INTERPRETING HASSON’S EXAMPLE

CHARLES K. SMART

ABSTRACT. We generalize Ziegler’s fusion result [8] by relaxing the definabil-
ity of degree requirement. As an application, we show that an example pro-
posed by Assaf Hasson [3] has a rank and degree preserving interpretation in
a strongly minimal set.

1. INTRODUCTION

Assaf Hasson [3] proved that any theory with finite Morley rank and the definable
multiplicity property (DMP) has a rank and degree preserving interpretation in a
strongly minimal set. He also proved a partial converse, showing that any theory
admitting a rank preserving interpretation in a strongly minimal set has finite
Morley rank and the weak definable multiplicity property (wDMP). As a test case,
Hasson constructed an example with the wDMP but no rank-preserving expansion
with the DMP.

Here we will prove that Hasson’s example has a rank and degree preserving
interpretation in a strongly minimal set. We will do this by relaxing the definable
degree requirement in Ziegler’s fusion [8] using an idea from [6]. Specifically, we
will prove the following theorem.

Theorem 1.1. Suppose T1 and Ty are countable complete theories with finite Mor-
ley rank, the same degree, disjoint languages, and nice codes. If K, vy,vo are inte-
gers so that K = vi RM(Ty) = v RM(T2) then there is a countable complete theory
T 2O Ty UT, with Morley rank K, nice codes, and

RMzp(¢(x;a)) = viRMr, (¢(z; a)) and dMy(§(x;a)) = dMr, (¢(z; a))
for all p(z;y) € L(T7?) and i = 1,2.

We defer the definition of nice codes until later, when we discuss Hasson’s ex-
ample in more detail.

We should note that the amalgamation construction Hasson described in [6] does
not quite work. For his purposes it does not matter, since he was able to obtain
the same structure by alternative means in his thesis [4]. The proof of the theorem
below contains the details required to repair his construction.

We are going to borrow most of the notation and conventions from Ziegler’s

paper [8].
2. COoDES

Hrushovski’s fusion machinery relies on a special notion of normal formula, called
a code. In this section we will repeat the code construction of [2] and make a few
minor adjustments.
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Recall that an w-stable theory T has the weak definable multiplicity property
(wDMP) if rank is definable and degree is uniformly bounded in T’ i.e., for every
formula ¢(x;y) € L(T°?) and consistent instance ¢(x;a) there is a 8(y) € tp(a) and
D € N such that

E 6(a’) implies RM(¢(x;a’)) = RM(¢(z;a)) and dM(¢(z;a)) < D.
We fix a theory T with finite rank and the wDMP for the rest of this section.
A code ¢ is a parameter-free formula ¢.(x;y) with the following properties.
(1) x is a tuple of real variables, |x| = n., and y € T°9.

(2) Consistent ¢.(x;a) have rank k. and degree at most D.. If b | ¢.(x;a)
then the elements of b are distinct and for each S C {1,...,n.}

RM(b/abs) < /ﬂc,s

with equality for generic b. If a is generic in Ix¢.(x;y) then ¢.(x;a) has
degree 1. Lastly, k. () < k. for all i.

(3) If RM(¢e(x;a) A pe(x;a")) = k. then a = a'.

(4) There is a G, < Sym(n.) such that for each consistent ¢.(x;a) and o €
Sym(ne),
(a) o € G, implies ¢.(x;a) = ¢.(x7;a).
(b) o ¢ G. implies RM(¢.(x;a) A ¢p.(x7;a’)) < k. for all o'.

This definition of codes differs from the DMP case in one critical way. The degree
of consistent instances ¢.(x;a) is not always 1. In fact, if D, = 1, then the two
definitions coincide.

A formula ¢ (x; d) is simple if it has degree 1, the components of its realizations
are distinct, and the components of any generic realization lie outside acl(d). For
any two formulas 11 (x;d;) and 1s(x; d2) with the same free variables, we write

P1(x5di) ~ Pa(x;d2)
when
RM (41 (x; d1) Atha(x; dz)) < RM(¢1(x;d1)) = RM(¢h2(x; d2)).
If ¥ (x;d) is simple and ¢.(x;a) ~ ¥(x;d), then we say that ¢ encodes ¥(x;d). If
¥ (x; d) is simple and RM(¢¢(x;a) Ap(x;d)) = k. = RM(¢(x;d)), then we say that
¢ covers (x;d).

Lemma 2.1. Every simple ¥(x;d) is encoded by some code c.

Proof. Let a be the canonical base of the global type isolated by ¥ (x;d) and let
dc(x;y) be parameter-free so that ¢.(x;a) ~ 1(x;d). We will strengthen ¢.(x;y)
to meet the requirements above.

Let b be a generic realization of ¢.(x;a). Let k. = RM(b/abg) for S C
{1,...,n.}. Strengthening ¢.(x;y), we may assume

RM(¢C(X; a) Axg = bS) = kc,S
for all S. Let 6(y) isolate tp(a) in its rank. Replace ¢.(x;y) with
(bc(x; y) A 6(?/) A /\RMZ((bC(Z; y) Nzg = XS) = kc,S-
s

Now, the wDMP implies the existence of D., the choice of 8(y) forces ¢.(x;a’) to
have degree 1 for any a’ generic in Ix¢.(x;y), and k. ;3 < ke follows from the
simplicity of ¢(x;d). Thus we have (2).
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Let p(y) = tp(a) and note that since a is a canonical base,

p(y) Ap(y') ARMy(¢e(x59) A ¢e(x39) = ke =y =/

By compactness there is some 6(y) € p(y) which works in place of p(y) above. If
we replace ¢.(x;y) with ¢.(x;y) A 0(y) we get (3).

To achieve (4), first note that the collection of all o € Sym(n.) such that
de(x5a) ~ ¢.(x7;a%) for some a’ = a forms a subgroup G. < Sym(n.). Replacing
¢(x;y) with

N\ ¢e(x%;y) ARM, ( A ¢C(X";y)> = ke,
ceG. oG,

we have (4a). Since, for o € Sym(n.) \ Ge,

p(y) Ap(y') = RMx(o(x59) A ¢e(x759")) < ke,

there is (by compactness) a 6(y) € p(y) such that

Pe(%;y) N O(y)
satisfies (4b) as well. O

Lemma 2.2. There exists a set of codes C such that

(1) Ewvery simple formula is covered by a unique ¢ € C.
(2) If ¢ € C and o € Sym(n.) there is a unique ¢ € C with ¢.(x7;y)
¢c°‘ (X; y)'

Proof. We will build C as a limit of finite sets, starting with C = () and inductively
maintaining (1)’ and (2), where

(1)’ Every simple formula is covered by at most one ¢ € C.

Suppose ©¥(x;d) is a simple formula not covered by some code in C. Choose ¢
which encodes 1(x;d). Replace ¢.(x;y) with

S y) A\ VY RMy (e (x59') A be(x:9)) < ke,

cec’

where C’' :={c¢’ € C: n. = ny and k. = ko }, and note that this is still a code.
Choose representatives o1, ..., 0, of the right cosets of G, and define, for ¢ €

Sym(ne), ¢@ to be the code with ¢er(x;y) 1= ¢.(x7;y). Now C U {c¢”,...,c7™}

satisfies (1)” and (2) and covers ¥ (x; d). O

We call a collection of codes C satisfying the conclusion of the lemma above a

system of codes for T'.

Lemma 2.3. For every code c there is a constant m, and a (-definable partial
function f. so that if by, ..., by, are independent realizations of ¢.(x;a), then a =
fe(b1,.ybim.).

Proof. This is a standard stability fact. O



4 CHARLES K. SMART

3. FrREE FusioN

Assumption 3.1. The countable complete theories Ty and Ty have finite, definable
Morley rank, degree 1, and quantifier elimination in relational languages L1 and Lo.
The languages are disjoint; i.e., L1 N Ly = (.

In this section, we will describe the free fusion of 77 and T3 as laid out in [5,8].
Since those papers only required definable rank to develop their theories of the free
fusion, we will not give proofs of things stated there.

Let K, vy, v be integers so that

K= UlRM(Tl) = UQRM(TQ).
For A C B =Ty UTy with B\ A finite, we define
0(B/A) := viRMr, (B/A) + voRMp,(B/A) — K|B \ A|.
Using 6§, we define
Koo :={AETY UTY : §(B) >0 for all finite B C A}.
Notation 3.2. The letters A, B,C will always denote elements of Koo -

We say A is a strong substructure of B and write A <, B whenever A C B and
§(AUC/A) > 0 for all finite C C B.

Because rank is definable in T}, it is also additive. It follows that § is additive
and submodular; i.e.,

0(CJA) =6(C/B) + §(B/A) whenever A C B C C,
and
d(A/ANB) > 4(AU B/B) whenever A,B C C.
Many interesting properties of < follow from these two properties of §. For

example,

A <; B <, C implies A <, C,
and

A, B <, C implies ANB <, C.
In turn, these two properties of <, suffice to prove

cp(A):=(|{A' <, B: A 2A}<,B

is monotone, finite-character, and continuous as a function on the subsets of some
fixed B.
We say that A <; B is minimal if there is no C with A <, C < B.

Lemma 3.3. If A <; B is minimal, then B\ A is finite and one of the following
holds.
(1) A <s B is algebraic: §(B/A) =0, B = AU {b}, and for some i = 1,2,
tpr, (b/A) is algebraic and tpy, (b/A) generic.
(2) A <, B is prealgebraic: §(B/A) =0 and tpy,(b/A) is not algebraic for any
be B\ Aandi=1,2.
(3) A<, B is transcendental: N > 6(B/A) > 0 and tpr, (b/A) is not algebraic
foranybe B\ A andi=1,2.

We will to need a finer version of closure. We write A <, ,, B if A C B and
0(AUC/A) > 0 for all C C B with |C| < m.
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Lemma 3.4. If A C B, then there is a clgm(A) <sm B such that A C clg m(A)
and clg,m C C whenever A C C' <, ., B.

Proof. Call A’ C A" an m-step if |A"\ A < m, 6(A"/A") <0, and §(A*/A") >0
whenever A’ C A* C A”. Choose some maximal chain A = Ag C A; C--- C A, of
m-steps. Set clp (A4) := A, and note that clg », <; ., B.

Now, suppose A € C <;,, B and clgm g C. Let i < n be least so that
Aiy1 € C. Then 0 > §(Ai41/C N A;) > 6(A;41 UC/C), which contradicts our
assumption that C' <, ., B. [l

For convenience, we extend § and < ,, to imaginary elements. Define
acl®(A) := acl®r, (A) x acl®r, (A)

and include A C acl®/(A) via a — (a,a). If ¥ is the home sort shared by T} and
Ty then for X CY C acl®¥(C') define

3(Y/X) := viRMrp, (m1(Y)/71(X)) + v2RMr, (m2(Y) /72(X)) = N|(Y \ X) N X|.

For A C B and X C acl®(B), write X <;,, Aif XNX C Aand §(XUC/X) >0
whenever C' C X and |C] < m.

Lemma 3.5. If A C B and X C acl®(B), then there is a cla,m(X) C A such that
X Uclam(X) <sm A and cly m(X) C C whenever C C A and X UC <, A.

Proof. Like the previous lemma. (I

4. PREALGEBRAIC CODES

Fix a system of codes C; for each T;. A prealgebraic code is a pair ¢ = (¢1,¢2) €
Cy; x Cy so that
® Ny = Ny,
o vike, +v2ke, — Kn. =0,
o and vikc, g + vokey 5 — K(ne — |S]) <0for 0 C S C {1,...,n.}.
To each prealgebraic code ¢ we associate the additional data

Ne := Ny (= Ney ).
¢c(x; y) = ¢c1 (X; yl) A ¢c2 (X; y2)»
D.:=D,, - D,,
and G, := G, N Ge,.
We say a prealgebraic code instance ¢.(x;a) is over A if a € acl®(A); i.e., if
a = (a1, az) € acly! (A) x acly] (A).

Suppose ¢.(x;a) is over A and B,b C A. We say that b = ¢.(x; a) is a B-generic
if RMr,(b/Ba;) = k., for ¢ = 1,2. Thus a sequence of realizations by, ...,bx of
¢.(x;a) is independent if and only if it is independent over a; in each T;.

Lemma 4.1. If A <, AU {b} is prealgebraic there is a unique prealgebraic code c
and parameter a € acl®’(A) such that b is an A-generic realization of ¢.(x;a).

On the other hand, if b € A, a € acl’¥(A), and b = ¢.(x;a) then §(b/A) < 0.
Moreover 6(b/A) =0 if and only if A <, AU{b} is prealgebraic if and only if b is
an A-generic realization of ¢.(x;a).

Proof. This is proved in [2], but we include a proof here because it helps explain
the purpose of prealgebraic codes.
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Suppose A <, AU{b} is prealgebraic. Since tps, (b/A) is not algebraic, there is
a simple v;(x;d;) € L; such that d; € acl®r,(A) and b is an A generic realization
of 1;(x;d;). Now choose ¢; € C; and a; € acl®r, (A) such that

RMr, (vi(x;di) A ¢, (x5 a)) = RM7, (¥i(x;d;)) = ke.

Because A <; AU {b} is prealgebraic, 6(b/A) = 0 and §(b/Ab,) < 0 whenever
0 CSCA{L,...,n.}. It follows that vk, +voke, — Kn. = 0 and vike, s +voke, 5 —
K(n. —1S|) < 0 whenever § C S C {1,...,n.}. Thus ¢ = (c1,c2) is a prealgebraic
code and b is an A-generic realization of ¢.(x;a) where a = (a1, az) € acl®/(A).

For the second part, note that if AN{b} # 0, then §(b/A) < vikc, s+ voke, 5 —
K(n. —|S|) < 0, where S = {i | b; € A}. Furthermore, if AN {b} = (), then
d0(b/A) < vik., + voke, — Kn. = 0. O

Lemma 4.2. For each prealgebraic code c we can find an integer m. > n. so that if
A <gm, B, a € acl’(B), and a ¢ dcl®(A), then fewer than m. distinct realizations
of ¢c(x;a) intersect A. Moreover, for any distinct by, .., by, there is at most one
parameter a such that b; |E ¢.(x;a) for all i < m..

Proof. Tt suffices to prove the lemma for set-wise distinct realizations.
Suppose by, ..., by, E ¢c(x;a) and b; € U;j<i by for all i <m. By the additivity
of 9,

§(b1...by) < d(a)+ > d(b;/aby..b; 1).
i<m
By Lemma 4.1, b; is a non-generic realization of ¢.(x; a) over ab;...b;_; if and only
if 5(bz/ab1bl_1) < 0. Since 5(b1bN) >0, bi must be abl...bi_l-generic for all
but at most d(a) of the i < m. Moreover, §(a) is bounded uniformly in c.

The above paragraph shows that given a sufficiently long sequences by, ..., b,,
of set-wise distinct realizations of ¢.(x;a), more than half of the length m,, (i =
1,2) subsequences are independent. Thus given a sufficiently long sequence, a; is
the consensus value of f., on the length m., subsequences. Hence a is uniquely
determined.

Suppose A <. B, a € acl®/(B), and a ¢ dcl(A). Since |clp 2n.(a)] < 2n.0(a)
there is a finite bound M, on the number of b £ ¢.(x;a) with b C A or b C
clpan,(a). By Lemma 4.1, any two set-wise distinct realizations of ¢.(x;a) which
are not contained in clp 25, (a) are disjoint. Thus if by, ..., b, are set-wise distinct
realizations of ¢.(x;a) with b; N A # (), then

0 <d(by...bra/A) < d(a/A) — (m — M,).
Thus we can increase m to the desired m.. O

We say that a prealgebraic code instance ¢.(x;a) is strongly based on a set A if
A contains at least m, distinct realizations of ¢.(x;a).
Choose an injective function ¢ — s, on the prealgebraic codes such that

Se > (mene + D)4 2med(a)

for all consistent ¢.(x;a).

We say a prealgebraic code instance ¢.(x;a) over A is long in A if and there
are more than s. distinct realizations of ¢.(x;a) in A. If by,...,by are distinct
realizations of some ¢.(x;a) and N > s., then we say that {b;} is a long sequence

in dc(x; a).
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Lemma 4.3. (Decomposition) Suppose A <, B and B\ A is finite. We can find
A<,XCB
such that if
Z:={bC B|bd X is an element of a long sequence strongly based on X},

then

(1) 6(bb’/X) =0 for allb,b’ € Z.
(2) For every long ¢.(x;a) either
(a) ¢c(x;a) is strongly based on X and clp m (a) C X,
(b) there is a b € Z such that X U {b} contains every realization of
be(x;0).

Proof. We will build X in stages starting with X = A and inductively maintaining
the following conditions.

d(bb’/X) =0 for all b,b’ € Z.
o If (2) fails for ¢.(x;a), then
- X Ss,rnC Ba
- XU{b} <, BforalbeZ,
— and ||Z]| > 2m.6(X/A) where ||Z|| is the number of set-wise distinct
elements in Z.

or

Choose a ¢.(x;a) that witnesses the failure of (2). Since X <, ,,,. B, it can not
be the case that ¢.(x; a) is strongly based on X. In fact, fewer than m,. realizations
of ¢.(x;a) intersect X by Lemma 4.2. Since ¢ — s, is injective, we may choose
¢c(x; a) which maximizes m..

If there is a b € Z with ¢.(x;a) is strongly based on X U {b}, then set X :=
X U {b}. Otherwise, choose by, ...;b,, = ¢.(x;a) and set X := X UJ,{b;}. By
the proof of Lemma 4.2, we can select the b; which include all the realizations
of ¢.(x;a) which intersect X. Moreover, we can select the b; such that set-wise
distinct realizations of ¢.(x; a) not contained in X are pairwise disjoint.

Define

Y:={beZ|beZorbk ¢.(x;a)}

and note that \~|5~/|| > 2m.6(X /A), because s. > (mene 4+ 1)! + 2m.d(a).
Now, close X under the following three operations.
o If X £, B thenset X :=clp mL(X)
o If X U{b} £,m B for some b € Z then set X := clp .. (XU{b}
e If there are b,b’ € Z with §(bb’/X) < 0 then set X := X U {b,b’}.

By the maximality of m,. and induction, each closure step reduces ||Y|| by at
most 2m, and reduces §(X /A) by at least 1. It follows that after closing, we have

1Z]| 2 [IY]] > 2m.0(X /A)

and the rest of the induction hypothesis. Moreover, ¢.(x;a) no longer witnesses
the failure of (2).

Iteration of this process must stop because B\ A is finite. Once finished, (1) and
(2) must hold and ||Z]| > 0 implies X C B. O
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5. WEAK CLOSURE

Given prealgebraic code instance ¢.(x;a) over some A, we are going to define a
first-order approximation wcla(¢.(x;a)) C cla(a).
For each prealgebraic code ¢, define

Pe(X1; ey X 41) 1= /\ Xi # X5 A /\¢C(Xi;y)a
i<j i
and
Te:={Pu : 5. > 50}

Lemma 5.1. We may assume that if ¢.(x;a) is over A and b,b’ = ¢.(x;a) are
A-generic, then qftpr_(b/A) = qftpp_(b'/A).

Proof. The easiest way to obtain this is to redo the code constructions in each T;.
Make sure that the lemma is true in T; for I'c, := {®y : ne, > my - ne b Now,
since s > s¢ implies ne, > me; - ne for i = 1,2, the lemma follows. O

Lemma 5.2. For any prealgebraic code instance ¢.(x;a) over A, there is a unique
minimal subset W C A with the following properties.
(1) Suppose for some A-generic b = ¢.(x;a) there is a ¢ (x';a") with a long
sequence in b. If
Vi={b'C AU{b} b’ | ¢ (x;a")},
then ANJY CW.
(2) IfbC A, b = ¢c(x;50a), and gftpr, (b/W) is not generic, then b C W.
Moreover, W is contained in cla n (a), and first-order definable.

Proof. First we show cly ,, (a) satisfies (1) and (2).

Condition (2) is easy, because if qftpp_(b/clan.(a)) fails to be generic, then
d(b/cla n,(a)) < 0. This contradicts the assumption cla n,(a) <sn, A.

For condition (1), suppose b | ¢.(x;a), ¢ (x';a’) is long in b, b" C A U {b},
b’ ¢ b, and b’ E ¢ (x';a’). Since AN {b'} |Ti o’ and o’ ¢ acl®(a), we have
b’ Ccla,pn, (a) by Lemma 4.1.

The class of sets satisfying (1) and (2) is closed under intersection. Thus unique-
ness and containment in cly (@) follows from the fact that cla ,, (a) is finite (recall
L n, (@)] < 7c6(a).

Since checking condition (1) and (2) is first-order for a set of fixed size and we
have a bound on the size of W, W is first-order definable. O

With W as in the lemma above, we define
wela(¢e(x;a)) =W,

and call it the weak closure of ¢.(x;a) in A.
Lemma 5.3. If ¢.(x;a) is over A, b |= ¢.(x;a) is A-generic and ¢ (x';a’) is long
in b, then welyugpy (e (x'5a")) C wela(de(x;a)) U {b}.
Proof. Note that by Lemma 5.1, we can restrict condition (1) above to a single
generic realization.

Because ¢ (x’;a’) is long in b, there is a b’ C b such that b’ = ¢ (x';a') is
wclaugpy (¢er (X5 a’))-generic. Since T'er € T'e, wela(de(x;a)) U {b} satisfies condi-
tions (1) and (2) for welquqpy (e (X5 07)). O
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6. NiceE CODES

In this section, we temporarily move back to the context of a single theory T
with the wDMP. We need to make additional assumptions about the codes in T
in order to progress further. We find these assumptions by looking more closely at
our intended application.

Hasson’s example [3] is rank and degree preserving biinterpretable with a theory
T that has an equivalence relation F such that:

(1) T/E is strongly minimal with the DMP.

(2) The structure of each E-class has rank 1, degree < D, and the DMP,
(3) Distinct E-classes are orthogonal.

(4) Generic E-classes are pure sets.

For the rest of this section, fix such a theory T'. We write [a] for the equivalence
class coded by an imaginary a € T/E. Thus, we write Th([a]) for the induced
structure on the equivalence class a represents. We assume acl®(0) = dcl®/(0).

Let {a,} enumerate dcl®(0) N (T/E). For each n let d,, := dM([a,]) and add
predicates { P, : k < d,,} which partition [a,] into strongly minimal sets.

Lemma 6.1. There is a system of codes C with the following two properties.

(1) If b = ¢c(x;a) is generic, b; € P, and ¢c(x;a) ¥ P, r(x;), then
de(xsa) F Vjeq, Pnj(xi) and for any j < d, we can change b; so that
bi € P,,.j while maintaining b |= ¢.(x;a) generic.

(2) Ify(x;d) is simple and covered by c, there is a parameter a and a conjuction
0(x) of atoms P, k(x;) such that (x;d) ~ ¢.(x;a) A 0(x).

Proof. Suppose we are building a code for the simple formula ¥ (x; d). Since ¥(x; d)
is simple, we may assume it implies a complete atomic E-type {(x). Let Sy U---U
S = {1, ..., x|} be a partition such that £(x) implies x; Fz; if and only if 4, j € Sy,
for some k. By the orthogonality condition (3),

D d) ~ N\ 3xq1Jains, (6 ).
k
If we choose codes ¢, which encode Ixy; . |43\ 5, % (X; d), then
¢c(x; y) = g(X) A /\ ¢Ck (XSk 5 yk)
k

is a code which encodes ¢(x;d). Thus we may assume ¥ (x;d) — A\, _; v Ez;.

Case 1: If by/E is generic over d for generic b |= ¢(x;d), then, since generic
E-classes are pure sets, we must have ¢ (x; d) ~ /\i<j x;Exj. In this case, ¢.(x) :=
NicjziEx; Ax; # xj is a code which encodes ¢(x;d). Since ¢.(x) has degree 1,
properties (1) and (2) are trivial.

Case 2: If by /E € acl(d) for generic b = ¢ (x; d), then we can strengthen ¢ (x; d)
such that ¢ (x;d) — x C [a] for some a € (T/E) Nacl(d).

Case 2a: If RM(a) = 0, then we may assume a € dcl(()) and choose a Th([a])-
code ¢.(x;y) which encodes 9 (x;d). Since Th([a]) has the DMP, all instances of
¢. have degree 1. Thus (1) and (2) are again trivial.

Case 2b: If RM(a) = 1, then [a] is a pure set and ¢(x;d) ~ x C [a]. Thus the
code ¢.(x;y) =x C [y| A\, ; zi # x; works. Note that dM(¢.(x;a)) = dM([a])™.
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In particular, ¢.(x; a,) is partitioned into (d, )™ degree 1 sets by the formulas

{6eian) A\ Pa(@s) 1k € {1, ccyda}™ ).

i<ne

From this (1) and (2) follow. O

If C is a system of codes and there are disjoint predicates {P, | k < d,,} which
make the above lemma true, we say that C is a nice system of codes. Note that any
system of codes for a DMP theory is nice via d,, =1 and P, 1 = 0.

Suppose C is a nice system of codes. Write ¥, for the set of complete {P,, 1 :
m < n,k < d,}-formulas. Given a code ¢ € C and 0(x) € ¥,, with |x| = n,, let
¢ A 6 be the code with

beno(X3y) = de(x5y) A O(x) A RMx(de(x39) A O(x)) = ke.

We will call ¢ A 6 a X, -specialization of c¢. Note that by Lemma 6.1, c A0 € C if
and only if ¢.(x;y) = 0(x) already.

7. THE CLAsS K,

Assumption 7.1. Each theory T; has a nice system of code C; via the predicates
{P,x:n€Nandk <d,}.

We write 3, := X1 x 2. For a prealgebraic code ¢ and a 6 € %,,, write ¢ A 0
for the X, -specialized prealgebraic code (¢1 A 61,co A O2). Note that specializations
c A 0 still code prealgebraic extensions in the sense of Lemma 4.1.

We are going to define a class K, C Ko by saying that A € K, when

dima (peno(x;a)) < pa(peno(x;a))

for all specialized prealgebraic codes cAf and a € acl®?(A). Of course, we still need
to define dimy4 and 4.

If pepo(x; a)) a specialized prealgebraic instance over A, then let dim 4 (¢eng(x;a))
be the cardinality of the set

{bC A:b ¢ wcla(de(x;a)) and b |= dpeno(x;a)};

i.e., the number of realizations outside of the weak closure.
For unspecialized prealgebraic codes c, let

pa(be(x;a)) = (l)c!)DC (8¢ +me+1).

For 3,,-specializations ¢ A 6, we will simultaneously define p4(¢ng(x;a)) and first-
order approximations K., C K to the final IC,.

Suppose ¢ A 0 is a X, -specialization of ¢. We inductively assume p4 has been
defined for instances of specialized prealgebraic codes ¢’ A 6’ whenever s < s, or
0" € ¥,_1. Using the induction hypothesis, let K., be the class of all A € K
such that

dima (e per (x'50")) < pa(dene (x'5a))
for ¢ ng(x';a") over A with s < sc and 0 € X,,. If A € K., and ¢cno(x;a)

is over A, we say that ¢.rg(x;a) extendible over A when there is an A-generic
b = ¢cro(x;a) so that AU{b} € K. . For A-extendible ¢.np(x;a) define

pa(beno(x;a)) == pa(bepno-(x;0))/D,



INTERPRETING HASSON’S EXAMPLE 11

where - € X,_1, 0 — 07, and D is the number of 6/ € ¥, with ¢ — 6~ and
dengr (X5 a) extendible over A. For non-A-extendible ¢.pp(x;a) define

pa(peno(x;a)) == 0.

Lemma 7.2. If A € K., and ¢cno(x;a) is A-extendible, then pa(pero(x;a)) >
Se + M.

Proof. The degree of any prealgebraic code instance ¢.(x;a) is bounded by D..
Thus each time we divide by D in the definition of p 4, we have D < D,. Moreover,
we divide by a number greater than 1 at most D, times. O

Lemma 7.3. If A € K¢, deno(x;a) is over A, and 0 € X, then pa(¢cno(x;a))
depends only on qftps, r, (wcla(¢e(x;a)) U{b}) for A-generic b = ¢epg(x;a).

Proof. The quantifier-free type above is uniquely determined by Lemma 5.1.

Suppose b |= ¢cng(x; a) is A-generic and ¢ pgr (x';a") witnesses AU{b} ¢ K. .
Note that all of the realizations of ¢ ne/(x';a’) are contained in wely (¢ (x;a)) U
{b}. By induction, we know that paup}(¢ener(x';a’)) is completely determined
by aftps, ur, (welaugpy (e (x5a")) U {b'}) for some (any) A U {b}-generic b’ |=
ooy (X1 ).

Note that wclyyuqpy(¢e (x5a")) € wela(de(x;a)) U {b}, every realization of
derngr (x50’ is contained in wela(¢c(x5a)) U {b}, and wcla(de(x;a)) U {b} com-
putes the same value for peag(x’;a’)) as AU {b}. It follows that the failure
AU{b} ¢ K., is encoded in qftpy, . (wcla(¢e(x;a)) U {b}) and that ¢cng(x;a)
is not A-extendible.

Thus the A-extendibility of ¢.re(x;a) is encoded in qftpy, p, (wela(oe(x;a)) U
{b}). Unrolling the definition of 4 (¢eno(x;a)) we see that it too is encoded. [

Lemma 7.4. I[f A€ K., 0€%,, bC A, bk ¢cno(x;a), and b € wela(pe(x;a))
then ¢cng(X; a) is extendible over A.

Proof. Note that b has the same quantifier-free X, U T, type over wcla(¢.(x;a))
as any A-generic b’ = ¢cng(x;a). Since welyg(de(x;a)) U{b} C A € K., we can
apply the proof of the previous lemma to get AU {b'} € K,,. O

Lemma 7.5. For all prealgebraic codes c andn € N, K¢ 41 C Ke .
Proof. This an easy consequence of the previous lemma and the definition of pa. [

In the following lemma we use the Decomposition Lemma and nice code assump-
tion to show that our first order approximations C. , 2 K, are well-behaved.

Lemma 7.6. Suppose A € Kcni1, deno(x;a) is A-extendible, and 0 € ¥,,. There
is a 0* € X, 11 such that 0* — 0 and pepg-(x;a) is A-extendible.

Proof. We induct on S C {1,...,n.} to prove the following claim.
Claim. There exists an A-generic b |= ¢epg(x;a) such that AU {bg} € K¢ py1.

Suppose b = ¢eno(x;a) is A-generic and S C {1,...,n.}. Applying the Decom-
position Lemma to A <; B = AU {bg}, we get A <, X C B and Z at stated
there. Since b |= ¢.(x;a) being A-generic completely determines qftpr_(b/A) and
the values of 0 on subsets of AU{b}, the decomposition is the same for all A-generic
b = ¢cro(x;a). Thus we may assume that X € K. 41 by induction.
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If b’ € Z, then b’ is an X-generic realization of some Y,,-specialized prealgebraic
code instance ¢ ag/(x';a’) strongly based on X. Since X € K¢ 41 and X U{b’} €
Ken, we know that ¢ ae(x';a") is extendible over X. Because s < s. we can
use this lemma to find a #” € %,,11 so that 87 — 6 and ¢oagr(x';a’) is X-
extendible. By Lemma 6.1, we may assume that b’ = ¢ rev(x';a’). Because
welp (¢ (x;a')) € X and b’ is X-generic we have X U{b’} € K¢ pt1.

Since the set-wise distinct elements of Z are pairwise disjoint, we can do this for
all b’ € Z simultaneously.

Now, if B ¢ K. 41 it must be because some ¥,-specialized prealgebraic code
instance ¢o agr(x; a’) has a further X, 1-specialization with too many realizations.
By the above, we must have ¢ ¢/ (x;a’) strongly based on X.

Let ¢/ Ay, ..., AOp enumerate the X-extendible X, 1-specializations of ¢’ which
further specialize ¢’ A 6'. We may assume

dimp(pe e, (x'50)) > pp(derne, (X'50") = px (derne, (X'5a7)).
Since ¢ por (X';a') doesn’t have too many realizations in B, we may assume that
dimp(¢ene, (X'30")) < 1B (derne, (x'5a")) = px (¢erne, (X'50)).

Since X € K. 41, there is a b’ € Z realizing ¢ pp, (x';a’). Using Lemma 6.1
we can change b’ into a realization of ¢ ng, (x;a’).

If ¢errpor (x';0") is any other X,y 1-specialized prealgebraic code instance over
X, then its dimension is unchanged by this operation unless

Gernor (X'50") = Perne, ((x)7; )

for some o € Sym(n.) and ¢ = 1,2. If this latter condition holds, then |z
and

"= o
px (Gerpnor (x'50")) = px (erne, (x5 a")).

Thus the net effect of changing b’ is to reduce the total number of violations to

the multiplicity rules. Iterating this process, we eventually get B € K¢ 1. O

Lemma 7.7. Suppose A € K, ¢pcno(X;a) is A-extendible, and dima(deno(x;a)) <
pa(deno(x;a)). There is an A-generic b |= depg(x;a) such that AU {b} € IC,.

Proof. Suppose 0 € ¥,,. By the previous lemma, there is at least one 0* € 3,11 so
that 0* — 0 and ¢.pg+ (X; a) is A-extendible. Since pa(Peng(x;a)) is divided evenly
amongst these 8%, we can choose 6* such that dim 4 (pepg= (X;a)) < pra(Peno=(x;a)).
Tterating this process, we can find an A-generic b = ¢.ag(x;a) so that AU {b} €
Kepn for all n/ > n.

If AU{b} ¢ IC,, then it must be the case that

dimay by (Pens= (X5a)) > pauo) (Penos (X;a))

for some 0* € X,/ with n’ > n and b |= ¢cpe-(x5a). But paugwy(deno-(x;0)) =
ta(Peno= (x;a)) and we constructed b so that pa(pepg=(x;a)) > dima (Peno= (x5 a)).
Thus dim 4 (Penp+ (X;0)) = pa(deno+ (X;a)), a contradiction. O

8. THE THEORY T},

Lemma 8.1. If A <, AU{b} is algebraic or transcendental, then A € K,, implies
Au{b} e K,.
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Proof. Suppose by, ...,bx = ¢crg(x; a) witnesses AU{b} ¢ IC,,. Since a € acl®?(A4),
A and AU {b} compute the same value for p(¢penp(x;a)). Thus it can not be the
case that b; C A for all i < N, so we may assume b € by. This contradicts Lemma
4.1 and the assumption that A <; AU {b} is not prealgebraic. O

Lemma 8.2. The class K, has the amalgamation property with respect to <.

Proof. Suppose A <, B,C € K,. We need to find a D € K, with A <, C <, D
and a B’ <, D such that B =4 B. By induction, we may assume that both
A <, B and A <, C are minimal.

Suppose A <, B is algebraic, say because B = AU{b} and tpy, (b/A) is algebraic.
If tpp, (b/A) is realized by ¢ € C'\ A, then B =4 C. Otherwise, we may assume
tpp, (b/C) is some extension of tpy, (b/C) which implies b ¢ C and tpp, (b/C) is
generic. It is then easy to check C' <; C' U {b}, so D = C U {b} works by the
previous lemma.

Thus we may assume neither A <; B nor A <, C are algebraic. We compute
the free fusion of B and C over A by assuming tpr, (B/C) is some non-forking
extension of tpy, (B/A) and letting D = BUC. By the submodularity of §, we have
B,C < D.

Suppose D ¢ I, is witnessed by distinct by,...,by = ¢eno(x;a) with N too
large. We may assume ¢.p0(x;a) has degree 1.

By Lemma 4.2, we may assume that a € acl®(B) and thus clp(a) C B. It
follows that B and D compute the same value for p(¢cng(x;a)). Since B € K, we
may assume by ¢ B. By Lemma 4.1, C = AU {bs}. Since B lﬁi C, we must have
a € acl®¥(A) and thus clp(a) C A. By repeating the argument just given, we may
assume B = AU {bo}.

Since b; and by are both A-generic realizations of a degree 1 prealgebraic code
instance over A, we must have b; =4 by. Thus B =4 C. [l

We call an M € K, rich if for all finite A <; M and finite A <, B € K, there is
a C <, M with B =4 C. The amalgamation property shows that for every A € IC,
we can find a rich M € K, with A <, M.
Assumption 8.3. If K > 1, then RM(Ty) < RM(T3), in Ty every element is
interalgebraic with infinitely many elements, and in To there are infinitely many
disjoint unary predicates of rank RM(Ty) — 1.

Let T, be the theory which says, for M = T),, that

(1) M e K,,
(2) ML, =T, fori=1,2,
(3) there is no prealgebraic extension M <, N € IC,,.
Note that axiom (3) is first order by Lemma 7.7.
Theorem 8.4. The theory T), is consistent, complete, and the w-saturated models
of T,, are exactly the rich structures on K. Moreover, T, has rank K, nice codes,
and
RMr(¢(z;a)) = v RMr, (¢(z5a)) and dMrp(¢p(z;a)) = dMrp,((x;a))

for all ¢(x;y) € L(TS?) and i = 1,2.
Proof. We have set up the machinery required to run the proof of the corresponding

theorem in [8]. The only thing that needs mention is that the pairs of predicates
P . A P2, ., provide nice codes for T),. O
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9. WRAP-UP

Proof of Theorem 1.1. This has the same proof as the corresponding theorem in
[8]. The main point is that if we are willing to expand the language, i.e., L(T) 2
L(T1) U L(T3), then we can obtain assumption 8.3 and apply Theorem 8.4. O

Corollary 9.1. Theories with nice codes have rank and degree preserving intepre-
tations in a strongly minimal sets.

Proof. Same as Corollary 1.3 in [8]. O

I can currently do a little better than the above results. In particular, I can write
down weaker versions of nice codes which are still sufficient for the main theorem.
However, I still can not prove (or disprove) that any two finite rank, degree 1,
wDMP theories have a fusion.
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