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Chapter 1

Introduction

Our goal in these lectures is to explore the fundamental notion of effective computability
(recursiveness) and, more specifically that of relative complexity of computation (relative
recursiveness). The formal definitions that best captures the intuitions, first, that some
function (or set) is computable and, second, that one set (or function) is easier to compute
than another are those of Turing. We work with the natural numbers N and subsets of
and functions on them. Turing machines supply a formalism for describing what are
generally agreed to be all the intuitively computable functions and the basic notion of
general computability of one set (or function) from another. While there were many
other formalisms introduced in an attempt to capture these notions we now know that
they are all equivalent and we can simply think of the programs in any general purpose
computer language as supplying our basic list of such functions. To describe the notion
of computing one set from another we equip our (Turing) machines with an “oracle”.
For A, B C N, we say that A is recursive in (or (Turing) computable from ) B, A <p B,
if, when we want to decide if n € A, we allow our basic machines at any point in their
computation to generate an m € N, ask if m € B and receive the correct answer from
the oracle for B. The machine may then continue on with its computation. We say that
A and B are (Turing) equivalent, A =7 B, if A <r B and B < A.

This notion of relative recursiveness (computability) defines a symmetric, transitive
relation on the subsets of (or functions on) N. As usual, we move to the equivalence classes
of this relation which are called the (Turing) degrees. The degree of a set A, deg(A), is
then { B|B =1 A}, often denoted by a. These degrees then form a partial order under the
induced ordering a < b. (Note that we can pass between sets A and functions f by using
graphs of functions ({(z,y) |f(z) = y}) in one direction and characteristic functions of
sets (Ca(n) = 1ifn € A and Cy(n) = 0 if n ¢ A) in the other. We generally abuse
notation and confuse sets and functions in this way. It is a basic fact (or an exercise to
check) that these procedures preserve Turing degree.) We denote the structure of these
degrees and partial ordering by D. It is our primary object of study in these lectures.

It is easy to see that this partial order has a least element 0 the degree of the empty
set 0 (or equivalently of any recursive set, i.e. one computable by a Turing machine). It
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2 CHAPTER 1. INTRODUCTION

also has join operator a V b = deg(A @ B) where A® B = {2n|n € A}U{{2n+1|n € B}.
(It is an exercise to see that this defines the least upper bound of a and b in D.) A deeper
fact about the ordering is that it has the countable predecessor property, i.e. {b|b < a}
is at most countable for any degree a. The point here is that there is computable listing
of the Turing machines (which have “space” for an oracle) and so of the functions they
compute @, (¥ when relative to the oracle A). Thus {B|B <r A} is countable for every
set A and so, a fortiori, {b|b < a} is at most countable. One of our major goals is to
see what more we can say about this ordering in first order or algebraic terms. Is it a
linear ordering? It is an uppersemilattice (usl) but is it a lattice? What orderings can
be embedded into it, etc.?

There are also important and remarkable connections between relative computability
as expressed in structural properties of D and approximations to, and growth rates of,
functions on the one hand and definability in arithmetic on the other. This story begins
with the halting problem and its generalization, the (Turing) jump to all sets and degrees.
The halting problem is traditionally defined as 0" = {e|®.(e) converges} with degree 0'.
Its generalization is given by A’ = {e|®(e) converges} with degree a’. (Again it is a basic
fact (or an exercise to see) that this operation is well defined on degrees. The fact that it
is strictly increasing is essentially the classical result on the undecidability of the halting
problem but relative to arbitrary oracles.) In terms of definability in arithmetic, A’ is
essentially the same as the set of existential formulas true in N. (It is certainly of the same
degree as this set but even more closely related to it.) For A’, the corresponding set is that
of the existential formulas in arithmetic with an added unary relation for A. Iterations
of this operator move up the levels of quantifier complexity. (See Theorem 1.1.10.) As
for approximations, the sets computable from A’ are precisely those with approximations
recursive in A. (See Theorem 1.1.11.) The connections to rates of growth are a bit more
subtle but quite important. (See Chapter 5.) Thus another important concern in these
lectures will the jump operator and its relation to the order structure on D. In particular,
in parallel with our study of D, we will extensively study the structure of the degrees
recursive in the halting problem, D(< 0').

Finally, in addition to investigating the algebraic or first order properties of these
structures we will analyze their second order or metamathematical properties. For ex-
ample, we will characterize the complexity (in terms of Turing degree and more) of their
theories, Th(D) and Th(D(< 0'), the sets of sentences true in these structures as well as
as well as study the sets and relations definable in them.

We give a brief list of some of the notations, conventions and basic results that are
used later in §1.1. We begin our main task of analyzing D and D(< 0’) in Chapter 2.
There we introduce the idea of dividing up a complex property into simpler ones (called
requirements) and the method of approximating the sets we want to build having the
desired property by finite initial segments. In a construction by such approximations
we want to satisfy the requirements in terms of these approximations in such way that
we guarantee the sets constructed have the desired properties. These ideas all come
from the seminal paper on degree theory by Kleene and Post [1954]. In hindsight, these
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constructions can be seen as simple examples of Cohen’s later method of forcing but
implemented in the setting of arithmetic instead of set theory. In the rest of these lectures,
we formalize and develop a more general approach to forcing in recursion theory. We
then apply it to prove most of our results about the structures D and D(< 0'), both
mathematical and metamathematical.

We do not attempt to give a historical account of the material presented in these
lectures. Indeed, most of the proofs are not the original ones. However, we do give, in
Notes at the end of most sections, basic attributions and references for most of the results
to provide some historical perspective.

1.1 Some background material

We hope that almost all of the material in this section is already known to the readers.
If so, it can be skipped, If not, it can be taken on faith, worked out as exercises or found
in the first couple of chapters of any standard text.

We begin with a few facts about Turing computations and how the basic programs
®, work with oracles.

Definition 1.1.1 There is master (universal) recursive function,

90(0-7 67 x? S) = y

where the variables are o a finite binary string (initial segment of a characteristic function
or set), e a number (index), x a number (input), s a number (steps of the computation).
The expression means that the Turing machine with index e and oracle restricted to o
giwen input x and Tun for s many steps converges and outputs y.

Conventions: If the computation asks question outside the domain of o or does not
converge in s steps we announce that the computation is divergent.
Properties:

(i) Use: If 0 C 7 and (0, e,x,s) |=y then p(7,e,x,5) =y
(ii) Permanence: If s <t and ¢(o,e,z,s) |=y then p(o,e,z,t) |[=y

(iv) The domain of ¢ is computable, in other words there is a procedure to decide
whether ¢ converges on any given tuple (o, e, z, s). This procedure simply runs the
machine with index e on input x and oracle ¢. If the machine arrives at an output
by step s, then answer yes (and otherwise, answer no).

Definition 1.1.2 (Computations from Oracles) ®2(z) = y means that 3o C A3s
[o(o,e,2,8) |=1y]. So®X(x) is a partial function (recursive in A). We define the use of
a computation ®/(x) =y as the least n such that o(A | n+1,e,x,8) =y. We also say
that 0 = A | n is the axiom (about the oracle A) that gives this computation. Note that
if A is changed at or below the use then this axiom no longer applies and we no longer
have the same computation giving the output y.
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Definition 1.1.3 We adopt two additional conventions when the oracle is a finite string
o. First, we run the Turing machine for only |o|, the length of o, many steps so we
write ®(z) for ®F,(x). Second, we require that for ®7(x) to converge we must have

x < |o|.(Roughly speaking we must read the input before giving an output.)

Definition 1.1.4 (Turing Reducibility) A <; B means Je(®? = A). A =r B
means that A <y B and B <p A. The equivalence classes under this relation are the
(Turing) degrees a and b (of A and B, respectively). They are ordered by the induced
partial order, a < b.

Intuitively this means that there is a Turing machine with oracle B that computes A.
Exercise 1.1.5 Turing reducibility is symmetric and transitive.

Definition 1.1.6 A set is recursively enumerable (r.e.) in A if it is the domain of a
partial function recursive in A, i.e. of some ®2.

Exercise 1.1.7 For any sets A and B, A <r B if and only if both A and A are r.e. in
B.

The archetypic r.e. in A set is its jump A’.

Definition 1.1.8 (Jump Operator) The jump of A, A', is {e|®2(e) |}. The itera-
tions of this operator are defined by A1) = (AMY. (We use | to stand for “con-
verges”.)

Exercise 1.1.9 A’ is r.e. in A. Moreover, the jump operator is order preserving and
hence well defined on the degrees, i.e., if A <p B then A’ <y B'. In addition, A <7 A’
for every set A.

We assume some standard language for first order arithmetic containing for example
the functions 4+ and X, the relation < and the constants 0 and 1 (or also an additional
unary predicate for a set A). The standard syntactic hierarchy of ¥, (or %) and II,
(IT13) formulas in prenex normal form are defined by counting the number of alternations
or quantifiers as usual. Typically one includes bounded quantification dz < s and Vx < s
in the matrix of these formulas. One can instead add the master function ¢ of Definition
1.1.1 into the language. There are normal forms for these formulas that show that, for
example, one can assume that there is only one quantifier of each sort as the types of the
quantifiers at the beginning of the formula alternate. The primary connection between
the classes of sets defined by such formulas which are also denoted by ¥4 and IIZ are
given by the hierarchy theorem. (We say that a set is A2 if it is both ¥4 and I14.)

Theorem 1.1.10 (Post’s Hierarchy Theorem) 1. B € X2, < B is RE in some
14 set.
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2. AM s ©A4 m-complete for n > 0,i.e. for any B € ¥4 there is a recursive function
f such that ¥Yn(n € B < f(n) € A™). This is even stronger than the assertion
that B <p A.

8. BeXA | & Bisre in AM.

4. BEAL, & B <y AM,

There is an important connection between the AZ sets (which are those recursive in
B’) by clause 4 of this theorem and those with approximations computable in B:

Theorem 1.1.11 (Shoenfield Limit Lemma) A <; B’ < 3f <r B such thatVz(A(z) =
lim, .o f(z,5)). Note that asserting that lim, .o f(x, s) exists means that f(z,s) is even-
tually constant for each x.

The jump and its iterations are important markers along the highway of complexity
for sets. Thus we will often take some construction and ask where along this road the
sets or degrees constructed lie or can be made to lie, such as below 0" or 0” or some other
0. Another measure of complexity is where the jump(s) of the set constructed lie. For
example, we might ask if A’ = 0’ (the smallest possible value) or if A” =1 0” (the largest
possible value for any r.e. set or one recursive in 0'). These ideas are captured in the
definition of the jump hierarchy and the generalized jump hierarchy.

Definition 1.1.12 For n > 1, X € GL, if and only if X =p (X v 0)™ Y (by
convention, Z®) = Z for every Z); X € GH, if and only if X" =¢ (X v )™, If
X <7 0 then these conditions simplify and we say that X € L, if X =4 0™ and
X € H, if X =; 0D, We indicate the corresponding degree classes by boldfac-
ing: GL,, GH,,,L,, and H,. The complementary classes are indicted by GL,,, GH,, L,
and H,, where the last two refer to the complement within the degrees below 0'. These
notations are read as (generalized) low, or (generalized) high,,.

Notes: For basic background including the material of this section we recommend the

classics texts on recursion theory Rogers [1987] and Soare [1987] or the more encyclopedic
Odifreddi [1989] and [1999)].
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Chapter 2

Embeddings into the Turing Degrees

2.1 Embedding Partial Orders in D

Based on only the background information on the Turing degrees mentioned in the In-
troduction, we know only that D is an uppersemilattice of size 2% (Exercise) with least
element and the countable predecessor property. It also has an operator, the Turing
jump, which is strictly increasing and closely related to the quantifier complexity of the
definitions of sets and functions in arithmetic. The only specific degrees we know are
0 and the iterations of the jump beginning with 0. Are there others? Is D a linear
order? If not, how “wide” is it? How far away from being a linear order? Where do
these other degrees lie with respect to the ones we already know? We begin answering
these questions by considering what is perhaps the simplest question and showing that
D is not a linear order.

Notation 2.1.1 We write A|rB, A is Turing incomparable with B, for A £1 B & B %r
A.

Theorem 2.1.2 (Kleene and Post) JA,, A;(Ao|rA;).

How can we approach such a result. We recast the desired properties of the sets we
want to construct into a list of simpler ones R, called requirements. Then we choose
an approximation procedure so that we can build a sequence of approximations «; s
“converging” to A; such that the information in an an approximation (w;s) can be
sufficient to guarantee that we satisfy one of the requirements in the sense that R, is true
of any pair A; D ;.

Proof. We build Ay, A;. The requirements necessary to guarantee the theorem are:

Riejy 1 @ # Ay

for all e € N, j € {0,1}. It is clear that if the sets we construct satisfy each requirement
then the sets satisfy the demands of the theorem. Our approximations in this case

7



8 CHAPTER 2. EMBEDDINGS INTO THE TURING DEGREES

are finite binary strings (so initial segments if characteristic functions) «;, such that
Aj = U0 5.

The construction cannot be recursive because Ay, A; can’t both be recursive and
incomparable. But, the approximations won’t change once defined at some x; in other
words, a; s C a; 541 so we get better and better approximations.

What actions satisfy a requirement? Given o, (j = 0,1), we want a; 11 2 o, to
guarantee that we satisfy R ;. For definiteness, let j = 0. We want oy 2 ag, a1 2 g
such that for any Ag D ag, A1 D ag, @fo # Aj. In other words,

Jz= (20 (2) = Ai(z))

We can choose x as the first place = at which «; ; is not defined (formally z = dom(o; 5) =
|y 5]). Ask if Jap D ag s (@?0 (z) | ) If so, we can choose the “least” such . To which
ordering does the “least” refer here? We make a master list of all convergent computations
p(o,e,x,t),ie {{0,e,2,t) : p(o,e,,t) |} where we write ¢(c, e, 7,t) or 7 (x) to mean
the result of running the eth Turing machine on input x for ¢ many steps with oracle
questions answered by the finite string o (which must be long enough to answer them)
and then least refers to the least quadruple (o, e, x,s) in this list. From now on we,
usually without comment, use “least” in this sense of being the first object enumerated
in some given search.

Then, we set ag 1 = ap and a1 = af (1 — ®¢°(x)). By the standard properties
of Turing machines, if Ay O o = g s+1 and Ay D ay 441 then

®;0(z) = B (2) # 1 — 8 () = Au().

What if no such «q exists? We do nothing, i.e. we set a; 341 = ;5. This finishes the
construction.

A general principle of our constructions is do the best you can, and if you can’t do
anything useful, then do nothing and hope for the best (i.e. that what you can is enough).
In this case, it is enough because if Ay 2 g, then ®40(z) 1. (If /() | for any A D
then the computation only requires finitely much information about A and so ®%(z) |
for some finite initial segment o of A. As Ay DO aps we can certainly take this o to
extend g4 as well if ®10(x) |.) So & is not total and can certainly then not be the
characteristic function of a set, i.e. ®0 £ A,.)

Thus we have actually verified that the construction satisfies all the requirements and
so provides the desired sets: Consider R j. Look at the stage s at which we acted for
this requirement. Either we did something (defined «; 511 # ;) which guaranteed the
requirement by guaranteeing that P2 () |# Ai_j(x) at some z; or we did nothing by
setting o; s11 = ;s but in that case we also guaranteed that the requirement is satisfied

by making ®.7(z) 1 for some z. m

Question 2.1.3 How do we know that this construction keeps going, i.e. that there is
no point after which we always “do nothing”. If that were the case, then both Ag, A;
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would be finite, so certainly not Turing incomparable. Why doesn’t this happen? Is it
necessary to include another requirement to guarantee this: Q. : ;s > €? (These would
be easy to satisfy.) Whenever we do act on a requirement, we make one of the a’s longer
and since infinitely often there is an index e which doesn’t look at its oracle and outputs
0, at the stage at which we deal with the requirement with index e, we automatically
extend the approximation. Hence, both strings are extended infinitely often. This is a
common phenomenon. Constructions often do more than one expects.

Question 2.1.4 How complicated are Ay and A;7 We want a bound on their complexity
such as Ap Ay <r 0 (this would also give definability properties). To determine what
n is, let’s look back at the construction. By recursion, we have a; ;. To calculate oy 41,
we asked one question:

Jag D g (PL0(z) | )2

This is a X1 question so 0’ can answer it and tell us which case to implement. The “do
nothing” case is easy to do. For the other case, we have to enumerate the master list
{{o,e,2,t) : p(o,e,z,t) |}, which we can do effectively. So, once 0’ told us which case
we're in, everything else is recursive. Hence, Ag, A; < 0.

Question 2.1.5 Where do Ag, A; lie in the jump hierarchy? Because of the symmetry of
the construction, even though Ay Zr A;, they should have some of the same properties.

Are they low (or can we add something to the construction to make sure that they’re
low)?

Recall: Ay is low iff A) <7 0" iff {e: ®o(e) |} <7 0.
We can add a new requirement:

N,; : make ®%7(e) | if we can.
Suppose that at stage s we are acting on N.o. We have «;, and ask if
Jag 2 g, (P20(e) | )7

If the answer is yes, let aps+1 be the least such ag and let ay 541 = a1,5. On the other
hand, if the answer is no, then do nothing and put a1 = ;s This is called deciding
or forcing the jump. The terminology will be better understood after §3.2.

Claim 1: The construction is still recursive in 0’: Our actions for requirements P, ; are
the same as before. For NV, ;, 0" can decide if Joyg 2 oy (@?0(6) ! )

Claim 2: We can compute Aj from 0'. Since the whole construction is recursive in 0’, 0/
can go along the construction until it gets to the stage s at which we act for N, . Then,
it sees what the construction does and can compute Aj from this action.
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Claim 3: We can relativize the construction to any degree x to get incomparables Af
between X, X’ such that (Af)’ = X'. By relativizing, we mean that at each part of the
computation where we have oracle o, we instead have the oracle X @© «a;. At the end,
we build X @ A;. The verification of the construction goes through as before.

Claim 4: It is easy to extend the construction to more than two incomparables. We can
change the requirements to

Pe,i,j . (I)?j §£ Al ) # j

Thus, we can produce countably many low pairwise incomparables between 0 and (0,
indeed all with jumps uniformly recursive in 0'.

Exercise 2.1.6 Show that the sets A; of the original construction (for Theorem 2.1.2)
are already low.

Notation 2.1.7 Given any sequence (A;|i € I) of sets we let ®{A;|i € I} = {(i,z) |i €
I & x € A;}. Conversely, given any set A we let AU denote the set {(i, )| (i, x) € A}.
We let AB = @{Ayli £ j} = {(j,a) |i £ J & 7 € Ay)

In general, given a countable partial order P, can we embed it in D or in D(< 0') or
in the low degrees? Let P = {po,p1, ...}, <p. Without loss of generality, we can assume
that po is the least element of P. (If P doesn’t have a least element, add one in and
then any embedding of this enlarged partial order gives an embedding of the original P.)
We build A; such that A; <p A; if and only if p; <p p;. To do so, we build C; and let
A; = &{C; : pi <p pj}. Does p; <p p; imply that A, <; A;? By transitivity,

(k,z) € Ay & x € Cp Apr <p p; = (k,x) e A; & € CyApp <ppj

so if <p is recursive, ¢ <p j implies that A; <p A;. We can use this fact to embed
recursive partial orders in the low degrees by using the construction above to guarantee
incomparability when needed and the recursiveness of P with this simple argument to
guarantee comparability when needed. If a partial order is not recursive, it is at least
recursive in some oracle so relativizing the proof for recursive partial orders gives an
embedding into D. Perhaps this is the best we can do — it may not intuitively obvious
that D(< (') is a universal countable partial order. We begin by constructing a recursive
universal partial order. The construction is an example of the method of finite approx-
imations being used to build sets with properties not necessarily expressed in terms of
Turing degrees. We then embed it into D(<0').

Theorem 2.1.8 There is a recursive universal partial order P, i.e. one such that every
countable partial order Q can be embedded in P
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Proof. We build P by finite approximations, P = UP,. At stage s we have a finite
partial order Py and extend it to P, such that for every subset of Py, every one element
partial order extension is realized in P,,.;. That is, for every subset M C P,, and a
particular partial order relation on M U {z} (z, a new element), add z to P and define
its relation to the elements in P; \ M as dictated by the axioms of partial orders. Thus
we can prove that given any partial order and any finite subset and any extension by
one element, there is a new partial order that realizes that extension. We can apply this
finitely many times to take care of each finite subset and each possible one-element partial
order extension. This construction is recursive so we have a recursive partial order.

To see that P is universal, consider any countable partial order Q. We use a forth
argument to embed Q into P. That is, if Q@ = {qo,q1,...} we define the embedding
f by recursion. Start with f(qo) = po and then, given f(g¢,,) for m < n, define f(q,)
to be an element of P realizing (up to this finite isomorphism) the same extension of

{f(gm)|m < n} that ¢, does of {qo,...q,_1}. ™

Proposition 2.1.9 Every recursive partial order P = (P, <p) can be embedded in D.

Proof. Let p; enumerate the elements of P. We build sets C; and let A, = &{C; : p; <p
pi} so if pr <p p; then Ay < A, since <p is recursive.

Requirements: Ry ;. : pr %p p; implies Ay, €1 A; ie. VedS # C.

Approximations: Finitely many finite binary strings v;,. We set C; = Uy, ;. Then
we approximate the A; by

Ais = 0{7;5:pj <ppi}

i.e. A, is defined at (j, z) if v, ,(v) is defined. Think of each ~; ; as partial function and
A; s is the sum of these partial functions. To make A; a total characteristic function we
set A;((j,z) (x) =0 if p; Lp p;.

Suppose we wish to act for Ry ;. at stage s = (k,j,e). We have A, Ay, finite
characteristic functions determined by the v, ; so far defined. To guarantee that DL F#

Ay, could we take v = |7, .| and ask if there is extension of the 7’s such that iy () ] to
diagonalize? The problem is that an extension of the v’s which guarantees convergence
might also determine the value Ai(x), so we might not be able to diagonalize.

To make z not interfere with the computation from A;, we want an x = (n,y) such
that p, £p p;. Also, to be able to define Ay at z, we need p,, < p, (otherwise the relevant
column is always empty). We also need (n,y) > |7, ,|. So we want p,, £ p; and p,, <p pi.
By assumption, py £p pj, so choose n = k. Then let z = (k,|v, /).

Now, ask for least extension of the +’s which makes D2 () |. This only depends on
7, for p; <p p;. If such an extension exists, put Ag(z) =1 — @fj(x). If there is no such
extension, do nothing. Then, go to stage s + 1.

To verify that the construction satisfies all the requirements, for Ry ;. consider the
stage s = (k, j, e). Either we extended some ~ or we didn’t. If we extended some ~, then
there is 2 such that & (x) |# Ag(z). If we didn’t, then no such extension exists and

since A; extends v; , O (z) 1. m
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Corollary 2.1.10 FEwvery countable partial order can be embedded in D.
Corollary 2.1.11 The one-quantifier theory of (D, <r) is decidable.

Proof. A one-quantifier existential sentence is equivalent to a disjunction of ones of the
form
ngEImlElxg---Elxn(mi <xziAN--- A ﬁmk/\---/\wn:mn).

Note that if we can decide whether an existential sentence is true or false then we can
flip the answers to decide if universal sentences are true and false. Given such a disjunct,
we ask if there is a partial order that satisfies one of the disjuncts. If not, then (D, <7)
cannot because it itself is a partial order. So suppose (P, <p) F P. If we can embed P
into D then we’re done because embedding preserves atomic sentences. Not every partial
ordering can be embedded into D (for example, huge ones can’t). But if there is any
partial order that satisfies ¢ then there is a finite partial order that satisfies it, because
© only mentions n elements. So, we can assume that P is finite, hence recursive. Then,
the theorem above says that P embeds into D. The last piece of the proof is to verify
that we can answer the question of whether ¢ is satisfiable by a partial order. Well, we
can enumerate all partial orders of size at most n and then check each one. And, if ¢ is
satisfiable by a partial order then it is satisfiable by a member of the list. m

Exercise 2.1.12 If the recursive partial order P of Proposition 2.1.9 has a least element
0, then embedding f into D can be chosen such that f(0) = 0. Then Corollary 2.1.10
can be extended to partial orders with least element and Corollary 2.1.11 to the language
with a constant for 0.

Question 2.1.13 We ask the following questions about the proof of embedding theorem,
Proposition 2.1.9:

1. How complicated are the images of the partial order under the embedding? We
claim that A; <7 0’ uniformly. Indeed the whole construction and so the C; are
(uniformly) recursive in 0/. To compute A;(xz) where x = (j,n) we first ask if
p; < pi (the partial ordering is recursive). If not, A;(x) = 0. If so, we can follow
the construction recursively in 0’ until it is decided if z € C}.

2. Can we ensure that all the A; are low? We can add requirements
N, : make ®®%(e) | if we can.

To act for NV, still takes just a 0’ question. Alternatively, instead of adding infinitely
many requirements we can add a top element 1 to P. The construction then gives
A; = &C; <0 and we can then just make sure that A, is low.

Corollary 2.1.14 FEwvery countable partial older can be embedded in D(< 0') and so its
one quantifier theory is decidable.
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An alternative approach to these results begins with strengthened versions of incom-
parability.

Definition 2.1.15 The set {A; : i € N} is independent if no A; is computable from
the join of finitely many of the other A;. The set {A; : i € N} is very independent if
Ai ﬁT @]#ZAJ fO’f’ all 1.

Very independent implies independent because A;, ©---® A;, <y ©jxA; if no iy, =1
(x € A; & (i,x) € @4 A;). However, while independence is a degree theoretic notion,
very independence is not. This is proved in the following exercises.

Exercise 2.1.16 Find {A; : i € N} very independent. (Hint: either write down require-
ments and use finite approximations or use partial order embedding).

Exercise 2.1.17 Find {A; : i € N},{B; : i € N} such that {A; : i € N} is very
independent, {A; : i € N} is not, but A; =1 B;.

Definition 2.1.18 An uppersemilattice (usl) is a partially ordered set P such that every
pair of elements x,y in P, has a least upper bound, x V y.

Exercise 2.1.19 FEvery usl L is locally countable, i.e. for any finite F' C L the subusl
F of L generated by F' (i.e. the smallest one containing F') is finite. Moreover, there is
a uniform recursive bound on |F| that depends only on |F|.

Exercise 2.1.20 Given usls Q C P and an usl extension Q of Q generated over () by
one new element (with QOP Q) ), prove that there is an usl extension P of P containing

0.

Exercise 2.1.21 Prove that there is a recursive usl L such that every countable usl can
be embedded in it (as an usl).

Exercise 2.1.22 Every countable usl L can be embedded in D and even in D(< 0')
(preserving \V as well as <). Hint: Use a very independent set C;. If L = {l;} send

Notes: The finite extension method for constructing degrees was developed in Kleene
and Post [1954]. It was the seminal paper on the structure of the Turing degrees. They
proved, among others, Theorem 2.1.2, the existence of a countable family of independent
sets and Proposition 2.1.9 for finite partial orders and that these theorems are true in
the degrees below 0’. Sacks [1961] and [1963] contain Corollary 2.1.10 and much more.
Corollary 2.1.11 is pointed out in Lerman [1972].

We will see in Theorem 3.3.1 that every countable lattice can be embedded in D but
not by the methods used here in the sense that there is no countable lattice £ which is
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countably universal, let alone a recursive one. Indeed local finiteness fails and there are
2% many lattices generated by four elements. We provide such with seven generators in
§3.4.

What about uncountable partial orders, usls and lattices? Of course, they must have
the countable predecessor property, i.e. {yly < z} is countable for every z. Sacks [1961]
shows that all partial orders of size N; with the countable predecessor property can be
embedded into D. For lattices this follows from Abraham and Shore [1986] where the
embedding is made onto an initial segment of D. Sacks [1961] shows that all those with the
countable successor property can be embedded. However, it is consistent that 2% = R,
and there is an usl of size N, with the countable predecessor property which cannot be
embedded in D (Groszek and Slaman [1983]. It is a long standing open question if every
partial order of size 2% with the countable predecessor property can be embedded in D
(Sacks [1963]).

2.2 Extensions of embeddings

We now look at extensions of embedding results which give information about the 2-
quantifier theory of (D, <r).

Theorem 2.2.1 (Avoiding cones) For every A > 0 there is B such that A|rB.

Proof. Given a set A, we build B such that A €7 B, B £r A. There are two kinds of
requirements:

P, :®*#4B Q. : 5+ A

The construction is by finite binary string approximations 3, for B. At the end, we let
B = U3,

Suppose at stage s we work to satisfy P.. We have 3, and construct 3, ,, guaranteeing
that B meets the requirement. We ask for the value of ®(|3,]). If ®4(|5,]) T then P,
is satisfied so do nothing. Otherwise, put 8,,; = 3, (1 — ®2(|5,])). So, B(|8,]) =
Boir(18,]) # ®2(|B,]). Observe that at this stage we ask a question that A’ can answer
and then carry out a recursive procedure.

Likewise, suppose at stage s we work to satisfy ).. We ask if there is an x and an
extension o of 3, such that ®7(z) |# A(x). If no such extension exists, do nothing. If
there is such an extension, let 3,,, be the least such extension. Note that this is a X!
question followed by a recursive procedure, so this step is recursive in A’.

To verify that this construction works, observe that all the P, are clearly satisfied.
Suppose we fail to satisfy (.. Then at stage s there was no x and ¢ D f, such that
() |# A(x). If ®P(x) 1 for any x then Q. is satisfied. Otherwise, we claim that
A is recursive: To compute A(x), look for a o O [, such that ®7(x) |. There is one
since ®Z(x) |. The value computed with oracle ¢ must be A(z). This contradicts our
assumption that A is not recursive. Thus, (). is satisfied. =
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Exercise 2.2.2 The B of theorem 2.2.1 can be made recursive in A’ and indeed we can
guarantee (or the construction already does) that B' =p A'.

Exercise 2.2.3 Fvery mazximal chain (i.e. linearly ordered subset) in D is uncountable.

Exercise 2.2.4 For every countable set of nonrecursive degrees there is a degree incom-
parable with each of them.

Exercise 2.2.5 Every mazimal antichain (i.e. pairwise incomparables) in D is uncount-
able.

Exercise 2.2.6 FEvery mazimal independent set of degrees is uncountable.

Theorem 2.2.7 (Minimal Pair) There are A, B > 0 such that AN B = 0. In other
words, for all C, if C < A, B then C =7 0.

Proof. We build A, B by finite approximations «y, 5,. There are three kinds of require-
ments:

P.:®. #B, Qe P, #£A and Ne,: <I>f = <I>éB = C = (' is recursive.

To satisfy P., Q. (respectively): given oy (5,), ask if ®.(|as|) T (or @o(|5,]) T). If yes, then
the requirement is already satisfied so let a1 1(Jovs|) =0 (B4,1(]8,]) = 0). Otherwise, let
asi(fas]) =1 = Pe([as]) (Boya(18s]) =1 = De(|B,]))-

Suppose at stage s we work on N,;. Askif (3o D o) (38 D B,)Fu(D% () |# BF(z) |).
If such extensions exist, pick the first pair («,3) which satisfy the condition and put
g1 =, B, = . If no such extensions exist, do nothing.

To verify that the construction works, first notice that all the P, and (). are satisfied
so A, B > 0. For N.;, we may assume that d4 = P = (C as otherwise the requirement
is automatically satisfied. We want to show that C' is recursive. Consider ay, 3, for the
stage s at which we work on N.;. To compute C(z), find any finite extension o O a
such that ®2(z). (There is one since A D a, and ®2(z) |.) We claim that ®%(x) = C(z).
If not, there is a 3 D 3, with 8 C B such that ®?(z) = ®Z(x) = C(z) and so we would
have acted at s with o and 3 contrary to our assumption. m

We frequently use the idea seen in this proof of searching for extensions that give
different outputs when used as oracles for a fixed ®. and, if we find them, doing some
kind of diagonalization. If there are none, we generally argue that ® is recursive (or
recursive in the relevant notion of extension as in Theorem 2.2.11). We extract the
appropriate notion and provide some terminology.

Definition 2.2.8 We say that two strings o and T e-split (or form an e-splitting) if
Jx(®9(x) |# PI(x) |). We denote this relation by o|.7 and say that o and T e-split at z.
Note that by our conventions in Definition 1.1.3, ®¢(x) = @7, () is a recursive relation
as is Jx(PI(x) |# I (x) |), i-e. o|.T.
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Exercise 2.2.9 We may make the A and B of Theorem 2.2.7 low or note that as con-
structed they are already low. We can also relativize the result: YCIA,B(AN B =
C&A=B=C).

We want a notion similar to minimal pairs but with an arbitrary countable ideal of
degrees playing the role of 0.

Definition 2.2.10 C C D is an ideal in the uppersemilattice D if it is closed under joins
and is closed downwards (i.e. ify € C and x <y thenx € C).

Theorem 2.2.11 (Exact Pair) If C is any countable ideal in D, there are a,b such
that C = {x:x <ra,b}={x:x<ra}N{x:x <7 b}.

An alternative statement of the theorem is the following:

Theorem 2.2.12 If C; <y Cy <p --- is an ascending sequence, then there are A, B
such that {X : X <p A, B} ={X : In(X <r C))}.

Exercise 2.2.13 These two statements are equivalent. We can list all the sets D; with
degrees in a countable ideal C and then consider the ascending sequence C; = @< D;.

We prove the second formulation of the theorem.
Proof. Given (C,,) ascending in Turing degree, we build A, B such that

e for all n, C, < A, B and
e U <7 A, B implies that C <y C,, for some n.
Therefore, we need to satisfy the requirements
R,:C,<r A B Ngi: @ =0P =C = In(C <1 C,).

We build A, B by finite approximations as, . Instead of these being thought of as finite
strings, however, they are matrices. In each matrix, finitely many columns are entirely
determined and there is finitely much additional information. Suppose at stage s we work
for R,. Choose the first column in each of ay, 5, which has no specifications as yet. Let
ast1 (B,41) be the result of putting C,, into that column of a, (5,) and leaving the rest
of the approximation unchanged. This action is computable in C),. Otherwise, suppose
at stage s we work to satisfy N,;. Ask if 3z(3a D a,) (38 D B8,)(92(x) |= ®7(z) |) with
the domains of o and 3 being only finitely larger than those of oy and 3, respectively.
If such extensions exist, let (asi1,,,) be the least such pair of extensions. If no such
extensions exist, do nothing.

A, B meet the condition that C,, <¢ A, B for all n because all the R,, requirements are
satisfied. Consider the stage s at which we deal with requirement N.;. We may assume
that 2 = &8 = C as otherwise the requirement is automatically satisfied. We want to
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prove C' <r C, for some n. Indeed let n be the largest m such that we have coded C,,
into A and B by stage s. To compute C(x), find any finite extension « of «a; such that
®%(z) |. (There is one since A D a, and ®/(x) |.) We claim that ®%(z) = C(x). If not,
there is a finite extension 3 of 3, with 3 C B such that ®?(z) = ®5(x) = C(x) and so
we would have acted at s with o and [ contrary to our assumption. The crucial point
now is that checking whether o O ay is recursive in C,,. =

Corollary 2.2.14 D is not a lattice.

Proof. Let C; be strictly ascending in Turing degree. (Such exist, for example, by
Theorem 2.1.9.) Now let A and B be as in Theorem 2.2.12. If there were a C' whose
degree is the infimum of those of A and B then C' <y A, B and so C' <7 C,, for some n.
In this case, C' < C,, 11 <7 A, B for a contradiction. m

Exercise 2.2.15 What is a bound on the complexity (degrees) of the A and B of Theorem
2.2.12 in terms of the C,,? Does (&C,,)" work? How about a better bound? How low can
we make this bound? Consider also the special case that C,, = 0.

Exercise 2.2.16 Use the results of the previous exercise and Corollary 2.1.14 to show
that D(< Q) is not a lattice.

Exercise 2.2.17 (Extensions of Embeddings ) Given a finite usl’P and a finite par-
tial ordering Q extending P with no v € Q) — P below any y € P and an usl embedding
f P — D prove that there is an extension g of f embedding @ into D as a partial order.

Notes: Theorems 2.2.1 and 2.2.7 and Corollary 2.2.14 are due to Kleene and Post
[1954]. Exercises 2.2.4 and 2.2.5 to Shoenfield [1960]. Sacks [1961] proves Exercise 2.2.6
but Groszek and Slaman [1983] shows that it is consistent that 2% = N, but there is
a maximal independent set of size N;. Theorem 2.2.11 and Exercise 2.2.16 are due to
Spector [1956].
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Chapter 3

Forcing in Arithmetic and Recursion
Theory

3.1 Notions of Forcing and Genericity

Forcing provides a common language for, and generalization of, the techniques we have
developed in Chapter 2. It captures the idea of approximation to a desired object and
how individual approximations guarantee (force) that the object we are building satisfies
some requirement. Now approximations usually come with some sense of when one is
better, or gives more information, than another. Of course, an approximation may have
improvements which are incompatible with each other, i.e. the set of approximations is
partially ordered. The intuition is that p < ¢ means that p refines, extends or has more
information than q. We are generally thinking that the conditions are approximations
to some object G : N — N (typically a set) and that if p < ¢ then the approximation
p gives more information than ¢ and so the class of potential objects that have p as an
approximation is smaller then the one for ¢. In addition, we have some notion of what,
at least at a basic level, the approximation p says about G. We formalize these ideas as
follows:

Definition 3.1.1 A notion of forcing is a partial order P with domain a set P and
binary relation <p. We call an element of P a (forcing) condition. For convenience,
we assume that the partial order has a greatest element 1. (For further restrictions see
Definition 3.1.11.)

Example 3.1.2 If the notion of forcing is (2<¥,2), then o < 7 =0 2 7. In many of
our previous constructions we used such binary strings o as approximations to a set G
such that o C G. So the longer the string, the fewer sets that “satisfy” it, i.e. have it as
an approximation (initial segment). This example is often called Cohen forcing.

Example 3.1.3 In Theorem 2.2.12, we used partial characteristic functions o defined
on some finite set of columns and some finitely many additional points. Again we were
approxrimating a set G D «.

19
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Example 3.1.4 If the notion of forcing is the set of perfect (i.e. every node has two
incomparable extensions) recursive binary trees under C then S < T =S C T. (Here
trees T' are simply sets of finite strings, i.e. subsets of w<¥, which are downward closed,
i.e. if T C o €T thent € T.) Think of such a tree T as approximating the set [T
of its paths, i.e. [T) = {f|Vn(f | n € T}, so more information means fewer paths, i.e.
more information about which path is being approximated. This notion of forcing is often
called Spector forcing (or perfect forcing or Sacks forcing or other names for different
variations).

What object is it exactly or what class of objects is it that a condition p approximates?
For Cohen forcing a condition (string) o approximates the class of sets {G|G D o}. So
the collection of all approximations to a single set G is simply {o|oc C G}, the class of all
the initial segments of G. We want to isolate the salient features of this set of conditions
or any set G C P that might considered as an object its members are approximating.
The general approach that we want for an arbitrary notion of forcing begins with that
of a filter.

Rather than simply comparing any two elements, the idea is to compare each of them
with the imaginary end point that we’re approximating. That is, between two given
positions and end goal, there is an element extending both of the given ones.

Definition 3.1.5 Two elements p,q are compatible if and only if Ir(r <pAr <gq). If
p,q are incompatible we write p L q (as opposed to incomparables which are written as

p | q to denote that p £ q and q¢ £ p).

Definition 3.1.6 F C P is a filter on P if and only if F is upward closed and for every
p,q € F thereis anr € F with r <p p,q.

We are thinking of filters as connected with the object we are approximating, the end
goal.

Example 3.1.7 Suppose we want to approximate a set G € 2% and our notion of forcing
is (2<%, D) (finite binary strings). Then the set {o : ¢ C G} is a filter. In particular, the
union of this set (filter) is the characteristic function G. It will commonly be the case
that the object we want is defined from a filter by some “simple” operation such as union.
We formalize this idea in Definition 3.1.11. Note that for finite strings, being comparable
1s the same as being compatible.

Example 3.1.8 Suppose we want to approximate a set G € 2% and our notion of forcing
is some countable set of infinite binary trees (not necessarily perfect) such as the recursive
ones. Then the set {T': G € [T|} ={T : VYo C G(o € T')} is a filter: Suppose two trees
both have G as a path. Then the tree which is the (set) intersection of the two trees is a
common refinement. For upward closure, if G is a path on T and T C S then G s also
a path on S. In this case, the intersection of this filter is the characteristic function of

G.
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Suppose F is a filter on some notion of forcing P. We can often associate some set
or function with F in a canonical way. For example, for Cohen forcing we can naturally
try UF. For forcing with binary trees we might try N{[T]|T € F}. Does this always
make sense even for Cohen or Spector forcing? For Cohen forcing it might be that UF
is a finite string so itself a condition. For Spector forcing N{[T]|T" € F} could be a set of
paths through a binary tree with more than one branch which might not necessarily be
recursive or perfect. We need to add conditions on our filter to make sure we get a total
function or a single set at the end. We might for example require for Cohen forcing that F
contain strings of every (equivalently arbitrarily long) length, i.e. (Vn)(3o € F)(|o| > n).
For Spector forcing we could require that there are trees in F with arbitrarily long nodes
o before the first branching (i.e. ¢ has two immediate successors in the tree but no 7 C o
does). To this end we add a function V' (p) representing the atomic information about
our generic object determined by the condition p and the requirement that all generic
filters meet certain dense sets defined in terms of V.

Definition 3.1.9 D C P is dense in P if Vp € P3q € D(q <p p). D is dense below r
if Vp <prdq € D(q < p).

In general we want the conditions guaranteeing (forcing) each of our requirements to
be dense.

Definition 3.1.10 If C is a class of dense subsets of P, we say that G is C-generic if
GND # ) for all D € C. We say that a sequence (p,) of conditions is C-generic if
Vi(pis1 <p pi) and ¥D € Can(p, € D).

Definition 3.1.11 We always require that a notion of forcing have a valuation function
V . P — w<¥ which is recursive on P and continuous in the sense that if p <p q then
V(p) 2 V(q). (We say that a partial recursive function ¢ is recursive on a set X if
X C dom(p).) Moreover, we require that the sets V,, = {p| |V(q)| > n)} are dense. We
also require that any collection of dense sets that we consider for the construction of a
generic filter or sequence include the V,,.

Example 3.1.12 In the Examples above we may define V(p) = p for Cohen forcing.
When the conditions are trees T, we may let V (p) be the largest o such that every T € T
1s comparable with o. Show that the corresponding V,, are dense. What should V' be for
the forcing that constructs an exact pair?

Proposition 3.1.13 If (p,) is a C-generic sequence then G ={p|3an(p, < p} is a C-
generic filter containing each p,.

Proof. G is C-generic because it contains an element, p,, of D, for all n. It is upward
closed because if p € G then p > p. for some e so if ¢ > p > p. then ¢ > p. as well.
Finally, it is pairwise compatible because given p > p.,, ¢ > p., then p,q > p. where
e = max{e;,ez}. ®

If our collection of dense sets is countable then generic sequences and filters always
exist.
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Theorem 3.1.14 If C is countable and p € P, then there is a C-generic sequence (py)
with pg = p and so, by Proposition 3.1.13, a C-generic filter G containing p.

Proof. Let C = {D,|n € N}. We define (p,) by recursion beginning with p, = p. If
we have p,, then we choose any ¢ < p, in D,, as p,1. One exists by the density of D,,.
It is clear that (p,) is a C generic sequence and so G ={p|3n(p, < p} is C-generic filter
containing p. m

Exercise 3.1.15 If C is countable (as it always is in our applications) and G is a C-
generic filter containing p, then there is a C-generic sequence (p,) <r G with py = p such
that G ={p|3n(p, < p}. (This is a converse to Proposition 3.1.13.)

Definition 3.1.16 We associate to each C-generic sequence (p,) or filter G the generic
function (or set) G = UV (p,) or {V(p)|p € F}.

Proposition 3.1.17 If G is associated with the C-generic sequence (p,) (filter G) then
G <r (pn) (G).

Proof. As V is recursive on P and the sets V,, of Definition 3.1.11 are included in C, we
can compute G(n) by searching for a k such that p, € V,, (or p € G) and then noting
that G(n) = V(pe) (V(p)). m

As is our general practice, we often care about how hard it is to compute a C-generic
sequence, filter or function. We must begin with the complexity of P and then consider
how hard it is to compute the generic sequence (p.) and so the associated generic G. We
view the elements of P as being (coded by) natural numbers. For convenience we let the
natural number 1 be the greatest element of P.

Definition 3.1.18 A notion of forcing P is A-recursive (or a-recursive) if the set P and
the relation <p are recursive in A (€ a). (As usual if A= 0 (a=0) we omit it from the
notation.) If C = {C,} is a collection of dense sets in P then f is a density function for

C if Vp € P¥n € N(f(p,n) € Cy,).

Proposition 3.1.19 If P is an A-recursive notion of forcing and C = {C,} is a uni-
formly A-recursive sequence of dense subsets of P and p € P then there is a C-generic
sequence (p,) with pg = p which is recursive in A. More generally, for an arbitrary notion
of forcing P, p € P and a class C of dense sets, if [ is a density function for C, then
there is a C-generic sequence (p,) <r [ with po = p. The generic G function associated
with these filters or sequences are also recursive in A or f, respectively.

Proof. If P is an A-recursive notion of forcing and C = {C,} is a uniformly A-recursive
sequence of dense subsets of P, then we can define a density function f <; A by letting
f(p,n) be the least (in the natural order of N) ¢ <p p with ¢ € C,. The desired generic
sequence is now given by setting po = p and p,41 = f(n,p,). That G is recursive in A
or f now follows from Proposition 3.1.17. m

Note that the generic filter G defined from the generic sequence (p,) in Proposition
3.1.13 is 5 in (p,) but not necessarily recursive in it. While in the other direction some
such sequence is recursive in the filter. (Exercise 3.1.15)
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3.2 The Forcing Language and Deciding Classes of
Sentences

The ad hoc approach to constructions presented in Chapter 2 looks at the specific theorem
we want to prove, decides what are the specific requirements we need to meet, and then
builds the desired sets accordingly. For example, this is what we did to build A|rB.
Our approximations were P = {(«a, 3)}. The requirements were ®' # B (and ®Z # A).
Given «, 3, we could find (&, [3) < {a, f) which would guarantee the requirement. In
particular, if one exists, we chose a specific (&, 3) < (a, B) such that Jzd%(x) |# B(x) 1
if not, we took («, ). In the terminology of forcing, we had dense sets

D, = {{, B) : 320%(z) |# B(x) | or (W&, B) < (o, B))(=[Fxd2 () |# Bl) 1))}

Likewise, we defined dense sets C,, which guaranteed that ®2 £ A. Then if G is {D,, C.}-
generic, Gq |r G1.

In this manner, each of the proofs we did earlier by constructions with requirements
can be translated to dense sets and generics for the dense sets D, determined by the
conditions that guarantee (force) that we satisfy the eth requirement. However, the
benefit of the forcing technology comes in the form of the generality it allows. For
example, we could try to tackle many of the constructions at once. We need to define
the forcing relation (IF) more generally, by induction on formulas ¢ that somehow say
that if p IF ¢ then ¢(G) holds for the set or function G determined by any sufficiently
generic filter G.

Thus we want a relation |- between conditions p € P and sentences ¢(G) (where
we use G as the formal symbol that is to be interpreted as our generic set or function
(7). This relation should approximate truth in the sense just described. We could use
a standard language of arithmetic (in set theoretic forcing, one would use the language
of set theory) augmented with another parameter (G) for the set we are building, and
possibly other parameters (F') for given sets or functions. For our purposes it is more
convenient to use the master (universal) partial recursive predicates ¢(G, F', e, z) and the
standard normal form theorems mentioned in §1.1 and described below.

We fix some finite sequence of functions or sets F' and view them as fixed parameters
that appear in our formulas. This allows us to formalize relativizations to such F as well
as other notions. For the most part, however, we can ignore them in our proofs as the
relativizations are almost always straightforward.

We use ¢, (G, F,e, xg,...T,-1) to mean that the eth Turing machine with oracles
G and F (which we are viewing as a fixed (possibly empty) set or function parame-
ters that depends on the notion of forcing and is included in the oracle) running for
To many steps on inputs x,...x,_1; converges. Our conventions are that if the ma-
chine runs for s many steps then it must first read the program and inputs and then
can ask about the value of any one of the oracles at n only after writing out n and
must then read the answer. So, in particular, ¢, (G, F,e,xg,...T,—1) can hold only if
€,x1,...,Tn1 < xo and for any information G(m) or F'(m) about the oracles used in the
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computation m,G(m) and F(m) are also less than zo. Thus if ¢,(G, F, e, 2, ... 7, 1)
holds then it only depends on G | xy (and F | g although we ignore this fact as
we are thinking of the F' as given parameters) in the sense that it is also true for any
G'" DO G | 79 and. In this case we also say that ¢(o, F,e,zg,... 7, 1) holds for any
o0 O G | zo. Thus, crucially, the predicates ¢, (o, F,e, xq,...x,_1) are uniformly recur-
sive in F. Moreover, every ¥, sentence about G and F' is equivalent to one of the form
w06 (G, F, e, 2¢) and so to Irgp(G | o, F, e, 10). Every II; sentence about G and F is
equivalent to one of the form Vzy—¢(G, F, e, x¢) and so to Vzo—¢(G | xo, F, e, 10). More
generally, for n > 0, every Y, sentence about G and F is equivalent to one of the form
309, VTop_1 ... I20p(G, F e, x0, . .., T2,); every Y, sentence about G and F is equivalent
to one of the form 3ws,Vwo,_1...Vzo—=0(G, F, e, x,...,Ts,) and similarly for II, sen-
tences about G and F. Thus, it suffices to consider only formulas beginning with a list of
quantifiers of alternating type followed by a predicate of the form ¢(G, F, e, xg, ... 2n_1)
(if the final quantifier is 3) or —¢(G, F, e, z, ... z,_1) (if the final quantifier is V). (Note
that n may be larger than the number of quantifiers and we include constants m in our
language for every m € N.)

Notation 3.2.1 We use —p to stand for the canonical equivalent of the negation of p,
i.e. change each quantifier (3 to ¥ and vice versa) and the matriz (¢ to —¢ and vice
versa). So, in particular, =—p = p.

Notation 3.2.2 We use G for the generic filter, G for U{V (p)|p € G}, the set or function
that we are building and G for the symbol in language that stands for that set or function.

We define the forcing relation p IF ¢ for p € P and ¢ a sentence of our language
by induction on the complexity of sentences. The usual definition in standard languages
proceeds by induction on the full range of formulas with the crucial steps (after the atomic
variable free formulas) being p IF Jz¢ < In(p - p(n)); p IF ~¢ < Vg < p(q ¥ ¢) and
so p W Ve < VnVq < p(gW¥ —p(n)) & ¥Yn¥q < par < q(rIF ¢(n)). (The definitions
for conjunction and disjunction are given by p IF o A < p IF ¢ and p IF ¢ and
plE VY < plkporplk.) With our restricted language we can simply the definitions
and so the calculation of the complexity of the relation p I .

Definition 3.2.3 We define the relation p forces ¢, p Ik ¢, by induction.

e If pis a X formula Elmogbn(G,_F, e, g, mi,...m,_1) then p Ik ¢ if and only if there
is an mg such that ¢, (V(p), F', e, mg, m, ... m,_1) holds (or equivalently, for every
G D V(p), ¢,(G, F,e,mg,mq,...my_1) holds.

o If ¢ is a II; formula ‘via;o—lgbn(G,F, e, Tg, M1, ... My_1) then p IF ¢ if and only if
VmoVq < p(=,,(V(q), F,e,mo,mq, ... m,_1).

o If pisa X, ; formula Jxe)(z) then p - ¢ if and only if Im(p I- (m)).
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o If pis a Il formula Yz (x) then p IF ¢ if and only if YmVq < p(q IF = (m).

Exercise 3.2.4 Unravel the definition for p to force a 1y sentence VxIyp(z,y) to see
that it means that for every m there is an and a ¢ < p such that ¥ (m,n).

Theorem 3.2.5 If P is a notion of forcing recursive in A then, for n > 1, forcing for
Y. (II,,) sentences ¢ (i.e. whether pl- ) is a ¥,, (1I,) in A (and F') relation.

Proof. As we generally do from now on, we assume that the sequence F' of parameters
is empty and leave the relativization of results to the reader. We proceed by induction
on n and for notational convenience ignore A (i.e. assume it is recursive) as well. If ¢ is
¥, or Iy then p IF ¢ is directly defined as a ¥; or II; formula, respectively. (The point
here is that the ¢, are uniformly recursive.) For n > 1 the result follows by induction
and our definition of forcing. m

Exercise 3.2.6 IfplF ¢ and g < p then q IF .

We now want to tackle the question of how much genericity do we need to make
forcing equal truth for generic filters/sets in the sense that if p IF ¢, p € G and G is
sufficiently generic then ¢(G) holds and, in the other direction, if ¢(G) holds then there
is a p € G such that p IF .

Definition 3.2.7 The filter G is n-generic (for n > 1) if and only if for every 3, (inP)
subset S of P,
peflpeS vV Vg<p(qg o).

We say that G is (w-) generic if it is n-generic for all n. Similarly the descending sequence
(pn) of conditions is n-generic iff for every ¥, (in P) subset S of P, there is an n such
that p, € S or¥q < p,(q ¢ S). The sequence is called (w-) generic if it is n-generic
for all n. We also say that the function or set G determined by an (n-)generic filter
or sequence is itself (n-)generic. These notions all relativize to an arbitrary X in the
obvious way. We then say, for example, that G is n-generic relative to (or over) X.

The following equivalence is now immediate.

Proposition 3.2.8 LetC, be the class of dense sets {p:p € Se VVq < p(q ¢ Se)} = Dy
for all X3, (in P) subsets S, of P. Then a filter G (or a descending sequence (p,)) is
n-generic iff G ((pn)) is C,-generic.

Exercise 3.2.9 If D C P is dense and %, then D meets every n-generic G. If D is
dense below p (i.e. ¥Yq <p pIr <p q(r € P)) and %,, then D meets every n-generic G
containing p.

To build an n-generic G we proceed as in the construction of a generic for a given
countable class of dense sets. We can now also calculate how hard it is to carry out this
construction.
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Proposition 3.2.10 For any notion of forcing P and each n > 1, there is an n-generic
sequence {py) <7 00 (P™ ) and so its associated n-generic G is also recursive in 0™
(P™ ). There is also a generic sequence (py) such that it and its associated G' are recursive
in 0@ (PW)). Moreover, for any p € P we may require that py = p and so V(p) C G.

Proof. Fix n. We build a generic sequence (p,,) for the C,, of Proposition 3.2.8 recursively
in 0™ (as usual assuming P is recursive). We begin with py the given p € P. If we have
already defined p, we find, recursively in 00", a ¢ <p p, which isin D,, ;1. This procedure
clearly constructs the desired sequence and is recursive in 0 by definition of the Dy, .
For w-genericity one simply carries out this construction for the collection {D,, .|n,e € w)}
recursively in 0). That G is recursive in P (P)) follows from Proposition 3.1.17. =

Definition 3.2.11 We say that a condition p decides a sentence ¢ if p IF @ or plF —p.

Theorem 3.2.12 If G is n-generic and v € 3, (II,,) then there is p € G which decides
. Moreover, if p I ¢ then o(G) holds while if p IF =@ then —p(G) holds. Moreover, if
q € G and qIF ¢ then ©(G) holds.

Proof. We proceed by induction on n > 1. Consider ¢ = Jzip(z,G). Now the set
S ={p:plF Jx(z,G)} is X, by Theorem 3.2.5. So by the definition of n-genericity,
either there is p € G in .S which forces ¢ or one with no extension forcing ¢. If p € G and
p IF Jzp(z,G), then (by definition) there is an n such that p IF ¢ (n,G) (or ¢,,(V(p),...)
for some m, if n = 1). Now by induction (or the basic properties of ¢,, for n = 1), ¥(n, G)
holds and then so does 3z (x, G) as required. On the other hand, suppose there is p € G
such that (Vg < p)(q ¥ Jz¢(z,G)). In this case, we claim that that —3z¢(x, G). If not,
there would be an n such that 1(n,G) and so by induction (or definition for n = 1), a
q € G such that ¢ I ¢(n,G) (or ¢,,(V(q),...) if n =1). So, q I Jx¢(x,G). But, since
p,q € G they are compatible and there is an r € G with r < p,q. This would contradict
Exercise 3.2.6. Finally, we claim that in this case p IF =p. First, (Vg < p)(¢ ¥ Jzp(x,G))
implies that (Vg < p)(Vx)(q ¥ (z,G)), and so p IF Yz—1) (by the definition of forcing)
which is the same as p IF —¢ as required. As for the last claim of the Theorem, note that
there is some p € G that p decides ¢ in the way that corresponds to the truth of ¢(G).
The conditions p and ¢ are compatible and so p IF ¢ and ¢(G) holds as required.

The case that ¢ is II,, clearly follows as then -y is ¥, and =—p = ¢. =

We now look at degree theoretic properties of sets with various amounts of genericity.
We begin with some connections between genericity and lowness. The first improves
Proposition 3.2.10. The second is specific to notions of forcing similar to that of Cohen.

Proposition 3.2.13 For any notion of forcing P and each n > 1, there is an n-generic
sequence (py) < P™. For any G associated with such a sequence, G <p P,
There is also a generic (px) <r P and for any G associated with such a sequence,
G <p P@. Moreover, for any p € P we may require that p € G (po = p).
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Proof. A sequence (p;) as required exists by Proposition 3.2.10. Now note that the
question of whether x € G is uniformly ¥,, and so we can find the D,, . that corresponds
to the the ¥, formula p I- e € G™ and, recursively in P™ (P®), find a k such that
i forces this formula or no extension of it does. By Theorem 3.2.12, this determines if
r € GM(G@) ornot. m

Exercise 3.2.14 If every condition in P has two incompatible extensions then we can
replace <1 by =p in Proposition 3.2.13. Indeed we can make G™ = C for any C >rp
PO or GW =4 C for C > PW. This is a generalization of the Friedberg Completeness
Theorem (Yc > 0')(3a)(a’ = c) to iterations of the jump.

Proposition 3.2.15 If G is n-generic for Cohen forcing then G =, G v 0™, Simi-
larly, if G is generic, G&) =p G v 0@

Proof. It is immediate that for any G, GV 0™ <; G . Thus, it suffices to show that
if G is n-generic then G <; G v 0™, The formula (e, G) which says that e € G® is
uniformly >,,. Therefore, by Theorem 3.2.12 and the n-genericity of G, either there is
p € G such that p I ¢(e,G) or there is p € G such that p IF —p(e, G). However, p forcing
¢ is a ¥, relation and forcing -y is II,, so to see if e € G we can search for a p € G
such that p IF (e, G) or p I- (e, G). This is a GV 0™ question since for Cohen forcing
p € G if and only if V(p) C G. By Theorem 3.2.12, the one forced is the true fact about
G. The uniformity of this argument gives the desired result for generic G. =

Exercise 3.2.16 The results of Proposition 3.2.15 relativized to P hold for any notion
of forcing P such that for every 1-generic G there is a filter G <7G such that G =

UV (p)lp € G}

Exercise 3.2.17 Find an A-recursive notion of forcing for which the analog of Proposi-
tion 3.2.15 does not hold, i.e. there is an n-generic G with G™ %7 GV A,

The next proposition gives almost all our previous incomparability and embeddability
results in one fell swoop.

Proposition 3.2.18 If G is Cohen 1-generic then the columns Gl = {(i, 2)|(i, ) € G}
of G form a very independent set, i.e. Vj(GV! L7 G,

Proof. For each e we want to show that q)fm + GV, We consider the following set of
conditions:

Se=1{p: 3w (027 (@) 1£ 7)) }.
Here we use the natural extension of our notation for columns of a set to finite binary
strings: pV)((j, ) = p({j,2)) and pVI((j,z) = 0 for p((j,x)) | and i # j. We define p’
similarly. Since S, € ¥; and G is 1-generic, there is p € G NS, or there is p € G no
extension of which is in S.. If p € GN S, then p C G so the requirement is satisfied.
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Suppose that p C G and (Vg 2 p)g ¢ S, then we claim that CIDGm is not total. If it
were, let (j,z) be out81de the domain of p. We must then have some ¢ C G with ¢ < p,
¢((j,x)) | and @2" () |. Now let 4((j,z)) = 1 — q((j,x)) and §(2) = q(2) for z # (j,z).
So ¢V = ¢l and 77 () |= ®1”(z) | but §({j, z)) # q({j, ). Thus one of ¢ and § (both
of which extend p) is in S, for the desired contradiction. =

Exercise 3.2.19 The Theorems and Propositions of this section relativize to an arbitrary
X. For example, Proposition 3.2.18 now says that if G is 1-generic relative to X, then
the independence results hold even relative to X, i.e. Vj(GV! “r X ® GU.

Exercise 3.2.20 If G is Cohen 1-generic over X and A, B <p X then
Also, G |r X if X > 0.

Exercise 3.2.21 Prove that if G is Cohen n-generic then the G are very mutually
Cohen n-generic in the sense that each G is Cohen n-generic over GI.

Exercise 3.2.22 Translate the Exact Pair Theorem into the language of forcing. Hint:
Given (C;), define a notion of forcing P with conditions («, 3,n) for a, € w<* and
n € N. The ordering is given by (o, B',n') < {a,8,n) if ' D, ' D B, n' > n and, for
i<n,if ((i,x)) | but a({i,z)) T then o/ ({i,z)) = C;(x) and similarly for 5" and f3.

Exercise 3.2.23 Construct a 1-tree T such that every G € [T| is Cohen 1-generic. To
be precise we want a function F' : N — {0,1,2}such that if {d,} lists the x such that
F(x) = 2 in increasing order and for any A € 2¥, we let Fx(x) = A(n) if v = d,, for
somen and Fy(x) = F(x) otherwise, then Fy is Cohen 1-generic for every A € 2*. Hint:
make F' 1-generic for conditions p € {0,1,2}<“.

Exercise 3.2.24 Show that the Cohen 1-generic degrees generate D. Hint: Fix an A €

. Make the F of the ][77"emous construction 1-generic relative to A. Show that for any
J 7é k, (FUv Fm F[k] ) =r A where for any i FU(z) = F({i.x).

We close this section with a slightly variation of our previous constructions that is
needed in §5.4.

Proposition 3.2.25 If P is a recursive notion of forcing and Cy and Cy are low sets,
i.e. Cj =1 0 =p C] then there is a G which is 1-generic for P over Cy and over Cy so
that, in particular, both G & Cy and G & Cy are low.

Proof. Build a generic sequence meeting the dense sets {p:peSeVVg<plg¢ Se)} =
D.; for all ¥, in C; subsets S, ; of P for i € {0,1} as in the proof of Proposition 3.2.13.
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The point is that as both C; are low, 0’ can uniformly compute a density function for all
of these sets. The argument for lowness is now exactly as above. m

Notes: Forcing in arithmetic was introduced in Feferman [1965]. It has since been
used in various formulations by many people. Hinman [1969] introduced a version of
n-genericity. Two important early papers applying forcing to degree theory are Jockusch
[1980] in which many of the results of this section appear for the special but typical case
of Cohen forcing and Jockusch and Posner [1978]. A systematic development of degree
theory based on forcing was first presented in Lerman [1983]. Our approach attempts to
both simplify and generalize previous versions. A very similar version has been presented
in Cai and Shore [2012].

3.3 Embedding Lattices

We have so far studied questions of embedding countable partial orders (and usl’s) in
D which is itself an usl. Now we know that D is not a lattice (Corollary 2.2.14) but
we also know that some pairs of degrees do have greatest lower bounds in D (Theorem
2.2.7). Thus we can ask which lattices can be embedded in D preserving the full lattice
structure. We now prove that every countable lattice can be embedded in D.

Theorem 3.3.1 (Lattice Embedding Theorem) FEvery countable lattice L with least
element 0 is embeddable in D preserving the lattice structure and 0.

For later convenience, we actually want to prove an a priori stronger statement about
partial lattices.

Definition 3.3.2 A partial lattice £ is a partial order <, on its domain L together with
partial functions A,V which satisfy the usual definitions when defined, i.e. if t Ny = z
then z is the greatest lower bound (glb) of x and y in <.; if xVy = z then z is the least
upper bound (lub) of x and y in <p. We say that L is recursive (in A) if L and <. are
recursive (in A) and V and A are recursive (in A) functions on L.

Now, actually every partial lattice can be embedded into a lattice.

Theorem 3.3.3 If L is a partial lattice with least element 0 and greatest element 1 then
there is a lattice £ and an embedding f : L — L which preserves 0, 1, order and all meets
and joins that are defined in L.

Proof. Consider the lattice Z of nonempty ideals of £, i.e. nonempty subsets [ of L
closed downward and under join in £ (when defined). The ordering on 7 is given by set
inclusion. Meet is set intersection and the join of I; and I is the smallest ideal containing
both of them. The map that sends = € £ to I, = {y € Ly <, x}, the principle ideal
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generated by z, is the desired embedding into the sublattice Lof T generated by the
principle ideals. m

Thus as far as an embedding theorem is concerned, it may seem that there is no
reason to use partial lattices but both effectiveness considerations and convenience come
into play. It is certainly often more convenient to specify a partial lattice than to decide
all the meets and joins. Thus we state our theorem for partial lattices.

Theorem 3.3.4 (Partial Lattice Embedding) If £ is a partial lattice recursive in A
with least element 0 and greatest element 1 then there is an embedding f : L — D with
f(0) =0 (or with f(0) = deg A) which preserves order and all meets and joins that are
defined in L. Moreover, for x € L, f(x) is uniformly recursive in f(1), in the sense that
we have sets G of degree f(x) which are uniformly recursive in f(1) >r A.

To prove Theorem 3.3.4, we need some lattice theory. In particular, we use a type of
lattice representations called lattice tables.

Definition 3.3.5 A lattice table for the partial lattice L is a collection, ©, of maps
a : L — N such that for every x,y € L and o, 5 € ©

1. a(0) = 0.

2. If v <c y and afy) = B(y) then a(z) = B(z).

3. Ifz £ y then there are o, B € © such that a(y) = By) but a(x) # B(x).
4- IfxVy =z, a(z) = p(z) and a(y) = B(y) then a(z) = B(z).
5

Afx Ny =z and a(z) = [(2) then there are v1,74,75 € © such that a(x) = v,(x),

1Y) = 72(y), v2(2) = v3(2), v3(y) = B(y). Such; are called interpolants for o
and ( (with respect to z, y and z).

Notation 3.3.6 We define equivalence relations on © for each v € L by o =, [ if and
only if a(x) = [(x). For sequences p, q from © of length n and x € L, we say p =, q
if p(k) =, q(k) for every k < n. In general, we say an equivalence relation E on a set
S is larger or coarser than another one E if for every (Va,b € S)(a =z b= a=gbh).
Similarly, E is finer or smaller than E if (Ya,b € S)(a =5 b = a = b). With this
ordering on equivalence relations, the lub of E and E is simply their intersection. Their
glb 1s the smallest equivalence class on S that contains their union. This is also the
transitive closure of their union under the two relations.

The conditions of Definition 3.3.5 can now be restated in terms of these equivalence
relations:

1. a = B for all @ and  and so =( is the coarsest congruence class, i.e. the one
identifying all elements.
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2. If x <y then a =, # implies a =, 8 for all @ and 5 and so =, is larger than =,,.

3. If @ £, y then there are o and /8 such that o =, 8 but a #,  and so =, is not
larger than =,.

4. If xVy=zand a =, f and a =, § then a =, § and so =, is the glb of =, and
Ey.

5. If x Ay = z then there are v,,7,,7v3 € © such that o =, v, =, v, =, 73 =, 8. So
=, is certainly contained in the lub of =, and =,,. It is part of the theorem that we
can arrange it so that chains of length three suffice to generate the entire transitive
closure.

Thus a lattice table © produces a representation by equivalence relations with the
dual ordering. A reason for reversing the order is that D is only an uppersemilattice. So
joins always exist and we want them to correspond to the simple operation on equivalence
relations of intersection. On the other hand, meets do not always exist and they then
correspond to lub on equivalence relations which requires work to construct. Note that
a(1) uniquely determines each « € O, i.e. = is the finest congruence, i.e. equality which
makes all elements distinct.

We now prove our representation theorem in terms of lattice tables.

Theorem 3.3.7 (Representation Theorem) If L is a recursive (in A) partial lattice
with 0,1 then there is a uniformly recursive (in A) lattice table © for L.

Proof. Define 3, ; for z,y € L, i =0,1 by

_ ) (2,00 ify #0 ) Bapy) ity <ca

The set of these 3, ; satisfy (1), (2), (3) and (4). We now want to sequentially close
off under adding interpolants as required in (5) for each relevant instance . To do so,
we have some dovetailing procedure which does the following. Consider x A y = z and
a =, 8. We want to add vy, 74,73 as required in (5) and preserve the truth of (1)-(4) in
the expanded set. If x <,y or y </ z, it is easy to do so just using @ and 3. If not (i.e.
z £,y and y £, x), then choose new numbers a, b, ¢, d not used yet and for w € L let

yi(w)ifw <,y Blw) ifw <,y

if w <
Yi(w) = {“@ USET w)=bitw<crandw gy v(w) =S aifw <z andw foy
aifwLex , .
¢ otherwise d otherwise

This is a recursive (in A) procedure and it is an Exercise to check that it works. m

Exercise 3.3.8 The construction given above provides a lattice table for L.
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Now we can turn to the proof of our embedding theorem for partial latices.

Proof (of Theorem 3.3.4). We begin with a lattice table © for £ which is recursive
in £. We define a notion of forcing P with elements p € ©<¥, the natural ordering
p <p qif p D qand V(p) = p. Our generics are then maps G : N —L. Define, for
x €L, G, :N— Nby G,(n) = G(n)(x). The desired embedding is given by 0 — 0 if
we want to preserve 0 and 0 — a if we want to send 0 to a. In either case, for x # 0,
x — deg(G,) V a. We use a sufficient amount of genericity to prove that this map really
is an embedding that preserves all the required structure. For notational convenience we
assume that A is recursive but at times point out the notational changes needed when it
is not. We follow the numbering of clauses in Definition 3.3.5.

1. By definition, 0 is preserved by our embedding (or sent to a if so desired). (Note,
however, that Gy(n) = 0 for all n and so Gy is recursive for any L.)

2. Suppose z <, y. We must show that G, <p G,. Given n, we want to compute
G.(n) = G(n)(xr). Find any a € O such that a(y) = G(n)(y) = Gy(n), ie.
a =, G(n). One exists because G(n) is one such. As © is uniformly recursive we
can search for one. Then since x <, y and G(n) =, «, by Definition 3.3.5(2) we
have that G(n) =, a so G(n)(z) = a(z) = G.(n).

4 Suppose z V y = z. We must show that G, =r G, © G,. By the preservation of
order, G, >p G, ® Gy, so it suffices to compute G.(n) = G(n)(z) from G,(n) and
Gy(n). We search for an o € © such that a(z) = G(n)(z) and a(y) = G(n)(y),
ie. a =;, G(n). There is one and we can find it as above. Now as a =, , G(n),
a =, G(n) by Definition 3.3.5(3), so a(z) = G(n)(z).

We can also say something about the image of 1 under the embedding. Given n,
G1(n) = G(n)(1) so G =7 G since by Definition 3.3.5(2) for any o € O, (1) determines
« uniquely and uniformly recursively. Thus the greatest degree in the embedding is the
degree of the generic G (G @ A when L is not recursive).

Until this point, we have not used any genericity. We now turn to nonorder and
infimum.

3 Suppose z % y. We want to prove that iyl #+ G, for every e. Suppose that G is
1-generic (over A) and consider the sets

Se ={p € 0= : ()¢ (n) |# p=(n)]}

where p, € w<“ is defined in the obvious way by p,(m) = p(m)(z). S. € ¥; because
given o we can compute p(n)(x) (since © is uniformly recursive ). Therefore, the
1-genericity of GG implies that there is a p € GN S, or there is a p € G no extension
of which is in S.. Suppose p € G N S, then B (n) # Go(n) as py C G, and
p: C G, and we are done. Otherwise, no extension of p is in S,.. Suppose then, for
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the sake of a contradiction, that ¥ = G,. Let a and /3 be as in Definition 3.3.5(3)
for z and y. By the obvious density of the sets D,, = {p|3m > n(p(m) = o} and
the 1-genericity of G, there is a ¢ < p and an m > |p| such that ¢(m) = a and
qg € G. Moreover as o (m) | by our assumptions, we may also guarantee that
¢ (m) | by simply choosing ¢ as a long enough initial segment of G. Consider now
the condition ¢ such that ¢(k) = q(k) for k # m and ¢(m) = . Our choice of «,
3 and ¢ guarantees that ¢ < p, ¢ =, ¢ and ¢ #, . Thus ®&(m) |= P (m) | but
¢:(m) # G.(m). So one of ¢ and ¢ is in S, by definition for the desired contradiction.

5 Suppose that 2 Ay = z and ®%= = ®%" = D. We want to prove that D <r G,.
Now the assertion that ®¢+ and ®C are total and equal is ITs. So let us assume
that G is 2-generic (over A) and so there is (by Theorem 3.2.12) a p € G such that
p forces this sentence. Thus for each n and ¢ < p, there is an r < ¢ such that
rIF ®%+(n) |= ®¥(n) |. We now wish to compute D(n) from G.. As above, we
can recursively in G, find a ¢ < p such that ¢ IF ®%=(n) |= @Sy(n) l and ¢, C G,
(since some initial segment of G does this). We claim that ®%(n) = D(n). To
see this consider a t € G such that t < p, t, C G, and t IF ®%=(n) |= <I>€Gy(n) !
Necessarily, ®(n) |= ®(n) |= D(n) and t =, ¢. By suitably lengthening ¢ or ¢
we may assume that they have the same length m. Let [ = |p| < m. We now use
both the interpolants guaranteed by Definition 3.3.5(5) and the fact that p forces
®% and B to be total and equal.

For each k with [ < k < m we choose interpolants v, ; (for i € {1,2,3}) between
q(k) and t(k) as in Definition 3.3.5(5). We let ¢;(k) = p(k) = t(k) for k < [ and
qi(k) = vy, for [ <k <m. Wealsolet g =qand ¢4 =1. Soq=qo = @1 =5
@2 =z q3 =y q4 = t. We now extend the ¢; in turn to make them force convergence
at n but remain congruent modulo z. In fact, we make a single extension for all of
them. By the fact that p IF &%+ = " and q1 < p, we can find an r; = ¢;"s; such
that r; IF q)er (n) |= (IDSy (n) |. We now extend ¢, 51 to r3 = ¢2" 81" 89 such that
ry I ®%(n) |= q)eG”(n) |. Finally we extend g3 s1 sy to r3 = g3 51 52 s3. Let
s = 81 89 s3 and consider ¢;"s for ¢ < 4. Looking at each successive pair we see by
the alternating (between x and y) congruences that they all force the same equal
values for %+ (n) and ®C(n). Thus, by transitivity of equality and permanence of
computations under extension, ®%(n) = &' (n) = D(n) as required.

]

By Theorem 3.2.5, the embedding of £ given by the generic G produced in Theorem
3.3.4 can be taken to be into the degrees below the double jump of £. We can improve
this by a direct construction recursive in 0'.

Exercise 3.3.9 If L is a recursive lattice with 0 and 1 then it can be embedded in D(<0')
preserving 0. Moreover, we may take the image of 1 to be low and the image of L to be
uniformly recursive in it. This result relativizes to an arbitrary £ and (deg £)'. Hint: Do
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a direct construction of the sort done in Chapter 2 following the proof above but when it
relies on 2-genericity to guarantee the existence of extensions forcing some convergence
ask 0" instead if they exist and if not terminate the search and declare the requirement
satisfied (by nonconvergence).

Alternatively we may use the following Exercise.

Exercise 3.3.10 The proof given above that infima are preserved used 2-genericity. Give
a proof that uses only 1-genericity. Indeed, given a partial recursive lattice L and any
1-generic G for the recursive notion of forcing P of the proof of Theorem 3.3.4 the map
from L to the degrees below that of G given by v —— deg(G.) is a lattice embedding. This
implies the results of the previous exercise. More specifically, G is low. Hint: Suppose that
t Ay =z and ®% = &Y = D. Consider the ¥, sets T, = {t|3n(®(n) |# ®(n) |}
and S, = {s : 3n,3q, so, 52, 7(0f the same length) ®%(n) |= ®(n) |# ®=(n) |=
' (n) | and q =, so =, s =, $9 =, r S0 q =, 1} restricted to the conditions extending

a t witnessing the 1-genericity condition for T,. This also supplies a proof for Exercise
3.3.9.

Exercise 3.3.11 If L is a recursive lattice with O and 1 then it can be embedded into
D(< g) preserving both 0 and 1 for any Cohen 1-generic g. Hint: Show that for any
infinite recursive set ©, the degrees which are 1-generic for ©<“ are the same as the Cohen
1-generic degrees by defining a recursive isomorphism between ©“ and the elements of 2
with infinitely many values equal to 1 that “preserves denseness”.

Next, we disprove the homogeneity conjecture for D' = (D, <7,”). This conjecture,
like the analogous one for D, was based on the empirical fact that every theorem about
the degrees or the degrees with the jump operator relativizes and so if true in D (or D’)
then it is true in D(> c) or D'(> c) for every c. The conjectures asserted then that
D = D(>c) and even that D' = D’'(>c) for every degree c.

Theorem 3.3.12 There is ¢ such that (D,<)) 2 (D(>c),<)).

Proof. If not, then [0,0”] 2 [c,c”] for every c. To find a contradiction, it is sufficient
(by Theorem 3.3.4) to find partial lattice recursive in ¢ which cannot be embedded in
[0,0"].

Now it is a fact of lattice theory that there are continuum many finitely generated
lattices indeed ones with only four generators. We supply ones with seven generators
in the next section. On the other hand, only countably many finitely generated lattices
can be embedded in [0, 0”] since the lattice embedded is determined by the image of its
generators. Thus we may choose an £ which is finitely generated but not embeddable
in [0,0”]. £ has some degree, say c. By theorem, L is embeddable in [c,c”]. Thus
[0,0”] 2 [c,c"] as required. =

Corollary 3.3.13 The homogeneity conjecture for D’ fails.
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Notes: Representations by equivalence relations is an old subject in lattice theory.
In degree theory they were first used to embed all finite lattices in D and certain special
lattices as initial segments of D by Thomason [1970]. The version used here in terms of
tables is particularly suited to degree theory and was introduced in Lerman [1971] and
extensively presented in his [1983]. Their use to embed lattices not as initial segments
appears in Shore [1982] where it is used to prove Theorem 3.3.1 and Exercise 3.3.9 and
various strengthenings of Theorem 3.3.12. The first proof of Theorem 3.3.12 and so the
failure of the homogeneity conjecture for D’ is due to Feiner [1970] but it depended on
the construction of ; but not recursively presented Boolean algebras and known but
much more complicated embeddings of lattices as initial segments of D. Exercises 3.3.10

and 3.3.11 and some aspects of our treatment of lattice tables come from Greenberg and
Montalban [2003].

3.4 Effective Successor Structures

For later applications, we would like to have a specific family of size 2% of finitely
generated partial lattices that code arbitrary sets S in a relatively simple way and can
be embedded below various degrees related to S in ways that we specify later. These
partial lattices begin with ones that are effective successor structures.

Definition 3.4.1 An effective successor structure is a partial lattice generated by five
elements ey, e1,dy, fo, f1 with (for each n > 0) relations

(don V €g) A f1 = daptr (dont1 Ve1) A fo = dapga.

where the d,, are all distinct (and pairwise incomparable). For any fized S C w, we define
the class of effective successor structures Lg, by adding on two additional generators g
and g, and the additional relations

nes<:>dn§907gl-

It is clear that the class of effective successor structures L£g provides us with continuum
many different finitely generated partial lattices (at least one for each S C w) that we
can use in the proof of Theorem 3.3.12.

Thus, we have represented S in a partial lattice Lg. For later applications we now
analyze the relations between the complexities of S and Lg or more precisely its em-
beddings in D. To make these relations as simple as possible we want to impose some
additional conditions on our partial lattices and slightly modify the coding procedure for

S.

Definition 3.4.2 A nice effective successor structure is a partial lattice extension of an
effective successor structure gotten by adding a least element 0 and additional elements
by, b1 and d, for each n € w such that by 7 by and (Vn € w)(d, V by > by & d,, A d, =
0 & (Ym # n)(d, > dy,).
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Note that any embedding f of a nice effective successor structure in D makes the
images f(d,) of d,, very independent and so it can be extended to an Lg representing
S as above for any S by adding on an exact pair for the ideal generated by the f(d,)
for n € S. We now want to analyze the complexity of sets coded by a slightly different
method in such substructures of D.

Proposition 3.4.3 If by,b1, €9, €1, dg, fo, f1<a are the generators in a nice effective suc-
cessor structure (necessarily contained in D(<a)) and go,g1<a then we say that go, g1
code the set S = {n|3x(xVby>by & < d,, go,g1}. In this situation, S e 4.

Proof. We first compute the complexity of the structure D(<a). We represent this
structure in terms of indices i such that ®: is total. (So this assigns countably many
indices to each degree.) This set is IT5'. The order of Turing reducibility on these indices
is given by k <r ¢ if an only if

A
(T = @) © FjYnIs(@)"(n) = 07 (n))

and so is X4, (Thus the relation that i and k represent the same degree is also ¥4'. We
can now choose a unique representative from the class of indices coding a single set ®#
uniformly in a ¥4 way by taking the j such that (i, j) is the first enumerated by A” in a
fixed enumeration of the pairs such that & =4 CIJA )

Next note that there is a recursive functlon h on indices such that & @ <I>A fbf(L Iy
So the function corresponding to join is recursive on the indices. Now 1nﬁmum would
naturally be II; on the indices but we have added enough additional structure so as to
be able of avoid using infima directly in the recovery of S.

By recursion on n, we define positive ¥; formulas ¢, in <,V (i.e. no negation symbols
are used in the formula which has < and V but not A in it) such that D or equivalently
D(<a) satisfies ¢, (x) if and only if 0 < x < d,,.

@o(r) = x = do; Poni1(T) =2V bg > by & y(p,,(y) & v < (y Vey), fi);
Ponto(®) =2V bo > by & Jy(ps,11(y) & 2 < (y Ve, fh)

It is easy to see by induction that, for any degree x, ¢, (x) is true in D or equivalently in
D(<a) if and only if 0 < x <t d,, (Exercise). By our analysis of the complexity of the
structure D(<a), the ¢, are uniformly ¥4 on the indices.

Note now that n € S if and only if there is an index 7 such that & @& C > B, <pn(<I>A)
and ®# <7 Gy, G; where we are using Gy G1,C and B for some ﬁxed @22), @g‘l, 7 and
CIDA of degrees go, g1,bp and by, respectively. By the uniformity of the ¢, being Zg‘, this

sufﬁces to show that S is ¥4, m

Remark 3.4.4 If gy, g < a are an ezact pair for the ideal generated by {d,|n € S} then
the set they code is {n|d, < go,g1} (Erercise). Thus if we can show for some embedding
of a nice effective successor structure below a that all X4 sets are coded by an exact pair
below a then we know that the sets coded in this structure by pairs below a are precisely
those which are ¥4
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Notes: The conditions on (nice) effective successor structures and their use in coding
arithmetic come from Shore [1981] as does Proposition 3.4.3.
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Chapter 4

The Theories of D and D(< 0)

In the previous section, we talked about embeddability issues. We need to consider more
in order to understand the theory of the degrees. We now approach theorems which say
that the theories of (i.e. the sets of sentences true in) D and D(< (') are as complicated
as possible. More precisely they are of the same Turing (even 1— 1) degree as true second
and first order arithmetic, respectively. The method used is interpreting arithmetic in
the degree structures.

4.1 Interpreting Arithmetic

We say that we can interpret (true first order) arithmetic in a structure S with parameters
p if there are formulas ¢ (z), ¢, (2,9, 2), ¢ (2,v, 2), ¢.(z,y) all with parameters p and
one p.(p) such that for any p € S such that S Fg_ (p) the structure M(p) with domain
D(p) = {z € S|S F ¢p(x)} and relations +, x and < defined by ¢ (z,y, 2), ¢, (2, v, 2),
v (x,y), respectively, is isomorphic to true arithmetic, i.e. the natural numbers N with
relations given by +, x and < respectively and there is at least one such p. (We are
writing the operations + and x in relational form +(z,y, 2) < = + y = 2z and similarly
for x.) In this situation, the theory of true first order arithmetic, Th(N), i.e. the set
of sentences of arithmetic in this language true in N, is reducible to Th(S), the set of
sentences in the language of S true in S. Indeed, the reduction is a 1 — 1 reduction. More
precisely there is a recursive function 7" taking sentences ¢ of arithmetic to ones ¢’ of
S such that NF ¢ &8 EVp(p.(p) — ). The definition of T is given by induction.
Atomic formulas +(x,y, 2), x(z,y,2) and < y are taken to ¢, (z,y,2), ¢, (2,9, 2),
¢_(x,y), respectively. A formula of the form Jwy is taken to Jw(pp(w) & ¥") while
Vw) is taken to Yw(pp(w) — 7). It should be clear (and, if not, routine to prove)
by induction that if M(p) = N then, any sentence ¢ (of the relational formulation of
arithmetic) is true in N if and only if ¢ is true in M(p). Thus if ¢.(p) guarantees that
M(p) = N, we have the desired recursive reduction from Th(N) to Th(S).

A second order structure is a two sorted structure (i.e. one with two sorts of variables
say = and X in its language and two domains U and W C 2Y over which the two types of

39
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variable range, respectively. This provides the semantics for the quantifiers Jx, Va, 3X,
and VX in the obvious way). The language also has relation symbols and relations on
the first sort as in a standard first order language and structure. In addition, it has
one relation x € X between elements of the first sort and ones of the second sort that
is interpreted by true membership. We say that it is a true second order structure if
W = 2V i.e. the second order quantifiers range over all subsets of the domain U of the
usual first order structure. It is a model of true second order of arithmetic if U = N, the
first order language is that of arithmetic as above and W = 2. (Note that as with true
first order arithmetic there is, up to isomorphism, only one model of true second order
of arithmetic.)

We extend our notion of an interpretation of arithmetic to second order structures
by adding a formula ¢g¢(z,y) which implies ¢, (z). For each tuple of degrees y, we are
thinking of p¢(z,¥) as defining the set of n € N such that ¢4(d,,¥) holds for d,, the
degree corresponding to the nth element of the model in the ordering given by ¢_, We
then translate the second order quantifiers by replacing each atomic formula z € X by
wolr,7x), 3X1p by Igxv’ and VX by Vixy" where we are thinking of the 7y as
coding the set X. If; as before, ¢ .(p) guarantees that the associated first order structure
is isomorphic to N and, in addition, as § ranges over S™ (where n is the length of 7) the
sets S; = {z|¢g(x,7)} range exactly over all subsets of D(p) then it clear (or routine
to prove) that, for any second order sentence ¢ of arithmetic, ¢ is satisfied in the true
second order model of arithmetic if and only if S F ¢, (p) — ¢!. In this case we again
have a recursive reduction: a sentence v of second order arithmetic is “true”, i.e. satisfied
in the model of true second order of arithmetic if an only if S EVp(p,(p) — 7).

Our goals now are to prove that there are interpretations of true second order arith-
metic in D and true first order arithmetic in D(<0’). The first we complete in this
chapter. We actually show in the next section that we can code and quantify over all
countable relations on D in a first order way by quantifying over elements of D. From
this result is routine to get a coding as described here of second order arithmetic in D.
The results and analysis need for D(< 0) are mostly contained in this chapter but the
proof also requires material from the next chapter as well. In each case, the correctness
condition ¢,(p) includes the translations (via T') of the axioms of a finite axiomatization
of arithmetic such as Robinson arithmetic that is strong enough to guarantee that any
model of the axioms in which the ordering < on its domain is isomorphic to w is actually
isomorphic to N. The crucial steps are then to prove that there are p such that M(p) = N
and that there is a formula . which guarantees that the ordering of M(p) (given by
@ (p)) is isomorphic to w.

We begin with D and coding countable subsets of pairwise incomparable degrees
by using Slaman-Woodin forcing. We then show how to deal with arbitrary countable
relations on degrees.
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4.2 Slaman-Woodin Forcing and Th(D)

Let S = {c;|i € N} be a countable set of pairwise incomparable degrees. We want to
make S definable in D from three parameters c, gy and g;. The definition is that S is
the set of minimal degrees x < ¢ such that (x V g,) A (xV g;) # x in the strong sense
that there is ad < xV gy, x V g, such that d £ x.

Theorem 4.2.1 For any set S = {Cy, C4, ..., } of pairwise Turing incomparable subsets
of N let C' = &C;. There are then Gy, G1 and D; such that, for every ¢ € N and
J <2, D; <p C; ®Gj while D; ﬁT C;. Moreover, the C; are minimal with this property
among sets recursive in C' in the sense that for any X <p C for which there is a D
such that D <r X ® G; (j <2) but D £ X there is an i such that C; <r X. Indeed,
there is a notion of forcing P recursive in C' such that any 2-generic computes such Gg
and Gy. Thus for c;,c and go, g1 the degrees of C;, C, Gy and G respectively, the set
S = {c;|i € N} is definable in D from the three parameters c, gy and g .

Proof. Without loss of generality we may assume that each C; is recursive in any of
its infinite subsets: simply replace C; by the set of binary stings o such that o C C;.
The point of this assumption is that to compute C; from some X it suffices to show that
X can enumerate an infinite subset of C; as then there is an infinite subset of this set
recursive in X and so then is C;.

We build G; as required by forcing in such a way as to uniformly define the D; from
Gy and C; and such that D; is also recursive in Gy @ C; (although not uniformly). We
begin with the coding scheme that says how we compute the D;.

Let {cip, i1, ...} list C; in increasing order. Our plan is that D;(n) should be Gy(¢; )
and so the D; are uniformly recursive in Gy ® C;. We call (i, k) a codmg locatwn for C;
if k € C;. To make sure that D; <p G & C; as well, we guarantee that G ( n) = G—’[Z (cn)
for all but finitely many n. We now turn to our notion of forcing P.

The forcing conditions p are triples of the form (po, p1, F,,) where pg, p1 € 2<“, |po| =
Ip1], and F), is a finite subset of w. We let the length of condition p be |p| = |po| = |p1].
Refinement is defined by

P<q < po24qop 2 ¢,y 2 Fy, and
if i € F, and |q| < (i, ¢in) < |p| then po((i, cin)) = p1((%, cin)).

This is a finite notion of forcing with extension recursive in C'. The function V' is defined
in the obvious way: V' (p) = po@® p1 so our generic object defined from a filter G is Go® G
where Gj, = U{pi|p € G}. We use G; in our language to mean the k" coordinate the
generic object. Note that C' <p P as well (Exercise) and so n-generic for P means generic
for all ¢ sets.

Note that for any ¢ € 3, if p IF ¢ then (po, p1,0) IF ¢ as V(p) = V({po, p1, D). So if
q < pand qlF 1 for ¢ € 3y then (qo, 1, Fp) IF 1) as well.
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Suppose that G is 1-generic for P. It is immediate from the definition of <p and the
density of the recursive (in P) sets {p|i € F,} that Gg] and G[f] differ on at most finitely
many n € C;. (If i € F, and p € G then G([)ﬂ(m) = G[f](m) for m € C; and m > |p|.)
Thus D; <r Gy ® C; as required.

We next show that D; €7 C;, that is ®¢" # D, for each e. Suppose for the sake of a
contradiction that D; = ®¢ for some e (and so in particular ¢ is total). Consider the
»¢ set

Sie =1{p : IM(po((i, cim)) # (I)Si (m))}

The S;. are dense because if p € P and m is such that (i, ¢; ,) > |p| then we can define
q<pby F,=F,and for [p| <j < (i,c;im) put qo(j) = 1(j) = 1 — ®%i(m). So q € S;.
and ¢ < p as desired. Thus, thereis ap € G N S; . for which

Dj(m) = Go((i, cim)) = po({i, cim)) # B (m),

contradicting D; = ®¢:.
Now, we have to ensure the minimality of the C;. In other words, we want to prove
that if
X — @X® =D X<y C  and D#rX

then C), <¢ X for some k.

Consider the sentence ¢ that says that ®X®% and @f@Gl are total and equal. It is
II; in C' (because X <7 () and true of G = Gy ® G. So, if we now assume that G
is 2-generic, there is p € G such that p IF . Suppose first that =3In(Jo D p)(IT 2
po)[®X%7(n) |# ®X®7(n) |]. Then we claim D is computable from X. To compute D(n)
search for any o O po such that ®X%°(n) | and output this value as the answer. There
is such a 0 C Gy by the totality of ®X®% . Qur assumption that there is no pair of
extensions of pg that give two different answers implies that any such o gives the answer
PX®Co(n) = D(n).

On the other hand, suppose there is such a splitting for n given by py o, po” 7. By
extending one of ¢ and 7 if necessary, we may assume that |o| = |7|. We claim that py“c
and po "7 differ at a coding location (k, ¢k ) for some k € F),. Let 7/ be such that

CI)ZX@(PlATAT/)(n) |= (bf@(pOATAT/)(n) l.
There must be such a 7" as (po"7,p1 7, F,) < p and so it has a further extension
q = (po" 7 po,p1 T p1, Fp) which forces ®X®Co(n) |= &X%“1(n) |. Next consider
G = (po 7" po,p1 T po, Fp) < p. It also has an extension (po 7" py " o, P17 po 1, Fp) IF
PXECo(n) |= &1 (n) |. Tt is now clear that 7" = p,"p, has the desired property.
Next, consider the condition ¢ = (po"c 7/, p1"7°7', F,). Notice that ¢ £ p because:

1 X0 (n) = X (1) as py o1 2 pyo.

2. @7 T (n) = &0 7 (n) by our choice of 7, but
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3. o) (n) # P Opo’T) (n) because n, py" o, po” T were chosen to be splitting.

Hence, &2 2™ ™)(n) £ &X*" ")) and so ¢ does not extend p. However,
po o T D po and p;"T 7" D py, so it must be that py"o”7 and p;"r "7’ differ at a
coding location above |p|. Therefore, py"c and py"7 differ at a coding location (k,n)
with & € F},.

We now show that there must be such py”c and py~7 which differ at only one number
(which then must be a coding location (k,n) for some k € F),). Suppose o, T are strings
as above with |o| = |7| = £. Let 0 =43,70,...,7% = 7 be a list of strings in {0, 1}* such
that 79,~Y,, differ at only one number for each i. Let § be such that PO D) (n) |

(such a 3 exists by the same argument as before). Set v; = 7?3 for each 0 < i < 2.

-~ ] ~
Repeat this process for each j < z. At step j + 1, let 8 be such that @i@(po i+ ) (n) |,

and set /1! = 7{“6 for each 0 <7 < z. At the end, we have strings 7§, 75, ...,7% such

that O " 'yf)(n) | for each 7, and py”"v;7,po i, differ at only one number for each i.
Since
(I)g(ea(po‘vé)m) _ q)i(@(po‘a) (n) £ (I)gfee(po‘T) (n) _ q)é(@(po”vi)(n)’

there must be an ¢ for which @fea(powf)(n) + g ew ﬁ“)(n). The strings po™ 77, po Vi1
differ at only one number and it must be a coding location (k,m) for some k € F, as
required.

Next, we show that X can find infinitely many coding locations (k, m) for some fixed
k € F,. Suppose we want to find such a location (k,m) with m > M. Search for
strings po~ o and py~7 that agree on the first M positions, differ at only one position,
and satisfy @2 2 9 (n) % ®X®® 7 (n). Such strings must exist because we could have
started the above analysis at any condition ¢ € G with ¢ < p (so we can find such strings
agreeing on arbitrarily long initial segments). The position at which py“c and py~7 differ
must be a coding location bigger than M. Since F, is finite, infinitely many of these
coding locations must be for the same k. Given this £, X can find infinitely many coding
locations (k, ¢k ). Hence, X can enumerate an infinite subset of C} and so can compute
C} by our initial assumption on the C;. m

As 2-genericity sufficed for the proof of the theorem above , we can get the required
G; <r C" and,indeed with (Gy & G;)” =r C”. We show below (Theorem 4.3.1 and
Exercise 4.3.3) that we can do better.

Now we work toward coding arbitrary countable relations on D.

Proposition 4.2.2 If H is Cohen 1-generic over C, then, for anyi,j € w and X,Y <
C,if XoHU <Y @ HV theni=j and X <Y.

Proof. Suppose that for some e, X,Y < C, Y& "' = X @ H and consider the set

Se={0 €2 :3n ((DEY@“U] (n) |# X @ U[i](n)>}.
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Se € 31(C) so either there is 0 € S, N H or there is ¢ C H no extension of which is
in S,. The first alternative clearly violates our assumption that ®Y®# '— X @ H and
so there is a ¢ C H such that 7 ¢ S, for all 7 D ¢. Let n = |ol!|. If i # j and there
were 3 D ol such that ®Y®5(2n + 1) |, we could extend ¢ to 7 such that 7V = 5 and
7ll(n) =1 — ®Y®5(2n + 1) (as the value of 71 (n) is independent of 7V!. In this case, we
have .

Yo (2 4 1) |#£ 7 (n) = (X @ 717)(2n + 1)

and so 7 € S,, contradicting our choice of o. Therefore, there can be no f O ol
making ®Y®%(2n + 1) converge while ®Y®#"" ig total by assumption and o ¢ HU! for
a contradiction. Thus i = j.

Next, we show that X <7 Y. To compute X (n) from Y, search for a 7 O ¢ such that
®Ye™ (9n) converges (such a 7 exists because ®Y®7" is total and ol! ¢ HU!). Then, as
usual, we claim that @Z@TU] = (X @7 (2n) = X(n) for if not, 7 € S, and extends o for
a contradiction. m

Theorem 4.2.3 Every countable relation R(xo,...,x, 1) on D is definable from pa-
rameters. Indeed, if C' is a uniform upper bound on representatives C; of the sets with
degrees c; in the domain of R as well as of the <C’j0, ce Cjn71> such that R(cjqy,...,¢; )
and H is Cohen 1-generic over C' then there is a notion of forcing recursive in C' & H
such that any 2-generic computes the required parameters. Moreover, for each n there is
a formula ¢, (o, ..., Tn_1,y) with y of length some k > 0 (depending only on n) which
includes the clauses that x; < yo for each i < n such that as p ranges over all k-tuples
of degrees, the sets of n-tuples of degrees {a|D E p(a,p)} range over all countable n-ary
relations on D.

Proof. We take ¢ = deg(C') to be our first parameter. Let H be Cohen 1-generic over C'
and h; ; be the degree of HIJ)]. We code R using the following countable sets of pairwise
incomparable degrees.

H; = {h,;|j € N} fori <n

Fi={cjVh;,|jeN}fori<n
R = {hO,jo N h17j1 VeV hn*Ljnfl : R<Cjo7 Cjiy- - 7Cjn71)}
Each of these sets consists of pairwise incomparable degrees. The first and third by
Proposition 3.2.18 that for a Cohen 1-generic H the sets H® form a very independent
set. (So, for any finite A and B, V{x|x €A} < V{x|x €B} if and only if A C B.) The

elements of each F; are pairwise incomparable by Proposition 4.2.2. Our defining formula
@ for R is now

&icn(xi <) & (3y,)icn(yi € Hi & &icn(x; VYY) € Fi & V{yili <n} eR)
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where we understand membership in the sets H;, F; and R as being defined by the
appropriate formulas and parameters as given by Theorem 4.2.1. This also supplies
the notion of forcing required in our Theorem by taking (the disjoint union of) three
versions of the one provided in Theorem 4.2.1 for the three families of pairwise Turing
incomparable sets needed for these definitions as they are uniformly recursive in C'& H.
The verification that this formula defines the relation is straightforward. If R(X) then
every element of the sequence X is below ¢ and is therefore equal to an X;, (for i < n).
The degrees h; ;, € H; then are the witness y; required in . In the other direction, if
¢ holds of any n-tuple then all its elements are below ¢ and we need to consider the
situation where p(x;,,...x;, ,) for some j;, i < n. Let the required witnesses be y;. As

y: € H; and (x;, Vy;) € F;, yi = h;;. Then as \/yi € R, R(xjy,Xj;,-..,Xj, ,). The

assertions in the Theorem about the form of the re<quired formulas ¢ are now immediate
from Theorem 4.2.1. m

Note that with the above assumptions on ¢ in this proof, Theorem 4.2.1, the remarks
immediately following it and Proposition 3.2.10, we can get all the parameters need for
this definition of R below ¢”. We improve this by one jump in the next section.

We can now precisely characterize the complexity of Th(D) as that of true second
order arithmetic.

Theorem 4.2.4 Th(D, <) =, Th*(N,<,+, x,0,1).

Proof. That Th(D, <) <,Th*(N, <, +, x,0,1) is easy. As A <p B is definable in arith-
metic (indeed as we have seen it is X3 in A and B) and quantification over all sets gives
quantification over all degree, we can recursively translate any sentence about D to an
equivalent one of about second order arithmetic. For the other direction we use the
formulas ¢;, ¢, and ¢4 of Theorem 4.2.3 to give an interpretation of true second order
arithmetic in D. We consider sequences of parameters pp, Py, px and p so that ¢, (pg)
defines a countable set of degrees and plays the role of ¢, for our interpretation. Our
correctness condition then includes the sentences that say that v5(p.), ¢3(px) and @, (p<)
(playing the roles of ¢, , ¢, and ¢_, respectively) define relations on the countable set
defined by ¢, (pp) to determine a structure M (p) (where p is the concatenation of all the
sequences of parameters used here) that satisfies all the axioms of our finite theory of
arithmetic. Theorem 4.2.3 then says that there are choices of these parameters such that
the structure so defined is isomorphic to N. After all, N is just a countable set with two
ternary relations and one binary one. We now use ¢, (2, ) A, (pp) as the ¢4 required for
our interpretation of true second order arithmetic. Again by Theorem 4.2.3, as § ranges
over tuples of degrees, the subsets of M (p) defined by ¢, range over all subsets of M (p) as
required. All that remains to do is to show that we can extend the list of correctness con-
ditions that guarantee that M(p) is a model of our finite axiomatization of arithmetic to
also guarantee that it is isomorphic to N. We can do this by adding on the sentence which
asserts that every nonempty subset of M (p) (as given by ¢g4(q, p) for some §) has an <,y

least element, i.e. Vg{3z(ps(z,q)) — Ir[ws(x, q,p) A=y (ps(y, T, D) N0 (y,7,p<))]}. =
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Exercise 4.2.5 If C is a jump ideal of D (i.e. a downward closed subset that is also
closed under jump and join), then the theory of C is 1-1 equivalent to that of the model
of second order arithmetic where set quantifiers range over the sets with degrees in C.

Notes: Slaman and Woodin forcing was introduced in Slaman and Woodin [1986]
where they proved Theorems 4.2.1 and 4.2.3. Theorem 4.2.4 (which as presented here
follows easily from these results) is originally due to Simpson [1977] although with a
very different proof using then new initial segments results and Theorem 2.2.11. Another
version using simpler codings and previously know initial segment results along with
Theorem 2.2.11 is in Nerode and Shore [1980]. Exercise 4.2.5 is from Nerode and Shore
[1980a].

4.3 Th(D <0

We now want to improve our coding results so that they become applicable below 0’. We
begin with the Slaman and Woodin coding of sets of pairwise incomparable degrees.

Theorem 4.3.1 For any set S = {Cy, C1, ..., } of pairwise Turing incomparable subsets
of N let C = ®&C;. There are then Go,G1 <7 C" and D; such that, for every i € N and
J <2, D; <r C; ®G; while D; fT C;. Moreover, the C; are minimal with this property
amonyg sets recursive in C' in the sense that for any X <rp C' for which there is a D such
that D <p X ® G; (j <2) but D £r X there is an i such that C; <p X.

Proof. We follow the ideas of the proof of Theorem 4.2.1 but replace the uses of 2-
genericity for extending conditions to make something converge. At various steps we ask
if there are appropriate extensions, if so we take them and continue our construction.
If not we have a condition that forces some functional to diverge and so can satisfy the
relevant requirement in that way.

We build D; <y Gy & C;,G; @ C; such that D; £ C;. The requirements for diago-
nalization here are:

P.;: 0% + D;.

Let X; = (IDJC. We also have requirements for minimality:
R, j: ®90%% = 919X = D = D <r X, or 3i(C; <r X;).

Note that we are using the same index for computing from both X & Gg and X & G,
rather than two distinct ones. This is equivalent to our previous use of two indices, say
lo and ;. The point is that we know that Gy and G, are different. Say Go(x) = 0 while
G1(x) = 1 for some z. Given any indices [y and /1, we can find an e such that for any
oracle Z, ®Z = ®f if Z(x) = 0 and 7 = ®f if Z(x) = 1. Using this e for computing
from both X & Gy and X & (G; then gives the same results as using /g and [; to compute
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from X & Gy and X & (G, respectively. This notational device is known as Posner’s trick
(or at least as one variant thereof).

We list all the requirements as Q5. We build Gy, G by finite approximations vy g, 71
of equal length. As before we let D;(m) = Go((i, ¢;m)) where {¢;,,} is an enumeration
of C; in increasing order. So D; <r Gy & C;. We guarantee that D; < Gy ® C; as
before by making sure that, for each i, Go((i,¢;m) # G1((i,Cim) for at most finitely
many m. In particular we institute a rule for the construction that when we act to
satisfy requirement @), at stage s by extending the current values of v, (k = 0,1) we
require, for i < n, (i,m) > |vy,| = |7, and m € C;, that the extensions ~, are such that
vo((i,m)) = ~v1({(7,m)). As we act to satisfy any @),, at most once, this rule guarantees
that there are at most finitely many relevant differences between GGy and G for each 1.

At stage s, if Qs = P.;, we act to satisfy P.;. Choose m such that (i,c;,,) >
V0.l Ask if ®C*(m) |. If not, let v, .1 = Y, for k = 0,1. (As usual this satisfies
P.;.) If it does converge, extend each of v, ,7, , by the same string o to vy ,y1,71.411
with 7o .41((i, cim)) # ®57(m). This also satisfies the requirement because D;(m) =
Go((7, ¢im)) by definition and trivially obeys the rule of the construction.

Note that C” can decide if ®%¢(m) |, so this action is recursive in C".

If Qs = R.;, this stage has a substage for each requirement ), = R ;v with n <'s
that has not yet been satisfied. For notational convenience we write v, for v, , in the
description of our action at stage s. At the end of each substage we define successive
extensions 7, , of v, satisfying the rule of the construction. We first try to satisfy R ;
(which, of course, we have not attempted to satisfy before). We ask if 3x3o, O v, which
satisfy the rule of our construction and such that the o, & X e-split at x, i.e.

71 (1) £ 7N () |

Note that, when we are acting to satisfy any @),, checking if extensions of the current
values of v, satisfy the rule of the construction is recursive in &{C;|i < n} and so
uniformly recursive in C'. Thus this question can be answered by C’. There is one
subtlety here. We must be careful with what we mean by a computation from X; as
there is no list of all the sets recursive in C' that is uniformly recursive in C'. So what we
mean here is that there is a computation of CIDJC providing a long enough initial segment
of X; so as to make the desired computations at m converge. This makes the whole
question one that is ¢ and so recursive in C".

If the answer is yes, choose as usual the first such extensions (in a uniform search
recursive in C') as 7y,7;,;- Note that we have now satisfied R, ;. If the answer is no,
ask if dz3o, 7 ((7o 0 @ X;)|e(7o 7 @ X)) (See Definition 2.2.8). This question is also
¥ (0).

o xGo®X; . . o
e If not, let v, . o = V4 Then, as usual, if ®.°7"7 is total, it is recursive in X as we

guarantee that Go 2 v,. To calculate it at z, find any o such that B0 7N (x) |.
This computation must give right answer. So in this case we have also satisfied
R

e?j °
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e If so,we can find such o and 7 (recursively in C'). We interpolate between o, 7 with

strings 0 = 09 = 01,...,0, = 7 which differ successively at exactly one number.
Ask if 3oy such that ®7° " 7*®%(z) |. If not, let Yeo = Vi 01. Note that this

extension satisfies the rule of the construction and that we have satisfied R, ; by
Go®X;

guaranteeing that ®. (x) 1. If yes, consider 05" ¢ and ask again if there is a o9
such that 2 7 U2@Xj(:v) |. If not, let 7, o = 02”01 as before obeying the rule of

the construction and satisfying R, ;. If so, we continue on inductively through the
Ok-

Eventually we either define v, 4 and satisfy R.; or we find oy,...,0, such that

Po O PEX; (x) | for every | < z where p = 01" ... 0,. In the second case, we set
Yko = Vks- Lhis action does not satisfy R.; but it demonstrates that there are
¢ and 7 which differ at exactly one number and for which (v,"6 & X)|c(v, 7 &
X). The point here is that, as ®1° ° *®%(z) |= @10 “®¥(2) |£ % "% (1) |=
®J0 %= *®% (1) |, there is an [ such that ®2° * *®%(2) | £ & "+ P55 (1) | while
0;"p and 6,1 p differ at exactly one number. Now consider v, 6. If there is no
4 such that P 7 HEN (z) | then we can again satisfy R.; by setting v, .o =
Yi,s 0. If there is such a p, we compare P T HENS (x) | with PJo T HENS (x) | and
oo TN (z) . As the last two are different one of them must be different from
the first. If ;1 7 #EX (x) [# P07 MO (x) |, we would contradict our assumption
that the answer to our very first question was no as v, ¢ " p and 7,6 i certainly
satisfy the rule of the construction. If ®* 7 *®% (z) |£ @10 " #*%i(z) |, the only
way we would not have the same contradiction is if the one point at which ¢ and
7 differ is a coding location (k, ¢ ) with k < s. Thus the only way our actions at
this stage do not satisfy R ; is if there are 6"y and 7" p which differ at at exactly
one point such that (v,"°6 & X;)|evy 7 1 @ X; and for any such ¢ and 7 the
point of difference must be a coding location (k, ¢k ,,,) with k < s.

In this last case we set 79 = 7 and 7, g = 7, 5. In any event, we now proceed to
extend 7, o (and then 7,) in the same way but attempting to satisfy each @Q,, = Rer j
with n < s that has not yet been satisfied. After some finite number of such
attempts we have tried them all, satisfying some and for the others producing
one more example of an z and two strings ¢ and 7 differing at one number only
(after |y,|) such that (v, 6 ® X;/)|c(v1"7 @ Xjr) for each (¢/, ) which we have not
yet satisfied and a guarantee that any two such strings differ at a coding location
(k, Ckm) With k < n.

At the end of this process we let v, ,,; be the final extension of v, that we have
produced.

We now claim that all the requirements are satisfied. It is immediate that P, ; is

satisfied when we act for Qs = P, ; at stage s. Consider any R, ; = Qs,. If we ever act so
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as to satisfy it at some stage s of the construction, it is clearly satisfied and we never act
for it again. As we violate the rule of the construction at some (k, ¢y ,,) only when we act
to satisfy requirement @), for n < k and we do so at most once for each n, D; <r G;® C;
as required.

Finally, suppose that the first requirement that we never act to satisfy during the
construction is ),,. It must be some R, ;. Suppose that all requirements @), for » < n have

been satisfied by stage sy > n. At each stage s > so with Q5 = R j we attempt to satisfy

R, ; at some substage of the construction. As we fail, there are @i?@Xj (v) |# q)i,l ox (x) |

with 0x 2 Y44 2 Vg, which differ at exactly one point and any such pair differ at a
coding location (k, ¢, ) with & < n. Recursively in X; we can then search for and find
infinitely many extensions 0 of 7, with this property with the points at which they
differ becoming arbitrarily large (as |y, ,| is clearly going to infinity). As there are only
finitely many £ < n, there must be one k < n for which infinitely many of these d;, differ
at a point of the form (k,z) with infinitely many different z. As every such point is a
coding location, recursively in X we can compute an infinite subset of C}, so by our
initial assumption that each C; is recursive in everyone of its infinite subsets Cj, <r Xj
as required for R, ; to be satisfied in the end. m

This step-by-step construction is the much the same as the forcing argument we saw
before, but grittier, and we gain a quantifier. This helps us determine the true complexity
of Th(D,< 0'): Th(D,< 0') =, Th(N, +, x, <).

Exercise 4.3.2 It is easy to show that the G; of Theorem 4.5.1 can be made to have (or
already have) jumps below C".

Exercise 4.3.3 With the notation as in Theorem 4.2.1 show that for any G 1-generic
for P, Gy and G have the properties required by the Theorem. So in particular, we can
make Gy =7 0 =r G. This then supplies the analogous result for Theorem 4.2.3, i.c. a
notion of forcing recursive in the appropriate C & H such that any 1-generic computes
the parameters necessary to define the given relation. Hint: This is not too easy. A proof
can be found in Greenberg and Montalban [2004].

Theorem 4.3.4 If R is an n-ary relation on D(<0') which is uniformly recursive in a
low degree c in the sense that there are families of sets {X;} = S and {(X;,,..., X;,)} =
T uniformly recursive in C' € ¢ such that {deg(X;)|X; € S} is the field of R (i.e. all ele-
ments that occur in any n-tuple satisfying R) and {(deg X, ...,deg X;,) | (X;,,... X;,) €

T} = R, then there are p < ¢ = 0" which define R by the formula ¢, of Theorem 4.2.3.

Proof. We begin with a G which is Cohen 1-generic over C' so that (C & G) =r C'.
The set of degrees R and the finite families of sets of degrees H; and F; of the proof of
Theorem 4.2.3 are all now uniformly recursive in C' & GG and consist of pairwise Turing
incomparable sets so, by Theorem 4.3.1, there are sequences of parameters defining each
of them all below (C' & G)'. The proof of Theorem 4.2.3 now shows that they define R
as required. m
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We now explain how we plan to code arithmetic in D(<0’). The “intended model”
starts with an nice effective successor structure determined by parameters q: c, by, by,
€p, €1, dg, fy and f; with ¢/ = 0/ and ¢ being above all of the other parameters and all the
required d,, as well. Moreover, the d,, are all uniformly recursive in c. We can do this by
Exercise 3.3.9 or 3.3.10. We then choose, as in the proof of Theorem 4.2.4 parameters
Bb, By B and Be so that ¢, (Ba) defines {d,[n € N} and ¢3(B), 03(B) and ¢a(p-)
(playing the roles of ¢ , ¢, and ¢_, respectively) that define relations on the countable
set defined by ¢, (Pp) to determine a structure M(p) (where p is the concatenation of all
the sequences of parameters used beginning with q) that satisfies all the axioms of our
finite theory of arithmetic and such that dg is the least element in the ordering of M(p)
given by ¢,(p<) and, for each n, d,.; is the immediate successor of d,, in this order.
We can find such parameters below 0’ by the arguments for the proof Theorem 4.2.3
combined with Theorem 4.3.1 (relativized to c) since the d,, and the desired relations on
them are uniformly recursive in ¢ and ¢’ = 0. Now this model is standard since the d,,
are ordered in order type w and constitute the universe of the model.

The problem is that there is no obvious way to definably say that the universe of the
model is precisely the d,, in terms of just the prescribed parameters (or any other finite
list). The issue is that we only have a scheme to generate these degrees not one to define
them. We can come fairly close in first order way. In addition to the correctness conditions
that guarantee that the defined relations give a model of arithmetic on {z|p,(z,p)}, we
can approximate niceness by adding the sentences ¢ #? b and Vd[p,(d) — dV ¢ >
b & Jd(dAd =0 & (Vd* # d)(pp(d*) — (dAd* = 0) & (d > d*))]. We can approximate
the desired condition that {d,|n € w} is the domain of our structure by saying that dy
is the least element in the ordering of M(p) given by ¢,(p<) and for every d such that
¢p(d,p), if d is an even number in M(p), then (ey V d) A f is its immediate successor
in the ordering given by ¢,(p~) while if it is an odd number then its immediate successor
is given by (e; V d) Af,. This guarantees that {d,|n € w} is the standard part of the
model M(p). Thus if we had a formula pg¢(x,7, p) which, as 7 ranged over n-tuples
from D(<0’), defined a collection of subsets of M(p) that include {d,|n € w}, we could
guarantee that M (P) was standard by saying that every subset (i.e. picked out by some
choice of parameters 7) of M(p) which contains its least element (do) and is closed under
immediate successor is all of M(P).

The crucial point now is that the proof of Proposition 3.4.3 shows that, under these
conditions, {d,|n € w} € X as is the ideal generated by this set. That is, the standard
part of any M(p) for p satisfying all of these correctness conditions and the ideal it
generates are both 3. Our goal now is to prove that for every ¢ < 0’ and every %
ideal in the degrees below c, there are gy, g,; <r 0’ which are an exact pair for the given
ideal. Proposition 3.4.3 and Remark 3.4.4 then show that we could define the desired
set {d,|n € w} in terms of this exact pair. We now turn to the proof of this result as
Theorem 5.2.12. It supplies the final ingredient of our theorem.

Theorem 4.3.5 Th(D <0’) =,_; Th(N).
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Proof. The above argument (together with Theorem5.2.12) shows that we can interpret
true first order arithmetic in D(<0’). Thus Th(N) <, ,Th(D <0’). The other direction
is immediate since we can define the sets recursive in 0/ in arithmetic as well as the
ordering of Turing reducibility on them. Thus we have a recursive translation of sentences
about D(<0’) to ones of arithmetic that preserves truth. Of course, this implies that
Th(D <0') <;_1 Th(N). m

Notes: Theorem 4.3.1 and a special case of Theorem 4.3.4 are in Slaman and Woodin
[1986]. The full version of Theorem 4.3.4 is in Odifreddi and Shore [1991] as is the proof
of Theorem 4.3.5 which is originally due to Shore [1981].
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Chapter 5

Domination Properties

5.1 Introduction

An important topic in the study of the complexity of functions from N to N is the
notion of rate of growth and of one function growing faster than another or faster than
a whole class of functions. These issues are not only natural but they have important
connections with the computational complexity of the functions as measured by Turing
and other reducibilities. In this chapter we will study some of these notions and their
impact on the structure of the degrees. They will play a crucial role in our analysis of
the complexity of D(< 0"). We begin with some basic definitions.

Definition 5.1.1 1. The function g dominates the function f (f < g) if, for all but
finitely many z, f(x) < g(x).

2. The degree g dominates the function f if some g € g dominates f.
3. The function g dominates the degree f if g dominates every function f € f.

4. The degree g dominates the degree f if for every f € f there is a g € g which
dominates f.
We also sometimes express these relations in the passive form saying, for example,
that f is g-dominated or f is g-dominated for the first two relations. A function g that
dominates the degree 0 s called dominant.

In the literature a degree f that is not 0-dominated (i.e. there is an f € f which is not
dominated by any recursive function) is, for historical reasons unrelated to our concerns,
called hyperimmune. If f is not hyperimmune, i.e. it is O-dominated, is also called
hyperimmune free. For example, we show later that every 0 < a < 0’ is hyperimmune
(Theorem 5.2.3) while the usual minimal degrees constructed below 0” are hyperimmune
free.

53
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5.2 R.E. and A} degrees

Theorem 5.2.1 If A >7 0 is r.e. then there is a function m =7 A which is not 0-
dominated, i.e. it is not dominated by any recursive function. Indeed, any function g
which dominates m computes A.

Proof. For A r.e., let A, be the standard approximation to A at stage s. Let m be the
least modulus function for this approximation: m(x) = ps(Vt > s)(As [ x = A; [ x). For
r.e. sets, the approximation changes its mind at most once and is correct in the limit, so
m(z) is also the pus(As | © = A | x) and is clearly of the same degree as A. Moreover, if
g(z) > m(x) for almost all =, then A <p gas A [ x = Ay [ « for all but finitely many
x. Thus, if A > 0, then m is not dominated by any recursive function and any ¢ that
dominates m computes A. ®

The Shoenfield limit lemma (Lemma 1.1.11) gives us a recursive approximation h(x, s)
to any A € AJ (or equivalently A <7 (). So the least modulus function m makes sense
for such an approximation as well. So does the second version used in the above proof.
Here we call it the computation function: f(z) = u(s > x)(Vy < x)(h(y, s) = A(y)) (for
technical reasons, we don’t consider first few stages). It calculates the first stage after x
at which the approximation is correct up to x. But, since we are no longer looking at
r.e. sets, the approximation might change even after it’s correct and the computation
function f need not be the same as the least modulus m. The two functions may not be
the same even up to degree.

Exercise 5.2.2 Find an A <p 0' and an approximation h(x,s) to A for which the least
modulus function m computes 0. On the other hand, the computation function f for h
1s always of the same degree as A.

We can, nonetheless extend Theorem 5.2.1 to all A € AJ.

Theorem 5.2.3 If A is AY, then there is an f =1 A which is not 0-dominated. Indeed,
any function g which dominates f computes a.

Proof. By the Shoenfield limit lemma, there is a recursive h(z, s) such that limg_,, h(x, s)
A(x). Let f(x) be the computation function for this approximation. Suppose f < g. We
claim that even though h(z,s) may change at z < x for s > f(z), we can still compute
A from g. Let so be such that (Vm > s¢)(f(m) < g(m)). To calculate A(n) for n > s
find an s > n such that h(n,t) is constant for ¢ € [g(s), gg(s)]. Since h(n,t) is eventually
constant, such an s exists. Moreover, we can find it recursively in ¢g: compute the inter-
vals [g(n+1),g9(n+ 1), [g(n 4+ 2), gg(n + 2)], [g(n + 3), gg(n + 3)], ... checking to see if
h is constant on the intervals. By the clause that makes f(x) > x in the definition of the
computation function and our choice of sg, gg(s) > fg(s) > g(s), so the first ¢ > g(s) at
which h is correct for all elements below g(s) is in [g(s), gg(s)]. For this ¢, h(n,t) = A(n).
As we chose s so that the value of h(n,t) is constant on this interval, A(n) = h(n,t) for
any t € [g(s), gg(s)] and we have computed A recursively in g as required. =
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Exercise 5.2.4 What are the correct relativizations of the previous two theorems?
Exercise 5.2.5 The above results can be extended by iterating the notions of “r.e. in”
or more generally “AY in” as long as one includes the lower degrees. We say that A
1-REA if it is r.e. then we define n-REA by induction: A is n + 1-REA if A is of the
form B ® W2 where B is n-REA. (REA stands for r.e. in and above.) Prove that any
n-REA set A has an f =7 A such that any g > f computes A. Do the same with A
replacing r.e. These results can be carried into the transfinite. Prove, for example, that
0“) has the same property.

Theorem 5.2.6 If A > 0 is r.e. and P is a recursive notion of forcing then there is is
1-generic sequence (ps) <t A so that the corresponding 1-generic G is recursive in A as
well.

Proof. We build a 1-generic sequence p, recursive in A. Let f <r A be the least modulus
function for A. The requirements are

R, : for some s, p; € S, or (Vg < ps)(q & Se.), where S, is eth 3 set of conditions.

At stage s, we have a condition ps;. Note that we are thinking of P as a subset of N
and so have the natural ordering < on its members (and all of N) as well as the forcing
ordering <p. We say that R. has been declared satisfied by stage s if there is a p, with
n < s such that p, € S, y(s). Find the least e < s such that R, has not yet been declared
satisfied and such that (3¢ <p ps)(q < f(s) & q € Se f(s)). For this e, choose the least
such ¢ and put ps,1 = ¢. If there is no such e, let ps11 = ps.

To verify that the construction succeeds, suppose for the sake of a contradiction that
€ is least such that

ﬁﬂS(ps € Seo \Y (VQ <p ps)(q ¢ Seo))‘

Choose sy > ¢y such that Vi < eq if there is a p, € S; then there is one with s < sg
and p, € S f(sp) (s0 by this stage we have already declared satisfied all higher priority
requirements that are ever so declared). We claim that we can now recursively recover
the entire construction and the values of f(s) for s > so. As this would compute A
recursively, we would have our desired contradiction. Consider what happens in the
construction at each stage s > sg in turn. Suppose we have p,. At stage s we look for the
least e < s such that (3¢ <p p,)(q < f(s) & q € S¢ f(5))- There is no such e < ey by our
choice of s¢. If ey itself were such an e, we would act for it and declare P, to be satisfied,
contrary to our choice of eg. On the other hand, by our choice of eq there is a ¢ <p p;
with ¢ € S,,. We can find such a ¢ recursively (because we know it exists). We did not
find this ¢ in the construction at stage s because either ¢ > f(s) or ¢ € Se, — Seq,f(s)-
So we can now find a bound ¢ on f(s) by finding the stage at which ¢ enters S,,. Given
t > f(s) we can calculate f(s) as the least z such that A, [ s = A; [ s. Once we have
f(s) we can recursively determine what happened at stage s of the construction and in
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particular the value of ps; 1. Thus we can continue our recursive computation of f(s) as
claimed. m

Relativizing Theorem 5.2.6 to C' gives, for any C recursive notion of forcing P, a
G <7 A which is C 1-generic for P for any A > C' which is r.e. in C.

Exercise 5.2.7 The crucial property of the function f used in the above construction was
that there is a uniformly recursive function computing f(x) from any number greater than
it. Prove that if there is a partial recursive p(x,s) such that (Vs > f(x))(p(z,s) = f(x))
then f is of r.e. degree.

Corollary 5.2.8 If a > 0 is r.e. then there is Cohen 1-generic G <r A and so, for
example, every countable partial order can be embedded in the degrees below a.

Similarly we have

Corollary 5.2.9 Ifaisr.e. inb and strictly above it, then every partial lattice recursive
in b can be embedded into [b,a).

Corollary 5.2.10 If a is r.e. then every mazimal chain in (D(< a), <r) is infinite. In
fact, there is no maximal element less than a in (D(< a), <r).

Proof. Suppose b < a. Then a is r.e. in and strictly above b. Relativizing Theorem
5.2.6 to a B € b and using Cohen forcing gives us a G <p A which is Cohen 1-generic
over B. So the degrees of B @ G are in fact all between b and a and even independent.
|

Exercise 5.2.11 Prove that every recursive lattice L with O and 1 can be embedded in
D(<a) preserving 0 and 1 for any r.e. a.

We now apply Theorem 5.2.6 to provide the missing way of identifying the standard
parts of effective successor models coded below 0’ that we need to calculate the complexity
of Th(D(<0")).

Theorem 5.2.12 If A >y C, Aisr.e. inC and I is an ideal in D(< deg(C)) such that
W = {e: deg(®) € I} € XY then there is an exact pair Gy, Gy for I below A.

Proof. We provide a C-recursive notion of forcing P such that any 1-generic for P gives
an exact pair for I and apply Theorem 5.2.6 relativized to C'. The conditions of P are of
the form p = (po, p1, Fp, np) where p; € 2<%, |po| = |p1| = |p|, F) € w<¥, n, € w such that

(Vi € {0,1})(V{e,2,9)) (3= (w,m)) ({e, 2, y,w,m) € p;).

We define V' as expected V(p) = po @ p1. So for a 1-generic G, we have G; = U{p;|p €
G}. If e € W, we want ®¢ to be coded into G;. The unusual restriction above on
conditions in P suggests how we intend to do this coding. Since W € X we have
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a relation R <7 C such that e € W < JzVy3dzR(e,x,y,z). We denote the pairs of
elements of W and their witnesses by W = {(e, z) : Vy3zR(e,x,y,z). To calculate &
for e € W, our plan is to first choose an = such that (e, z) € IW. We then search for
{(w,m) such that (e, z,y,w, m) € G; and announce that ®¢(y) = m. The definition of P
guarantees that this procedure gives at most one answer. The definition of the partial
order <p below guarantees that this procedure makes only finitely many mistakes for any
1-generic. Genericity also guarantees that, when (e, z) € W, it gives a total function.

The number n, in our conditions acts as a bound for how far we have to search to
sufficiently verify the I, assertion that z is a witness that e € W (and so also that ®¢
is total). The set F), tells us for which (e, z) we can make no further mistakes in our
coding of ®¢ into Gge’@ when we extend p. With this intuition, we define extension in
P by g <ppiff

Qigpi; FqQFpa nqznp;

and

(Vi € {0,1})(V(e,x,y,w,m) € [|p|, [q])({e,x) € F}, & (e, z,y,w,m) € g;
— @gnq(y) =m & Vy <y3z <n,(R(e,x,y, 2))

Note that P is recursive in C.

Suppose that Gy, G; are given by a C-1-generic sequence (ps) <r A as in Theorem
5.2.6 relativized to C'. We claim that G, G; are an exact pair for I.

First assume that (e, z) € W. We show that ®¢ <, G;. As the sets {p| (e, z) € F,}
are obviously dense in P, there is an s such that (e, z) € F,,. For any (e, z,y,w,m) € p;
with ¢t > s, ®Y(y) = m by definition and so as noted above, the prescribed search
procedure which is recursive in G; returns only correct answers for y > |ps|. Next,
we claim that for each y > |ps], i € {0,1} and m = ®%(y) the X{ sets Se,ymi =
{r|Fw({e,z,y,w,m) € r;} are dense below p,. This guarantees that (p;) meets each of
these sets and so the search procedures are total and correctly compute ®¢(z) for all
but finitely many z. To see that these sets are dense below p,, consider any ¢ < p;
with no w such that (e, z y,w m) € ¢;. Choose any w > |¢q| and define an r <p ¢ by
making |r| = (e, z,y, w, <I>C Y+ 1), i =qU{{e,z,y,w, ®(y))} (i.e. we let them be 0
at other points below the length) F, = F,, and letting n, be the least n > n, such that
vy < y3z < n(R(e,z,y,z) & ®F,(y) |) (one such exists since we are assuming that
(e,x) € W). Then r<pq and 7 € S, 4, m. as desired.

We next want to deal with the minimality conditions associated with the G; being
an exact pair for I. Suppose then that ®¢° = ®%1 = D is total. We want to prove that
D < @®{®Y : e € F} for some finite F C W. Consider the X set S, of conditions p:

Se =A{p: In (P (n) |# ' (n)) 1}

By our assumption there is no ps € S so we have a p; = p such that Vg <p p(q ¢ Se).
We claim that D < @{®% : (e,z) € F,NW}. For every (e,z) € F,\ W, let y(e, z)
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be the least y such that —Vy' < y3zR(e,z,y/,2) V ®%(y) 1. It is clear that there is
no ¢ <p p with any (e,z,y,w,m) € ¢; for (e,x) € F, \ W and y > y(e,z). Choose
q <p pin (p,) so that it has the maximal number of y’s with some (e, z,y,w, m) € g; for
y < y(e,z) and i € {0,1}. To compute D(y) for y > |g|, we find a t € P such that ¢t; D ¢;,
d(y) |= ®"(y) |, no elements not in ¢; are added into t; in columns (e, z) € F,\IW and
for any (e, z,y,w,m) € t; with (e,x) € F, N W, ®%(y) = m. Such an extension exists
because ®¢°(y) |= ®%1(y) | and by the maximality property of ¢ and the definition of
<p, GIo" = glem for (e 2) € F,\ W and so there is such a f € (p,). Finding one such
t is clearly recursive in @{®C : (e,z) € F, N W}. Thus we only need to show that any
such t; provide the right answer. If one such gave an answer different than that given by
t (and so Go and Gy) then (to, {1, F,, n) (where n > n, is large enough so that ¢, (y) |
for every (e, z,y,w, m) in t, or t; with (e, z) € F,N W) would be an extension of p in S,
for the desired contradiction. m

This Theorem completes the proof of Theorem 4.3.5 that the theory of the degrees
below 0’ is recursively isomorphic to true arithmetic. We can extend the result to all r.e.
degrees.

Exercise 5.2.13 For every r.e. r > 0, Th(D(<r) =, ,Th(N).

Notes: Theorem 5.2.1 is due to Dekker [1954]; Theorem 5.2.3 to Miller and Martin
[1968]. We are not sure who first proved Corollary 5.2.8 (presumably using a different
method called r.e. permitting). The style of proof based directly on domination proper-
ties used here to prove Theoremb5.2.6 is attributed to us in Soare [1987, Ch. VI Exercise
3.9] in the case of Cohen forcing. Theorem 5.2.12 is in Shore [1981] which also is the
original source of Exercise 5.2.13.

5.3 High and G L, degrees

We now look at stronger domination properties and their relation to the jump classes
H, and L, below 0’ and their generalizations. Recall from Definition 1.1.12 that for
a<0,acH, & a =0" acL; & a” = 0" For degrees a not necessarily below 0/,
acGL, < (av0) =a"ac GH, & a' = (aVv0'). It is also common to say that a
is high if a’ > 0”. As it turns out these last are the degrees of dominant functions. Of
course, a €GL; means that a ¢ GL,. We relativize these notions to degrees above b by
writing, for example, a €GLsy(b).

Let’s begin by showing that there is there a dominant function. In fact, if C is any
countable class of functions { f;} then there is function f which dominates all the f;. For
example, put f(z) = max{f;(z) : i < x} + 1. This construction requires a uniform list
of all the functions f;. For the recursive functions we know that 0” can compute such a
list: Tot = {e : @, total} is clearly I and so recursive in 0” by the Hierarchy Theorem
(Theorem 1.1.10) and so there is a sequence f; uniformly computable from 0” which then
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computes a dominant function as described. We can do better than this and avoid using
totality. If f(z) = max{®.(z) : e < z & P.(x) |} then f <p 0 and is also clearly
dominant. We can even do a bit better and get away with functions of high degree.

Theorem 5.3.1 (Martin’s High Domination Theorem) A set A computes a dom-
inant function [ if and only if 0" <p A’.

Proof. Suppose first that 0”7 <7 A’. By the Shoenfield limit lemma (Theorem 1.1.11)
and the fact that T'ot <r 0", there is an h <7 A with lim, . h(e,s) = Tot(e). We want
to compute a function f recursively in A such that, for every e for which ®, is total, f(x)
is larger than ®.(z) for all but finitely many z. Any such f is dominant. To compute
f(z) we compute, for each e < z, both ®.;(x) and h(e,t) for ¢ > x until either the first
one converges, say to e, or h(e,t) = 0. As, if ®, is not total, lim h(e,t) = 0, one of these
outcomes must happen. We set f(z) to be one more than the maximum of all the y. so
computed for e < z. Note that f < h <7 A. It remains to verify that if ®. is total then
®. < f. By our choice of h, 3so(Vs > s¢)(h(e,s) = 1). So for x > sy when we calculate
f(z) we always find a ¢ such that ®.;(z) |= y. and so f(z) > ®.(z) for all x > s.

For the other direction, suppose we have a dominant f. As Tot is I13 and computes
0”, it suffices to show that it is also ¥5(f) as it would then be Ay(f) and so recursive in
f'. We claim that

Vods®. () | & eV, pa)4e(z) | .

Suppose @, is total (if not, then of course both conditions fail). Let k(z) = pus®y s(z) |.
Then k is recursive (because we know thatVaz®.(x) |). By hypothesis, f dominates k.
Thus, the right hand side holds. This is a Ys(f) formula as desired. m

Now a look at the definitions shows that for a <; 0’, a ¢ Ly is equivalent to 0’ not
being high relative to a. Relativizing Theorem 5.3.1 to an a <7 0" we see that a ¢ L,
if and only if no f <7 0’ dominates every (total) function recursive in A. We can then
handle GL, by relativizing to a vV 0’ to prove the following:

Proposition 5.3.2 A set A <7 0" has degree in Ly if and only if (Vg <7 03f <r
A)(f £ g). An arbitrary set A has degree in GLy if and only if (Vg <r AV 0)(3f <r
A)f £ 9).

Proof. Exercise. m

This says that, while sets that are not high do not compute dominant functions, if
they are not too low they compute functions which are not dominated by any recursive
function. This suffices for many applications.

Theorem 5.3.3 If A ¢ G Ly then for any recursive notion of forcing P there is 1-generic
sequence (ps) <t A and so the associated 1-generic G is also recursive in A.
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Proof. For any g <p AV (', there is an f <r A not dominated by ¢g. Without loss
of generality we may take f to be strictly increasing. We first construct the function
g that we want and then, using the associated f, we construct a 1-generic sequence p;
recursively in f (and so A). We again make use of the natural order < on P C N.

Let S, list the X; subsets of P. As usual, we declare S, to be satisfied at s if
(In < s)(pn € Ses).- We define ¢ by recursion using 0. Given g(s), we want to determine
g(s+1). For each condition p < g(s)+1, ask 0 if (3¢ <p p)(q € S.) for each e < g(s)+1.
If such an extension exists, let . be the least x such that (3¢ <p p)(¢ < x & ¢ € S, ).
Put g(s + 1) = max{z.|e < g(s) + 1}.

We cannot use g itself in the construction of the desired 1-generic (ps) because we
want (ps) <7 A. But, since g <p AV (', we can use an increasing f <7 A not dominated
by g. The construction of G is recursive in f (hence in A). At stage s, we have finite
a condition ps. For each e < s not declared satisfied at s, see if (3¢ <p ps)(¢ <
f(s+1) & q € Se f(s+1)). If so, take the smallest such ¢ for the least such e and let it be
psi1- If not, ps11 = ps. The construction is recursive in f, hence in A. Thus (ps) < A
and the associated G <7 A as well. Note that p; < f(s) by induction. Indeed ps; < g(s)
as well because ¢g(s) gives a bound on the witness required in the definition of p.

To verify that G is 1-generic suppose, for the sake of a contradiction, that there is a
least eg such that

=35(ps € Seo V (V0 <p ps)(p ¢ Sey))-

Choose sq such that, (Vi < eg)(3s)(S; is declared satisfied at s), S; is declared satisfied by
so. Consider any s > so at which f(s+1) > g(s+1). By our choice of ey, thereis a g <p p;
such that ¢ € S,,. Moreover, as ps < g(s), by definition of g there is one < g(s+ 1) such
that it belongs to Se, 4(s+1) as well. By our choice of s, ¢ < g(s+1) < f(s+1). Thus at
stage s + 1, we would act to extend p, to a ps1 € S, for the desired contradiction. m

As for the r.e. degrees, having a 1-generic below a degree a ¢ GL2 provides a lot of
information about the degrees below a. For example, as in Corollary 5.2.8, we can embed
every countable partial order below any a ¢ GLy. It is tempting to think that we could
also prove the analog of Corollary 5.2.10 that every maximal chain in the degrees below a
is infinite. This is true for a < 0" (Exercise 5.3.4) but was a long open question (Lerman
[1983]). Cai [2012] has now proven that it is not true. There are a ¢ GLy which are the
tops of a maximal chain of length three.

Exercise 5.3.4 Prove that if a < 0’ and a ¢ Ly then any maximal chain in the degrees
below a s infinite.

On the other hand, we can say quite a bit that is not true of arbitrary r.e. degrees
about the degrees above a when a ¢ GL, .

Definition 5.3.5 A degree a has the cupping property if (Vc > a)(db < c)(aV b = c).

Theorem 5.3.6 If a €GL, then a has the cupping property. Indeed, if A ¢ GLy and
C >1 A then there is G ;éT A such that AV G =r C and G is Cohen 1-generic.
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Proof. We need to add requirements R, : ®¢ # A to the proof of Theorem 5.3.3 for
Cohen forcing (making all the requirements into a single list ).) and code C' into G as
well (so as to be recoverable from A @ G). In the definition of ¢g(s + 1) in that proof,
for each p < g(s) + 1 look as well for qo,q; 2 p and z such that gy|.q;. Then make
g(s+1) also bound the least such extensions 7, 71 for each e, p < g(s)+ 1 for which such
extensions exist.

Again choose f <7 A strictly increasing and not dominated by g. The construction
is done recursively in f & C. At stage s we have p, and we look for the least e such
that ). has not yet been declared satisfied and for which there is either a ¢ <p p with
q < f(s+1) that would satisfy Q. as before if it is an S; or a pair of strings qo, g1 2 ps
with ¢; < f(s+ 1) such that ¢oleqn if Qe = R;. Let e be the least for which there are
such extensions. If (). = S; choose ¢ as before. If it is R; Let ¢ be the ¢; such that
oY (z) |# A(x). We then let p,,1 = ¢"C(s) and declare Q. to be satisfied. If there is no
such e, we let ps1 1 = ps"C(s). Note that ps1 < f(s+ 1)+ 1 (the extra 1 comes from
appending C(s)).

Since the construction is recursive in f & C and f <7 A <¢ C, we have G <p C.
But, C' <r (ps) because C(s) = psi1(|ps+1|). However, (ps) <r AV G because f <r A
tells how to compute each stage from the given p, to the choice of g. Then G tells us the
last extra bit at the end of p, 1.

To verify that GG has the other required properties suppose e is least such that @), fails.
Assume that by stage sq we have declared all requirements with ¢’ < eq which will ever
be declared satisfied to be satisfied. Consider a stage s > sg at which f(s+1) > g(s+1).
If Q. = S; then we argue as in the previous theorem. If (). = R; and there were any
do, @1 =2 ps with goleq1 then would have taken one of them as our ¢ and declared Q. = R;
to be satisfied contrary to our choice of ey. On the other hand, if there are no such
extensions, then as usual ®¢ is recursive if total and so R; would also succeed contrary
to our assumption. m

Remark 5.3.7 Not every r.e. degree has the cupping property.

For other results about GL, degrees it is often useful to strengthen Theorem 5.3.3 to
deal with notions of forcing recursive in A rather than just recursive ones.

Theorem 5.3.8 For A € GL,, given an A recursive notion of forcing P and a sequence
D,, of dense sets uniformly recursive in AV0' (or with a density function d(n,p) <7 AV(0')
there is a generic sequence (ps) <t A meeting all the D,. Of course, the generic G
associated with the sequence is recursive in A as well.

Proof. Let mg be the least modulus function for K = 0’ and let \I/ﬁ@K = D,, i.e. the
¥, uniformly compute membership in D,. We define ¢ <r AV 0’ by recursion. Given
g(s) we find, for each p,n < g(s)+1 the least g such that ¢ <p p and ¢ € D,, as witnessed
by a computations of WATI%(n) = 1 where K, is the same as K on the use from K in
this computation. Next we let g(s + 1) be the least number larger than ¢, v and mg(u)
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for all of these ¢ and u as well as mg(g(s) +1). As g <p AV0 and A € GL, there is an
increasing f <7 A not dominated by g.

We construct the sequence (ps) recursively in f <; A. At stage s we have p,. Our
plan is to satisfy the requirement of meeting D,, for the least n for which we do not seem
to have done so yet and for which we can find an appropriate extension of p, when we
restrict our search to ¢ < f(s + 1) as well as our use of 0’ to what we have at stage
f(s+1). More formally, we determine (recursively in A) for which D,, (n < s) there is

a t < s such that \IlgLA@Kf(s“))[f(SH)(pt) = 1. Among the other n < s, we search (again

recursively in A) for one such that (3¢ <p p,)(¢ < f(s+1) & \Ilq(@A@Kf““))[f(SH)(pt) =1).

If there is one we act for the least such n by letting psy1 be the least such ¢ for this n. If
not, let psy1 = ps. Note that psy1 < f(s+ 1) by the restriction on the search space and
Psi1 < g(s+1) as well since g(s+ 1) also bounds the least witness by the definition of g.

We now claim that for each n there is a p; € D,,. If not, suppose, for the sake of a
contradiction, that n is the least counterexample. Choose sy such that for all m < n there
is t < sg such that p; € D,, and indeed such that \I/%@KSO”SO (pr) =1land Ky, [u=K [ u
where u is the use of this computation of ¥,, at p;. Thus, by construction, we never
act for m < n after sqg. As g does not dominate f we may choose an s > sq with

f(s+1) > g(s+1). At stage s we have ps and p; ¢ D,, for all ¢ < s in the sense required,

ABK : ) : :
ie. GRSl (SH)(pt) = 0 since any computation of this form gives the correct answer

by our definition of g(s + 1) and the fact that f(s+ 1) > g(s + 1). There is a ¢ <p p;

with ¢ € D,, and the least such is less than f(s+ 1) and \IlgbAeaKf(S“))rf(erl)(q) = 1 with

the computation being a correct one from A @ K by the definition of g(s+1) < f(s+1).
Thus we would take the least such g to be psy1 € D, for the desired contradiction. =

We now give a couple of applications that play a crucial role in our global analy-
sis of definability in D( < 0’). The first is a jump inversion theorem that generalizes
Shoenfield’s (Corollary 5.3.10).

Theorem 5.3.9 (GL;, jump inversion) If A € GLy, C >p AV, and C is r.e. in A,
then there is a B <p A such that B’ =1 C.

Proof. Let C; be an enumeration of C' recursive in A. We want a notion forcing recursive
in A and a collection of dense sets D,, such that for any (D,) generic G, G’ = C. This
time, our notion of forcing has conditions p € 2<“. The definition of extension for P is
a bit tricky. If ¢ O p and

{e,) € llpl; lql) = [Cpi(x) = q(e, ) or In < e (P} (n) T & ¥i(n) |)]

we say that ¢ <; p. Now this relation is clearly recursive in A since A computes C),| for
each p. However, it need not be transitive (Exercise). We let <p be its transitive closure.
As, given any r D p, there are only finitely many ¢’s with » O ¢ O p we can check all
possible routes via <; from p to r recursively in A and so <p is also recursive in A. The
plan for coding C' into G’ uses the Shoenfield limit lemma 1.1.11 and partially explains
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the notion of extension. It guarantees that e € C' = G =* w while e ¢ C = Gl == ().
Thus e € C < lim, G({e,s) = 1 and so C' <r G'. Suppose we have a generic sequence
(ps) <r A for some collection of dense sets as in Theorem 5.3.8. The definition of
extension guarantees that coding mistakes can happen in column e only when ®2:(n)
first converges for some n < e. Thus C <r G.

Our first class of dense sets include the trivial requirements and in addition force the
jump of G in the hope of making G’ < C"

Dyj = {p:lpl = j & [®),(m) | or (Vg 2 p)(PF,(m) T
or [(3e < m)(He,x) € [|pl, lg))(Clp(e) # q((e, ) but =(In <e)(Ph(n) T & dL(n) |)])}

Note that, after we use A to compute C),|, membership in D,, ; is a II; property and so
recursive in 0’. Thus, the D,,; are uniformly recursive in A vV 0’. We must argue that
they are dense. Consider any p. We can clearly extend it to a ¢ with |¢| > j by making
q({e,x)) = Cpy(e) for (e,x) € [|p|, 7). So we may as well assume that |p| > j. If 2 (m) |
then p € D,, ; and we are done. So suppose ®? (m) 1. If there is ¢ O p such that ®¢ (m) |
and (Ve < m)(V(e,z) € [[p| |g)[Cp(x) = q({e,z)) or In < e(P}(n) T & Pf(n) 1)],
q <p p by definition (because ®? (m) 1 while ®¢ (m) | so any violation of coding is
allowed for e > m) and is in D,, ;. If there is no such ¢ then p € D,,, ; by definition.

Now we verify that G = Up, has the desired properties. By Theorem 5.3.8, G < A.
To see that C' <7 G’ consider any e. Let s be such that (Vi < e)(®%(i) |= ®(i) |
&i e C = i€ Cp,) Itis clear from the definition of <p that for any ¢ > s and
(i,x) € [|psl, |pe]) with @ < e, (i,x) € pr & i € C. Thus C(e) = lim; G({e,t) and so
C <t G by the Shoenfield limit lemma. For the other direction we want to compute
G'(e) recursively in C. (Of course, A <7 C' and so then is (ps).) Suppose we have, by
induction, computed an s as above for e — 1. We can now ask if e € C'. If so, we find
au > 1> ssuch that e € Cp,| and p, € D, . If ®P(e) |, then, of course, e € G'.
If P=(e) T but e € G’, then there would be a v > u such that ®2(e) | and, of course,
Pv <p pu. This would contradict the fact that p, € D, |, by our choice of s and ¢ and
the definitions of D, ,,| and <p. m

Corollary 5.3.10 (Shoenfield Jump Inversion Theorem) For all C > 0 there is
B < 0 such that B' =1 C if and only if C is r.e. in 0.

Proof. The “only if” direction is immediate. The “if” direction follows directly from the
Theorem by taking A =0". =

For later applications we now strengthen the above jump inversion theorem to make
B < A.

Theorem 5.3.11 If A € GLy, C >p AV, and C is r.e. in A, then there is B <r A
such that B' =1 C.

Proof. In addition to the requirements of Theorem 5.3.9, we need to make sure that
¢ £ A for each i. To do this we modify the definition of extension to also allow violations
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of the coding requirements for e when we newly satisfy one of these diagonalization
requirements for i < e. (As we did above for making ®¢ (i) |.) We say ¢ < p if

{e;z) € [lpl:al) = [Cppi(2) = gl(e, z)) or

In <e([®h(n) T & ®h(n) |] or Fy®i(y) |# Aly) & —Iy®) (y) 1# A(y)]) -

Again <p is defined as the transitive closure of this relation and it is recursive in
AV 0" as before. We then adjust the D,, ; accordingly

Dy = {p:lp|>j & [®),(m) | or (Vg 2 p)(®F,(m) T
or [(e < m)(Fe, ) € [|pl, la])(Cpp(e) # q({e,x)) but
(I < e)([Ph(n) T & Pi(n) |] & ~(Fy)[@L(y) |# Aly) & =FyPL(y) |# A(y)])]}-

We also need dense sets that guarantee that ®¢ # A:

D; = {pl(3z)(®f(z) |# A(z) or
(Vao, a1 2 p)(Va <|qol, |q])[~(2F () |# @ () |) or
(Fe < )FHe z) € [Ipl,1a)(Fj € {0, 1) [(Cpp(e) # qi((e, x)) but
~(En < )([Ph(n) T & Ph(n) 1] & =(3y)[P4(y) 1# Aly) & =Ty@h(y) |# A)])]}-

The proof now proceeds as in the previous Theorem. The arguments for all the verifica-
tions are now essentially the same as there and are left as an exercise. m

Exercise 5.3.12 Verify that the notion of forcing and classes of dense sets specified in
the proof of Theorem 5.3.11 suffice to actually prove it.

Exercise 5.3.13 Prove that if A isr.e. and C >7 0 is r.e. in A then thereisa B <r A
such that B' =¢ C. Indeed we may also make B <p A.

The next result says that every a € GL; is RRE (relatively recursively enumerable),
i.e. there is a b < a such that a is r.e. in b and a bit more.

Theorem 5.3.14 Ifa € GL; then there is b < a such that a is r.e. inb and a is in
GLy(b), i.e. (aV D) <a”.

Proof. Let a € GL,. We'll use a notion of forcing P with conditions p = {(po, p1, p2),
p; € 2<% such that

L. |po| = |p1l, po(dn) = A(n), p1(d,) = 1 — A(n) where d, is nth place where pg, p;
differ and

2. (Ve < |po+p1])(e € po ® p1 < Fx({e,z) € pa)).
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As expected, our generic set Gy & G1 @ G, is given by V(p) = po ® p1 & pe. The idea
here is that if we can force py, p; to differ at infinitely many places while still making our
generic sequence recursive in A, the first clause in the definition of <p guarantees that
Go @ G1 =r A. The second clause works towards making Gy & G r.e. in G5 with the
intention being that deg(Gs) = g» is to be the b required by the theorem. Extension in
the notion of forcing is defined in the simplest way as ¢ <p p < ¢; 2 p; but note that
this only applies to p and ¢ in P and not all ¢ with ¢; 2 p; are in P even if p € P. The
notion of forcing is clearly recursive in A.

We now define the dense sets needed to satisfy the requirements of the Theorem. We
begin with Dy, = {p : po, p1 differ at at least n points}. These sets are clearly recursive
in A. We argue that these are dense by induction on n. Suppose D, is dense. To show
that Dy, .o is dense, it suffices, for any given p € Dy, — Dy, 9, to find a ¢ <p p in
Dayia. Let go = po"A(n), g1 = p1°(1 — A(n)). Choose i € {0,1} such that ¢;(|po|]) = 1.
Define g2 O py by choosing x large and setting g2((2|po| + ¢, 2)) = 1 and ¢2(z) = 0 for all
z ¢ dom(ps) and less than (2|pg| + i, z). Now ¢ = (qo, q1, ¢2) satisfies the requirements to
be a condition in P. It obviously extends p and is in Dy, 2.

For any generic recursive in A which meets all the D,,,, Go & Gy =7 A and Gy & G,
is r.e. in Gs.

We also want dense sets similar in flavor to those of the previous theorems to force
the jump of G to make (aV g}) < a”. Let

Dopyr = {p:®p?(n) | or (Vo 2 py)
(®7(n) T or (e, z) € a)((po ® p1)(e) = 0)}.

For p € P, membership in Dy, 1 is a 0’ question and so these sets are recursive in AV ('.

We want to prove that they are dense. Suppose have a p € P and so we want a ¢ <p p
with ¢ € Dy,+1. We may suppose that ®22(n) T and that the second clause fails for p
as otherwise we would already be done. Thus we have a o O py such that ®7(n) | but
—(Fe,z) € 0)((po®p1)(e) = 0). We claim that there is a ¢ <p p such that ¢o D ¢ and so
®%(n) | and g € Do, 41 as required. The only issue is that there may be some (j,y) € o
with j > [po @ p1|. If so, we must define g and ¢, accordingly, i.e. j € qo ® ¢1. So if j
is even, we want % € qo; if it is odd, ]%1 € ¢1. We now define qp, q; at the appropriate
element (% or ]%1) to both be 1. Elsewhere we let both ¢y and ¢; be 0. Thus we have
not added any points at which ¢o and ¢; differ beyond those in pg, p1). Now we extend o
to g2 by adding (e, y) for some large y if (qo ® ¢1)(e) = 1 and e > |py & p1| and wherever
not yet defined we let ¢o(2) = 0. Thus ¢ € P and is the desired extension of p in Dy, 1
as ®72(n) = ®7(n) |.

We now let (p;) <1 A be a generic sequence meeting every D, as given by Theorem
5.3.8. We have already seen that Go® G| =1 A and it isr.e. in Gy <p A. If we can show
that (A ® GY)" <r A” then we will be done as this clearly implies that Gy <y A. We
first claim that G, <7 AV (0'. To see if n € G}, recursively in AV 0’ find an s such that
Ps € Dopy1. Then we claim that n € G < ®,7*(n) |. If ®”2(n) |, then we are done.
If not, then (Vo D ps2) (®%(n) T or (I(e,z) € 0)((po ® p1)(e) = 0)) and by definition of
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membership and extension in P, ®,"*(n) 1 for every p;» for t > s. Thus ®%2(n) 1 as
desired. As G, <p AV0', (A®G,) = AV0 andsoas A ¢ GLy, (ADG,) = (AVD) <p A”
as required. m

Exercise 5.3.15 If A >7 0 isr.e. and C >7 0 isr.e. in A then there is a B < A such
that B' =7 C. Indeed we may also make B <p A. Hint: ....Build B, finite extensions that
obey a coding rule for columns for e < c(s) < s (so that we can enumerate C' recursively
in A) except that can violate the rule to force jump as above; search below m4(s+ 1) for
extensions forcing jump for e < s that obey rule. Also search for extensions so ®. giving
different answers and allow violations in columns > e when satisfy this requirement by
choosing one that gives answer other than A.

We can now deduce a result that plays a major role in our analysis of definability in
D(<0') (and many other results).

Theorem 5.3.16 Ifb <; a and a € GLy(b) and T is a BF ideal in D(<b) then there
18 an exact pair for T below a.

Proof. By Theorem 5.3.14 (relativized to b) there is a ¢ such that b < ¢ < a and a is
r.e. in c. So Z is also 3. Now, by Theorem 5.2.12, we have the desired exact pair. m

Theorem 5.3.17 If A € a€GLy and S € X4 then there is an embedding of a nice
effective successor model (with the appropriate partial lattice structure) in the degrees
below deg(A) and an eract pair x,y < a for the ideal generated by the d,, with n € S.
(Remember that the d,, are the degrees representing n € N in the effective successor
model.

Proof. Given A € GLy and S € ¥4 Theorem 5.3.14 gives us a B < A such that A is
r.e. in B and A is GLy(B). Since A’ > AV (' and is r.e. in it, Theorem 5.3.9 relativized
to B gives us a B < A (with B <r B) such that B’ = A’ and so EB = ¥4, Moreover,
Aisr.e. in B because it was r.e. in B <7 B. The result now follows by using Theorem
5.2.6 and Exercise 3.3.10 to embed an effective successor model between B and A and

then Theorem 5.2.12 to pick out the ideal generated by the associated d,, for n € S as
the set {e|3n(®5 € d,)} is itself £8 = 24 as is then {¢|(3n € 5)(®2 € d,)}. =

Exercise 5.3.18 Prove that every degree has a GLy degree below it.
Exercise 5.3.19 Prove that every recursive lattice L with 0 and 1 can be embedded in

D(<a) preserving 0 and 1 for any a € GLs.

Notes: Theorem 5.3.1 is due to Martin [1966]. Its very useful consequence, Proposi-
tion 5.3.2 is from Jockusch and Posner [1978] which also contains a version of Theorem
5.3.3 for Cohen forcing, Exercises 5.3.4 and 5.3.18 as well as Theorem 5.3.9. The version
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given here of Theorem 5.3.3 and the more general Theorem 5.3.8 as well as 5.3.14 come
from Cai and Shore [2012]. Corollary 5.3.10 was originally proved in Shoenfield [1959].
The original direct proof of (a stronger version of) Theorem 5.3.17 is in Shore [2007].
Remark 5.3.7 follows, for example, from Slaman and Steel [1989, Theorem 3.1] or Cooper
[1989]. Theorem 5.3.6 is from Jockusch and Posner [1978].

5.4 Definability and Biinterpretability in D(< 0')

We already know that the theory of D(<0') is (recursively) equivalent to true first order
arithmetic and so as complicated as possible. We now want attack the problem of de-
termining which subsets of, and relations on, D(<0’) are definable in the structure. The
interpretation of D(<0’) in N gives a necessary condition. Only subsets and relations
definable in arithmetic can possibly be definable in D(<0’). Our goal is to prove that, if
they are also invariant under the double jump, then the are, in fact, definable in D(<0’).

Definition 5.4.1 A relation R(x1,...x,) on degrees is invariant under the double jump
if, for all degrees xy,...%x, andyy, ...y, such that x! =y for alli <n, R(x1,...x,) <

R(yl, .. Y’n)

We begin with the subsets of D(< 0’) and, in particular, with the basic question of
definably determining the double jump of a degree a < 0’. (This would actually suffice to
show that all subsets of D(<0’) invariant under double jump and definable in arithmetic
are definable in D(<0’) but as we prove more later we omit this argument.) The crucial
point is that the sets we can code below an r.e. or GL, degree a are precisely the ones
¥4, We use this to determine a” via the following characterization of the double jump.

Proposition 5.4.2 For any sets A and B, A" =¢ B" if and only if ¥4 = X2, Indeed,
for anyn > 1, A™ = B™ if and only if £4,., = X8 .

Proof. The hierarchy theorem 1.1.10 says that, for any set X and n > 1, £X,, = £X.
On the other hand, for any Z and W, 7 = ¥V iff Z = W since the equality implies
that both Z and Z (W and W) are Xy, i.e. r.e., in W (Z) and so each is recursive in the
other. Thus if B4, = %5 | then {1 = 28" and so A =; B™ as required. m

Theorem 5.4.3 The set Ly = {x < 0'|x" = 0"} is definable in D(<0').

Proof. Our analysis of coding in models of arithmetic in Proposition 3.4.3 and preceding
Theorem 4.3.5 (which is really part of the proof of that theorem), shows that we have
a way to, definably in D(<0’), pick out, via correctness conditions, parameters p that
define structures M(p) isomorphic to N. (The crucial point here is Theorem 5.2.12 which
says that there is an exact pair for the Zgo ideal generated standard part of the model
below 0" as it is r.e. in and strictly above py.) Also note that, by Proposition 3.4.3,



68 CHAPTER 5. DOMINATION PROPERTIES

any set S coded in them by a pair gy, g; and a coding formula pg4(z,p) is ¥4 as long as
the parameters q for the nice effective successor structure determining the domain of the
model and g, g; are recursive in A.

We now claim that x € Ly if and only for any such q, g, g1 <7 x the set S coded by
8o, g1 is X3. Moreover, this property is definable in D(<0’) and so proves the Theorem.

First suppose that x € Ly. Then our initial remarks show that S € ¥ for any X € x.
As X" =7 0", 5 = X3 by Proposition 5.4.2. Next, if x ¢ Ly, then by Exercise 3.3.10
and Theorem 5.3.3 there are parameters q defining a nice effective successor model with
join ¢ < x with ¢/ = 0’. By Theorem 4.3.4, we can extend these parameters to ones p
defining a standard model of arithmetic which, of course, satisfies the definable properties
guaranteeing that it is such a model. Now, by Theorem 5.3.16, for any S € X there are
20,81 <7 X which code S in this model. Since x” > 0” there is an S € X§ — 33 again
by Proposition 5.4.2 and so a code for such an S below x as required.

Finally, note that as we are working in definable standard models of arithmetic we can
definably say that a set is X3 simply by using the translation into our degree structure
of the corresponding sentence of arithmetic. m

Theorem 5.4.4 For every h > 0" which is r.e. in 0", the set {x < 0'|x” = h} is defin-
able in D(<L0').

Proof. The previous theorem handles the case that h=0". For h > 0" Let E ¢
e € [0',0”] be such that E' € h. There is such an E by Corollary 5.3.10 and we can
fix a definition of one in arithmetic. Consider the formula which says that for any
d, 8y, 81 < x and p which define a standard model of arithmetic and a set S coded in the
model as in the proof of the Theorem, S € ¥ and for any set S e Y (again as given by
a definition in arithmetic) there are such q, g, g1< x and p defining S. Proposition 5.4.2
and calculations already described now show that this guarantees that Y5 = %X = B
and so x” = € = h as required. =

Corollary 5.4.5 The jump classes L, (@™ = 0™) and H,, (a™ = 0"V ) are definable
in D(L0) forn > 2.

Proof. In the proof of Theorem 5.4.4, require instead of £’ € h that E~Y =, 0™ for
L, and E® Y =, 0D for H,,. =

By a separate additional argument that requires results beyond the scope of these
lectures we can also get the definability of H;. While we could make such an argument
at this point it will be easier later. We do so in Corollary 5.4.11. The definability of L,
in D(<0’) is an important open problem.

If we now wish to deal with arbitrary relations on D(<0’) rather than simply subsets,
we are faced with the problem that our analysis so far has, for each degree a, produced
various models of arithmetic in which we code the sets ¥4. To discuss even binary
relations we must have a way to analyze any a and b (or equivalently the sets coded
below them as long as we are only working up to invariance under the double jump) in a
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single model (perhaps with additional correctness conditions). The basic formulation of
this issue is given by asking about the biinterpretability of the structure (here D(<0’))
with arithmetic (here first order). A similar notion applies to other structures (such as
the r.e. degrees, R) still with first order arithmetic and to ones such as D but for second
order arithmetic.

Definition 5.4.6 A degree structure S is biinterpretable with true second (first) order
arithmetic if it is interpretable in second (first) order arithmetic and we have formulas
in parameters p (including a correctness condition) as specified in §4.1 and a formula
wg(x,y) which defines sets (coded) in the model given by p as described there which
provide an interpretation of true arithmetic in S (i.e. the models M(P) satisfying the
correctness condition are all standard). For second order arithmetic, we require that the
sets defined by pg(x,y) as y ranges over all parameters in S are all subsets of N. More-
over, for both first and second order arithmetic, there is an additional formula @ (x, 7, D)
such that S E Vx3ypgr(z,y,p) and for every a,g € S, S Fogp(a,g,p) if and only if the
set {n|pg(d,, &, D)} (where d,, is the nth element of the model M(p) coded by the para-
meters p) is of degree a. These last conditions then say that the set coded in M(P) by
g is of degree a and that all degrees a in S have codes g for a set of degree a. We say
that S is biinterpretable with true first or second order arithmetic up to double jump if
we weaken the second condition on g so that for every a,b € S, S Fop(a, b, p) if and
only if the set {n|ps(d,,b,P)} has the same double jump as a.

It is not hard to see that, if a degree structure S is biinterpretable with first or
second order arithmetic, then we know all there is to know about definability in, and
automorphisms of, S.

Theorem 5.4.7 If a degree structure S is biinterpretable with first or second order arith-
metic then it is rigid, i.e. it has no automorphisms other than the identity, and a relation
on S is definable in S if and only if it is definable in first or second order arithmetic,
respectively.

Proof. We first prove rigidity. Let p satisfy all the formulas required for it to determine
a standard model of arithmetic via the given formulas. Consider any a €S with some g
such that S F pp(a, g, p) and any automorphism ¥ of S. The image ¥(p) = T satisfies
all the same formulas as p and so also defines a standard model of arithmetic. The image
h of g under ¥ also determines a subset of this model via ¢ and it must be the “same”
subset in the sense that they correspond to the same subset of N via the isomorphisms
among M(p), M(T) and N. Of course, pr(b,h,T) (where b =¥(a)) is also true in S
since ¥ is an automorphism. Our definition of biinterpretability now says that a = b as
required for rigidity.

Now consider any relation QQ(Z) on S. By the assumption that S is interpretable in
first or second order arithmetic, we know that () is definable in those structures. For the
other direction, suppose () is definable by a formula © of first or second order arithmetic.
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If this is first order arithmetic then we expanded it by a sequence X of second order
parameters (of the same length n as z) whose intended interpretations are some subsets of
the model. If it is second order arithmetic then we simply assume that the formula already
contains a sequence X of free second order variables (of the same length as 7). In any
case, O defines the property that the sequence of the degrees of X satisfies ).) @ is then
defined in S by the formula ¥(z) = 3p, o . . . 3gn_1(p. (D) & A ©r(zi, G, D) — 01 (i, p))

<n
where T' is the translation of formulas of second order arithmetic given in §4.1. Here

our correctness condition ¢, guarantees that the model M(p) is standard and we also
assume that the requirements of the definition of biinterpretability are satisfied. So the
translation of © asserts (because of the properties of ) that a sequence of sets of degree
z; satisfy © (in N), i.e. @ holds of z. =

Our goal now is to prove that D(<0’) is biinterpretable with arithmetic up to double
jump and so every relation on it invariant under the double jump is definable in it if and
only if it is definable in first order arithmetic.

Theorem 5.4.8 D(<0) is biinterpretable with arithmetic up to double jump.

Theorem 5.4.3 and Theorem 5.4.4 show that we can define the double jump classes
of degrees a in D(<0) by talking about the sets that are coded (by our usual formula
vg(z,g)) in standard models M(p) of arithmetic with @, g below a as in the proof of
Theorem 5.4.3. The point here is that these sets determine ¥4 and so a” by Proposition
5.4.2. If we wish to define the relations needed for biinterpretability up to double jump, we
need to be able to talk about the sets that are ¥:4' for an arbitrary degree a simultaneously
in a single model. Our plan is to provide a scheme defining isomorphisms between
two arbitrary standard models satisfying some additional correctness condition. Such
isomorphisms would allow us to definably transfer (codes for) sets in different models to
ones for the same sets in a single model and so define the required relation ¢ 5. We begin
with a lemma that is used to build such isomorphisms by interpolating a sequence of
additional models between the two given ones and isomorphisms between each successive
pair of models.

Lemma 5.4.9 If c <0, c € Ly , ap,a; € Ly and P is a recursive notion of forcing,
then there is a G <p C which is 1-generic for P and such that Ay & G and Ay & G are
both low.

Proof. Let D, > be the usual dense sets for making GG 1-generic for P. They, and the
density function for them, are uniformly recursive in 0. Now consider, for i € {0, 1},
the sets D,; = {p|®n*® P (n) | or (Vg < p)®a®"D(n) 1}. As the A; are low, these
sets and their density functions are also uniformly recursive in 0. Thus, by Theorem
5.3.8, there is a 1-generic sequence (p;) and associated generic set G both recursive in C'
meeting all these dense sets. Any such G clearly has all the properties required in the
theorem. (Follow, for example, the proof of Proposition 3.2.13 using these D, ; in place
of Di..) m
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Proof (of Theorem 5.4.8). In addition to the previous correctness conditions for
our standard models M(p) we require for the rest of this section that pg, the first of
the parameters p, which bounds the parameters q defining the nice effective successor
structure providing the domain d,, of the model, is in Ly. (This condition is definable by
Theorem 5.4.3.) Given two such models M (py) and M (p4) we want to show that there
are additional models M (py) for & € {1,2,3} and uniformly definable isomorphisms
between the domain of these models taking d;,, to dyt1, for i < 4. (Given parameters
P defining a model M(py) we write dy, for the degree representing the nth element of
this model. Similarly, we write Py o for the first element of p; and gy, for the parameters in
pr determining the effective successor structure which provides the domain of M(py).)
Thus (as we explain below) we produce a single formula 0(z,y, z, z’) which uniformly
defines isomorphisms between any two of our standard models M (pg) and M (p4) (with
z and Z’ replaced by pg and py).

We begin by choosing q; < 0’ as given by a 1-generic over pg sequence and function
for the recursive notion of forcing (Exercise 3.3.10) that embeds a nice effective successor
model with q; o, the first element of q;, being the bound on all the other required para-
meters. As pog € Ly, 0’ is I_Jg(p(w) and so such q; exists by Theorem 5.3.3 (relativized
to poo). Note that ; (and so @) is in L; by Proposition 3.2.13 as it is associated with
a 1-generic sequence recursive in 0'. We may now extend q; to p; defining a standard
model M(p;) by Exercise 4.3.3 and Theorem 5.3.3 as 0’ is GLy(q;). Similarly, we see
that there are @3 and ps bearing the same relation to M(py4) as @; and p; do to M(py).
Now as i, and g3 are both low we may apply Lemma 5.4.9 to the forcing of Exercise
3.3.10 to get 2 < 0’ (again as 0’ € Ly(@1,0), La(gs,)) such that both qi 0 ® o0 and
Q2,0 @ Q30 are in L; and then extend @, to Py defining M(ps) as we did for q;.

We now apply Exercise 4.3.3 and Theorem 5.3.3 to get the desired schemes defining our
desired isomorphisms: Given any n € N and ¢ < 4, consider the finite sequences of degrees
(dio,-..,din) and (dit10, .- ., dit1,n). We want to show that there are parameters T; < 0’
such that the formula o, (2, y, T;) (where y(z, y, Z) ranges over binary relations as Z varies
as in Theorem 4.2.3) defines an isomorphism taking d;; to d;;1x for each k& < n. By

the results just cited it suffices to show that the € d;x & € di11x are in Ly for each
k<n k<n

i < 4. For i = 0, note that q; is associated with a 1-generic/pgo sequence which is

recursive in 0. Thus by Proposition 3.2.13 (suitably relativized) (@:©py)" = Py and

80 (10D Do) = Poo- As Poo € Lo, 0" = Pjo = (G1,0®Po,)” as required. The argument

for ¢ = 3 is similar. For the other pairs, we have already guaranteed that q; o ® 2 and

Q2,0 P Qs are both L.

We can now define the desired isomorphism 6(n, m, pg, ps) between M(py) and
M(p4). We say that an n in the domain of M(py) (i.e. ¢p(n,py)) is taken to m
in the domain of M(p4) if and only if there are degrees py, for k € {1,2,3} defining mod-
els of arithmetic M (Py,) and ones T; for ¢ < 4 as above such that each ¢,(x,y,T;) defines
an isomorphism between initial segments of (the domains of) M(p;) and M (p;;1) where
the initial segment in M(Py) is the one with largest element n and that in M(p;) has
largest element m. Clearly this can all be expressed using the formulas ¢ (z, px) and
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o (x,y, px) defining the domains of M(p;,) and the orderings on them. Note that the
definition of this isomorphism is uniform in py and ps and that we have shown that for
any po and py defining our standard models of arithmetic, there are parameters below 0’
defining all these isomorphisms. In other words, we have described the desired formula
0(x,y,z,7).

We now wish to define the formula ¢g(x, 7, Po) required in the definition of biinter-
pretability up to double jump (for M(pgy) a model of arithmetic). (We have replaced p
in Definition 5.4.6 by po to match our current notation.) First, ¢ says that, if z € Ly
(as defined by Theorem 5.4.3), then § defines (via our standard ¢g) the empty set in
M(Po). In addition, ¢j says that, if ¢ Ly and S is the set defined in M(py) by 7,
then for every set S € ¥ (with S defined by other parameters h in M(py) and S e DI
expressed in the translation of arithmetic into M(Py)), there are g§ < x and Py with
Pao < x such that g codes a set Sy in M(py) and, for every n and m, 6(n, m, p,, P4)
implies that ¢g(n, h, p,) <vs(m, g, p,), ie. S = S,. By all that we have done already,
this guarantees that every S e Y7 is B¥. For the other direction, ¢p also says that if
g < x and p4 with psp < x are such that g codes a set Sy in M (P4) then there is a set
S (coded in M(Py) by some h) which is 5 (as expressed in M (py)) such that S = S,
as expressed as above using 6. So again by what we have already done, this guarantees
that every Sy € ¥ is %5, Thus, by Proposition 5.4.2, S has the same double jump as
X as required. m

Theorem 5.4.10 A relation on D(<0') which is invariant under the double jump is
definable in D(L0') if and only if it is definable in true first order arithmetic.

Proof. Follow the proof of Theorem 5.4.7 but use Theorem 5.4.8 in place of the assump-
tion that the structure is biinterpretable with arithmetic. m

Corollary 5.4.11 H; is definable in D(<0').

Proof. This follows immediately from the Theorem and fact that x < 0’ is in H; if and
only if D(<0') FVzdy < x(2” = y”). This fact is proven for r.e. x in Nies, Shore and
Slaman [1998, Theorem 2.21] but (as indicated there on p. 257) replacing the last use
of the Robinson jump interpolation theorem in the proof by Theorem 5.3.9 provides a
proof for D(<0’). m

The analogous theorems hold for both D and R, i.e. they are biinterpretable with
second or first order arithmetic, respectively, up to double jump. (Moreover, in D the
jump is also definable.) Their definable relations which are invariant under the double
jump are then characterized in the same way. Indeed, every jump ideal Z of D (i.e. an
ideal that is also closed under the jump operator) which contains 0 is biinterpretable
with second order arithmetic up to double jump if one takes the second order structure
to have sets precisely those with degrees in Z and the jump is definable in Z as well.

By more extensive uses of Theorem 5.3.8 we can prove our biinterpretability and so
definability results for D(< x) for any x < 0’ in L.
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Exercise 5.4.12 For every x <0’ in Ly, Th(D(<x) is biinterpretable with true first
order arithmetic and so its theory is 1-1 equivalent to that of true arithmetic. Moreover,
for everyx < 0" a relation on D(< x) invariant under double jump is definable in D(< x)
if and only if it is definable in first order arithmetic. (Forx € Lo, this last result is trivial.
Otherwise, it follows from biinterpretability as before.)

The Biinterpretability Conjectures for D(<0’), R and D assert that these structures
are actually biinterpretable with first, first and second order arithmetic, respectively.
As we have seen proofs of these conjectures would show that the structures are rigid
and would completely characterize their definable relations. These are the major open
problems of degree theory.

Notes: The definitions of biinterpretability for different degree structures and the
associated conjectures are due to Harrington and Slaman and Woodin (see Slaman [1991]
and [2008]). Theorems 5.4.3 and 5.4.4 are originally due to Shore [1988] but for triple
jump in place of double jump. The improvement of one jump is essentially an application
of Proposition 5.4.2 as pointed out in Nies, Shore and Slaman [1998] where Corollary
5.4.11 also appears. Slaman and Woodin also proved Theorem 5.4.7 (again see Slaman
[1991] and [2008]). Plans for proving Theorem 5.4.8 were proposed in both Shore [1988]
and more concretely in Nies, Shore and Slaman [1998] but neither actually provided the
definitions of the required comparison maps nor the proofs that they exist as we have
done here. Thus Theorems 5.4.8, 5.4.10 and the improvement to initial segments of
D(<0') bounded by any x € L, of Exercise 5.4.12 are new. A proof of Exercise 5.4.12
will appear in Shore [2013]. Biinterpretability up to double jump for the r.e. degree R
is proven in Nies, Shore and Slaman [1998]. Slaman and Woodin (see Slaman [1991] and
[2008]) proved it for D. A very different proof that also gives the results described for
jump ideals containing 0 is in Shore [2007]. The definability of the jump is proven in
Shore and Slaman [1999] based on the results of Slaman and Woodin. This reliance is

removed in Shore [2007] where the jump is also defined in every jump ideals containing
0,
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