, b, c,ds, ea, g1, 92) 1 — A3 — po + 119
K13 pos(ai, az,b,dy,dy, e1, f, g1) 1 — A — s+ vs
K14 pos(ay,as,b,dy,ds, es, f, go) 1 — X3 — g +vs
K15 pos(ai,as, b, dy, e1, f, g1, g2) 1+ po — s
K16 pos(a, as, b, ds, e, f, g1, go) 1+ Xy — A3
K17 pos(ai,as,b,d;, e1, e, f, g2) L+ A+ po — 15
K18 pos(ai,as,b,ds, 1,62, f, q1) L+ Ao+ g — 15

LR HM PF SA P
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The Steinberg arrangement

Steinberg’s formula:

Cy
cESL TEGS,

Kostant partition function K polynomial over cones

e

The ¢}, are locally polynomial

LR HM PF SA P

2= > (D)™ K(g(A+0)+T(ut6)—(v425)) .
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The Steinberg arrangement

Steinberg’s formula:

Cy
cESL TEGS,

Kostant partition function K polynomial over cones

e

The ¢}, are locally polynomial

We find a hyperplane arrangement, the
, over whose regions the ¢} are
given by polynomials.

LR HM PF SA P

2= > (D)™ K(g(A+0)+T(ut6)—(v425)) .

24



Polynomiality in the chamber complex

Theorem B

The quasipolynomials giving the
Littlewood-Richardson coefficients in the cones

of C™*) are polynomials of total degree (*") in the
sets of variables \, ;1 and v.

L)
= (/’L]-?"'?/’Lk)

v = (1q,...,V)

LR HM PF SA P 25



Lemma

For each cone C of the chamber complex C'*),
we can find a region R of the Steinberg
arrangement such that C N R contains an
arbitrarily large ball.

LR HM PF SA P
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Lemma

For each cone C of the chamber complex C'*),
we can find a region R of the Steinberg
arrangement such that C N R contains an
arbitrarily large ball.

Then the polynomial on R and the
quasipolynomial on C' agree on all the lattice
points (A, i, ) in that ball.

LR HM PF SA P
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Lemma

For each cone C of the chamber complex C'*),
we can find a region R of the Steinberg
arrangement such that C N R contains an
arbitrarily large ball.

Then the polynomial on R and the
quasipolynomial on C' agree on all the lattice
points (A, i, ) in that ball.

The degree bounds follow from the degree
bounds on the Kostant partition function.

LR HM PF SA P 260



Idea of proof

-\
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Stretching for LR coefficients

Theorem B shows in particular that the
function

NeN +— C%KNM

IS polynomial in V.

This was known previously
(Derksen-Weyman, Knutson).

LR HM PF SA P
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Hive polytopes

If we consider hives with real entries with the
same boundary and hive conditions, we get a
polytope, the , whose number of
integer points gives the corresponding cf , .

The function N — cy¥ v, is the Ehrhart
polynomial of the hive polytope for A, 1 and v.

Hive polytopes are not integral in general
(King-Tollu-Toumazet).

LR HM PF SA P
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Conjecture

Conjecture (King-Tollu-Toumazet)

For all partitions A, . and v such that ¢, > 0

there exists a polynomial Py (N) in N with
rational coefficients such that

Py (0) =1 and P} (N) = cyX v, for all positive

integers N.

LR HM PF SA P
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