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True/False. (2 points each) Please circle TRUE if the statement is always true, or FALSE if it fails
in at least one example. You do not need to justify your answer, and I will not read what you write
in the spaces below.

(a) The cycles (7, 6, 5) and (3, 58, 28) are conjugate in S100. TRUE FALSE

(b) The subgroup 〈(1, 2, 3)〉 is a normal subgroup of S4. TRUE FALSE

(c) The set of all positive real numbers with operation multiplication is a group.

TRUE FALSE

(d) The function f : S3 → I3 sending each element to its order f(α) = ord(α) is a homomorphism.

TRUE FALSE

(e) The function Sq : (R,+)→ (R,+) defined by Sq(x) = x2 is a homomorphism.

TRUE FALSE
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Please answer two of the following three questions. The questions are repeated, with space for
your answers, on the following pages. On the cover sheet, please circle the problems you would
like us to grade. If you do not circle any problems on the cover sheet, we will grade the first two
problems you have started to answer.

Question 1. Equivalence relations. (3+ 6+ 6 points per part)

(a) Give the definition of an equivalence relation on a set X.

(b) Let σ : X → X be a bijection. Define a relation on X by x ∼ y if σn(x) = y for some n ∈ Z.
Show that ∼ defines an equivalence relation.

(c) For the bijection σ : Z→ Z given by σ(m) = m+ 5, determine the equivalence classes of ∼.

Question 2. Permutations. (6+ 4+ 5 points per part) Consider the permutation

σ =

(
1 2 3 4 5 6 7 8 9

8 4 9 6 5 2 3 1 7

)
∈ S9.

(a) Factor σ into disjoint cycles. Write σ as a product of transpositions. Compute ord(σ) and
sgn(σ).

(b) Determine σ−1 (in two-line notation) and factor it into disjoint cycles.

(c) Is σ−1 = τστ−1 for some τ ∈ S9? Please justify your answer.

Question 3. Order of an element. (3+ 6+ 6 points per part)

(a) Give the definition of the order of an element g in a group G.

(b) Show that every non-identity element in the groupG =


 1 a b

0 1 c

0 0 1

 ∣∣∣∣∣∣ a, b, c ∈ I3

 (with

matrix multiplication) has order 3.

(c) Show that if G is an abelian group, then the subsetH =
{
a ∈ G

∣∣ a2 = 1
}

is a subgroup of G.
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This page is for scratch work.

Don’t forget to transfer your final work to the page where the question is posed!
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