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One of the simplest classes of examples of Kleinian surface groups is given by punctured
torus groups. We define a punctured torus group to be a discrete representation ρ : π1 pS q Ñ
Isom pH3 q with the condition that image of the conjugacy class associated to the boundary,
ρprB S sq, is parabolic. This parabolicity condition ensures that the quotient manifold will
be homeomorphic to S  R. General representations of free groups in Isom pH3 q can be
very complicated, and the techniques outlined here are not sufficient to study them. For a
punctured torus group ρ, M  H3 {ρpπ1 pS qq has a rank-1 cusp P , which is isometric to a
horoball modulo a parabolic isometry (and homeomorphic to a product of an annulus with
the interval p0, 8q).

P

The limit set Λ will be a Jordan curve and the convex core C pM q  CΛ {ρpπ1 pS qq will
have finite volume, but will not be compact. C pM qzP will be compact, however, and
C pM qzP  S  r0, 1s. This space will have conformal boundaries X and Y at infinity as
before, so we can realize this space as QpX, Y q for two points X and Y in the Teichmüller
space of hyperbolic structures on X and Y with finite volume.
The Teichmüller space of the punctured torus is a 1 dimensional complex manifold, which
is homeomorphic to D. For reasons we won’t get into, D should be thought of as endowed
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with the metric structure of the hyperbolic plane.
There is a nice way of modeling the combinatorial structure of Teichmüller space called the
Hatcher-Thurston complex. For the puncture torus, this is a one-dimensional cell complex
with one vertex for each isotopy class of simple, nonperipheral curves, and an edge joining
each pair of vertices that can be realized disjointly. This complex can be identified with
the Farey tessellation of the hyperbolic plane.
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The labeling above is done as follows. The first homology groups of the punctured torus
and the standard torus T 2 are both isomorphic to Z ` Z, so for each simple closed curve
we get a lattice point pp, q q, where pq is the slope of the geodesic corresponding to this
homology class in T 2 . The following exercises show that the Farey tessellation give the
correct picture of the Hatcher-Thurston complex.
Exercise: Show that a simple closed curve corresponds to a lattice point pp, q q where p
and q are relatively prime. Show that if α corresponds to pp, q q and β corresponds to pr, sq
then the minimal intersection number of the curves α and β is |ps  rq |.
Exercise: Show that connecting rational points by geodesics as prescribed above in the
upper half plane model of hyperbolic space gives an ideal triangulation of the hyperbolic
plane.
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The vertices of a triangle in the Farey tessellation always correspond, up to homeomorphism, to the following configuration of curves:
α

β

αβ
α

αβ

β

Note that these triples are of the form α, β and Tα pβ q, the Dehn twist of β about α. From
this, one can see that an adjacent triangle having vertex α will have vertices α, Tα pβ q and
Tα2 pβ q, so pivoting a triangle T about α gives a triangle T 1 whose vertices are given by
Dehn twisting the vertices of T about α.
It turns out that by superimposing the Farey graph correctly onto Teichmüller space, we
can actually read off geometric information about a point in Teichmüller space by where it
sits in the Farey tessellation. Note that the picture of the Farey tessellation above is slightly
skewed. The correct positions of the vertices are given by stereographically projecting the
rationals onto the circle of radius one centered at p0, 12 q. A point in Teichmüller space lying
in a triangle with vertices pp1 , q1 q, pp2 , q2 q, pp3 , q3 q has shortest curves pp1 , q1 q, pp2 , q2 q and
pp3, q3q. Approaching a vertex in the Farey tessellation corresponds to shrinking the curve
associated with that vertex.
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One can also show that the center of each triangle corresponds to the hyperbolic structure
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on which all the curves associated to the vertices of the triangle have the same length, and
the center of an edge corresponds to a hyperbolic structure in which the curves associated
to the endpoints of the edge have the same length and are orthogonal to each other.
We would like to see how this combinatorial information can be used to read off information
about a quasi-Fuchsian manifold QpX, Y q for two points X and Y in Teichmüller space. 1
We know from the previous lectures that the boundary surfaces of the convex core are
geometrically close to X and Y , and that there is a continuous family of 1-Lipschitz maps
interpolating between them. One of the consequences of this result is that there is a Bers’
constant B, such that at each point in the convex core the injectivity radius is less than
B. Thus at each point in the convex core, there are nontrivial curves of length less than
B. The shortest homotopically non-trivial curves are simple curves, and so as we pass
through the manifold, we can ask where these short curves lie in the Farey graph. This
gives us a (coarse) map from the space of quasi-Fuchsian torus groups to paths in the
Hatcher-Thurston complex.

Corresponding Path in
Hatcher-Thurston Complex

Short Curves in
Manifold

It turns out that knowing the list of short curves for a certain class of surface groups
is enough information to rebuild the manifold. We will describe this in a later lecture.
For now we’ll show how to determine the short curves in the manifold QpX, Y q using the
Farey tesselation. The answer turns out to be very simple. Consider two points X and
1
Note that we can extend the following discussion to the case where X and Y are distinct points in the
closed disk. Just as pairs of points in Teichmüller space can be associated to a quasi-Fuchsian groups by
considering their conformal boundaries, we can associate points on the boundary of Teichmüller space to
more general surface groups. These boundary points correspond to something called “ending laminations”
for the group. While the ability to associate such data to a group followed from early work of Bers, Bonahon
and Thurston, the question of whether the ending laminations determine the group has only recently been
settled by work of Brock, Canary and Minsky.
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Y in Teichmüller space. For simplicity, assume that they sit in the centers of two distinct
triangles of the Farey tessellation. We distort the geometry of the Farey graph in the
following picture to bring more triangles into view.

Y

X

Notice that in order to get from X to Y in the Farey tessellation, there are a number of
edges that must be crossed, as edges in the Farey graph separate the disk. Recall that for
a point on an edge, at least one of the endpoints of the edge must be a short curve. This
means that in any continuous family of hyperbolic structures passing between the points X
and Y in Teichmüller space, there is a list of curves which must become short somewhere
along the way. This separation property is something unique to the low complexity case,
so this argument does not generalize directly.
The vertices that are endpoints of at least two separating edges are called pivots. Notice
that the triangles appear to pivot around these vertices as we pass from X to Y . The set of
pivots is ordered from left to right, and to each pivot αi is associated an integer wi which
says how many times we have to pivot around that vertex to pass from X to Y .
α3
α1
w2

Y

X
w3
w1

α2

There is an interesting relationship between pivots and continued fractions. Suppose X
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is any point on the boundary of the disk. Under the map sending the disk to the upper
half plane, X corresponds to a point on the real line. The following illustration shows the
Farey tessellation of the upper half plane.
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Suppose for simplicity that X P r0, 1s. Consider the edges that have to be crossed to get
from 8 to X. The first edge to cross goes from 0 to 1, and crossing this corresponds to
doing one pivot about 0. The edges from zero terminate in numbers of the form n1 , so if X
is in the interval p n 1 1 , n1 q, one has to pivot around 0 n times, i.e. the width of the pivot
w1 is n.
If X is in the interval p n 1 1 , n1 q, then the next edge we will want to cross will run between
1
1
1
n 1 and n . Crossing this edge can be achieved by pivoting about n . Notice that the edges
we will now have to cross to get to X are precisely the edges we would have to cross to get
from 0 to X. So if we hit the whole picture with a Möbius transformation T that moves 0
to 8 and moves the interval p n 1 1 , n1 q to p0, 1q, the number of pivots we have to do about 0
to get from 8 to T pX q is the same number of pivots that we would have had to do about
1
1
n to get from 0 to X. This Möbius transformation is given x ÞÑ x  n.
So we now have an iterative process to read off the number of pivots required at each step:
take the reciprocal of X, subtract the greatest integer smaller than it, and repeat. This
is exactly the continued fraction algorithm, so the widths of the pivots are exactly the
coefficients in the continued fraction expansion.
We now want to relate the short curves in the manifold to the pivot sequence. This is done
by the following theorem, which shows that all the pivots correspond to relatively short
curves, and no curves which are not in the pivot sequence can become very short.
Theorem 1: There exists some number L such that for any punctured torus group
ρ : F2 Ñ P SL2 pCq with pivots αi ,
1. the lengths of the curves corresponding to the αi are less than or equal to L
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2. the length of αi is approximated by some function hpwi q, with limwi Ñ8 hpwi q  0.
3. there exists r0 ¡ 0 such that for all β which is not in the pivot sequence, the length of
β is greater than r0 .
While we won’t prove this theorem in its entirety, we will give a proof of statement one
above. Let C ptq be the set of vertices in the Farey graph that have representatives in the
quasi-Fuchsian manifold with length at most t, together with the edges between those of
them at distance one.
Theorem 2: There exists a number L0 such that for all t ¥ L0 , C ptq is connected.
We now show how statement one of Theorem 1 follows from this result. Let t be larger
than maxpB, L0 q, where B is the Bers constant. Letting X and Y start out in the center
of their Farey triangles, we have that all the vertices are of the triangles they sit in are in
C pB q and hence in C ptq. C ptq is connected, so at least one vertex on each edge between
X and Y must be in C ptq. A pivot might not be in C ptq, but because of the separation
property of the edges and the connectivity of C ptq, if a pivot is not in C ptq then all vertices
opposite it must be. As was stated before, the three vertices of each of the triangles around
the pivot correspond to curves A, B and AB (or perhaps AB 1 ). We need to be able to
say that if A and B have length less than L0 , then there is some number L depending only
on L0 such that lpAB q L.

This fact can be derived from trace identities in P SL2 pCq. It turns out that this is one
place where the parabolicity assumption is essential, but we won’t go into the details here.
Once we have this fact, we then have a bound on the length of all the curves in the pivot
sequence, concluding the proof of part 1 of Theorem 1.
Proof of Theorem 2: Suppose γ and δ are two curves in C pB q, where B is the Bers constant.
Let γ  and δ  be the geodesic representatives of γ and δ in the quasi-Fuchsian manifold.
We will attempt to interpolated between γ  and δ  using 1-Lipschitz surfaces. Recall that
to do this we complete γ  to a triangulization of an embedded punctured torus that is the
image of a 1-Lipschitz map f0 : R0 Ñ QpX, Y q, where R0 is some hyperbolic punctured
toru. We then find pf1 , R1 q P LIP pQpX, Y qq that does the same for δ  , and a family
pft, Rtq  LIP pQpX, Y qq that interpolates between f0 and f1.

The continuous family Rt gives a path in Teichmüller space. Note that for any curve that
is short on Rt , this curve is also short in the manifold as ft is a 1-Lipschitz map, so if we
can find B-short curves along Rt that are neighbors in the Hatcher-Thurston complex then
we have found a path from γ to δ in C pB q. Really we have to fudge a bit, because the
fact that γ  is B-short does not imply that f01 pγ  q is B-short, but a minor adjustment
corrects for this. For now, assume that f01 pγ  q and f11 pδ  q are the shortest curves on
their respective surfaces (which, in particular, guarantees that their lengths are less that
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the Bers constant).
For each t, there exists a curve in Rt of minimal length (which is necessarily shorter than
the Bers constant) which is γ for t  0 and δ for t  1. Now we keep track of the names
of the shortest curves at each time t. Let γ  γ1 , γ2 , ..., γn  δ be the sequence of shortest
curves. There is some time t at which γi and γi 1 are simultaneously the shortest curves.
The following lemma shows that γi and γi 1 must be neighbors in the Farey graph.
Lemma: If β and η are simultaneously the shortest curves on a punctured torus, the
ipβ, η q  1.
Suppose β and η intersect more than once. We can look at two consecutive returns of η to
β, and perform surgery in one of the two ways shown below, to get either the curve η 1 or
the curve η 2 .
η
β

η’

η’’
β

β

It is clear that both η 1 and η 2 cannot be homotopically trivial (one way to see this is to
look at this picture in the universal cover). It is also clear that they cannot be homotopic
to each other, as picking base points appropriately η 1 η 2  η in the fundamental group, and
η cannot be a square as it is a simple curve. This shows that η 2 and η 1 cannot both be
peripheral, so one of them is a strictly shorter essential curve.
The set of times t for which γi stays the shortest curve is a closed interval Ii , and the
collection of closed intervals Ii covers the interval r0, 1s. Each time there is an overlap, the
curves that are simultaneously the shortest have intersection one, so there is an edge in the
Farey graph between the vertices corresponding to γi and γi 1 . This shows that the set of
γ1 , γ2 , ..., γn together with the edges between them forms a path in the Hatcher-Thurston
complex that stays inside C pB q, so γ and δ are connected by a path in C pB q. As γ and δ
were arbitrary curves in C pB q, this shows that C pB q is connected.
Next time we’ll talk about how this result generalizes to higher genus.

8

