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ABSTRACT. For G the fundamental group of a closed surface, we produce an algorithm which
decides whether there is an element of the automorphism group of G which takes one specified
finite set of elements to another. The algorithm finds such an automorphism if it exists. The
methods are geometric and also apply to surfaces with boundary.

§0. Introduction.

Consider the following basic problem about a group and its automorphisms:
Given finite sets {a1, . . . , an} and {b1, . . . , bn} of elements of a group G, is there
an automorphism of G taking ai to bi for all i? If so, find one.

In 1936, J.H.C. Whitehead found an elegant algorithm which solves this problem for a
finitely generated free group [11] (see also [8]). In 1984, Collins and Zieschang extended
Whitehead’s methods to free products of finitely many freely indecomposable groups, as-
suming that the above problem, which we will call the Whitehead problem, can be solved
in each factor [1,2]. In this paper we give an algorithm to solve the Whitehead problem
for the fundamental group of a closed surface Σ.

The Whitehead problem is easy to solve if χ(Σ) ≥ 0, so we assume that Σ is hyperbolic.
The problem has a nice geometric translation, as follows. A diffeomorphism f of Σ induces
an isomorphism π1(Σ, p) → π1(Σ, f(p)), where p is a basepoint for Σ. If f(p) = p, this
gives an automorphism of π1(Σ, p); otherwise, we have only an outer automorphism. The
maps π0(Diff(Σ, p))→ Aut(π1(Σ, p)) and π0(Diff(Σ))→ Out(π1(Σ)) are isomorphisms
for any closed surface Σ other than the sphere (see, e.g. [12]). If we represent the elements
ai and bi in π1(Σ, p) by loops αi and βi in Σ based at p, the Whitehead problem then
translates into the following problem about closed curves on a surface:

Is there a diffeomorphism of Σ fixing p which takes each αi to a loop homotopic
to βi? If so, find one.

Our solution to this geometric problem relies in part on work of Hass and Scott on straight-
ening curves on surfaces [7]. It also applies to surfaces with boundary.

We expect that the methods of this paper can be used to solve the Whitehead problem
for torsion-free hyperbolic groups for which we are given the decomposition into freely
indecomposable factors and the JSJ canonical splittings of these factors.

§1. The Out problem

For a free group F , Whitehead began by solving the problem for finite sets of conjugacy
classes of elements of F . Thus, instead of looking for an automorphism which sends ai
to bi for all i, we just look for one which sends ai to a conjugate of bi. This simplifies
the problem considerably, and we begin for surface groups in the same way. Represent
the elements ai and bi in G = π1(Σ, p) by loops αi and βi based at p in Σ. Using the
isomorphism π0(Diff(Σ))→ Out(π1(Σ)), the Whitehead problem becomes:
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Is there a diffeomorphism of Σ (not necessarily fixing p) which takes each αi to
a loop freely homotopic to βi? If so, find one.

Again, our solution to this geometric problem also applies to surfaces with boundary.
However, this already follows from Whitehead’s work on free groups, since the mapping
class group of a bounded surface has finite index in the subgroup of outer automorphisms
of the (free) fundamental group of the surface which send conjugacy classes represented
by the boundary curves to other such classes (see, e.g. [12]).

Curve straightening

We briefly recall the facts we will need about the “disk flow” of Hass and Scott [7]. A
closed curve α is said to be in general position if it is immersed in Σ and intersects itself
transversely with no triple points. Starting with a curve in general position, Hass and
Scott find a “straighter” curve homotopic to α. During the course of the homotopy, only
three types of combinatorial changes take place:

1. A monogon bounding a disk in Σ− α is eliminated.
2. A bigon bounding a disk in Σ− α is eliminated.
3. One edge of a triangle in Σ − α is pushed across the opposite vertex. This move

eliminates the triangle, while creating a new triangle on the opposite side of the
vertex (see Figure 1). The effect is independent of which edge is chosen to push.

Figure 1

Here by a monogon, bigon or triangle we mean one whose closure is imbedded in Σ.
The first two types of changes decrease the number of self-intersection points of the curve.
The third type of change is called a triangle move, and leaves the self-intersection number
unchanged. Moves 1 and 2 are never done “backwards,” so that the self-intersection number
of the curve never increases during the homotopy.

A closed curve α in general position in Σ is called a minimal representative if it has
the minimal possible number of self-intersections among curves in general position freely
homotopic to α. Hass and Scott prove the following results, for Σ a closed orientable
surface:

Theorem 1.1. ([7] Thm 2.2) A closed curve α in Σ is homotopic to a minimal represen-
tative by a homotopy through moves 1, 2 and 3 above.

Theorem 1.2. ([7] Thm 2.1) Let α and β be homotopic minimal representatives. Then
there is a curve α′ obtained from α by triangle moves and an isotopy of Σ sending α′ to β.

The above definitions readily extend to finite n-tuples of closed curves (α1, . . . , αn).
Hass and Scott remark that Theorems 1.1 and 1.2 apply to finite n-tuples of curves,
provided the curves in each n-tuple are distinct and none of them is a proper power ([7],
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top of page 34). The proofs given in [7] of Theorems 1.1 and 1.2 work for such an n-tuple
of curves even if Σ is not orientable.

Proper powers

In order to use the results of Hass and Scott to solve the Whitehead problem, we must
show that we can assume that none of the ai or bi are proper powers.

The following lemma is well known. We sketch a proof for completeness.

Lemma 1.3. Let G be a torsion free hyperbolic group. Given g ∈ G nontrivial, there
exists a unique x ∈ G, computable effectively, such that x is not a proper power and g = xt

for some t ≥ 1.

Proof. Existence and uniqueness follow from the fact that the centralizer of g is virtually
cyclic, hence cyclic since G is torsion free. To find x and t explicitly, choose a finite
generating system and recall the following facts about hyperbolic groups.

Denote by |h| the length of an element h ∈ G, by ‖h‖ the minimal length of a conjugate
of h, and by ‖h‖s the limit (which is also the infimum) of |h

m|
m (this is the stable norm of

h). Suppose G is δ-hyperbolic for the chosen generating system. The constant δ may be
computed explicitly from a presentation, and ‖h‖s ≥ ‖h‖−16δ for every h ∈ G ([3], ch 10,
prop 6.4). Furthermore ‖h‖s is bounded below by some explicitly computable ε > 0 for h
of infinite order ([6] 8.5.T, see also [4] Prop 3.1).

If g = xt, then |g|t ≥ ‖x‖s > ε, hence t ≤ |g|ε . We also have |g|t ≥ ‖x‖s ≥ ‖x‖ − 16δ,
hence a bound for ‖x‖. Now we only need to check whether hm is conjugate to g, for a
finite number of elements h and exponents m. tu

Corollary 1.4. In the Whitehead problem, we may assume that no ai or bi is a proper
power.

Proof. Write ai = xi
ti and bi = yi

ui as in Lemma 1.3. If ti 6= ui for some i, the problem
has no solution. Otherwise, an automorphism ϕ takes ai to (a conjugate of) bi if and only
if it takes xi to (a conjugate of) yi. tu

n-tuples of curves

Fix integers n > 0 and m ≥ 0. We consider n-tuples γ = (γ1, . . . , γn) of oriented
closed curves in Σ in general position, intersecting in m points. We let Tm,n be the set
whose elements are such n-tuples of curves, up to diffeomorphism of Σ.

Lemma 1.5. The set Tm,n is finite and may be constructed explicitly.

Proof. Given a set γ, we first consider Γ = γ1 ∪ . . .∪ γn as an abstract topological space.
There are finitely many possibilities, since the number of components and the number of
vertices (all 4-valent) are bounded.

Next we consider a regular neighborhood P of Γ in Σ, up to a diffeomorphism pre-
serving the orientation and the ordering of the curves γ1, . . . , γn. It may be constructed
by gluing finitely many pieces: one disc for each vertex of Γ, one strip e × [0, 1] for each
edge e, and either an annulus or a Möbius band for each circle component of Γ. We may
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list explicitly all the possibilities (of course some of the surfaces we obtain do not embed
into Σ, e.g. if P is not orientable whereas Σ is).

To each P thus constructed, we attach bounded surfaces so as to obtain a closed sur-
face. This is described by the topological type of each component of Σ− P (orientability
and Euler characteristic), and the way each boundary component is attached to the bound-
ary of P . Only finitely many possibilities (if any) may lead to a surface diffeomorphic to
Σ, since the Euler characteristic of each component of Σ− P is bounded by −χ(Σ). tu

We make Tm,n into a finite, possibly disconnected, graph by placing an edge between
two vertices if they correspond to n-tuples of curves differing by a triangle move.

Solution of the Whitehead problem for conjugacy classes

Proposition 1.6. Let G = π1(Σ, p), and let a1, . . . , an and b1 . . . , bn be elements of G.
There is an algorithm which decides whether there is an automorphism ϕ of G taking ai
to a conjugate of bi for all i = 1, . . . , n, and finds such a ϕ if it exists.

Proof. We may assume that no ai or bi is a proper power by Corollary 1.4, that no ai is
conjugate to a±1

j for i 6= j, and similarly for the bi’s (recall that the conjugacy problem is
solvable in G). Represent the ai and bi by n-tuples of closed curves α = (α1, . . . , αn) and
β = (β1, . . . , βn) in Σ. The assumptions just made allow us to apply Hass-Scott, and after
straightening we may assume α and β are minimal representatives.

Count the number of self-intersections of each set of curves. If these numbers are differ-
ent, there is no automorphism and we are done. Otherwise, let m be the self-intersection
number. We claim that the automorphism ϕ exists if and only if the vertices of Tm,n
determined by α and β are connected in Tm,n.

If the two vertices are connected in Tm,n, then we can construct a diffeomorphism
taking α to a set of curves obtained from β by triangle moves (and therefore homotopic
to β). Conversely, suppose f is a diffeomorphism of Σ with f(αi) homotopic to βi for all
i. Then Theorem 1.2 says that the corresponding vertices of Tm,n are connected. tu

Corollary 1.7. (The Whitehead problem for single elements) Let G = π1(Σ, p), and let
a, b ∈ G. There is an algorithm which decides whether there is an automorphism of G
taking a to b, and finds such an automorphism if it exists.

Proof. By Proposition 1.6, we can decide whether there is an automorphism ϕ taking
a to a conjugate of b, and find ϕ if it exists. We can then solve for x in the equation
ϕ(a) = xbx−1. The composition of ϕ with conjugation by x sends a to b. tu

§2. The Aut Problem

We now return to the Whitehead problem for words, as opposed to conjugacy classes of
words. Using Corollary 1.7 we reduce to the following special case:

Given elements c, a1, . . . , an, b1, . . . , bn in G = π1(Σ, p), is there an automorphism
of G which fixes c and sends ai to bi for all i = 1, . . . , n? If so, find one.
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We may assume that c is not a proper power, by Lemma 1.3. We represent the elements
c, ai and bi by loops θ, αi and βi based at p in Σ.

We may also assume that θ has minimal self-intersection number among all loops freely
homotopic to θ, i.e. θ is a minimal representative. To see this, notice that each of the Hass-
Scott moves which must be done to find a minimal representative for θ may be performed
without moving the point p, as long as p is not a double point of θ. Alternatively, find a
minimal representative of θ using the Hass-Scott algorithm; the result is conjugate to θ in
π1(Σ), by a (computable) element δ. Now choose an diffeomorphism of Σ isotopic to the
identity which fixes p and induces conjugation by δ on π1(Σ, p). The image of the minimal
representative is then homotopic to the original θ, and is still a minimal representative.

Let N be a subsurface of Σ consisting of a regular neighborhood of θ together with all
disk components of the complement of this neighborhood. Then N is an invariant of the
homotopy class c of θ in the following sense: if θ′ ' θ is another minimal representative
of c, then there is an isotopy of Σ sending N diffeomorphically onto the subsurface N ′

corresponding to θ′. This follows since by Theorem 1.2 θ′ can be obtained from θ by
triangle moves, which do not change the isotopy class of N .

Reduction to a subgroup of the stabilizer of c

Let Stab(c) denote the stabilizer of c in Aut(π1(Σ, p)) ∼= π0(Diff(Σ, p)). Then Stab(c)
contains the subgroup π0(Diff(Σ, N)) of (isotopy classes of) diffeomorphisms of Σ which
fix N pointwise; it also contains the inner automorphism ic(x) = cxc−1, which can be
represented by a diffeomorphism of Σ fixing p and Σ−N . Note that ic commutes with each
element g of π0(Diff(Σ, N)), since ic and g can be represented by diffeomorphisms with
disjoint support. We define Ac to be the subgroup of Stab(c) generated by π0(Diff(Σ, N))
and ic.

Lemma 2.1. Ac has finite index in Stab(c).

Proof. The result is easy if N is an annulus or a Möbius band, so we assume χ(N) < 0.
If f is a diffeomorphism of Σ with f(θ) ' θ, then up to isotopy, f restricts to a

diffeomorphism fN of N . Thus we have a map ρ from Stab(c) to π0(Diff(N)), which we
view as a subgroup of Out(π1(N, p)).

We claim that the image of Stab(c) under this map is finite. For any fixed positive
integer m, the set Sm of (homotopy classes of) simple closed curves in N with intersection
number at most m with θ is finite, since each component of N − θ is either a disk or an
annulus. For f ∈ Stab(c), the associated diffeomorphism fN of N preserves the intersection
number with θ, so acts on Sm. We can write down a finite set ∆ of simple closed curves
in N with the property that an element of π0(Diff(N)) is determined completely by the
images of the curves in ∆. Now choose m larger than the geometric intersection number
of θ with any curve in ∆, so that the action of fN on Sm completely determines the class
of fN in π0(Diff(N)). Since there are only a finite number of permutations of the finite
set Sm, the image of Stab(c) in π0(Diff(N)) is finite.

The kernel of the map ρ : Stab(c) → Out(π1(N, p)) is generated by π0(Diff(Σ, N))
together with diffeomorphisms which induce inner automorphisms on π1(N, p). But the
only inner automorphisms of π1(N, p) which fix c are conjugation by powers of c. (If
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aca−1 = c, then a commutes with c. Since c is not a proper power, a is a power of c.)
Therefore Ac is equal to the kernel of ρ, so has finite index in Stab(c). tu

One can determine explicitly the image of ρ, and thus write down explicit represen-
tatives ϕ1, . . . , ϕs for cosets of Ac in Stab(c), as follows. Using the solution to the Out
problem, we can list those permutations of Sm that are induced by some diffeomorphism of
N (which is then unique up to isotopy). For each such diffeomorphism, we check whether
it fixes θ and extends to a diffeomorphism of the whole of Σ.

If ψ ∈ Stab(c) sends ai to bi for all i, then there exist j ∈ {1, . . . , s} and ϕ ∈ Ac such
that ϕ(ai) = ϕ−1

j (bi) for all i. Our question in Stab(c) is therefore equivalent to a finite
set of questions of the form:

Is there an element ϕ of Ac with ϕ(ai) = bi for all i = 1, . . . , n? If so, find one.

We now proceed to solve this question.

Geometric translation

On each component Ck of the boundary ofN , fix an orientation and choose a basepoint
qk. We denote by γk the oriented simple loop based at qk with image Ck.

Let α be any loop based at p in Σ, and homotope α so that it is immersed and
intersects ∂N transversely with minimal possible intersection number. The intersection
points of α with ∂N divide α into arcs: α = η0σ1η1σ2 . . . σrηr with ηj ⊂ N and σj ⊂
Σ−N . Associated to this decomposition are indexing functions o, e, where σj begins in
the component Co(j) of ∂N and ends in Ce(j). We may assume each σj begins at qo(j) and
ends at qe(j) (see Figure 2).

C1

C2

C3
p

 η
0

 η
1

 η
2

σ1

σ2

q2

q
1

q3

γ
1

Figure 2

We say that η0σ1η1 . . . σrηr is a normal form for α with indexing functions o and e.
Note that σj is not homotopic to a power of γo(j) if o(j) = e(j) since otherwise we could
push σj across Co(j) and decrease the number of intersections of α with ∂N . Similarly ηj
is not a power of γe(j) if o(j + 1) = e(j).
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Lemma 2.2. Let α and β be two loops at p, with normal forms η0σ1η1 . . . σrηr and
µ0τ1µ1 . . . τsµs and indexing functions o, e and o′, e′ respectively. Then α is homotopic to
β if and only if r = s, o = o′, e = e′ and there are integers xj and yj for 1 ≤ j ≤ r with

η0 ' µ0γ
−x1
o(1)

σj ' γxjo(j)τjγ
−yj
e(j) for 1 ≤ j ≤ r

ηj ' γyje(j)µjγ
−xj+1

o(j+1) for 1 ≤ j ≤ r − 1

ηr ' γyre(r)µr

Proof. In each component Σ` of Σ−N , fix a basepoint p` and a path from qk to p` for
each component Ck of the boundary of Σ`. Then π1(Σ, p) is the fundamental group of a
graph of groups, with vertex stabilizers π1(N, p) and π1(Σ`, p`), and cyclic edge stabilizers
generated by the γk. The expressions η0σ1η1 . . . σrηr and µ0τ1µ1 . . . τsµs are reduced for
the graph-of-groups representation of π1(Σ, p), and so are uniquely determined up to the
equivalence relation in the statement of the Lemma (see [10], Exercise I.5.2). tu

An element of Ac sends a normal form decomposition

η0σ1η1 . . . σrηr

to
(θwη0)g(σ1)η1 . . . g(σr)(ηrθ−w)

for some w ∈ Z and diffeomorphism g of Σ fixing N . This expression is still in normal
form, so by Lemma 2.2, we may rephrase the Whitehead problem as:

Question 2.3. For 1 ≤ i ≤ n, let ηi0σi1ηi1 . . . σiriηiri and µi0τi1µi1 . . . τiriµiri be normal
forms for αi and βi respectively, with indexing functions oi and ei (the same for αi and
for βi). Do there exist integers w, xij and yij and a diffeomorphism g of Σ fixing N with

θwηi0 ' µi0γ−xi1oi(1)

g(σij) ' γxijoi(j)τijγ
−yij
ei(j)

for 1 ≤ j ≤ ri
ηij ' γyijei(j)µijγ

−xi,j+1

oi(j+1) for 1 ≤ j ≤ ri − 1

ηiriθ
−w ' γyiriei(ri)

µiri

(∗)

Note that an equation of the form λ∗ ' γx∗o(∗)τ∗γ
−y∗
e(∗) means that λ∗ and τ∗ are homo-

topic as paths in Σ−N , with endpoints required to remain on the boundary during the
homotopy.
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Finding diffeomorphisms of the complementary components

We begin by trying to find the diffeomorphism g of Σ fixing N . This is equivalent to
finding a diffeomorphism of each component M of Σ−N which fixes the boundary of M
pointwise. In this subsection we fix such a component M ; i.e. M is a connected, bounded
surface which is not a disk.

Lemma 2.4. Let {σ1, . . . , σr} and {τ1, . . . , τr} be two finite sets of oriented arcs in M
such that for each j both σj and τj connect qo(j) to qe(j). We can decide whether there
exists a diffeomorphism h:M → M equal to the identity on the boundary with h(σj) '
γ
xj
o(j)τjγ

−yj
e(j) for some integers xj and yj , and find one if it exists.

Proof. Let M1 and M2 be two copies of M and form the double MM by gluing M1 to
M2 by the identity on the boundary. Let σj σ̄j denote the oriented closed curve in MM
obtained by gluing the copy of σj in M1 to the copy of σ̄j in M2, where σ̄j denotes σj with
the opposite orientation; similarly, let σj τ̄j denote the result of gluing the copy of σj in M1

to the copy of τ̄j in M2. By the outer version of the Whitehead algorithm, we can decide
whether there is a diffeomorphism f of MM taking σj σ̄j to σj τ̄j for all j and the oriented
boundary curves γk to γk for all k. If f exists, it must restrict to a diffeomorphism of M2

sending σj to γxjo(j)τjγ
−yj
e(j) for some integers xj and yj as desired (we may have to compose

f with the canonical involution of MM if f sends M2 to M1). tu

The diffeomorphism h in Lemma 2.4, if it exists, is not unique. In particular, we
may compose it with Dehn twists around the components of ∂M . This has the effect of
increasing each xj and yj by an integer depending only on the component of ∂M containing
the corresponding endpoint of σj . Our next goal will be to show that, as far as the numbers
xj and yj are concerned, this is the only freedom we have.

First we show the following:

Lemma 2.5. Let M be a surface with boundary, with χ(M) < 0. Let C be an oriented
component of the boundary, q ∈ C a basepoint and γ the corresponding boundary loop.
Let f be a diffeomorphism of M which fixes C pointwise.
(i.) If α is a loop at q with f(α) ' γuαγ−v, then u = v.

(ii.) If α, β are loops not homotopic to powers of γ, with f(α) ' γuαγ−u and f(β) '
γtβγ−t, then u = t.

Proof.
(i.) After possibly composing f with a power of the Dehn twist D about C, we may

assume u = 0.
If α is simple, then f(α) ' αγ−v is also simple, as is f−1(α) ' αγv. But, one of

αγv or αγ−v has minimal self-intersection number exactly v, since the obvious transverse
representative has no embedded monogons, bigons or triangles with which to do Hass-Scott
moves (see Figure 3). This proves v = 0 when α is simple.
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Figure 3

We claim that the general case follows from the simple case by passing to a finite cover.
By a theorem of P. Scott [9], there is a finite cover p:M1 → M and an incompressible
subsurface X ⊆M1 with p∗π1(X) equal to the subgroup F of π1(M) generated by α and
γ. We may assume that α is not a power of γ, so that F is free of rank two. Let α̃, γ̃ be
lifts of α, γ respectively, so that π1(X) = 〈α̃, γ̃〉. Since γ lifts to a boundary curve γ̃ ⊂ ∂X
which is primitive in π1(X), X is a pair of pants or a punctured Möbius band. Thus there
is a simple curve α̃′ in X with π1(X) = 〈α̃′, γ̃〉. By a standard result about the free group
of rank 2, there exist integers s, s′ such that α̃′ = γ̃sα̃±1γ̃s

′
. Replacing α by γsα±1γs

′
in

the original problem, we may assume both α and γ lift to simple curves in M1. The index
of p∗π1(M1) in π1(M) is finite. Since there are only finitely many subgroups of a given
finite index in π1(M), we must have f `∗(p∗π1(M1)) = p∗π1(M1) for some ` > 0, so that f `

lifts to a diffeomorphism of M1. Replacing f by f ` in the original problem, we are reduced
to the simple case.

(ii.) By composing with a power of the Dehn twist D along C, we may assume u = 0.
We first consider the case that α and β are both simple. Double M along its boundary

and let A and B be simple curves in the doubled surface, obtained by doubling α, β and
making them simple. Extend f to the doubled surface by the identity. Then f acts on
B as Dt and on A as the identity (up to homotopy). If t 6= 0, the geometric intersection
number between fm(A) and fm(B) goes to infinity as m goes to infinity by [5, Prop. 1 p.
68], a contradiction (note that the result of [5] applies even if M is not orientable, because
C does not bound a Möbius band on the doubled surface).

Again, we reduce to the simple case by passing to a finite cover. Exactly as in part (i)
we may lift to a cover in which α and γ are simple. In this cover, β may not lift to a closed
loop; however some power of β is closed and we may replace β by this power without loss
of generality.

We now apply the same trick to γ and β: we pass to a finite cover in which γ and
γsβ±1γs

′
are both simple, for some r and s. Replacing β by γsβ±1γs

′
in the original

problem, and α by some power of α, we are reduced to the situation that γ, α and β are
all simple. tu

Corollary 2.6. Let h:M →M be a diffeomorphism equal to the identity on the bound-
ary, with h(σj) ' γ

xj
o(j)τjγ

−yj
e(j) for some integers xj and yj (as in Lemma 2.4). Let

h′ be another diffeomorphism with the same properties (for possibly different integers
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x′j , y
′
j). Then there exists an integer zk for each boundary component Ck such that

h′(σj) ' γ
zo(j)
o(j) h(σj)γ

−ze(j)
e(j) for all j.

Proof. Consider the composition f = h−1h′; this sends each σj to γujo(j)σjγ
−vj
e(j) for some

integers uj and vj . By Lemma 2.5, uj = vj whenever o(j) = e(j). We also need to show
that if σj and σ` both begin on C = Co(j) = Co(`), then uj = u`. There are four cases to
consider, depending on where the other endpoints are.

The result follows from Lemma 2.5 if σj and σ` have both endpoints on C. If σj and
σ` have endpoints on the same component C ′ 6= C, collapse C ′ to a point and apply the
first part of Lemma 2.5 to σjσ−1

` (we may assume M is not an annulus, so we don’t get
a disc after collapsing). If σj and σ` have endpoints on distinct components C ′, C ′′ both
different from C, perform Dehn twists around C ′ and C ′′ to get rid of vj and v`, glue C ′

to C ′′, and apply the first part of Lemma 2.5 to σjσ−1
` . If C ′ = C 6= C ′′, glue a punctured

torus on C ′′, extend f by the identity, and apply the second part of Lemma 2.5 to a loop
of the form σ`τσ

−1
` , where τ is a loop in the punctured torus which is not parallel to the

boundary. tu

In the situation of Lemma 2.4 we may now decide whether there exists h sending σj
to γxjo(j)τjγ

−yj
e(j) , where some of the xj , yj are prescribed in advance.

A Whitehead algorithm for surface groups

We are now in a position to prove our main result.

Theorem 2.7. Let G = π1(Σ, p), and let {a1, . . . , an} and {b1, . . . , bn} be elements of G.
There is an algorithm which decides whether there is an automorphism ϕ of G taking ai
to bi for each i, and finds such a ϕ if it exists.

Proof. After solving the problem for conjugacy classes, we are reduced to the same
problem in the stabilizer of an element c ∈ G. In the notation defined above, we have
further reduced this problem to that of finding a diffeomorphism g of Σ fixing the subsurface
N and integers xij , yij and w which satisfy equations (∗) of Question 2.3.

We first consider the case that c is represented by a simple two-sided curve, so that
N is an annulus with two boundary components C1 and C2. We orient C1 and C2 in the
same direction, and we denote by γ the corresponding homotopy class of loops (dropping all
subscripts ei(j), oi(j) for simplicity). Conjugation by c can be realized by a diffeomorphism
of Σ equal to the identity on N (opposite Dehn twists supported in neighborhoods of C1

and C2), so we may in fact assume that w = 0.
Choose an embedded arc ν through p from C1 to C2. By pushing curves into Σ−N , we

may assume that all of the ηij and µij in equations (∗) are contained in ν. The equations

ηi0 ' µi0γ−xi1
ηij ' γyijµijγ−xi,j+1

ηiri ' γyiriµiri
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then imply that
xi1 = 0
yij = xi,j+1

yiri = 0

for 1 ≤ i ≤ n, 1 ≤ j ≤ ri − 1.
By Lemma 2.4, we can decide whether there exists a diffeomorphism h of Σ−N fixing

the boundary with h(σij) ' γuijτijγ−vij for some integers uij and vij . If h does not exist,
then g does not exist. If h exists, then by Corollary 2.6 any diffeomorphism g which satisfies
our requirements has the same effect on the σij as the product of h with Dehn twists z1

times around C1 and z2 times around C2, with xij = uij + zoi(j) and yij = vij + zei(j) for
all i and j. Thus g exists if and only if the following system of integral linear equations is
solvable:

ui1 + zoi(1) = 0

vij + zei(j) = ui,j+1 + zoi(j+1)

viri + zei(ri) = 0

for 1 ≤ i ≤ n, 1 ≤ j ≤ ri − 1. This completes the proof when N is an annulus.
The proof when N is a Möbius band is fairly similar. We denote γ ' c2 the loop

corresponding to ∂N . Since the Dehn twist around γ represents conjugation by c2, we can
assume w = 0 or 1. The precise value is determined by the equation θwη10 ' µ10γ

−x11
o1(1) ,

considered modulo 2 in π1N ∼= Z. By properties of normal forms, all loops ηij , µij for
0 < j < ri represent odd powers of c, and by pushing into Σ−N we may assume ηij = µij .
For j = 0, we consider θwηi0 and µi0. If they are not equal modulo 2 in π1N , then g does
not exist. If they are, then we may assume that they are actually equal (not only modulo
2). A similar argument applies for j = ri. The rest of the proof is then the same as when
N is an annulus.

If N is not an annulus or a Möbius band, we cannot ignore conjugation by c. The
equations in (∗) involving ηij and µij can be interpreted as equations in the free group
π1(N, p) by fixing paths from p to each qk. We will need the following lemma about solving
equations in free groups:

Lemma 2.8. Let A, B, c and d be elements of a finitely generated free group F , with c
and d nontrivial.
(i.) If c and d are not contained in conjugate cyclic subgroups, the equation B = ctAdu

has at most one solution (t, u) ∈ Z2. We can decide effectively whether there is a
solution, and if so find it.

(ii.) If A does not belong to the maximal cyclic subgroup containing c, the same conclusions
hold for the equation B = ctAcu.

Proof. (i.) To show uniqueness, note that if ctAdu = ct
′
Adu

′
, then (AdA−1)u−u

′
= ct−t

′
.

Since F is free, this implies that either AdA−1 and c are in the same cyclic subgroup or
u− u′ = t− t′ = 0.
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If t and u satisfy B = ctAdu with |t| (hence also |u|) large, then some central segment
of the word ctA = Bd−u is a conjugate of both a power of c and a power of d, contradicting
our hypothesis. Consequently we need only check whether the equation is true for finitely
many values of t and u.

(ii.) For the uniqueness statement, note that since A and c are not in the same
maximal cyclic subgroup, they generate a free subgroup of F of rank 2, so are in fact a
basis for this free subgroup. If ctAcu = ct

′
Acu

′
then t = t′ and u = u′ by the normal form

theorem for free groups.
Without loss of generality, we may assume that c is cyclically reduced, and that c

is not a proper power. If |t| (and therefore |u|) is large, the words Bc−u and ctA have
reduced form bc−s (|b| ≤ |B| + |c|) and cra (|a| ≤ |A| + |c|) respectively, with |s| and |r|
large; if B = ctAcu, then either ca or c−1a is a terminal segment of c−s. Since c is cyclically
reduced and not a proper power, no cyclic permutation of c is equal to c or c−1. Therefore
a must be a power of c, i.e. A is a power of c, contradicting our hypothesis. tu

Since N is not an annulus or a Möbius band, the maximal cyclic subgroups containing
c and [γk] are not conjugate in π1(N). Therefore the equations

cw[ηi0] = [µi0][γoi(1)]−xi1

[ηiri ]c
−w = [γei(ri)]

yiri [µiri ]

for 1 ≤ i ≤ n uniquely determine xi1, yiri and w, by part 1 of Lemma 2.8. Since N is not
an annulus, the maximal cyclic subgroups containing [γk] and [γk′ ] are not conjugate for
k 6= k′. Furthermore, neither [ηij ] nor [µij ] is a power of [γei(j)] if ei(j) = oi(j + 1), since
the intersection number of the αi and βi with ∂N is minimal. Therefore the equations

[ηij ] = [γei(j)]
yij [µij ][γoi(j+1)]−xi,j+1

for 1 ≤ i ≤ n, 1 ≤ j ≤ ri − 1 uniquely determine the remaining values of yij and xij (if
ei(j) 6= oi(j + 1), use part 1 of Lemma 2.8; otherwise part 2 applies).

Now apply Lemma 2.4 to determine whether there is a diffeomorphism h of Σ fixing N
and sending each σij to γuijoi(j)

τijγ
−vij
ei(j)

for some integers uij and vij . If such a diffeomorphism
exists, we now check whether any choices of the twist factors zk satisfy the equations
xij = uij + zoi(j) and yij = vij + zei(j) for all i and j. If so, composing h with the specified
Dehn twists gives the required diffeomorphism g; the composition of the automorphism
induced by g and conjugation by cw solves the Whitehead problem in Aut(π1(N, p)). If
not, there is no solution. tu
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