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Introduction.

Let T be a torsion free arithmetic subgroup of a semi simple Lie group G(R), K
a maximal compact subgroup, and X = G(R)/K the corresponding symmetric
space. Denote by T'\X the associated locally symmetric space. The group
cohomology H*(T', C) of the arithmetic group I" coincides with the cohomology
H*(T\X,C) of the topological space T'\X . In this paper we use a geometric
approach to H*(I'\X, C) via modular symbols.

Suppose H C G is a Q-rational reductive subgroup such that K N H(R)
is maximal compact in H(R). Then the inclusion

HR)/HR)NK =Xy — X

induces a map
j:I'NnXy\ —I\X.
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Assume that I'NH\ Xy is a compact and oriented manifold. If a closed d—form
w represents [w] € HY(T\ X, C),d = dim X , then

[or
INH\X g

is defined. This means that I' N H\ Xy determines a map
HYT\X,C) — C,

which is called the modular symbol attached to H . We drop the assumption
that HNT\Xp is compact and let [¢] be an element in the i—th cohomology
with compact supports H:(I'N H\ Xy, C). Suppose that [¢] is represented by
a closed compactly supported i—form ¢ and that i + k = dimx,, . Then [¢]
determines a map

H*T\X,C) - C

by

W] — pATw
TNH\ Xy
We call this map the modular symbol attached to ([¢], H) . If now T\X is
oriented we use Poincaré duality and identify the modular symbol ([¢], H) with
an element in H(I'\X,C). If we can find an w such that ([¢], H)([w]) # 0
then ([¢], H) is a nontrivial modular symbol.

It is as difficult to construct classes in HX(T'\ X, C) as it is to find classes in
H*(T'\ X, C). However, if P is a proper Q-rational parabolic subgroup of G and
if we know a compactly supported i—form ¢ on I'NP\X the pseudo—FEisenstein
form

Ep(p):== Y (v

~er/PAT

defines a class [Ep(p)] € H{(T\X, C) . We denote the map
H{(TNP\X,C) — H(T\X,C)

induced from
¢ — E(p)

by corp . We view the class [E(p)] € HL(T'\X,C) by Poincaré-duality as a
linear map from HYmX~{T\ X, C) to C. We denote the map by (G, [Ep(p)])
and call it also a modular symbol.

In 2.2 we show that corp is the adjoint of the restriction map resp with
respect to Poincaré duality. Here resp is the map given by the covering j :
I'N P\X — I'\X . Then 2.2 implies that

E(gp)/\w:/ PAJw.

n\X IAC\X



The classes in
H*(T\X, C)cc := Npker (resp)

where P runs in the set of proper Q-rational parabolic subgroups are called
cohomologically cuspidal. We show in Theorem 2.5 that the space of cohomolog-
ically cuspidal classes is the the orthogonal complement with respect to Poincaré
duality of the subspace spanned by the modular symbols (G, [Ep(¢)]).

In general it is difficult to see if [E(p)] # 0. In § 3 we investigate the
restriction of [E(p)] to certain sub symmetric spaces. For this let P and @ be
proper standard parabolic subgroups. We consider the restriction resg[Ep(¢)]
of [Ep(¢)] to the standard Levi component L(Q) of Q. It is shown in Theorem
3.7. that this restriction is a sum of Pseudo—Eisenstein classes attached to ¢
with respect to parabolic subgroups whose Levi factors are conjugate to L(Q) .
The formula is similar to the classical formula for the Fourier coefficient along
@ of an Eisenstein series for P . There are however no convergence problems.

For @ = P and a cohomologically cuspidal form ¢ the formula for resp o
corp(p) simplifies, see 3.14. and the image of resp ocorp is determined in 3.15.
In particular we obtain a generalization of the result of A.Ash and A.Borel on
the non vanishing of the modular symbol attached to the fundamental class of
the Levi factor of a parabolic subgroup, see 3.17.

Since all sums in the construction of pseudo—Eisenstein classes are locally
finite we use in this paper algebraic methods. Crucial is the relation between
the cohomology with compact support and the cohomology with coefficients in
the Steinberg representations of G and its parabolic subgroups. The Steinberg
representation has been used already by Ash and Reeder in a related context,
see [A 2], [Re].

The results of the paper are independent of the ones in [R-Sp]. The transla-
tion of the analytical definition of corp which we have used in this introduction
and in [R—Sp] to the purely algebraic definition of corp in 2.1. is explained in
2.2 and 2.3.

In contrast to the introduction we work in the paper with a reductive group G
in the adelic context. Moreover we work with congruence subgroups I' C G(Q)
of all levels at the same time, i.e. if for example G simply connected then
H*(T'\X, C) isreplaced by lim H*(I'\X, C). We also consider more general

rcG(Q)
coefficient systems. In § 1 we recall the corresponding notation and results.

1 Preliminaries

In this chapter we fix our notation concerning adelic symmetric spaces and
their cohomology. In particular we describe Poincaré—duality, the connection
with Borel-Serre—duality and properties of the Steinberg representation of the
Q-rational points of an algebraic group. Details can be found in [B-S], [Ha 1,2],
[Re] and [Ro].



1.1. Let G be a connected reductive group defined over Q of semi—simple
Q-rank ¢ > 0. By K we denote a maximal compact subgroup of the group
G(R) of real points of G. We observe that G(R) is non compact. Let Ag be
the connected component of 1 of the group of real points of a maximal central
Q-split torus of G . Put X := G(R)/AgK . Endowed with the quotient
topology of the real Lie group G(R) then X is a globally symmetric space.
Let Ay C A be the finite adeles of the adele ring A over Q. We give G(Ay)
the topology induced by the topology of A ;. We define X := X, x G(Ay) and
give X the product topology. We call X the adelic symmetric space attached
to G. The group G(Q) of Q-rational points of G acts by left translation freely
and discontinuously on X . We endow G\X =: Sg with the quotient topology.
It is called the adelic locally symmetric space attached to G .

1.2 The space X, depends on the choice of the point xy given by K. We
choose z(y such that the Levi components of all standard parabolic subgroups
are 0,,—stable, where 6, is the Cartan involution determined by K . To fix our
notation we recall the argument from [A-B: 4.2]. We fix a minimal Q-rational
parabolic subgroup B of G and a maximal Q-split torus S of G such that
S C B.Then B=Z(S)N where N is the unipotent radical of B and Z(S5)
is the centralizer of S in G. All Levi subgroups of B(R) are B(R)-conjugate,
and given x € X, there is exactly one Levi subgroup L, C B(R) which is
0,—stable, where 6, is the Cartan involution determined by =z, see [B-S: § 1].
Hence if L(R) = Z(S)(R) there is a p € B(R) such that L(R) = pL,p~'. We
choose xo := px and see that L(R) is 6,,—stable. But then S(R) N K,, = {1}
and 6,,(t)=t"! forall te S(R).

Let A be the set of simple Q-roots with respect to (B,S). If ¢ C A then
SY = (Nacy kera)? is a torus and its centralizer Z(SY) is the Levi component
of the standard parabolic subgroup Z(SY¥)N = Py . It follows that Z(S¥) is
defined over Q and that Z(SY)(R) is 6, stable. We write 6 = 6,, and xg
for the point (xp,1) € X = Xoo X G(Ay).

1.3 Let P D B be a standard parabolic subgroup of G with standard Levi
part Lp. Let 29 € X be as in (ii). We consider the orbit of the point x, under
Lp(A) in the globally symmetric space X. We see that

Xp, = (Lp(R)/(Lp(R) 0 K)Ac) x Lp(As) > Lp(A)zo.
Since Lp(R) is 0y,-stable, Lp(R)/(Lp(R)NK)Ag is a symmetric space and
S3 . = Lp(Q\XL,

is a locally symmetric space. Moreover the above isomorphism is a homeomor-
phism with respect to the natural topologies on both spaces and the orbit Xy,
is a closed subspace of X . We have an induced continuous injection

S8 —Sa .

It is known that the inclusion S? — S¢ identifies Lp(Q)/(Lp(R)NK)Ag x
Lp(Ay) with a closed subspace of S¢ . This follows as in [A 1: 2.7]. We call
SEP the modular manifold attached to P .



Let Ar, be as in 1.1 for Lp instead of G. We define the locally symmetric
space Sr,. by

St = (Lp(Q\Lp(R)/(Lp(R) N K)Ay,) x Lp(Aj).

We have a fibration f : ShLP — 51, with fibers isomorphic to Ar,./Aq .

1.4 Let V be a finite dimensional C-vector space and let p: G(C) —
GL(V) be a representation. Then V' determines a locally constant sheaf V' of
C-vector spaces with fibres V' on Sg. By H*(Sg,V) we denote the smooth
sheaf cohomology of S with coefficients V. The group G(Ay) acts by right
translation on Sg and H7(Sg, V) is a smooth G(A )-module, i.e. if K runs
in the set of compact open subgroups of G(Aj) and if H7(Sg,V)Xs denotes
the K-invariants in H7(Sg, V) then

UJH (86, V)57 = H*(S6,V).
Ky

Moreover

H (S, V)™ = H'(Se/Ky,V)

where Sg/K; is the topological quotient of S by the Ky—action, V is the
local system on Sg/K; determined by V and H7(Sg/Ky,V) is the sheaf-

cohomology of S¢/K; with coefficients in the sheaf V' . One has a canonical
isomorphism of G(A y)-modules

H(Sq,V) = HI(G(Q),C*(G(Af),V)).

Here H7(G(Q),C*>°(G(Ay),V)) denotes the group cohomology of G(Q) acting
on C*®(G(Ay),V).If P is a proper Q-rational parabolic of G we also write V'
for the locally constant sheaf with fibres V' attached to V on Sp := P(Q)\X,

and one can see

H(Sp,V) = HI(P(Q),C™(G(Ay),V)).

1.5 Let B be a minimal Q-rational parabolic subgroup of G . Let Z[H]
denote the group algebra of a group H . Then we have a natural projection

rp: Z|G(Q)/B(Q)] = Z[G(Q)] ®z(q) Z — Z[G(Q)] ®zp(q) Z -
By definition Stg := ﬂP . Bker rp, where P runs in the set of minimal
+

parabolic subgroups which contain B properly. Then Sts is a G(Q)—module.
For the following remarks, see [Re: § 1.

The Steinberg representation St does not depend on the choice of
B.Onehas 3, oy (—1)®lw =: 7¢ € St , where |w| denotes the length of w



in the Q-rational Weyl group W of G(Q). Moreover 7 generates Stg as
B(Q)-module.

If P D B is a parabolic subgroup, then Stp C Z[P(Q)/B(Q)] denotes the
Steinberg representation of P(Q). It coincides with the Steinberg representation
Strp(q) of the standard Levi part Lp of P and is generated as Lp-module
by 7p = Zwewp(—l)‘w‘w, where Wp is the Q-rational Weyl group of
P(Q) or Lp(Q). The obvious surjection Z[G(Q)/B(Q)] — Z[P(Q)/B(Q)]
induces a P(Q)-linear surjection s(P,G) : Stg — Stp . Moreover, there is
a Lp(Q)-linear section o(G,P) : Stp — Stg of s(P,G) which induces an
isomorphism

op: Z[P(Q)] QLp(Q) Stp — Sta

of P(Q)-modules. One has op(l1® 7p) = 7¢ .

1.6 By w:G(R) — {£1} we denote the orientation character of G(R), i.e.
if g € G(R) then w(g) =1 resp. w(g) = —1 if left translation with ¢ is
orientation preserving, resp. orientation reversing on X.o.

(i) We define
HI(Sq, V) := H~%G(Q), Hom(Stq, C®(G(Ay),V)))

where ¢ is the semi simple Q-rank of G . For motivation let K; C G(Ay) be
an open and compact subgroup. Then

HY(Sa, V)™ = H/7H(G(Q), Hom(Ste, C*(G(Af)/Ky, V).
We can write G(Ay) = Ule G(Q)a;Kyf,a; € G(Ay), as finite disjoint union.

Put T; = G(Q) Na;Kra; ' and assume that K is so small that all T; are
torsionfree. Then

k
H](Sq, V)51 = @ HI~“(Ty, Hom(St,V)) .

i=1

By Borel-Serre duality, [B-S: 15.1], and Poincaré—duality on the manifold
'\ X then 4 3 4 }
HI(Sg, V)" = HI(Sa/Ky, V).

where on the right side we have cohomology with compact supports of the man-
ifold Sg/K; with coefficients in the locally constant sheaf V' given by the
G(Q) action on X/Kj .

(ii) We define

HI(Sp,V) := H*(P(Q), Hom(Stp, C®(G(A}),V))) .



We write G(Ay) = U?Zl P(Q)b:Ky,by € G(Ay), as finite disjoint union. One
takes Ky asin (i). We get as in (i)
. ~ h . ~ . ~
HI(Sp,V)* 1 = @ HI(Tps\Xoo, V) = HI(Sp/ K, V)

t=1

where on the right side we have cohomology with compact supports with co-
efficients in the locally constant sheaf determined by V' on I'p;\Xo and on
Sp/Ky .

1.7. On Sg and on Sp Poincaré-duality holds. For this let V'V be the
contragredient representation of V' . Then there is a non degenerate pairing
(Ve : H(Sq. V) x H(Sg,w@VY) - C
which induces an isomorphism of smooth G(A y)-modules
HY9(Sq,w® VY) % HomE (HI(Sg,V),C).

Here d = dim X, and if M is a smooth G(Aj)-module then Homg (M, C)
denotes the smooth G(Af)-submodule of Homc (M, C). The corresponding
result holds for Sp instead of Sg.

2  Corestriction and modular symbols

Let P be a standard proper Q-rational parabolic subgroup of G . In [R-Sp]
we have attached to a class [p] € HI(Sp,V) a class corp([¢]) € HI(Sq,V) .
If a compactly supported V-valued differential form ¢ represents [p] then
corp|y] is represented by the differential form

Soog e

G(Q)/P(Q)

In this chapter we describe a group—cohomological construction of corp([¢]) .
This algebraic description of corp[y] has technical advantages, which will be
useful in § 3. Using Poincaré—duality we consider

corp([y]) € HomE (H*(Sg,w @ V), C).

In 2.5 we determine the subspace of Homg (H* (Sg,wgvv), C) which is gen-
erated by all modular symbols corp([¢]).

2.1. (i) We recall that the map s(P,G) : Stg — Stp of the Steinberg
representations of G(Q) and P(Q) for a proper Q-rational parabolic subgroup
P is induced by the natural restriction map Z[G(Q)/B(Q)] — Z[P(Q)/B(Q)]
of free Z-modules generated by G(Q)/B(Q) resp. P(Q)/B(Q).If t € Stg



then s(P,G)(g7(t)) # 0 only for finitely many classes gP(Q),g € G(Q) , see
[Re: Lemma, p. 310].

(ii) Let 0 — C*°(G(Ay),V) — A* be a resolution by G(Q) x G(Ay)
modules, which are acyclic as G(Q)-modules and smooth as G(A y)-modules.
Then R

H(Sq,V) — H'~Y(G(Q), Hom(Ste,C*(G(Af),V)))
is computed as j — £-th cohomology of the complex Homg(q)(Sta, A*). If
C. — C — 0 is a resolution of C by projective G(Q)-modules, we can take
A* =Homcg/(Cy,C>®(G(Ay),V)). For the convenience of the reader we give an
explicite construction of A* . For this let Vx_ be the constant sheaf on X
with fibre V' and denote by Vx_ — Q* the standard resolution of Vx_ by
the complex of sheaves of smooth V—valued differential forms on X, . If C*
denotes the sheaf of smooth C-valued functions on G(A[) then the exterior
tensor product Q*XC is a resolution of Vx = Vx_KC* on X = Xo, x G(Ay),
by sheaves with G(Q) x G(A s)-action. Now X is paracompact and Q0K C>
is a fine sheaf. Hence V — Q* ® C®° =: B* is a soft resolution of Vy ,
see [Go: II, 3.7.3]. Softness is a local property, see [Go: II 3.4.1], and G(Q)
acts freely and discontinuously on X . Hence the G(Q)-invariant direct image
f*G(Q)Bj is soft and ff;(Q) is an exact functor. Here f: X — G(Q)\X is the
natural projection. Therefore f*G(Q)B* is a soft resolution of V = f*G(Q)VX .In
particular H7 (G(Q)\X, &Y Bi) = HI(G(Q), BI(X)) = 0if j > 1. Here we use
a standard spectral sequence argument, see [Gr: 5.2.4]. Hence for A* := BY(X)
the resolution
0 — C*(G(Ay),V) — A"

has the desired properties. Moreover, the same type of result holds if G is
replaced by P .

The cohomology HJZ(Sp,V) is the j — £-th cohomology of the complex
HOIIlp(Q)(Stp, A*) If

p e HOHIP(Q) (StP,Aj_Z),
then '
¢os(P,G) € Homp(q)(Stg, A1)
and by (i)

> 9pos(P,G)) € Homgq)(Sta, A7)
G(Q)/P(Q)
is well defined. The map

p— D Upos(PG))
G(Q)/P(Q)
induces a map denoted by
cor(G, P) : H'*(P(Q), Hom(Stp,C™(G(Af),V)))
— H'7Y(G(Q), Hom(Stg, C*(G(A),V))).



Hence 4 ~ ' R
cor(G,P) : H(Sp,V) — H!(Sq,V)

is defined. We recall that both cohomology groups are smooth G(A ;)-modules
and that cor(G,P) is automatically a map of G(Aj)-modules. By

res(P,G) : H*(S¢,V) — H*(Sp,V)

we denote the restriction map induced by natural surjection Sp — S¢ . For
short we write cor(P,G) = cor and res(P,G) =res.

2.2. Proposition. The map cor(P,G) is the adjoint of res(P,G) with respect

to Poincaré—duality on Sq and Sp, ie. if [p] € Hi(Sp,V) and [¢] €
H*(Sg,w®VV) then

(corlg], [W)a = (gl res[¢]) p.

Proof. We use 1.6 to reduce the claim to the corresponding one where Sg is
replaced by a finite union of connected oriented locally symmetric manifolds of
the form I'\ X for an arithmetic group I' , and where Sp is replaced by TNP\X.
Together with the isomorphisms in 1.6 the claim in this situation follows from
[Re: 4.9 (1)]. q.e.d.

Next, we indicate the connection of the definition of cor with the one used
in [R - Sp].

2.3. Let ¢ C A be a set of simple Q-roots and assume that P := Py is the
standard parabolic subgroup of type 1 with Levi part Z(S%), see 1.2. For each
place v of Q then o € A —1 defines a homomorphism a, : S¥(Q,) — QZ,
where Q, is the completion of Q with respect to the normalized norm || |,
attached to v . Put |al,(t) = ||a()|l., t € S¥(Q,) . Then |a|, extends to
a homomorphism |al, : Py(Q,) — R%y = {r € R,s > 0} which is trivial
on Np(Q,). We define |af : Py(A) — R%, by |a|(p) = [, |ofo(py) if
p=(,pv, ) € Py(A). We use the product formula for the norms || ||,
and see that |a| is trivial on P(Q) . Of course |a] is trivial on all compact
subgroups of P(A). We chose a compact and open subgroup Ky C G(Ajy) such
that P(A)K. Ky = G(A). This is possible since it is locally possible. Now we
can extend |a| to a smooth map again denoted by |a| : G(A) — R¥, such
that |a|(au) = |a|(a) for all a € P(A),u € KooKy . By construction || is a
smooth function |a|: X — R¥ which does not depend on the choice of Ky .
The maps |a| for a € A —4 induce a smooth map p1 : X — J[5_,, R%,.
We put X (1) :={z € X|p1(z) = 1} and get a decomposition

XS I R | x X(D).
A—y



We choose an order {ag,...,ap} = A of the simple roots. Then A —¢ =
{iy,  Qiypy }s U(P) = |A = 9|, where i; > iy for j > k. Now da :=
dleiy | A+ ANdla, | is a £(P)form on X . Put

e[P](1) := P(Q)\X(1)

and denote by ps : Sp — ¢[P](1) the obvious projection.
Let f: HA—w RYy — R be a smooth compactly supported function

such that [ f(t1, -, tep))dts A... Adtypy =1 and put for z € Sp

wp(x) = f(p1(x))da(z).

Then wp is a smooth ¢(P)—form on Sp. Given a compactly supported V—valued
differential form ¢ on e[P](1) then

E(p):= Y. g 'wpAphp)
IEP@Q\G(Q)

is a smooth compactly supported form on S¢. The map ¢ — wp Ap5p induces
an isomorphism ' ~ . R
HIZ P (e[P](1),V) = H{(Sp, V).

It follows then from [R—Sp: 2.2.] and 2.2 that
cor(fwp A pae]) = [E(0)].

2.4 (i) We define ‘ ~
H7(S¢,V)ee = Np kerres(P, G),

where P runs in the set of all proper Q-rational parabolic subgroups of G. Ob-
viously here it suffices to take the intersection over all proper standard maximal
parabolic subgroups of G.

Let e[P] be the face determined by P in the Borel-Serre boundary d(S¢) of
the Borel-Serre compactification S¢ of S and suppose that the differential form
¢ is representing the cohomology class [p]. The restriction of [¢] € H(Sg, V)
to the face e[P] is determined by the constant Fourier coefficient f along
the unipotent radical of P, see [Sch: § 4]. Now the form ¢ is called cuspidal if
o is zero for all proper Q-rational parabolic subgroups P. In analogy we call
[¢] cohomologically cuspidal if all [pT] represent a trivial cohomology class on
the face e[P] of the Borel Serre compactification. We use the subscript cc to
indicate the the subspace of cohomologically cuspidal classes.

We observe that the image Hj(Sg,V)) of the cohomology with compact

supports H7(Sg,V) in HI(Sqg,V) is contained in H7(Sg,V)e. . The space
H{(Sc,V)\H?(Sc,V)ce

usually is called a space of ghost classes.

10



(i) Let V'V be the contragredient representation to V. Define C to be the sub-

space of H*(Sq,w ® VV) spanned by all cor(G, P)(y), ¢ € H;*(Sp,u;é)\v\/), P
proper parabolic in G .

(iii) If T € G(Q) is an arithmetic group and if H C G is a subgroup, which
is defined over Q, we choose a maximal compact subgroup K C G(R) such
that KN H(R) is maximal compact in H(R). Then the inclusion of symmetric
spaces

HR)/KNHR) = (Xg)oo — Xoo = GR)/K

induces a map
J:TNH\(Xp)oo = M X -

Assume that TNH\(Xp)eo is compact. If d = dim(X ) and a closed d—form
w represents [w] € HY(T\ X, C), then meH\(XH)oQ J*w is defined. This means

that I'N H\(Xg)eo determines a map H?(I'\ X, C) — C, which is called the
modular symbol attached to H . We drop the assumption that H NT\(Xp)eo is
compact and let [¢] € H(T'N H\(X)o0,C) . If [¢] is represented by a closed
compactly supported i—form ¢ and k= dim (Xp)eo — ¢, then [¢] determines
amap HFT\X,C) — C by

[w] — O AJw.
PAHN\(XH)oo

As in the introduction we call this map the modular symbol attached to ([¢], H).
Similarly for cohomology with coefficients. By Poincaré duality we consider
cor(P,G)([¢]) as defined in 2.1 (ii) as element of Hom (H*(Sg, V), C) . Then
2.2 gives the motivation also to call this map a modular symbol. The next result
describes the space generated by these modular symbols.

2.5. Theorem. There is a natural isomorphism of G(A)-modules
C = Homg (H*(S.V)/H" (56, V)ec, C))
which sends cor(G, P)([¢]) € C to the map
(G, cor(G, P)([¢])) : H* (S, V) — C

given by
(G, cor(G, P)([e])([¥]) = {cor(G, P)([#]), [¥])e

Here [¢] € H:(Sp,w/é?vv) , [] € H*(Sq,V), and (, g is the pairing given
by Poincaré—duality.

Proof. By Poincaré—duality we have a non degenerate pairing

(Ve H (Se,w® VV) x H* (S, V) — C

11



which identifies H;‘(Sc;,u;é)\_fv) with the smooth dual of H*(Sg, V). Let
¢t = {w] € H*(Sa, V) | ([m], [W])g = 0 for all [m] € C}.

Since [m] € C can be written as a finite sum [m] =", cor(G, P)([¢p]) where

[pp] € H:(Sp,wgvv) and P runs over all proper parabolic subgroups. We
have by 2.2

{Im],[Whe =Y _(cor(G, P)([er)), W))c = Y_{lpr], res(P,G)[W])p.

P P

By Poincaré duality on Sp we deduce that [¢)] € C implies res(P,G)[¢)] = 0
for all P, ie. [¢] € H*(Sg,V)e . It follows that the map in 2.5. induces an
injection
C — HomI(H*(Sq,V)/H*(SG,V)ee, C) .
Let a € A and denote by P, the maximal standard parabolic subgroup of
G given by {a} C A. Then we have an inclusion

Do resp, : H*(SGv V)/H*(SGa V)cc — @OLGAH*(SP(‘MV),

see 2.4 (i). Let A € Homg (H*(Sq, V)/I}T*(Sg,\?)cc, C) . Then we can extend
A to a smooth map X : @aeaH*(Sp,,V) — C. By Poincaré-duality on the

Sp, there are [p,] € Hj(Pa,wgvV) such that for [§] € H*(Sg, V)

AE) = N([) = D ([pal,res(Pa, G)[E)) P, -

a€A
Then
M) = D (cor(G, Pa)([pal), [€)a
aEA
Hence A is the image of [m] =3 A cor(G, Po)([¢a]) €C. q.e.d.

Theorem 2.5. means that all cohomology classes with non trivial restriction
to faces of the Borel-Serre boundary can be detected by modular symbols in
C . This applies in particular to the classes which are constructed as values of
Eisenstein series in [Sch].

3 Algebraic Restriction of the Cohomology with
compact support and Modular Symbols

Let @ be a Q-rational parabolic subgroup of G. The restriction map to @
in group cohomology induces the algebraic restriction

res®(Q, G) : H~4(G(Q), Hom(Sta, (C=(G(A;),V)))
— H/7Y(Q(Q), Hom(Stg, C=(G(Af),V))).
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In 3.2 we give a topological interpretation of
H7~4(Q(Q), Hom(Stg, C>(G(Ay), V).

As main result we show in 3.7 that the algebraic restriction of cor(G, P)([¢])
is essentially a sum of modular symbols coming from modular submanifolds of
Weyl-group conjugates of Lq . In 3.16 we discuss the relationship between the
algebraic restriction and the usual geometrically defined restriction.

3.1. To fix our notation, we recall some properties of induction. Here P is a
parabolic subgroup with Q-rational Levi part Lp and unipotent radical Np.
If no confusion is possible we will drop the subscript P. Let E be a smooth
L(A¢)-module.

We denote by IndL(A )E the set of maps ¢ : G(Ay) — E such that for
every ¢ there is an open and compact subgroup K; of G(Ay) so that for all
te L(Ay),a € G(Ay),u € Ky we have p(lau) = lp(a). Let G(Ay) act on ¢
by right—translation.

The assignment
G(A¥)

E—=Ind i) B

induces an exact functor from the category of smooth left L(A j)-modules to
the category of smooth G(Ay)-modules. If E isa L(Q) x L(Ay) module then
Ind ((:f))E isa L(Q) x G(Af)-module. Here for £ € L(Q) the action of ¢ on
¢ € Ind (( f))E is defined by ‘p(a) = fp(a) . We will apply this functor to the
module

E = C*(L(Af),V),

where ¢ xbe L(Q) x L(Ay) acts on ¢ € C*(L(Ay),V) by

(,b)p(a) = (£~ ab),a € L(Ay).

3.2. Lemma Let ¢ be the Q-rank of G and P,L,N be as above.

(i) The G(Ajf)-modules HI=*(P(Q), Hom(Stg,C*(G(Ay),V))) and
HI7Y(L(Q), Hom(Str,C>®(G(Ay;),V))) are isomorphic.

(i) The G(Aj) -modules H'=*(P(Q), Hom(Stq, C*(G(Ay),V))) and
In df((:f)HJ(Sh V) are isomorphic.

Proof: Since
St — Z[P(Q)] ®z(1(q) StL

as P(Q)-modules, see 1.5, the first claim follows from Shapiro’s Lemma for
group cohomomology.

To prove the second claim, we investigate H, g(ShL, V) . The connected com-
ponent Ay, of the set of real points of the maximal Q-split central torus of L
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can be written as Ag x A, where A —— R;Zép) and where ¢ — ¢(P) is the
semisimple Q-rank of L. Since Ag acts trivially on X, C X we get a

fibration f : ShL — S, with fibres A’ . Hence there is a spectral sequence
HY(Sp, R fiV) = HFI(SE, V).

Since A, is isomorphic to R‘P) we get for j < ((P) RIfiV = 0. With
respect to a choice of an orientation on A% we see R'P) £,V =5 V where now
V is the locally constant sheaf on S7, determined by the representation of L
on V. Hence

HI7MD)(8,, V) = HI(SE, V).

Now we apply Borel-Serre duality for the reductive group L, see 1.6, and
get . ~ '
HI~HP)(S, V) = H7Y(L(Q), Hom(Str, O (L(Af), V))) -

By induction in stages we have
oo o0 (e’e) G(A 00
C(G(Af), V) = Ciia,)(G(Ay), C=(L(Ay),V)) = Indf (5 /) C=(L(Ay), V).

Since Indf((:; )) is an exact functor, the second claim holds. q.e.d.

3.3. Remarks. (i) The isomorphism in 3.2 (ii) depends on the choice of
an orientation on A% , i.e. it is unique up to a sign. Since P is a standard
parabolic subgroup this sign can be fixed by a choice of the order of the simple
Q-roots, see 2.3.

(ii) If @ is an arbitrary parabolic subgroup, there exists a standard parabolic
subgroup P and a g € G(Q) such that Q = gPg~!. We put Lg :=gLpg~".
Then Ay = gApg™" and g is unique up to p € P(Q). But P(R) fixes the
orientation on Ap. Hence the isomorphism in 3.3 (ii) is uniquely determined
by a choice of the order of the simple Q-roots of GG. We will apply this to the
parabolic group w_lQ, w € W, with 6—stable Levi—part Lw—lQ .

(ili) With 3.2 (ii) and 3.16 the algebraic restriction map res®(P,G) can be
interpreted as an Oda-restriction map to the modular manifold SED , see [C-V].

3.4. (i) Let @Q be a proper standard Q-rational parabolic subgroup of G .
Then the closed embedding

POLg@\Xq, )= Sp

induces a map of cohomology with compact supports. We will describe a version
of this map directly in group—theoretical terms, i.e. we define a natural map of
complexes of G(A y)-modules

res(PN L, Q P): HOIIlp(Q)(StP7 A*)

— HOumLw71Q(Q)(SthLw71Q7A*)’

14



where 0 — C*(G(Ay),V) — A* is a resolution by G(Q) x G(Af) modules,
which are acyclic as G(Q)-modules and smooth as G(A f)-modules.

To simplify the notation we write @ in this section instead of w_lQ ,le. @
is not necessarily a standard parabolic subgroup but one which contains a fixed
Q split torus S, see 1.2.

For the translation of this map to the topological setting see also remark
3.16 (i).

(ii) Now HI(Sp,V) is computed as j — ¢ the cohomology of the complex
Homp(q)(Stp, A*). Let Np(Q) be the set of Q-rational points of the unipotent
radical Np of P. Denote by (A*)NP the set of Np(Q)-invariants of A*. Since
Stp is a trivial Np(Q)-module we have the isomorphism

HOH’IP(Q)(Stp7A*) :> HomLP(Q)(StLP7 (A*)NP).

We use that as P-modules Stg = Z[P(Q)] ®z(1,.(q) StL, , see 1.5, to get an
isomorphism

HOmP(Q)(StP, A*) AN HOmP(Q)(Stg, (A*)NP))
given by
> pos(PG).
We have the Lg(Q)-linear map

o(G,Q) : Sty, — Stg
and the Lpnr,, (Q)-linear map
U(LQ,PQLQ) : StLPmLQ — StLQ,

where Lpnr, = Lp N Lg is a Levi part of the parabolic subgroup PN Lg .
For ¢ € Homp(q)(Stp, A*) we consider the map

Yi=pos(P,G)oo(G,Q)oo(Lg,PNLg)

in Hompz ,(Q)nro @) (StLs(@)nLo (@) (A*)NP). The unipotent radical of the parabolic
subgroup P N Ly is contained Np, see [H-Ch: Lemma 2, a)]. Hence 1 is
contained in

Hom(pnrq)(q)(Strarg, A7) -

We now replace @ by w_lQ , where @ is a standard parabolic subgroup and
we see that res(P N L,-1,,P) is defined.

(iii) The map induced by res(PNL,,-1 o P) in group cohomology is denoted
by res¢(PNL,—1 o P). By the considerations in 3.2. its target space is identified
with ~

Ind; —1,(A) HI((PN walQ)(Q)\XL o sVY)

w w Q

15



3.5. We proceed as in 2.1 and using the map

o — Z Ipos(PN Ly, Lu-1p))
9€L, -1 ,(Q\(P(QNL,,-1,(Q)

for ¢ € HomP(Q)mLWIQ(Q)(Stmewle,A*) we define a map COI’(walQ, PN
walQ)) from

HIZH(P(Q) N L,-14(Q), Hom(Stpr, , ,C*(G(Af), V)

to
H7™H(L,-14(Q), Hom(Str, _, ,C%(G(Ay),V))).

We use 3.2 and see that the target space of cor(walQ, PN walQ) is identified
with
. —1
H'™("Q(Q), Hom(Stg,C®(G(Ay), V).

3.6. For we W let n, represent w in the rational points of the normalizer
N(S) of the torus S. Let ¢ € Homwle(Q)(Stg,A*) and define

T(’U))(p S HOInQ(Q)(StG,A*)
by
(T(w)e)(s) = nuwp(ng's) =: “o(s) .

Here s € Stg . We notice that “¢ = T(w)¢ does not depend on the choice of
Ny . We use 3.2 and see that T'(w) defines a map

Ay)

G * -
T(w): Ind A O H: (SEWIQ,V) —

G(Ay) * X /
— Ind} 04 H; (57, V)-

Finally we can formulate the main result of this chapter

3.7. Theorem. Let P and @ be standard Q-rational proper parabolic
subgroups of G . Then
res(Q, G) o cor(G, P)

and

Z T(w) o cor(Ly-14, PN L,-15)ores®(PN L,-14,P)
wEWQ\W/Wp

are equal in Hom(H*(Sp, V), Indfg(&il)Hj(Sg, V).
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Proof. Let [¢] € HI(Sp,V) be represented by ¢ € Homp(q)(Stp, A7*). We
use 1.5, 2.1 and the definition of res® to deduce that res®(Q, P) o cor(G, P)([¢])
is represented by

b= Y pos(P,G)oa(GQ).
9€G(Q)/P(Q)

Since this map is Lo (Q)-linear and since Str, is generated by 7¢ as Lo(Q)-
module the map ¢ is determined by its value at 7¢ . Since (G, Q)(7g) = T¢
we have to compute

> Upos(P@)(ra)-
G(Q)/P(Q)
Now
I(pos(P,G))(1a) = gp(s(P,G) (g '1a)) =0
unless g~ = pn;! where p € P and u~! € W, see [Re: Lemma, p. 310]. If
gt =pn;! then g = n,p~! and since ¢ and s(P,G) are P-linear, since
s(P,G)(1¢) = mp and urg = (—1)I“l7g we get

99(s(P,G) (g7 7¢) = (=1)"Inyp(7p) .

Hence

U(rg) = Y “(pos(P,Q))(7c).

W/Wp

Next we investigate

[¢] := T'(w) o cor(L PN L,-1q)ores(PN Ly, P)([¢]).

w=lgs
For ¢ € Homp(q)(Stp, A*) we put

Y :=¢pos(P,G)oo(G,L,-15)00(L PNL,-g)-

w—1 Q’
We use 3.2 ii, 3.4, 3.5 and 3.6 to deduce that [¢] is represented by

v > "o s(PNLu1g, Lu-1g)os(* Q,G)

q€L,,—1_(Q)/P(Q)NL,-1_(Q)

Q Q

in Homg(q)(Sta, A*). Since this map is Q(Q)-linear and since St is generated
as Q(Q)—module by 7¢ it suffices to compute the value of the map at 7. We
have w™'tg = nylre = (—1)*lrg and s(*"'Q,G)(r¢) = Tu-1¢ and thus we
deduce that ¢(7¢) is equal to

(*1)|w\nw Z ’1(1/,os(PﬁwalQ,walQ))(walQ),
QELw_lQ(Q)/P(Q)ﬁLw_lQ(Q)
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We use again [Re: p. 310] and see that (¢ os(PﬂLw—lQ, Lw—1Q))(Tw—1Q) =0
unless ¢~ = pn, !, where p € P(Q)N L,-1,(Q) and where n, represents
v E Ww—lQ JIf g7 =pn,! then

s(PN Lu,—lQ, Lw—lQ)(q_lTw—lQ) = (—1)'”‘nvp(7mew71Q)
and we get

Upos(PN Lyt Lu1)(Tu-1g) = (=Dt (rpn 1)

Hence
o) = (=D)"ny Y (=1 Inge(re)
veW, 1
wlg
= Y P g ()
veWq
= Y "lpos(P,G))(10).
veWq
Since
W/Wp = U  wouw
weWQ\W/Wp
as disjoint union our claim holds. q.e.d.

3.8. Remarks. (i) The cohomology H*(P(Q),Hom(Stg, C>*(G(Ay),V))) is
analogous to the cohomology H*(P(Q), C*(G(Ay),V)), which can be identified
with the cohomology of the face e[P] attached to P of the Borel-Serre boundary
of Sp. We view cor(G, P)(p) as a version of the Eisenstein—series construction.
Then the formula 3.7. is similar to the formula for the restriction of Eisenstein
classes to faces of the boundary.

(ii) The formula in 3.7 tells, that the restriction to @ of the modular symbol
(G, cor(G, P)([¢])) is a sum over Wo\W/Wp of conjugates of modular symbols
for the groups L,-1,,w € Wo\W/Wp. The definition of the involved maps and
the formula 3.7 hold over arbitrary rings. However the topological interpretation
involving Indfg?!ﬁ)
defined contains Q .

(iii) We have worked throughout in the group—cohomological setting with
coefficients C*°(G(Ay),V) . This has the advantage that the G(Ay)-module
structure is gotten for free and more important that thanks to the occurrence
of the Steinberg representation we can check 3.7 on the level on complexes. The
complex Hom p(q)(Sta, A*) contains information on the vanishing of restrictions

requires that the ring over which the representation V' is

to SEQ of cocycles which in an argument with compactly supported differential
forms is not easily accessible. For G = GL2|Q a look of the computation in
[R-Sp I: § 4] will explain the technical problem.

18



3.9. (i) Let P be a standard parabolic subgroup. We saw in 3.2 that
H?~Y(P(Q), Hom(Stg, C=(G(Ay),V)))

and
H'=Y(Lp(Q), Hom(Str,,C®(G(Ay),V)))

are isomorphic. If R C Lp is a proper Q-rational parabolic subgroup we have
the restriction map

res’(R, Lp) : H“(Lp(Q), Hom(Sty,,C®(G(A;),V)))
— H77(R(Q), Hom(StL,,, C™(G(Af),V))).

As in section 2.4 we define

HI™Y(Lp(Q), Hom(Str,, C™(G(Af),V)))ee := [ | ker(res(R, Lp))
R

where R runs in the set of proper Q-rational parabolic subgroups of Lp .
(ii) We define the restriction
res’(Lp, P) : H*(P(Q),Hom(Stp, C*(G(A;),V)))
— H7Y(Lp(Q), Hom(Sty,,C>®(G(Af),V))).
by the map
H/™*(P(Q), Hom(Stp, C*(G(Ay),V)))
— H'~*(P(Q), Hom(Stg, C*(G(Ay),V)))
induced by s(P,G). and 3.2(i) Denote by
H7™*(P(Q), Hom(Stp,C>(G(Af),V))ece

the preimage under res®(Lp, P) of HI=*(Lp(Q), Hom(Sts,,C®(G(A¢),V)))ec-
This space corresponds with respect to the isomorphism

HI(Sp,V) = H~*(P(Q),Hom(Stp, C*(G(Ay),V)))

to a G(Aj)-submodule HJ(Sp,V).. which is called the submodule of coho-
mologically cuspidal classes.
(iii) Now R’':= RNp C P is a parabolic subgroup contained in P, and

Homp(q)(StLp, (AH)Nr) = Homp/(q)(Stp, A¥).

The map R — R’ defines a bijection between the set of proper Q-rational
parabolic subgroups of Lp with the set of proper Q-rational parabolic subgroups
contained in P, see [H-Ch: Lemma 2|. If now R’ C P we have a restriction
map
res(R', P) : H=*(P(Q), Hom(Stp, C*(G(Ay),V)))
— H/7Y(R'(Q), Hom(Stp,C®(G(Af),V)))
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and one can see
HI(Sp,V)ee = m ker(res®(R’', P)) ,
R'CP
where R’ runs in the set of all proper Q-rational parabolic subgroups con-

tained in P. Hence we see, that HJ(Sp, f/)CC is defined in complete analogy to
Hj(SGv V)cc .

3.10. (i) Let Np be the unipotent radical of the minimal Borel subgroup
B C P. Then Pme—lQNB =: P/ C P is a parabolic subgroup of P and since
Np C P we have P'N L,-15=PNL,-1, Using 3.4, 3.5. and 3.9. (iil) we
deduce the equality of

cor(L PN L,-1g)ores®(PNLy-1,P)

w*1Q7
and

cor(L P'NLy-1p)ores®(P'N Ly-1,, P') ores®(P', P).

w=lg

(ii) Let P, @ be standard parbolic subgroups of the same rank, i.e. dim Ap =
dim Ag . Then it follows from [H-Ch: Lemma 29] that PN L(*"'Q) is a proper
parabolic subgroup of L(* ' Q) unless wflAQ =Ap.

If wflAQ = Ap then P and @ are called associate parabolic subgroups. If
P =@ it follows that w € W(Ap), where W(Ap) is the subgroup of elements
of W which can be represented in the Q-rational points N(Ap)(Q) of the
normalizer N(Ap) of Ap in G.

3.11. In 3.7 we have defined an isomorphism
T(w) : Hom, -1 pq) (Stg, A*) = Homp(q)(Sta, A*)

Assume now that w € W(Ap).If L = Lp then YL = L and Stg —
Z[WP(Q)] ®Z[L(Q)] Str, . Hence
Homwflp(Q) (Stg, A™) = HomL(Q)(StL, A*)

and we see that T'(w) corresponds to an isomorphism Hompq)(Str, A*) —
Homyp,q)(Str, A*), where

p = T(w)p=(-1""e.
Recall that here “¢(s) is defined by n,¢(n,'s) for s € Str,n, € N(Ap)(Q)
and that n,, : St — Sty maps 7 to 71, and if ¢ € L(Q) it maps ¢- 71 to
nwén;l - TL.
Let now ¢ € Indf((:;))Hg(ShL, V). Then
¢ G(As) — HI(SL,V)

is an L(Ay)-equivariant map. Let a € G(Ay). Then ¢(a) € Hg(Sth/) and
(“p)(a) = nyw(p(nyta)) is well defined, where n,, denotes the map
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given by conjugation with n,, . Hence we see:

3.12. Corollary. If [p] € HI(Sp,V)ce then

res’(P,G)ocor(G, P)([¢]) = DY (=) (res*(Lp, P)([¢]))-
weW (Ap)

We denote by sign the 1-dimensional representation of W (Ap) , where
w € W(Ap) acts by multiplication with (—1)I*l . Then we get:

3.13. Corollary. The G(Aj)-modules
res®(P,G) o cor(G, P)(H(Sp,V)ec)

and
((res®(Lp, P)(H;(Sp,V)ee)) ® sign)™V (A7)

coincide.

3.14. Remark. The following considerations will make the content of 3.13
more transparent: We investigate the map

res(Lp, P) : H(P(Q), Hom(Stp, C®(G(Ay),V)))
— H’(P(Q), Hom(Stq,C™(G(Ay),V))).

Since C°*(G(Ay),V) = Ind5(3?)C=(P(Ay), V) and Indiy2’) is an exact

functor we only have to consider the map

reSC(vap)l : HJ(P(Q)a HOHl(Stp,COO(P(Af),V)))
— H?(P(Q),Hom(Stg, C*(P(Ay),V))).

Using the Hochschild—Serre spectral sequence we get for j =r + s maps

H"(L(Q), H*(Np(Q), Hom(Stp, C=(P(Af),V))))
— H"(Lp(Q), H*(Np(Q), Hom(Stq, C™(P(Af),V)))).

Since Stg = Z[P(Q)] ®z[L,(q) Stp is an induced Np(Q)-module
H*(Np(Q), Hom(Sta, C*(P(Ay),V))) =0
for s >0 and

H°(Np(Q), Hom(Stg, W) = Hom(Stz,, C®(P(Af),V))).
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Moreover since Np(Q) acts trivially on Stp
H°(Np(Q), Hom(Stp, C®(P(Af),V)))) = Hom(St, C°(P(A;), V)Nr(Q),

We assume now that V' = C is the trivial representation. Since Np(Q) is
dense in Np(Ay) we see that

COO(P(Af)7 C)NP(Q) = CXIOP(Af)(P(Af)’ C),

which is identified with C*°(Lp(Ay), C), considered as trivial Np(Q)xNp(Ay)-
module. Hence res®(Lp, P) is surjective if V =C.

Let now A» be as in the proof of 3.4. The natural fibration ShLP — SL,
is W(Ap) —equivariant with fibre A% and w € W(Ap) acts by multiplication
with (—1)/* on Hf(P)(A’P,C) . Hence we get

3.15. Corollary. Let V = C be the trivial representation. Then

)W(AP)

res®(P, G) o cor(G, P) : H*(Sp,C)ee — (Indgging:_é(P)(SLP, C)ee

18 surjective.

3.16. Remark. We have used throughout the group theoretical description of
the maps between the relevant cohomology groups. We now add some remarks
on the translation to the topological description of these maps. Full details for
this will appear elsewhere.

(i) Let @ be a proper Q-rational #—stable parabolic subgroup. We assume
that K is an open and compact subgroup. Then the inclusion Lg C G induces
a proper and closed map

J:P(Q)NLo(QN\XLo/KyNLg(Af) — Sp/Ky,
see [A: 2.7]. Hence there is an induced map
§* Hi(Sp/Ky, V) = HI(P(Q)N Lo(Q\XL,/Kf N Lg(Ay),V)

and a map

o+ Hi(Sp, V)% — (mafR7) H: (P(Q) 0 LQ(Q)\XLQ,V))Kf
so that ' R
¢([#]) - G(Af) = H(P(Q) N Lo(QN\XLg, V),

is defined by ¢([¢])(a) = j*(R(a)[p]) where R(a) denotes the map induced by
right translation on Sp . It can be shown that this map is the one induced by
res®(P N Lg, P) as defined in 3.4 (iii).
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(ii) Let % be the family of supports on Sp which are compact modulo
G(Q) . Then we have an obvious restriction map

HI(Sp,V) — H)(Sp,V) :=lim H},(Sp/K;,V)
Ky

which can be identified with the map

res®(Lp, P) : H=*(P(Q), Hom(Stp, C*(G(A;),V)))
— I—Ij_e(P((Q)7 Hom(Sta, C*(G(Ay),V))).

The isomorphism
H}(Sp,V) = H/™Y(P(Q), Hom(Stc, C*(G(Af), 1))

can be seen as in [Ro 1: 4.4].

3.17. As an application of 3.13 and 3.15 we explain a result of Ash and Borel
which roughly says that the fundamental class of a Levi—factor Lp is a nontrivial
modular symbol, see [A-B: Thm. 2.5].

We observe HJ(S3 V) =0 if j > dim(Xp,)e . Hence if d = dim Xu
then B ~
Hg(SGv V)cc = Hg(SGa V) .
Similarly we get } .
H.(S},.C)ec = H.(S],,C)
if r=dim(Xz,)eo -
Let Ky be such that all T'; are torsionfree, wg(y) =1 for all v €T'; and

all v € T'p; act orientation preserving on Np(R) by conjugation, see 1.6 for
notation.

Consider 1# w e W(Ap) C W/Wp C G(Q)/P(Q) and let n, € N.,.(Q)
represent w. Then n,, & P(Ay). Since P(Ay) is closed in G(Ay) we choose
in addition K such that n,K; ¢ P(Ay) for all n,,w # 1. Then X x
wP(Q)K;NXoo x P(Q)K; =0 if 1 #w € W(Ap). If now [¢] € H;(Sp, C)%r
is represented by a P(Q) — invariant r—form ¢ € Q"(X) ® C®(G(Ay), C)Ks
with support in X, X P(Q)K then with notation from 3.16.(i)

¢(res”(P, G) o cor(G, P)([¢]))(1) = res“(Lp, P)([¢))). (%)

Next we construct [¢0]. We have P(Q)\ X x P(Q) X Ky & 2:1 I'pi\Xoo
for suitable arithmetic subgroups I'p; C P(Q). We have fibrations

Pi : pi\Xow — I'piNp(R)\Xw
with orientable base and fibres and induced finite coverings

Tpi N Lp(Q\X(Lp)oo — TpiNp(R)\ Xao
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where the covering group acts orientation preserving. We chose compatible
orientations. The fundamental classes f; € H. (T'p;Np(R)\ X, C) determine
aclass [¢] = pifi+...+p} fr such that res®(Lp, P)[¢)] is a fundamental class
for U, Tpi N Lp(Q)\(Xp)eo - According to [D: 1.15] we can shrink K; such
that we get an injection

ShLP/KfﬂLp(Af) C Sp/Kf.

Hence (*) shows for sufficiently small K that the fundamental class of Sth /KN
Lp(Ay) is a non trivial modular symbol.
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