Math 191 Problem Set for Week 13 Section
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Theorem 0.1 (The nth Term Test) If a,, fails to exist or is different from zero, then Z a, diverges.

n=1

Theorem 0.2 (The Integral Test) Let {a,} be a sequence of positive terms. Suppose that a, = f(n),

where f(x) is a continuous, positive, decreasing function of x for all x > N (N a positive integer). Then the
o0

series Z an and the integral f]\o,o f(z)dz both converge or both diverge.
n=N

Theorem 0.3 (The Direct Comparison Test) Let a,, be a series with no negative terms.
a. Y a, converges if there is a convergent series Y ¢, with a, < ¢, for alln > N, for some integer N.

b. > ay diverges if there is a divergent series Y d, with a, > d,, for alln > N, for some integer N.

Theorem 0.4 (The Limit Comparison Test) Suppose that a,, > 0 and b, > 0 for alln > N (N an
integer).

a. If lim In o> 0, then > a, and > b, both converge or both diverge.

n—oo

b. If lim Z—n =0 and > b, converges, then > a, converges.

n—oo

c. If lim In — 5o and > by, diverges, then Y a, diverges.

n—oo n
Theorem 0.5 (The Ratio Test) Let > a, be a series with positive terms and suppose that
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lim -2+

n—oo a’7l

Then
a. the series converges if p <1,
b. the series diverges if p > 1 or p is infinite,

c. the test is inconclusive if p = 1.
Theorem 0.6 (The Root Test) Let Y a, be a series with a, > 0 for n > N, and suppose that
lim /a, =p
n—00
Then
a. the series converges if p < 1,

b. the series diverges if p > 1,

c. the test is inconclusive if p = 1.

Which of the series in the following converge, and which diverge?
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flx) = «2H is contmuous positive, and decreasing. Thus fo e
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Z ———. Use the Integral Test. Let f(xz) = —== and choose N = 0. The function

sol) :1:+1

2 dy = hm 2In |z +1]]% = 00 — 2 = 0.
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By the Int 1 Test, — di .= — di .
y the Integral Tes nZ:O T iverges ,;0 T iverges
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> 8tan"!n
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sol) Use the Integral Test. Let f(z) = 8tf£m; £ which is a continuous, positive, and decreasing function

for £ > 1 and N = 1. Use the substitution z = tanu to get foo Stﬁ‘mz L f://f Sei“;u sec? udu =
= 8t
w?|7) /2 = 4(n%/4 — 72 /16) = 3Z-. Therefore by the Integral Test, Z an converges.
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sol) Use the Limit Comparison Test. Let a, = \/W and b, % nl;rr;o Z—: = nlirréo (n?’iw =
1
lim ——— = 1. Since ), # converges, Y \/% also converges by the Limit Comparison Test
n—oo 14+ % n
pos
(Part a).
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sol) Use the Limit Comparison Test. Let a, = m/nlgi_ and b, = % lim = = lim — =

n—oo bn N—00 14 /n2 _ 1

nlgréo \/ — n2 nlLIIéC — = 1. Since Z 77 converges, > — m also converges by the Limit

Comparlson Test (Part a)

9. Zn o




o 3
10. 2"2—:
n=1

sol) By the Ration Test, lim
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— < 1 converges.

e™3 # 0. Hence Z

sol) By the nth Term Test, lim,, o (1 — %)n =lim, o €" n(1-3) _ lim,, o0 €
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(1 — ) diverges.
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