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True/False. (2 points per part) Please circle TRUE if the statement is always true, or FALSE if it
fails in at least one example. You do not need to justify your answer, and I will not read what you
write in the spaces below.

(a) On the set R*° ={a € R | a > 0}, the operation a x b = a® is an associative operation.

] TRUE \ FALSE \

(b) The map “complex conjugation” (C \ {0},-) — (C\ {0},-) sending a + bi to a — bi is an

isomorphism. ] TRUE \ FALSE ‘
(c) Every transposition is an odd permutation. | TRUE | FALSE |
(d) Theset G ={x € S7| «(3) = 3} is a subgroup of S;. ’ TRUE \ FALSE ‘

(e) If G is a cyclic group, and d is a divisor of |G|, then G contains an element of order d.

] TRUE \ FALSE \




Math 4320 Prelim Part 2 (03/06/2015) 2

Please answer two of the following three questions. The questions are repeated, with space for
your answers, on the following pages. On the cover sheet, please circle the problems you would
like us to grade. If you do not circle any problems on the cover sheet, we will grade the first two
problems you have started to answer.

Question 1. Centralizers. (5 + 5 + 5 points per part) Let G be a group and a € G. The subset
Cla)={x € G|xa=ax}
of all elements which commute with a is called the centralizer of a.

(a) Show that C(a) is a subgroup of G.

(b) Show that the center of G satisfies Z(G) = ﬂ C(a).
aeG

(c) Compute C((1,2)) for (1,2) € Ss.

Question 2. Normal subgroups. (3 + 5 + 7 points per part)
(a) Give the definition of a normal subgroup of a group G.
(b) Show thatif H < Gand K< G, then HNK < H.

(c) Let 74 be the square and 713 the regular octagon, both centered at the origin, as in the figure
below. Show that X(714) is a subgroup of Z(73). Is it a normal subgroup? Why or why not?

Question 3. Isomorphism. (3 + 6 + 6 points per part)
(a) Give the definition of an isomorphism of groups.

(b) For a group G and an element g € G, show that conjugation by g (the map v, : G — G that
sends y4(x) = gxg~')isan isomorphism.

(c) Which of the following groups are isomorphic? Justify your answers.
o U(I7) e U(Io) e U(Ih2) e U(l)
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Question 2. Normal subgroups. (3 + 5 + 7 points per part)

(a) Give the definition of a normal subgroup of a group G.

(b) Show thatif H< Gand K< G, then HNK < H.

(c) Let 7ty be the square and 713 the regular octagon, both centered at the origin, as in the figure
below. Show that X (714) is a subgroup of X(7g). Is it a normal subgroup? Why or why not?
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Question 3. Isomorphism. (3 + 6 + 6 points per part)

(a) Give the definition of an isomorphism of groups.

(b) For a group G and an element g € G, show that conjugation by g (the map v, : G — G that
sends y4(x) = gxg~')is an isomorphism.

(c) Which of the following groups are isomorphic? Justify your answers.

o U(I;) e U(Io) o U(Iy,) o U(Ih4)
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This page is for scratch work.

Don’t forget to transfer your final work to the page where the question is posed!
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