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Let G be a group and V a vector space.

Definition: A representation π of G is a homomorphism of G

into End(V ).
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Let G be a group and V a vector space.

Definition: A representation π of G is a homomorphism of G

into End(V ).

Example: V = { functions on G }. G acts on V by

π(g)F (x) = F (gx)
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Given 2 groups H ⊂ G

Problem (Branching problem)

How do irreducible unitary representations of G decompose when

restricted to the subgroup H.
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Given 2 groups H ⊂ G

Problem (Branching problem)

How do irreducible unitary representations of G decompose when

restricted to the subgroup H.

Example 1: Energy levels of a hydrogen atom.

Example 2: Decomposition of tensor products of representa-

tions. Here we consider reps π ⊗ π of G × G and we restriction

to the diagonal G.

Example 3: Littlewood–Richardson rules are combinatorial algo-

rithms for finite dimensional branching laws.
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Given 2 groupst H ⊂ G
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Given 2 groupst H ⊂ G

Problem (Induction problem)

Given a representation πH of H, Understand the induced repre-

sentation IndGHπH of G
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Given 2 groupst H ⊂ G

Problem (Induction problem)

Given a representation πH of H, Understand the induced repre-

sentation IndGHπH of G

Example 1: Fourier analysis! S1 = R/Z. So L2(S1) induced

representation of R from the trivial rep of Z. Irreducible repre-

sentations of R are exponential functions.

Example 2 : S2 = SO(3)/SO(2). So L2(S2) induced representa-

tion from the trivial representation of a torus H = SO(2) in the

orthogonal group G=S0(3). Spherical functions allow to define

representations of SO(3).
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We consider in this talk the branching problem :
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We consider in this talk the branching problem :

G semisimple connected non compact Lie group,

Ex: SL(n,R) n× n real matrices with determinant 1

g Lie algebra,

Ex: sl(n,R ) n×n real matrices with trace 0

K max compact subgroup

Ex: SO(n) n× n real orthogonal matrices with determinant 1

and Lie algebra k
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We consider in this talk the branching problem :

G semisimple connected non compact Lie group,

Ex: SL(n,R) n× n real matrices with determinant 1

g Lie algebra,

Ex: sl(n,R ) n×n real matrices with trace 0

K max compact subgroup

Ex: SO(n) n× n real orthogonal matrices with determinant 1

and Lie algebra k

g = k⊕ p Cartan decomposition

Ex: k skew symmetric matrices, p symmetric matrices
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A look at unitary representations

A unitary representation of G is continuous homomorphism of

G into the unitary group U(V) of a Hilbert space V.
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A look at unitary representations

A unitary representation of G is continuous homomorphism of

G into the unitary group U(V) of a Hilbert space V.

It is irreducible if there is not closed invariant subspace of V .

A representation π : G → U(V ) is called admissible for every

irreducible representation σ : K → U(Vσ) of the maximal compact

subgroup K .

dim(σ, π) <∞

Denote by V (σ) ⊂ V the isotypic subspace type σ.
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An irreducible unitary representation π is admissible and

VK = ⊕σV (σ)

of K-finite vectors is dense in V (Harish Chandra ). The Lie

algebra g and the maximal compact subgroup K act compatibly

on VK , the Harish Chandra module of π.
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An irreducible unitary representation π is admissible and

VK = ⊕σV (σ)

of K-finite vectors is dense in V (Harish Chandra ). The Lie

algebra g and the maximal compact subgroup K act compatibly

on VK , the Harish Chandra module of π.

If π is an irreducible unitary representation then its (g,K)- module

VK is also irreducible and as a K-module isomorphic to a direct

sum of irreducible K modules. A representation σ with

dim(σ, π) 6= 0

is called a K-type of π.
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An Example:

H ⊂ C upper half plane disc, G=SL(2,R)

V =
{

f analytic on H| ||f ||2 =
∫ ∫
=z>0

|f(z)|2dxdy <∞
}

(
a b
c d

)
f(z) = (−bz + d)−2f(

az + d

bz + d
)

Here K =SO(2) so its characters are parametrized by Z and

Harish Chandra module

VK = ⊕n>2V (n)
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Branching Problem:

Let H semisimple subgroup of G with maximal compact subgroup

KH = H ∩K and h Lie algebra of H

Assume that H is the fix point set of an involution.

Ex 1: H = Sp(2m,R) ⊂ SL(2m,R) symplectic 2m × 2m matrices,

max. compact subgroup U(n) unitary matrices
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Branching Problem:

Let H semisimple subgroup of G with maximal compact subgroup

KH = H ∩K and h Lie algebra of H

Assume that H is the fix point set of an involution.

Ex 1: H = Sp(2m,R) ⊂ SL(2m,R) symplectic 2m × 2m matrices,

max. compact subgroup U(n) unitary matrices

Suppose that π is an irreducible unitary representation of G.

Understand the restriction of π to H

Precisely:

π|H =
∫
M
πν dν

Understand the discrete part of this integral decomposition.
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The restriction of unitary representations.

First case: The restriction of π to H is a Hilbert direct sum

⊕m∈Mπm

of irreducible representation πm of H and

dim HomH(πm, π) <∞.
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The restriction of unitary representations.

First case: The restriction of π to H is a Hilbert direct sum

⊕m∈Mπm

of irreducible representation πm of H and

dim HomH(πm, π) <∞.

We call such π H-admissible.

Example: Take as H the max. compact sub group K, then every
irreducible unitary representations is K-admissible.
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Theorem (Kobayashi)

Suppose that π is H-admissible for a subgroup H which is the

fix point set of an involution of G. Then the underlying (g,K)

module is a direct sum of irreducible (h,K ∩ H) -modules ,( i.e

π is infinitesimally H-admissible.)
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Theorem (Kobayashi)

Suppose that π is H-admissible for a subgroup H which is the

fix point set of an involution of G. Then the underlying (g,K)

module is a direct sum of irreducible (h,K ∩ H) -modules ,( i.e

π is infinitesimally H-admissible.)

If an irreducible (h,K ∩ H) module U is a direct summand of a

H-admissible representation π we say that it is a H-type of π.

Conclusion: If π is H- admissible then it is an algebraic problem

to determine the branching law for the restriction of π to H
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Toshiyuki Kobayashi also obtained sufficient conditions for π to

be infinitesimally H-admissible.

Such conditions are subtle as the following example shows:
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Toshiyuki Kobayashi also obtained sufficient conditions for π to

be infinitesimally H-admissible.

Such conditions are subtle as the following example shows:

Example: (joint with B. Orsted)

Let G=SL(4,R). There are 2 conjugacy classes of symplectic

subgroups. Let H1 and H2 be symplectic groups in different

conjugacy classes.
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Toshiyuki Kobayashi also obtained sufficient conditions for π to

be infinitesimally H-admissible.

Such conditions are subtle as the following example shows:

Example: (joint with B. Orsted)

Let G=SL(4,R). There are 2 conjugacy classes of symplectic

subgroups. Let H1 and H2 be symplectic groups in different

conjugacy classes.

There exists an unitary representation π of G which is H1 admis-

sible but not H2 admissible .
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Branching law for irreducible unitary H-admissible representa-

tion π is a formula for

dim Hom H(πH , π)
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Branching law for irreducible unitary H-admissible representa-

tion π is a formula for

dim Hom H(πH , π)

Combinatorial formulas if H maximal compact group obtained

Schmid, Vogan (Blattner formula)

In special cases obtained by Kobayashi, Duflo, Vargas, Orsted ,

S. and many others.

It is conjectured to be of ”Blattner type”, i.e similar to the

formula for the multiplicity of K-types..
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Second case The representation π is not H-admissible
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Second case The representation π is not H-admissible

Theorem (Kobayashi)

Let π be an irreducible unitary representations of G and suppose

that U is an irreducible direct summand of π. If the intersection

of the underlying (h,K ∩ H)–module of U with the underlying

(g,K)–module of π is nontrivial then the representation π is H–

admissible.

14



Second case The representation π is not H-admissible

Theorem (Kobayashi)

Let π be an irreducible unitary representations of G and suppose

that U is an irreducible direct summand of π. If the intersection

of the underlying (h,K ∩ H)–module of U with the underlying

(g,K)–module of π is nontrivial then the representation π is H–

admissible.

Conclusion: If the representation π is not H-admissible, Kobayashi’s

theorem implies that finding direct summands is an analysis prob-

lem and not an algebra problem concerning the underlying Harish

Chandra module.
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V∞ ⊂ V subspace of smooth vectors is g-module, and G acts on

V∞ and VK ⊂ V∞.
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V∞ ⊂ V subspace of smooth vectors is g-module, and G acts on

V∞ and VK ⊂ V∞.

Warning: There exists a unitary representation π of SL(2,C)

whose restriction to SL(2,R) contains a direct summand σ but σ

doesn’t contain any smooth vectors of π. (joint with Venkatara-

mana)
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V∞ ⊂ V subspace of smooth vectors is g-module, and G acts on

V∞ and VK ⊂ V∞.

Warning: There exists a unitary representation π of SL(2,C)

whose restriction to SL(2,R) contains a direct summand σ but σ

doesn’t contain any smooth vectors of π. (joint with Venkatara-

mana)

Open Problem: For every irreducible unitary representation π :

G → U(V ) find a G invariant subspace Vo ”which allows us to

detect direct summands”, (i.e so if σ : H → U(W ) for a closed

subspace W ⊂ V is a direct summand then Wo ∩ Vo 6= 0.
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An example how badly things can go wrong if we have only

information about the action on a dense subspace (joint the

Venkataramana):
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An example how badly things can go wrong if we have only

information about the action on a dense subspace (joint the

Venkataramana):

Proposition: Let G acts by left translations on Cc(G). Let σ be

a irreducible unitary representation. There is a metric on Cc(G)

so that the completion of Cc(G) is the direct sum of the Hilbert

spaces

σ ⊕ L2(G)
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How do find direct summands: An example (joint work
with Venkataramana)

Let GC = SL(2,C), and take H = GR = Sl(2,R)

We construct the representations as follows: Let BC the Borel
subgroup of upper triangular matrices in GC,
and

ρ(

(
a n

0 a−1

)
) =| a |2 .

For u ∈ C

πu = {f ∈ C∞(G)| f(bg) = ρ(b)1+uf(g)

for all b ∈ B(C) and all g ∈ G(C) and in addition are SU(2)-
finite. in other words we consider as sections of a line bundle
over BC\GC.
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Take the completion of this space with respect to the inner

product

< f1, f2 >=
∫
K
f1(k)f̄2(k)dk

This defines a unitary principal series representation πu if the

parameter u is imaginary.
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Take the completion of this space with respect to the inner

product

< f1, f2 >=
∫
K
f1(k)f̄2(k)dk

This defines a unitary principal series representation πu if the

parameter u is imaginary.

For U real and 0 < u < 1 completion to the unitary complemen-
tary series rep π̂u with respect to an inner product

< f1, f2 >πu=
∫
K
f1(k)Iu(f̄2)(k)dk

for an integral operator Iu.

Similiar define the complementary series σ̂t of H=Sl(2,R) for
0 < t < 1.

19



There are orbits of SL(2,R) on the sphere GC/BC. Lower half

sphere, upper half sphere and the equator.
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There are orbits of SL(2,R) on the sphere GC/BC. Lower half

sphere, upper half sphere and the equator.

If u is imaginary then the restriction of πu is determined by the

restriction of the functions to the upper and lower half sphere.

If u is real and 1/2 ≤ u ≤ 1 then the restriction of πu to Sl(2,R)

has direct summand πv, a complementary series representation

of Sl(2,R). Proof by showing that the geometric restriction of

functions to the equation is a continuous operator with respect

to these inner products.
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A few application to automorphic forms
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Shimura variety to a smaller variety.
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A few application to automorphic forms

L. Clozel and T.N Venkataramana used restriction of represen-

tations to study the restriction of holomorphic cohomology of a

Shimura variety to a smaller variety.

Harris and Li considered the Lefschetz property for subvarieties

of Shimura varieties, showing that the cohomology of Shimura

variety outside of the middle degree is related to the cohomology

in the middle degree of a subvariety.

Work by N.Bergeron on the Lefschetz properties of real and

complex hyperbolic manifolds
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Conjecture (Bergeron)

Let X be the real hyperbolic n-space and Γ ⊂ SO(n, 1) a con-

gruence arithmetic subgroup. Then non-zero eigenvalues λ of

the Laplacian acting on the space Ωi(X) of differential forms of

degree i satisfy:

λ > ε

for some ε > 0 independent of the congruence subgroup Γ, pro-

vided i is strictly less than the middle” dimension (i.e. i ¡ [n/2]).
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Conjecture (Bergeron)

Let X be the real hyperbolic n-space and Γ ⊂ SO(n, 1) a con-

gruence arithmetic subgroup. Then non-zero eigenvalues λ of

the Laplacian acting on the space Ωi(X) of differential forms of

degree i satisfy:

λ > ε

for some ε > 0 independent of the congruence subgroup Γ, pro-

vided i is strictly less than the middle” dimension (i.e. i ¡ [n/2]).

For n=2 Selberg proved that Eigen values λ of the Laplacian

on function satisfy λ > 3/16 and more generally Clozel showed

there exists a lower bound on the eigenvalues of the Laplacian

on functions independent of Γ.
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Using restrictions of complementary series representations proves

Theorem(Joint with Venkataramana)

If the Bergeron’s conjecture holds true for differential forms in

the middle degree for all SO(n,1), then the conjecture holds for

arbitrary degrees of the differential forms
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