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Exercises.

1. Let fy, f; and f3 be vectors in the vector space Fun(R,R) = {f : R — R} over R.

A. For three distinct real numbers x1, x, and x3, define a matrix

C.

fi(x1) fi(x2) fi(x3)
[filxj)] = | f2(x1) falx2) f2(x3)
f3(x1) f3(x2) f3(x3)

Prove that if the rows of the matrix [fi(x;)] are linearly independent in R3, then the
functions f1, f and f3 are linearly independent in Fun(R, R).

. Show that the functions f(x) = ™, f2(x) = x and f3(x) = e* are linearly independent

in Fun(R, R).

Show that the functions fi(x) = e*, f2(x) = sin(x) and f3(x) = cos(x) are linearly
independent in Fun(R,R).

Note: The test given in part A is sufficient to guarantee linear independence, but the func-
tions f7, f and f3 may still be linearly independent even when the rows of [f;(x;)] are linearly
dependent.

2. Determine whether (1,1, 1) belongs to the subspace of R3 spanned by (1,3,4), (4,0,1) and
(3,1,2). Please justify your answer.

3. Let IF be a field, and V = Pol3(F) the vector space of polynomials of degree at most 3. Is
there a basis po, p1, p2, and p3 of V such that none of the polynomials p; has degree 2? Please
justify your answer.
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4. Let F = IF, be the integers modulo 2, and V = F3. How many one-dimensional subspaces
does V have? How many bases does V have? Please justify your answer.

5. Let V be a vector space over a field F. Suppose that T is a finitely generated subspace of
V, and that S is a subspace of T. Show that S must also be finitely generated, and that
dim(S) < dim(T) with equality if and only if S =T.

6. Suppose a non-homogeneous system of linear equations

11X + X 0x2 + o 3x3 = P
01X + g 0x2 + 3x3 = 32
a3,1%1 + o32x2 + 033x3 = B3

has no solutions. Is there some (v1,v2,v3) € R? such that

X11X1] + X1 2X2 + X13X3 = V1
X2 1X1 + X2 2X2 + X23X3 = Y2
*31X1 + &32X2 + X33X3 = V3

has a unique solution?
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Extended Glossary. For any set X, a relation on X is a rule for deciding for any pair of elements
X,y € X whether or not x stands in a given relation toy. For example, one relation on the set X = R
is “less than or equal to”. In that example, 5 < 10, but 10 £ 5, so the order of the two elements
does matter! For a general relation, we write x ~ y to mean that x has the given relationship to y.

In your extended glossary this week, please give a definition of an equivalence relation. Then
give an example of an equivalence relation, an example of a relation that is not an equivalence
relation, and state and prove a theorem about equivalence relations. If you want more guidance
about some interesting statements to try to prove, ask me or the TAs.

As ever, you may work in groups, but please write up your solutions yourself. If you do work
together, your group should come up with at least four examples and two theorems among you.
Each one (example and theorem) should be included in some group member’s extended glossary.
Your solutions should be written formally, so that we could cut and paste them into a textbook.



